
Rend. Sem. Mat. Univ. Pol. Torino
Vol. 61, 1 (2003)

M. Takagi∗

MAXIMAL IDEALS OF THE EXTENDED WEYL ALGEBRA

C[X, Y,
√

X , 1√
X

]〈∂X , ∂Y 〉

Abstract. We prove that, in the algebra

C[x, y,
√

x,
1√
x

]〈∂x , ∂y〉,

the operator S = ∂x + (1 + xy)∂y + y still generates, as in A2(C), a
principle maximal ideal.

1. Introduction

Let K be the algebraic closure of the field C(x, y), and let ξ ∈ K . To C[x, y], we add
the elements

∂n
x ξ, ∂n

y ξ, where n ∈ N,

and we ask if the algebra

A2[ξ ] = C[x, y, ∂n
x ξ, ∂

n
y ξ ]〈∂x , ∂y〉

still has a maximal principal ideal.

With a direct verification, we will give an affirmative answer in the case

ξ2 − x = 0.

Probably, this is true for every ξ ∈ K ; but the direct proof seems to be rather involved.

2. Basic Definitions and Notations

Let ξ be an element such that

Q(ξ, x, y) = ξ N + aN−1ξ
N−1 + · · · + a1ξ + a0 = 0, N ≥ 2,

where a j ∈ C[x, y] and Q is an irreducible polynomial in C[x, y, ξ ]. Then, ξ is locally
a function of x and y, and we have

[Nξ N−1 + (N −1)aN−1ξ
N−2 +· · ·+a1]ξx = −(aN−1)xξ

N−1 −· · ·− (a1)xξ − (a0)x .

∗This article was prepared, under the supervision of Prof. G. Bratti, while the author was a research
fellow at the Dipartimento di Matematica Pura ed Applicata, Università di Padova, Italy.
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Since Q is irreducible, Nξ N−1 + (N − 1)aN−1ξ
N−2 + · · · + a1 6= 0, and we have

ξx = − (aN−1)xξ
N−1 + · · · + (a1)xξ + (a0)x

Nξ N−1 + (N − 1)aN−1ξ N−2 + · · · + a1
.

Similarly, we have

ξy = − (aN−1)yξ
N−1 + · · · + (a1)yξ + (a0)y

Nξ N−1 + (N − 1)aN−1ξ N−2 + · · · + a1
.

If we adopt the notations

Qx = (aN−1)xξ
N−1 + · · · + (a1)xξ + (a0)x ,

Qy = (aN−1)yξ
N−1 + · · · + (a1)yξ + (a0)y,

and

Qξ = Nξ N−1 + (N − 1)aN−1ξ
N−2 + · · · + a1,

then we can express ξx and ξy as follows:

ξx = −Qx/Qξ , and ξy = −Qy/Qξ .

Hence, we define

η = 1

Qξ

,

and let X = C[x, y, ξ, η]. A typical element of X has a form

∞∑

i=0

∞∑

j=0

N−1∑

k=0

∞∑

l=0

ai j kl x
i y jξ kηl, ai j kl ∈ C,

where almost all ai j kl are equal to zero.

The algebraically extended Weyl algebra A by the N-th degree polynomial Q is the
C-subalgebra of EndC(X) generated by the operators x , y, 1, ξ , η, ∂x and ∂y . Hence
A = C[x, y, ξ, η]〈∂x , ∂y〉.

3. Left Maximal Ideals

Let S = ∂x + β(x, y)∂y + γ (x, y) with β = 1 + xy. After we prove Theorem 1,
which gives a characterization of AS as a maximal ildeal, we prove Theorem 2, which
is proved for γ = y.

In any case, we have the following lemma.
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LEMMA 1. If I ⊆ A is an ideal, and if I contains a polynomial p of the form

p =
M∑

k=0

pkξ
k, pM 6= 0, M ≥ 0,

then I contains a polynomial r(x, y) ∈ C[x, y] \ {0}.

Proof. Without loss of generality, we may assume that M ≤ N − 1 because ξ N =
−aN−1ξ

N−1 − · · · − a1ξ − a0.

If M = 0, then there is nothing to prove.

If M = 1, then p = p1ξ + p0, where p1 6= 0. Since Q = 0, hence Q ∈ I. Thus,
p1Q ∈ I, and

p1Q = (ξ N−1 + · · · + b1ξ + b0)(p1ξ + p0)+ r(x, y).

Since Q is irreducible, thus r 6= 0 and r ∈ I.

By induction, it is enough to prove that I contains a polynomial of degree less than
M in the variable ξ . As before, we have

pM Q = (ξ N−M + · · · + b1ξ + b0)p + cM−1ξ
M−1 + · · · + c1ξ + c0.

Hence cM−1ξ
M−1 +· · ·+ c1ξ + c0 ∈ I, and cM−1ξ

M−1 +· · ·+ c1ξ + c0 6= 0 because
Q is irreducible.

Now, let R ∈ C[x, y, ξ ]〈∂y〉. Hence,

R =
M∑

k=0

pk(x, y, ξ)∂k
y , pM 6= 0, M ≥ 0,

where pk ∈ C[x, y, ξ ]. It is immediate to verify that

[S, R] ∈ C[x, y, ξ, η]〈∂y〉.

We have the following theorem, which is a generalization of Theorem 2.2 in [1].

THEOREM 1. Let S = ∂x + β(x, y)∂y + γ (x, y), with β = 1 + xy. The following
statements are equivalent.

P1) AS is maximal in A.

P2) For all R ∈ C[x, y, ξ, η]〈∂y〉, where R is not a constant, we have [S, R] 6∈
C[x, y, ξ, η]R.
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Proof. In order to prove that P1 implies P2, the same methods as in the case A2 work
(see pages 212–213 in [1].) We only need to modify some. For example, if λS +µR =
1, and if deg∂x

λ = m, then we have deg∂x
µ = m + 1, and we obtain

λS + µR =
m∑

k=0

Bk Sk+1 +
m+1∑

k=0

Ck Sk R = 1

with some Bk and Ck in C[x, y, ξ, η]〈∂y〉.

We now prove that P2 implies P1. Let R =
∑N

k=0 pk∂
k
y ∈ C[x, y, ξ, η]〈∂y〉. Since

[S, R] =
N∑

k=0

qk∂
k
y ,

where qk ∈ C[x, y, ξ, η], we obtain that pN [S, R] − qN R 6= 0, and deg∂y
(pN [S, R] −

qN R) ≤ N −1 by hypothesis. Together with above lemma, we conclude that AS+ AR
contains a non-trivial polynomial p(x, y) ∈ C[x, y].

Let p =
∑L

k=0 rk(x)yk , and rL(x) 6= 0. If L = 0, then AS + AR contains a
non-trivial polynomial in only x , and AS + AR = A. If L ≥ 1, then, by induction, it
is enough to show that AS + AR contains a polynomial of degree less than L in the
variable y, with β = 1 + xy. Now

[S, p] = ((rL)x + LxrL)y
L +

L−1∑

k=1

((rk)x + (k + 1)rk+1 + kxrk)y
k + (r0)x + r1.

Since (rL)x + LxrL never vanishes, let us consider p̃ = ((rL)x + LxrL)p −rL[S, p] ∈
AS + AR. By assumption, p̃ 6= 0 and degy p̃ ≤ L − 1.

The following lemma is used in the proof of Theorem 2. We recall that

Qx = (aN−1)xξ
N−1 + · · · + (a1)xξ + (a0)x ,

Qy = (aN−1)yξ
N−1 + · · · + (a1)yξ + (a0)y,

and
Qξ = Nξ N−1 + (N − 1)aN−1ξ

N−2 + · · · + a1.

Similarly, if q = qN−1(x, y)ξ N−1 + · · · + q1(x, y)ξ + q0(x, y), then qx , qy and qξ
indicate the following expressions:

qx = (qN−1)xξ
N−1 + · · · + (q1)xξ + (q0)x ,

qy = (qN−1)yξ
N−1 + · · · + (q1)yξ + (q0)y,

and
qξ = Nξ N−1 + (N − 1)qN−1ξ

N−2 + · · · + q1.
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LEMMA 2. Assume that the differential equation,

(1) Qξ

(
qx + (1 + xy)qy

)
+ qξ

(
Qx + (1 + xy)Q y

)
= qr,

does not have any solution q in C[x, y, ξ ]\C for any r ∈ C[x, y, ξ ]. Then the following
statements hold.

(1) The differential equation

(∂x + (1 + xy)∂y)p = pr

does not have any solution p in C[x, y, ξ ]\C for any r ∈ C[x, y, ξ ]. (Cf. Lemma
4)

(2) The differential equation
(
∂x + (1 + xy)∂y + x

)
f = 1

does not have any solution in C(x, y, ξ).

Proof. If p were a solution of (1), then we would have

px + (1 + xy)py + pξ (ξx + (1 + xy)ξy) = pr.

Multiplying the both sides by Qξ , we would obtain the contradiction:

Qξ (px + (1 + xy)py)+ pξ (Qx + (1 + xy)Q y) = pr Qξ .

If p/q were a solution of (2), where p and q are mutually prime, then we would
have

q[Qξ px + Qx pξ + (1 + xy)Qξ py + (1 + xy)Q y pξ + x Qξ p − Qξq] =
p[Qξqx + Qx qξ + (1 + xy)Qξqy + (1 + xy)Q yqξ ]

Hence we obtain

Qξ px + Qx pξ + (1 + xy)Qξ py + (1 + xy)Q y pξ + x Qξ p − Qξq = pr

and
Qξqx + Qx qξ + (1 + xy)Qξqy + (1 + xy)Q yqξ = qr

for some r ∈ C[x, y, ξ ] \ {0}. From the last equality, we obtain

Qξ

(
qx + (1 + xy)qy

)
+
(
Qx + (1 + xy)Q y

)
qξ = qr.

THEOREM 2. Let S = ∂x + β∂y + γ ∈ A, where β = 1 + xy, and γ = y. The
following statements are equivalent.
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P1) AS is maximal in A.

P2) The equation (1)

Qξ

(
qx + (1 + xy)qy

)
+ qξ

(
Qx + (1 + xy)Q y

)
= qr,

and the equation

(2) ∂x

(r

s

)
− x

(r

s

)
= −1

do not have any solutions respectively in C[x, y, ξ ]\C for any r ∈ [x, y, ξ ]\{0}
and in C(x).

Proof. We, first, prove that P1 implies that P2. If there were a solution q of (1), then q
would satisfy the differential equation (∂x +(1+xy)∂y)q = qrη. Hence, [S, q] = qrη,
and it contradicts P2 in Theorem 1.

Similarly, if there were a solution of (2), then letting p = r(x)+ s(x)y, we would
have, with β = 1 + xy,

s[S, p] = (sx + xs)p.

We, now, prove that P2 implies that P1. Without loss of generality, it is enough
to show that, for all R ∈ C[x, y, ξ ]〈∂y〉 (instead of R ∈ C[x, y, ξ, η]〈∂y〉,) we have
AS + AR = A. Hence, let R =

∑n
k=0 pk∂

k
y with pk ∈ C[x, y, ξ ] and pn 6= 0.

First, we prove that AS + AR contains a non-trivial polynomial only in x and y. If
n = 0, then it is already shown. Assume that n ≥ 1. By induction, it is enough to show
that AS + AR contains an element R̃ such that R̃ 6= 0 and deg∂y

= n − 1. Since

[S, pn∂
n
y ] = ((pn)x + ξx (pn)ξ + β(pn)y + β(pn)ξ ξy − npnβy)∂

n
y − npnγy∂

n−1
y ,

by Lemma 2, it is confirmed that (pn)x + ξx(pn)ξ +β(pn)y +β(pn)ξ ξy − npnβy 6= 0.
Hence deg∂y

[S, R] = deg∂y
R = n, and we consider the element

R̃ = pn[S, R] − ((pn)x + ξx (pn)ξ + β(pn)y + β(pn)ξ ξy − npnβy)R.

Then, R̃ is of the form
∑n−1

k=0 qk∂
k
y , and a simple calculation shows that

qn−1 = np2
n

(
pn(pn−1)x − pn−1(pn)x

np2
n

+ pnξx (pn−1)ξ − pn−1ξx(pn)ξ

np2
n

+

β
pn(pn−1)y − pn−1(pn)y

np2
n

+ β
pnξy(pn−1)ξ − pn−1ξy(pn)ξ

np2
n

+ βy
pn−1

npn
− γy

)
.

Hence

qn−1 = np2
n

(
∂x

(
pn−1

npn

)
+ β∂y

(
pn−1

npn

)
+ βy

(
pn−1

npn

)
− γy

)
.

By Lemma 2, qn−1 6= 0, and deg∂y
R̃ = n − 1.

Thus, there is an element in (AS + AR) ∩ (C[x, y, ξ ] \ {0}). By the lemma above,
we obtain that (AS + AR) ∩ (C[x, y] \ {0}) 6= ∅. Similarly, the equation (2) serves to
guarantee the existence of an element in (AS + AR) ∩ (C[x] \ {0}).
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4. Application of Theorem 2 with Q = ξ 2 − x

In this section, we show an application of Theorem 2 with Q = ξ 2−x and S = ∂x+(1+
xy)∂y+y. In order to show that AS is maximal in A, we prove the following preposition
through various lemmas and propositions. The difficulty is caused by the fact that,
when we solve the differential equation in the following proposition, we cannot equate
the coefficient of ξ 2 because ξ2 = x . Please compare Lemma 3 with Lemma 4.

PROPOSITION 1. If Q = ξ 2 − x, then no elements q ∈ C[x, y, ξ ] \ C satisfy the
equation (1), namely

Qξ

(
qx + (1 + xy)qy

)
+
(
Qx + (1 + xy)Q y

)
qξ = qr,

for any r ∈ C[x, y, ξ ]

Hence, we prove various lemmas and propositions in order to prove the above
proposition. Let

L(q) = Qξ (qx + (1 + xy)qy)+ (Qx + (1 + xy)Q y)qξ .

Since
L(xn ym) = 2(nxn−1ym + mxn ym−1 + mxn+1ym)ξ,

and
L(xn ymξ) = 2nxn ym + 2mxn+1ym−1 + 2mxn+2ym − xn ym,

where n ≥ 1 and m ≥ 1, we can observe that r must be of the form

r = 2(c1x + c0)ξ + d1x + d0

where c1, c0, d1, and d0 are constants.

LEMMA 3. Let q = b1(x, y)ξ+b0(x, y), where b1 and b0 are elements in C[x, y].
If L(q) = qr for some r ∈ C[x, y, ξ ] \ {0}, then b1 and b0 must satisfy the following
differential equations:

(i) 2x((∂x + (1 + xy)∂y)b1 − b1(c1x + c0)) = b1 + b0(d1x + d0)

(ii) 2((∂x + (1 + xy)∂y)b0 − b0(c1x + c0)) = b1(d1x + d0)

Proof. Direct calculations show that

L(b1(x, y)ξ + b0(x, y)) = 2x(b1x + (1 + xy)b1y)− b1 + 2(b0x + (1 + xy)b0y)ξ,

and

qr = 2b1x(c1x + c0)+ b0(d1x + d0)+ (2b0(c1x + c0)+ b1(d1x + d0))ξ.

Confronting the coefficients of terms with ξ and those without ξ , we obtain the above
equations.
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The following lemma, which was already proved in [1], is useful.

LEMMA 4. If p in C[x, y] satisfies the differential equation

(∂x + (1 + xy)∂y)p = pr

for some r ∈ C[x, y], then p is a constant and r = 0.

Proof. See [1], page 216.

COROLLARY 1. If q = b1(x, y)ξ + b0(x, y) and L(q) = qr for some r ∈
C[c, y, ξ ] \ {0}, then b1 6= 0 and b0 6= 0.

Proof. If b1 = 0 and b0 6= 0, then q = b0. From the equation (ii), we have

(∂x + (1 + xy)∂y)b0 − b0(c1x + c0) = 0.

By lemma (4), this is possible only when c1x + c0 = 0, and b0 is a constant. Hence,
from the equation (i) in lemma (3), we have 0 = b0(d1x + d0). Thus d1x + d0 = 0 and
r = 0.

If b1 6= 0 and b0 = 0, then from the equation (i), we have

2x((∂x + (1 + xy)∂y)b1 − b1(c1x + c0)) = b1

Hence b1 is divisible by x . Let us write b1 = xnb̃1, where n ≥ 1 and b̃1 is not divisible
by x . Then, simplifying the above equation, we obtain

2nb̃1 + 2x
((
∂x + (1 + xy)∂y

)
b̃1 − b̃1(c1x + c0)

)
= b̃1.

Since (2n − 1)b̃1 is not divisible by x , it is zero. Hence

2x
((
∂x + (1 + xy)∂y

)
b̃1 − b̃1(c1x + c0)

)
= 0;

by lemma 4, b̃1 is a constant and c1x + c0 = 0. Then, by equation (ii), we have
0 = xnb̃1(d1x + d0) = 0. Hence d1x + d0 = 0 and r = 0.

LEMMA 5. q = ξ +
∑m

k=0 b0k yk does not satisfy L(q) = qr for any r ∈
C[x, y, ξ ] \ {0}.

Proof. We have already proved the case
∑m

k=0 b0k yk = 0 in Corollary 1.

We now consider it when b0 is a constant. Then

L(q) = 0 − 1 = c1x2 + (c0 + b0d1)x + b0d0 + (d1 + b0c1)xξ + (d0 + b0c0)ξ.
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Hence c1 = 0, and we obtain

−1 = (c0 + b0d1)x + b0d0 + d1xξ + (d0 + b0c0)ξ.

From the coefficient of xξ , we obtain d1 = 0, and we have

−1 = c0x + b0d0 + (d0 + b0c0)ξ.

Thus, c0 = 0 and −1 = b0d0 + d0ξ. Thus d0 = 0 and we get a contradiction −1 = 0.

We now assume that m ≥ 1 and b0m 6= 0. We have the equality

c1x2 + (c0 +
m∑

k=0

d1b0k yk)x +
m∑

k=0

d0b0k yk = −1.

Hence c1 = 0, c0 +
∑m

k=0 d1b0k yk = 0 and
∑m

k=0 d0b0k yk = −1. Since d0b0m = 0
and b0m 6= 0, we have d0 = 0 and we obtain the contradiction: 0 = −1.

LEMMA 6. q =
∑n

k=0 b1k ykξ +
∑m

k=0 b0k yk , where b1n 6= 0 and b0m 6= 0, does
not satisfy L(q) = qr for any r ∈ C[x, y, ξ ] \ {0}.

Proof. We have already proved for n = 0 in Lemma 5. If n ≥ 1, then we obtain the
following equality:

2x2
n∑

k=0

kb1k yk + 2x
n∑

k=0

kb1k yk−1 −
n∑

k=0

b1k yk

= 2c1

n∑

k=0

b1k yk x2 + (2c0

n∑

k=0

b1k yk + d1

m∑

k=0

b0k yk)x + d0

m∑

k=0

b0k yk .

Comparing the coefficient of terms only in y, we obtain

−
n∑

k=0

b1k yk = d0

m∑

k=0

b0k yk .

Hence we may take n = m, and we have

d0b0k = b1k, k = 0, ..., n.

Comparing the coefficient of x 2, we have

2
n∑

k=0

kb1k yk = 2c1

n∑

k=0

b1k yk .

Since b1n 6= 0, we obtain that c1 = n and b1k = 0 if k < n. Since d0b0n = b1n 6= 0,
we have d0 6= 0, and therefore b0k = 0 if k < n. Comparing the coefficient of x , we
have

2c0

n∑

k=0

b1k yk + d1

n∑

k=0

b0k yk = 2
n−1∑

k=1

(k + 1)b1,k+1 yk .
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Hence
2c0b1n yn + d1b0n yn = 2nb1n yn−1.

From here, we obtain the contradiction that 2nb1n = 0.

We will frequently use the following lemma:

LEMMA 7. If f ∈ C[y] \ {0} satisfies the differential equation,

y f ′(y)− a f (y) = 0, where a ∈ C,

then f = cym for some c ∈ C \ {0}, for some m ∈ N ∪ {0}, and a = m.

Proof. If we write f =
∑n

k=0 fk yk , then the equation becomes

n∑

k=1

k fk yk =
n∑

k=0

a fk yk .

Hence, we have the n equations k fk = a fk , where k = 0, ..., n. Thus, there exists
m ∈ {0, ..., n} such that m fm = a fm , where fm 6= 0, and fk = 0 if k 6= m. We write
c = fm , and we obtain f = cym with a = m.

Let b(x, y) = f (y)xn + g(y)xn−1 + · · · , where n ≥ 1. The following formulas,
which specify only the two terms of the highest degree and the second highest degree
in x , will be useful in the poof of the lemmas which follow.

(∂x + (1 + xy)∂y)b − b(c1x + c0)

= (y f ′(y)− c1 f (y))xn+1 + ( f ′(y)− c0 f (y)+ yg′(y)− c1g(y))xn + · · · ,

and
b(d1x + d0) = d1 f (y)xn+1 + (d0 f (y)+ d1g(y))xn + · · · ,

where “ · · · ” indicates terms whose degree of x is lower than n.

PROPOSITION 2. No b1 and b0 in C[x, y, ξ ] \ {0} satisfy the differential equations
(i) and (ii) in Lemma 3.

Proof. Let us put that degx b0 = n, and put B0 = 2((∂x +(1+xy)∂y)b0−b0(c1x+c0)).
By Lemma 6, it is enough to prove the case n ≥ 1. By Lemma 4, we see that B0 6= 0,
and (1) degx B0 = n + 1 or (2) degx B0 < n + 1.

(1) If degx B0 = n + 1, then from the equation (ii) in Lemma 3, degx b1(d1x + d0) =
n + 1. Thus, (1-1) degx b1 = n + 1 with d1 = 0 or (1-2) degx b1 = n with d1 6= 0.

(1-1) If degx b1 = n + 1 and d1 = 0, then we have the following:

(i’) 2x((∂x + (1 + xy)∂y)b1 − b1(c1x + c0)) = b1 + b0d0
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(ii’) 2((∂x + (1 + xy)∂y)b0 − b0(c1x + c0)) = b1d0

Now, let B1 = 2((∂x + (1 + xy)∂y)b1 − b1(c1x + c0)). By Lemma 4, B1 6= 0. From
(i’), degx x B1 = n + 1. Thus, degx B1 = n. Hence if b1 is of the form f (y)xn+1 +
g(y)xn + · · · , then

1

2
B1 =(y f ′(y)− c1 f (y))xn+2 + ( f ′(y)− c0 f (y)+ yg′(y)− c1g(y))xn+1 + · · ·

= f (y)xn+1 + · · · ,

From y f ′(y)− c1 f (y) = 0, we have f = cym for some constant c and m ∈ N ∪ {0}.
If m = 0, then c1 = 0 and (i’) becomes 2x(b1x + (1 + xy)b1y − b1c0) = b1 + b0d0.
From the coefficient of xn+1, we have −c0c + yg′(y) = 0. Thus, c0 = 0 and y = c̃, a
constant. Hence b1 is of the form cxn+1 + c̃xn + · · · , and the equation (i’) gives

2x((n + 1)cxn + nc̃xn−1 + · · · ) = cxn+1 + · · · .

Thus we arrive to the contradiction: 2(n+1) = 1. Hence m 6= 0 and c1 = m 6= 0. Now,
from the coefficient of xn+1, we have cmym−1 − c0cym + yg′(y)− mg(y) = 0. If we
write g =

∑l
k=0 gk yk , we have cmym−1 − c0cym +

∑l
k=1 kgk yk −

∑l
k=0 mgk yk = 0.

Thus kgk = mgk if k 6= m − 1, and if k 6= m. Hence gk = 0 if k < m − 1. Moreover,
cm+(m−1)gm−1−mgm−1 = 0. Thus gm−1 = cm and therefore, g = mym +cmym−1.
Hence b1 must have the form

b1 = cymxn+1 + (mym + cym−1)xn + · · · .

Now let b0 = h(y)xn +· · · . Then 1
2 B1 = (yh′(y)− mh(y))xn+1 +· · · . Thus, by (ii’),

we have the equation,
d0

2
cym = yh′(y)− mh(y).

If we write h =
∑l

k=0 hk yk , then

d0

2
cym =

l∑

k=1

khk yk −
l∑

k=0

mhk yk .

Hence d0
2 c = mhk − mhk = 0. This is a contradiction because d0 6= 0 by Lemma 4,

and c 6= 0 by assumption degx b1 = n.

(1-2)Now, let us consider the case degx b1 = n and d1 6= 0. By Lemma 5, n 6= 0. Let
us write b1 = f (y)xn + g(y)xn−1 + · · · , and b0 = h(y)xn + l(y)xn−1 + · · · . Then
the equation (i) becomes

B1x =2(y f ′(y)− c1 f (y))xn+2 + 2( f ′(y)− c0 f (y)+ yg′(y)− c1g(y))xn+1 · · ·
=h(y)d1xn+1 + · · ·
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Hence y f ′(y) − c1 f (y) = 0, and we have f = cym , and c1 = m. From the equation
(ii), we have

2(yh′(y)− mh(y))xn+1 + · · · = cd1ymxn+1 + · · · .

Thus, 2(yh′(y) − mh(y)) = cd1ym . If we write h(y) =
∑l

k=0 hk yk , then we
have 2(

∑l
k=1 khk yk −

∑l
k=0 mhk yk) = cd1ym , and we obtain the contradiction that

2(mhm − mhm) = cd1 = 0.

(2) We now consider the case degx B0 < n + 1. Let us write degx B0 = K . Hence
K ≤ n. Then degx b1(d1x + d0) = K . Hence (2-1) degx b1 = K with d1 = 0, or (2-2)
degx b1 = K − 1 with d1 6= 0.

(2-1) If degx b1 = K with d1 = 0, then we write b1 = f (y)x K + g(y)x K−1 + · · · . By
the equation (i), we have

2(y f (y)− c1 f (y))x K+2 + 2( f ′(y)− c0 f (y)+ yg′(y)− c1g(y))x K+1

= f (y)x K + g(y)x K−1 + · · · + d0h(y)x K + d0l(y)x K−1 + · · ·

As before, from y f ′(y) − c1 f (y) = 0, we conclude that f = cym and c1 = m.
From the coefficient of x K+1, we have

mcym−1 − c0cym + yg′(y)− mg(y) = 0.

If we write g =
∑t

k=0 gk yk , then the above equation becomes

mcym−1 +
t∑

k=1

kgk yk −
t∑

k=0

mgk yk − c0cym = 0.

Hence mgm − mgm − c0c = 0. Thus, c0 = 0.

Now, since b0 = h(y)xn + l(y)xn−1 · · · , the equation (ii) becomes

2(yh′(y)− mh(y))xn+1 + 2(h′(y)− mh(y)+ yl ′(y)− ml(y))xn + · · ·
= d0cymx K + d0g(y)x K−1 + · · ·

From the coefficient of xn+1, we have h(y) = c̃ym . From the coefficient of xn, we
have 2mc̃ym−1 − 2mh(y) + 2yl ′(y) − 2ml(y) = d0cym if K = n. As before, we
obtain d0c = 0, and therefore we obtain the contradiction d0 = 0. If K < n, then
mc̃ym−1 − mc̃ym + yl ′(y) − ml(y) = 0. Hence if we write l(y) =

∑t
k=0 lk yk , we

obtain

mc̃ym−1 − mc̃ym +
t∑

k=1

klk yk −
t∑

k=0

mlk yk = 0.

Therefore, −mc̃ + mlm − mlm = 0, and we obtain the contradiction that mc̃ = 0.

(2-2) We, now, consider the case degx b1 = K − 1 with d1 6= 0, where K ≤ n. We
write b1 = f (y)x K−1 · · · and b0 = h(y)xn + l(y)xn−1 + · · · . From the equation (ii),

2((yh′(y)− c1h(y))xn+1 + · · · ) = d1 f (y)x K + · · ·
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Hence as before, yh′(y)− c1h(y) = 0 implies that c1 = m and h(y) = cym . From the
equation (i),

2((y f ′(y)− m f (y))x K+1 + · · · ) = d1cymxn+1 + · · · .

Thus, y f ′(y) − m f (y) = d1cym if K = n and 0 = d1c if K < n. In any case we
obtain d1c = 0, and this is a contradiction because d1 6= 0 and c 6= 0.
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