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MAXIMAL IDEALSOF THE EXTENDED WEYL ALGEBRA
C[X, Y, VX, J—ly](ax, dy)

Abstract. We prove that, in the algebra

1
(C[X, y, ﬁv W:HBXv 8y)a

the operator S = dx + (1 + xy)dy + y still generates, as in Ax(C), a
principle maximal ideal.

1. Introduction

Let K be the algebraic closure of the field C(x, y), and let & € K. To C[x, y], we add
the elements
agE, og&, where neN,

and we ask if the algebra

still has a maximal principal ideal.
With a direct verification, we will give an affirmative answer in the case

£2—x=0.

Probably, this is true for every & € K; but the direct proof seems to be rather involved.

2. Basic Definitions and Notations

Let & be an element such that
QE x,y) =N +an_1EN 1+ farf+ap=0, N >2

where aj € C[x, y]and Q is an irreducible polynomial in C[x, y, £]. Then, £ is locally
a function of x and y, and we have

[INEN"L (N —Dan_16N 2+ +ag]ex = —(an—1)xEN T — - — (@& — (@0)x.

*This article was prepared, under the supervision of Prof. G. Bratti, while the author was a research
fellow at the Dipartimento di Matematica Pura ed Applicata, Universita di Padova, Italy.
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Since Q is irreducible, NN—1 + (N — 1)an_1EN"2 + ... + a3 # 0, and we have

_@n-DxENT 4+ @)xE + (0)x
NEN-1 4+ (N —Dan_16N2+--- +ap’

";:x =
Similarly, we have

_@n-)yEN T -+ @)yE + (@o)y
NEN-1 4 (N —Dan_1EN-2 4+ ... 44

§y =
If we adopt the notations
Qx = @n-DxEN T+ 4 @D)xE + (@0,

Qy = (@an-1yEN T+ + @1)yE + (a0)y,

and
Qe = NEN L (N —Dan 16N 2+ ... fay,

then we can express £x and &y as follows:
éx = —Qx/Q¢, and & =—Qy/Q¢.
Hence, we define
=
and let X = C[x, Y, &, n]. A typical element of X has a form
>y

i=0 j=0

N-1

o0

ekl
> aijux'ylgy', aju eC,
0 1=0

=
I

where almost all ajjk are equal to zero.

The algebraically extended Weyl algebra A by the N-th degree polynomial Q is the
C-subalgebra of Endc (X) generated by the operators x, y, 1, &, n, dx and dy. Hence
A = (C[Xv yv gs n]<8Xv 3y)

3. Left Maximal Ideals

Let S = dx + B(X,y)dy + y(X,y) with B = 1 + xy. After we prove Theorem 1,
which gives a characterization of AS as a maximal ildeal, we prove Theorem 2, which
is proved for y =y.

In any case, we have the following lemma.
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LEMMA 1. IfZ C Alis anideal, and if Z contains a polynomial p of the form

M
p=> m&, pu#0, M=>0,
k=0

then Z contains a polynomial r (x, y) € C[x, y]\ {0}.

Proof. Without loss of generality, we may assume that M < N — 1 because &N =
—aN—1EN T - —agE —ao.
If M = 0, then there is nothing to prove.

If M =1, then p = p1£ + po, where p1 # 0. Since Q = 0, hence Q € Z. Thus,
p1Q € Z,and

p1Q = N1+ -+ + bi& + bo)(pa + po) +r (X, y).
Since Q is irreducible, thusr # Oandr € 7.

By induction, it is enough to prove that Z contains a polynomial of degree less than
M in the variable &. As before, we have

pmQ = ENM + ..+ b1E +bo)p+om—1EM T+ 4 cr + co.
Hence cpm_1EM~1+ ... +c16 +co € Z, and cpm_16M 1+ . . 41 4 ¢ # 0 because

Q isirreducible.
O

Now, let R € C[x, y, £](dy). Hence,

M
R=pk(X.y.£)d% pm#0. M =0,
k=0

where px € C[x, vy, &]. It is immediate to verify that
[Sa R] € C[X5 ya Ev n]<8y>
We have the following theorem, which is a generalization of Theorem 2.2 in [1].

THEOREM 1. Let S = ax + B(X, ¥)dy + ¥ (X, y), with 8 = 1 + xy. The following
statements are equivalent.

P1) ASis maximalin A.

Py) For all R e C[x,vV,&,n](dy), where R is not a constant, we have [S, R] ¢
CIx, v, &, n]R.
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Proof. In order to prove that P1 implies P2, the same methods as in the case A, work
(see pages 212-213 in [1].) We only need to modify some. For example, if AS+ uR =
1, and if deg, A = m, then we have deg, w = m + 1, and we obtain

m m+1
AS+puR =) BSKt+ > CrskR=1
k=0 k=0

with some By and Ck in C[Xx, y, &, n]{dy).

We now prove that P, implies P;. Let R = ZL\I:O pk8>'§ e C[x, y, &, n]{dy). Since

N
[S. Rl = akdy,
k=0

where gk € C[x, v, &, n], we obtain that pn[S, R] —gnR # 0, and degay(pN[S, R] —
gn R) < N —1 by hypothesis. Together with above lemma, we conclude that AS + AR
contains a non-trivial polynomial p(x, y) € C[x, y].

Let p = Z|I<'=o re()yK, and r (x) # 0. If L = 0, then AS + AR contains a
non-trivial polynomial in only x, and AS + AR = A. If L > 1, then, by induction, it
is enough to show that AS 4+ AR contains a polynomial of degree less than L in the
variable y, with 8 = 1 4+ xy. Now

L-1

[S. p] = ((rOx + LxrO)y" + Y ((ox + K + Dripr + kxr)y  + (ro)x + r1.
k=1

Since (rp)x + Lxr never vanishes, let us consider f = ((r.)x+Lxrp)p—rL[S, p] €
AS + AR. By assumption, p # Oand deg, p < L — 1.
O

The following lemma is used in the proof of Theorem 2. We recall that
Qx = @n-Dxt"N T+ + (@)x& + (@0)x.

Qy = (an—1)yEN I+ 4 (@1)yE + (a0)y,

and
Qe = NENTTH (N - Dan_1&N 2+ - +ag

Similarly, if g = gqn-1(x, Y)EN"2 + - + qa(x, ¥)& + go(x, y), then dx, qy and g;
indicate the following expressions:

Ox = AN-—DxEN T+ -+ (@DxE + (@o)xs

Gy = @AN-DyEN T+ - + @y + o)y,
and
ge = NEN 2+ (N —Dan-1EN 2+ +qu.
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LEMMA 2. Assume that the differential equation,

1) Q¢ (ax + (1 +xy)dy) + ds (Qx + (L + xy)Qy) =,

does not have any solution g in C[x, y, §]\Cforanyr e C[x, vy, &]. Then the following
statements hold.

(1) The differential equation
(0x + (L +xy)dy)p = pr

does not have any solution p in C[x, y, E]\Cforanyr € C[x, v, &]. (Cf. Lemma
4)

(2) The differential equation
(O + L +xy)dy+x) f =1
does not have any solution in C(x, v, &).
Proof. If p were a solution of (1), then we would have
Px + (1 +Xy)py + Pz (6x + (1 + xy)éy) = pr.

Multiplying the both sides by Q¢, we would obtain the contradiction:

Qe (Px + (L +Xy)py) + pe(Qx + (1 +Xxy)Qy) = prQe.
If p/q were a solution of (2), where p and g are mutually prime, then we would
have

q[Q:spx + Qxps + (1 4+ xy)Qepy + (L +xy)Qyps + XQ: p — Qeq] =
P[Qs0ax + Qx0s + (14 xy)Qeqy + (1 + xy) QyQe]

Hence we obtain
Qe px + Qxpe + (L +xy)Qspy + (1 +xy)Qype +XQep — Qzq = pr

and
Qedx + Qx0s + (1 +xy)Qsqy + (1 +Xy)QyQs =qr

forsomer e C[x, v, &£] \ {0}. From the last equality, we obtain

Q¢ (ax + (L +xy)dy) + (Qx + (L +Xxy)Qy) g¢ = qr.

O

THEOREM 2. LetS = 9x + Bdy +y € A, where =1+ xy,and y = y. The
following statements are equivalent.
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P1) ASis maximalin A.
P2) The equation (1)

Q¢ (ax + (1 +xy)dy) + e (Qx + (L +xy)Qy) =ar,
and the equation

® o (0) ()=

do not have any solutions respectively in C[x, y, ]\ C foranyr € [x, y, £]\ {0}
and in C(x).

Proof. We, first, prove that P; implies that Po. If there were a solution q of (1), then g
would satisfy the differential equation (3x+ (1+Xxy)dy)q = qry. Hence, [S, q] = qrn,
and it contradicts P in Theorem 1.
Similarly, if there were a solution of (2), then letting p = r(x) + s(x)y, we would
have, with 8 = 1 4 xy,
S[S, p] = (sx + Xs)p.

We, now, prove that P, implies that P;. Without loss of generality, it is enough
to show that, for all R € C[x, y, £](dy) (instead of R e CI[x, y, &, n](dy),) we have
AS + AR = A. Hence, let R = Y3, pkdys with pk € C[x, y, &] and pn # 0.

First, we prove that AS 4+ AR contains a non-trivial polynomial only in x and y. If
n = 0, then it is already shown. Assume that n > 1. By induction, it is enough to show
that AS + AR contains an element R such that R # 0 and deg,, =n — L. Since

S, pn39] = ((Pn)x + éx(Pn)e + B(Pn)y + B(Pn)eby — npn/-gy)agl1 - npn)/y?){)_l,

by Lemma 2, it is confirmed that (pn)x + &x(Pn)e + B(Pn)y + B(Pn)e&y —nNpnBy # 0.
Hence degay[s, R] = degay R = n, and we consider the element

R = pnlS, Rl = ((Pn)x + & (Pn)e + B(Pn)y + B(Pn)e&y — NPnpy)R.

Then, R is of the form "p—5 q«dK, and a simple calculation shows that

Gns = Np2 ( Pn(Pn-1)x _zpn—l(pn)x 4 Poéx(Pn-1 —zpn_léx(pn)s N
npa npa
Pn(Pn-1)y — Pn—1(Pn)y
> +
npa

P&y (Pn-1)¢ — Pn—1&y(Pn)s
np2
n

B

B + By F:]n—l - Vy) .

Pn

2 Pn-1 Pn-1 Pn-1)
ooy (3 (T ) o () 0 () = ).

By Lemma 2, gn—1 # 0, and deg, R =n — 1.

Thus, there is an element in (AS 4+ AR) N (C[x, vy, ]\ {0}). By the lemma above,
we obtain that (AS + AR) N (C[x, y] \ {0}) # @. Similarly, the equation (2) serves to
guarantee the existence of an element in (AS + AR) N (C[x] \ {0}).

Hence

O
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4. Application of Theorem 2 with Q = £2 — x

In this section, we show an application of Theorem 2 with Q = £2—x and S = ay+(1+
Xy)dy+y. Inorder to show that AS is maximal in A, we prove the following preposition
through various lemmas and propositions. The difficulty is caused by the fact that,
when we solve the differential equation in the following proposition, we cannot equate
the coefficient of £2 because £2 = x. Please compare Lemma 3 with Lemma 4.

PROPOSITION 1. If Q = &2 — x, then no elements q € C[x, y, £] \ C satisfy the
equation (1), namely

Q¢ (ax + (L +xy)dy) + (Qx + (L +xy)Qy) e =qr,
foranyr € C[x, y, &]

Hence, we prove various lemmas and propositions in order to prove the above
proposition. Let

L(@) = Qz(ax + (1 +xy)Gy) + (Qx + (1 + xy)Qy)Qe.

Since
L(Xnym) — 2(nx“_1ym + mXnym—l + an+1ym)§,

and
L(Xnym%_) — Zanym + 2mxn+1ym—1 + 2mxn+2ym . Xnym’

where n > 1 and m > 1, we can observe that r must be of the form
r = 2(c1X + cg)é + d1x +do

where c1, cg, d1, and dg are constants.

LEMMA 3. Letq = b1(X, y)& +bo(X, y), where by and bg are elements in C[x, y].
If L(q) = gr for somer € C[x, Y, €] \ {0}, then by and bg must satisfy the following
differential equations:

(i) 2x((9x + (1 4 xy)dy)bz — bz(c1x + co)) = b1 + bo(d1x + do)
(i) 2((@x + (1 + xy)dy)bo — bo(C1x + €o)) = b1(d1x + do)
Proof. Direct calculations show that
L(b1(X, Y)§ + bo(X, y)) = 2x(b1x + (1 + xy)b1y) — b1 + 2(box + (1 + Xy)boy)§,
and
qr = 2b1x(C1X + o) + bo(d1x + do) + (2bo(C1X + Co) + b1(d1x + do))§.

Confronting the coefficients of terms with & and those without &, we obtain the above
equations.
O
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The following lemma, which was already proved in [1], is useful.
LEMMA 4. If p in C[x, y] satisfies the differential equation
(0x + (L +xy)dy)p = pr
for somer € C[x, y], then p is a constantand r = 0.

Proof. See [1], page 216.
([l

COROLLARY 1. If g = b1(X,y)é + bo(x,y) and L(gq) = qr for some r ¢
Clc, vy, €]\ {0}, then b1 # 0 and bg # 0.

Proof. If by = 0 and bg # 0, then g = bg. From the equation (ii), we have
(3x + (1 +xy)dy)bg — bo(c1x +co) = 0.
By lemma (4), this is possible only when c1x 4+ co = 0, and bg is a constant. Hence,
from the equation (i) in lemma (3), we have 0 = bg(d1x + dp). Thusdix +do = 0 and
r=0.
If b1 £ 0 and bg = 0, then from the equation (i), we have

2X((3x 4 (1 4 xy)dy)by — bz(c1x 4 Co)) = b

Hence by is divisible by x. Let us write by = x"b1, where n > 1 and by is not divisible
by x. Then, simplifying the above equation, we obtain

2nby + 2x ((aX + (1 + xy)ay) by — By(cax + CO)> _bL.
Since (2n — 1)bs is not divisible by x, it is zero. Hence
2x ((3X + (1 + xy)dy) by — by(cax + CO)) =0

by lemma 4, b1 is a constant and c1x + co = 0. Then, by equation (ii), we have
0 = x"b1(d1x +dg) = 0. Hence dix +dgp =0andr = 0.
([l

LEMMA 5. q = & + > 1, bokyK does not satisfy L(q) = qr for any r €
CIx,y, ]\ {0}.

Proof. We have already proved the case > bokyX = 0'in Corollary 1.
We now consider it when bg is a constant. Then

L(q) =0 — 1 = ¢1x? 4 (Co 4 bod1)x 4 bodo 4 (d1 + boc1)xE + (do + boCo)é.
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Hence c1 = 0, and we obtain
—1 = (co + bod1)x + bodo + d1x& + (do + boCo)é.
From the coefficient of x&, we obtain d; = 0, and we have
—1 = cox + bodg + (do + boco)é.

Thus, co = 0 and —1 = bodg + do&. Thus dg = 0 and we get a contradiction —1 = 0.
We now assume that m > 1 and bom # 0. We have the equality

m m
c1x®+ (co+ Yy _ diboky*)x + ) _ doboky* = —1.
k=0 k=0

Hence c1 = 0, Co + Y pod1boky® = 0and 3_p o dobokyk = —1. Since dobom = 0
and bom # 0, we have dp = 0 and we obtain the contradiction: 0 = —1.
O

LEMMA 6. q = Y r_obaky*e + Y rt o bokyX, where bin # 0 and bom # 0, does
not satisfy L(q) = qr foranyr € C[x, y, £]\ {O0}.

Proof. We have already proved forn = 0 in Lemma 5. If n > 1, then we obtain the
following equality:

n n n
262y Kby +2x Y kbay* ! = " bacy¥
k=0 k=0 k=0

n n m m
=201 ) biy*x® + (2c0 ) _ buy*+d1 ) boky*)x +do ) _ boxy.
k=0 k=0 k=0 k=0
Comparing the coefficient of terms only in y, we obtain

n m
— Y by =do ) boy*.
k=0 k=0

Hence we may take n = m, and we have
dobok = b1k, k=0, ...,n.

Comparing the coefficient of x2, we have

n n
2> “kbaky¥ = 2c1 ) by,
k=0 k=0

Since by # 0, we obtain that c; = n and bk = 0 if k < n. Since dgbon = b1y # 0,
we have dg # 0, and therefore box = 0 if k < n. Comparing the coefficient of x, we

have
n-1

n n
2c0 Y by +d1 Y boky =2 (k+ Dby iay*.
k=0 k=0 k=1
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Hence
2cobiny" + dibony™ = 2nbgay" L.

From here, we obtain the contradiction that 2nb1, = 0.

We will frequently use the following lemma:
LEMMA 7. If f € C[y]\ {0} satisfies the differential equation,
yf’'(y)—af(y) =0, where aeC,
then f = cy™ for some ¢ € C \ {0}, for somem € NU {0}, anda = m.

Proof. If we write f = S"p_, fkyX, then the equation becomes

n n
Z kfkyk = Z afkyk.
k=1 k=0

Hence, we have the n equations kfx = afgk, where k = 0, ...,n. Thus, there exists
m € {0, ..., n} such that mf, = afy, where fy £ 0, and fx = 0if k # m. We write
¢ = fm, and we obtain f = cy™ witha = m.

O

Letb(x,y) = f(y)x" +g(y)x""1 + ..., where n > 1. The following formulas,
which specify only the two terms of the highest degree and the second highest degree
in x, will be useful in the poof of the lemmas which follow.

(9x + (1 + xy)dy)b — b(c1x + co)
= (yf'(y) —ca FOOX™ L+ (F/(y) — cof(y) + yg'(y) — cag(y)x" +-- -,

and
b(dix + do) = d1 f (V)X + (do f (y) + dag(y)X" +-- -,

where “ - - . ” indicates terms whose degree of x is lower than n.

PROPOSITION 2. No by and bg in C[x, vy, &] \ {0} satisfy the differential equations
(i) and (ii) in Lemma 3.

Proof. Letus putthat deg, bo = n, and put Bo = 2((3x+ (1+Xy)dy)bo—bo(C1X +Co)).
By Lemma 6, it is enough to prove the case n > 1. By Lemma 4, we see that Bg # 0,
and (1) deg, Bo=n+1or (2) deg, Bo < n + 1.

(1) If degy Bo = n + 1, then from the equation (ii) in Lemma 3, deg, b1(d1x + dg) =
n+ 1. Thus, (1-1) deg, by = n + 1 with dq = 0 or (1-2) deg, by = n with d1 # 0.

(1-1) If degy by = n + 1 and d1 = 0O, then we have the following:

(i) 2x((@x + (1 + xy)dy)by — ba(C1x + Co)) = b1 + bodo
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(i) 2((dx + (1 + xy)dy)bo — bo(C1x + Co)) = b1do

Now, let By = 2((3x + (1 + Xy)dy)b1 — b1(c1x + co)). By Lemma 4, By # 0. From
(i"), deg, xB1 = n + 1. Thus, deg, B1 = n. Hence if by is of the form f(y)x"*+% 4+
g(y)x" + -, then

1
5BL=(yf'(y) —caf (YOX™2 + (£(y) — cof(y) + yg'(y) — cag(y)x" ™ +

:f(y)xn+l+.__ ,

From yf’(y) —c1f(y) = 0, we have f = cy™ for some constant c and m € N U {0}.
If m = 0, then c; = 0 and (i”) becomes 2x (b1x + (1 + Xy)b1y — b1Co) = b1 + bodo.
From the coefficient of x"*1, we have —coc + yg/(y) = 0. Thus,co =0andy = ¢, a
constant. Hence by is of the form cx™ + &x" + - - -, and the equation (i*) gives

2X((N+ Dex"+nex" L+ ..y = ex" 4.

Thus we arrive to the contradiction: 2(n+1) = 1. Hencem # 0andcq = m # 0. Now,
from the coefficient of x"*1, we have cmy™1 — cocy™ + yg/(y) — mg(y) = 0. If we
write g = Yl _o gky¥, we have cmy™=1 — cocy™ + 3\ _; kgkyK — Sk_o makyK = 0.
Thus kgk = mgk ifk #m — 1, and if k £ m. Hence gk = 0 if K < m — 1. Moreover,
cm+(M—1)gm-1—Mgm—1 = 0. Thus gm_1 = cm and therefore, g = my™+cmy™1,
Hence by must have the form

by = Cmen+l + (mym + Cym—l)xn 4o

Now let bg = h(y)x"+---. Then 3By = (yh'(y) —mh(y)x™1+.... Thus, by (ii’),
we have the equation,

d
focym = yh'(y) — mh(y).

If we write h = Y} _o hky¥, then

—cy Zkhky —thky

Hence doc = mhx — mhy = 0. This is a contradiction because do # 0 by Lemma 4,
and ¢ ;é 0 by assumption deg, b1 = n.

(1-2)Now, let us consider the case deg, b1 = nand d; # 0. By Lemma 5, n # 0. Let
us write by = f(y)x" 4+ g(y)x"" 1+ ... and by = h(y)x" + 1(y)x""1 +.... Then
the equation (i) becomes

Bax =2(yf'(y) — c1 f(y)X"™2 4 2(f/(y) — co f (y) + yg'(y) — cag(y)x ...
=h(y)dix"** + ..



82 M. Takagi

Hence yf’(y) —caf(y) = 0, and we have f = cy™, and c1 = m. From the equation
(ii), we have
2(yh'(y) = mhy)x"L 4+ ... = cdyy™x™ 4 ...

Thus, 2(yh’(y) — mh(y)) = cdiy™. If we write h(y) = ZLZOhkyk, then we
have 2(3"}_; khky¥ — 3"} _omhiy¥) = cd1y™, and we obtain the contradiction that
2(mhpm — mhy) =cdy = 0.

(2) We now consider the case deg, Bo < n + 1. Let us write deg, Bo = K. Hence
K < n. Then deg, by(dix +dg) = K. Hence (2-1) deg, by = K withd; = 0, or (2-2)
degy b1 = K — 1 withd; #0.

(2-1) If deg, b1 = K with d; = 0, then we write by = f(y)xK +g(y)xK~14.... By
the equation (i), we have
20yf(y) — ca F X2+ 2(£/(y) — cof(y) + yg'(y) — cag(y)x "+
= X +gx T+ + doh (XK +dol (XL
As before, from yf’(y) — c1 f(y) = 0, we conclude that f = cy™and ¢c; = m.
From the coefficient of x +1, we have
mey™ ! — cocy™ + yg'(y) — mg(y) = 0.

If we write g = ZL:O gkyX, then the above equation becomes

t t
mey™ -+ “kgky* — D mgky* — cocy™ = 0.
k=1 k=0
Hence mgm — mgm — co€ = 0. Thus, cg = 0.
Now, since bg = h(y)x" +1(y)x"~1. .. the equation (ii) becomes

2(yh'(y) — mh(y))x™ + 2(h'(y) — mh(y) + yI'(y) — mly))x" + - --

= docy™x X + dog(y)xK 1+ ...
From the coefficient of x"*1, we have h(y) = €y™. From the coefficient of x", we
have 2méy™=1 — 2mh(y) + 2yl’(y) — 2ml(y) = docy™ if K = n. As before, we
obtain doc = 0, and therefore we obtain the contradiction dg = 0. If K < n, then
méy™1 — mey™ + ylI'(y) — ml(y) = 0. Hence if we write I(y) = ZLZOIkyk, we
obtain . .

mcy™ ! —mey™+ ) “klky* - > “mley* = 0.
k=1 k=0

Therefore, —m¢ + ml, — mly, = 0, and we obtain the contradiction that m¢€ = 0.

(2-2) We, now, consider the case deg, by = K — 1 with d; # 0, where K < n. We
write by = f(y)xK~1... and bg = h(y)x" +1(y)x"~1 + . ... From the equation (ii),

2((yh'(y) — cth(y)x™ 4.y = dp f(y)xK + - -
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Hence as before, yh’(y) — c1h(y) = 0 implies that c; = m and h(y) = cy™. From the
equation (i),

2((yf'(y) —mf(y)xK 4 o) =diey™x M 4

Thus, yf'(y) — mf(y) = dicy™if K = nand 0 = dic if K < n. In any case we
obtain d1c = 0, and this is a contradiction because d; # 0 and ¢ ## 0.
O
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