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E. Cordero

WAVELET MRA ON THE INTERVAL WITH DILATION
FACTOR M

Abstract. In this paper we consider a class of M-channel subband coding schemes with
perfect reconstruction property (see [14]). Along the lines of [12] we construct compactly
supported biorthogonal wavelet bases of the interval, with dilation factor M, related to these
schemes. In particular, we study the case of spline filters. It turns out a new MRA for the
Interval.

AMS Subject Classification: 42C15.

Introduction

Starting from the case M = 2 (see, e.g. [9]), the theory of scale factor M > 2 for
spaces of functions defined on R" has been developed by many authors (see, e.g., [14]
and references cited therein). Let us recall that a multiresolution analysis of L2(IR) with
integer dilation factor M > 2 is defined exactly in the same way as for dilation M = 2,
except that f € Vg if and only if f(M-) € V1. The motivation for M larger than 2
comes from M-channel filter bank theory (see, e.g., [14],[13],[10] and references cited
therein) and from the attempt to obtain a more flexible tiling of the time-scale space
than in the case M = 2. For non-experts we refer to [15], where most of the basics of
the subject are covered in tutorial fashion. Our new result is to provide a biorthogonal
decomposition with dilation factor M > 2 for the unit Interval.

This decomposition is also useful for applications in various other fields: approx-
imation of multivariate functions, parabolic types of evolution equations, numerical
resolution of elliptic and semielliptic PDE’s, etc (see, e.g., [11],[4],[2]). It is in fact
the starting point to get a characterization of anisotropic function spaces defined on the
unit square by means of the tensor product of 1-dimensional M-wavelets bases (see
[7D).

In order to construct biorthogonal wavelet bases with dilation factor M > 2 on
the interval, while making this paper self-contained and putting our own results in
prospective, in Sec. 1 we have described in some detail related earlier work appearing
in the literature for the case of the real line (see, e.g. [14]). In Sec. 2 we outline
the construction of border scaling functions also for the (hitherto unknown) case M >
2 and we reduce the previous problem to check the non-singularity of the Gramian
matrix X of the M —scaling function bases. Next, we turn our attention to the building
of biorthogonal wavelet bases on the half line (0, +00). In particular, we ought to
underline the relevance of Propositions 6-8 (Sec. 3).

An important class of biorthogonal bases, very useful for applications, is given by
the B-spline functions. In Sec. 4, using the expression of the spline filters derived in
[14] for the real line, we compute the dimension of the border wavelets (Proposition
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9) and we give a direct example (case M = 3, L = L = 2) of how to build border
wavelets, showing the non-singularity of the Gramian matrix X introduced in Section
2.

This consideration of the half-line topic turns out to play a key role in the whole
construction: once obtained, gluing together two such constructions (on (0, +o0) and
(—o00, 1)), in Sec. 5 we finally get the multilevel decomposition of the unit interval .

Throughout this paper, by abuse of notation, we use the symbol €@ (normally re-
served for orthogonal sum) for a direct sum of spaces.

1. Biorthogonal decomposition in R

The starting point of our construction is to give the conditions that must be satisfied by
the filters. In this paper we shall consider only the case in which the scaling functions
¢ and ¢ are compactly supported i.e., the associated low-pass filters mg and Mg are
trigonometric polynomials:

1 &
(1) mo(§) = Z hne™™™,  fio§) = —= > hne ™.
n No \/Rﬁ-n:ﬁ
An M —channel subband coding scheme (see [14]) is determined by M analyzing filters
Mo, ..., Myw_1 and M synthesizing filters mo, ..., my_1. A family of FIR filters
Mo, ..., MM—1, Mg, ..., MM—1

is said to have perfect reconstruction if the reconstructed signal, normalized by a factor
of M, coincides with the input signal in the M —channel filter bank.

As for the low-pass filters, we can write the high-pass trigonometric polynomial,
ie,forl =1,...,M — 1, we have

(D m

) mi§) = Z hOe M () = Z Re-ing,

m ﬂ)

Now we are ready to show the new relations which we obtained between the filter
coefficients . (Since the proofs are long and require only straightforward computations,
we refer to [6]).

ProproOsITION 1. We have

(3) Z hnﬁnka = 8'(,0 9 Vk € Z7
nez
(4) j{:hn = zz:ﬁh ZZN/KZ,
nez nez

©) Tho = YR =0

nez nez
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PrROPOSITION 2. The following relation holds

(6) S hPR e =kodr . VLI =0,... M~ 1.

nez

In order to understand what we shall do in the sequel, let us recall the notion of
a critical exponent for M > 2 (see, e.g., [3],[1],[23]). For k = 0,..., M — 1, let
Ok = 27k/M and p(§) be a trigonometric polynomial such that p(6x) = dk.o, then
there exists a positive integer L such that

1ie it pei2 .. peiM-De\"
™) p@):( e ) P(E)

where P (&) is a trigonometric polynomial such that P(0) = 1 and P(6x) # 0. The
critical exponent of P is the number r defined as

1 d :
— infl = =]
(8) T = r|]r>n;|:n logy (;g}g LUP(M s)‘)j| .

The compactly supported distribution ¢ defined by means of its Fourier transform
o€ = [Ip2y p(M~N&), as in the case M = 2 (see, e.g.,[12]), satisfies |@(&)| <
C(1 + |g])~-~". Therefore, depending on the values of L and , ¢ belongs to various
function spaces. If the family of FIR filters Mg, ..., Mm—1, Mo, ..., Mp_1 has perfect
reconstruction and if mg and Mg are low-pass, that is:

9) Mo(6k) = Mo(6k) = k.0,

then we can write

1 & -
(10) mo(§) = W Z hne ' =

N=nNg

. . . L
1+ e*'g +e*|2‘§ 4+ .4 e*'(M*l)“,E
( v P)

with

(11) POy =1 and P(@) #0, k=1,...,M—1.

Let us notice that, writing mo(&) as a polynomial in z = e ¢ and using (10) and (11),
we obtain the condition:

(12) L <o
S M-1

If T is the critical exponent of mg and

(13) c=L-1-1/2>0,
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setting
(14) P& = [ [ moM &)
h=1

we have |¢(£)] < C(1 + |&))~Y27, for some constant C > 0, so that ¢ belongs to
L2(R). From the definition (14) we derive the following relations

{ E(MS) = @@Emo(®)

O =1

which we translate into a “refinement equation”, which will be useful in the sequel:
n1

(15) 9(x) = VM) hnp(Mx —n).
N=Ng

Wavelets are defined in the same way. Foralll =1,..., M — 1, we set

(16) Y1(ME) = mE)P(E),

then v are compactly supported functions belonging to L2(RR) and verifying

o
(17) Y1) =M Y hPe(Mx —n).

—n®
n=ny

From (16)weget1’/}|(0) =0,forl=1,...,M — 1.
Let us briefly describe a multilevel decomposition of L2(RR); for more details, see,
e.g., [14] and [6]. For j, k € Z, we set

(18) k() =MIZpMix —k)  and Y x) = M2y Mix —k)
(analogously their dual functions); they satisfy

(19) (@jk, Pjn) = Skh, Vij,k,h e Z.

(20) (Wikis Vigkals) = 818Kk S1ly» Vi, ju. k. ke, 1,11 € Z.

Moreover, for every j € Z, ®j = {pjk : k € Z} are uniformly 2-stable bases for the
spaces

(21) Vj = span 2, {¢jk : k € Z} = :Zakq)jk k) €122 § .
keZ
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REMARK 1. Let us consider the isometries:
(22) T : L2(R) — L%(R), Tivx) = M2yMix), jez,
then ¢jk = Tjpok and we can also define the spaces V; from Vo:
(23) Vj =T;Vo.
obtaining an equivalent definition of (21).

The operators

(24) Pjv=2(v,5jk><pjk, Qj|v=2(v, ik Vi,

keZ keZ

are uniformly bounded on L2(RR) and satisfy the relations

M-1

(25) Pit1=Pj+ Y Qji.

=1

We define the wavelet spaces
M—1
Wj = @W“ with Wj :==ImQj.
I=1

PROPOSITION 3. We have W = {v € Vj41 : (v,7) =0, Vi e Vj}.

The proof is the same as the case M = 2 (see [6]).
It follows that Wj L Vj and W; L Vj, forall j € Z, hence

(26) Wi —k),p(-—h)y=0 VkheZl=1..M-1
Taking h = 0, we can translate (26) in terms of filters’ coefficients as
> hPhnmk=0, VkeZ Il=1,....M-1
nez
From (20) we get that Wj = {yju : ke Z, | =1,..., M — 1} are uniformly 2-stable
bases of Wj. Let us recall [14, Thm. 5]

THEOREM 1. Consider the FIR filters fiig, ..., Mpm_1, Mo, ..., My _1 defined pre-
viously, such that perfect reconstruction holds. Then the families
{MI72y; (Mix —k)} and {MI/20 (Mix —k)}, where j,k € Zandl =1,...,M —1,
are dual Riesz bases of L2(R). In particular, for every f € L2(R) we have that

M-1 M-1
@7) f=>" Y (hvmvin= > > (Lyj)vu.

j.keZ 1=1 j.kezZ 1=1
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In conclusion, one can show
THEOREM 2. The following three conditions are equivalent:
m%%wwza O<r<L-1,Vk=1,...,M—1;

b) the span {¢(- — k)}kez contains locally the polynomials P _1 of degree < L — 1;
c)/xr%(x)dx:O, 0<r<L-1,1=0,....,M—1.
R

REMARK 2. (i) The equivalence a) < b) is known to hold in bigger generality,
see [5, Prop. 2.1] and references therein.
(ii) A detailed proof is contained in [6].

2. Scaling function spaces for the half-line

Starting from a biorthogonal decomposition on R as described before, we aim at con-
structing dual scaling function spaces Vj (R*) and V;j(R*) which will form a multi-
level decomposition of L2(R*). Making similar computations as developed for the
case M = 2 (see, e.g. [12]) we get

suppg = Lﬂi— nl}

M—1 M—1
(28)
0 0
I’]O No nl nq
su = |l Mo M, M oy mM-1
PP ¥1 [M*WMM—D M_%WM—D}

Without loss of generality, we shall suppose L < L and flg <ng <0<ng <fy,so
that supp ¢ < supp @. From now on, we will append a superscript ® to all the functions
defined on the real line. Note that if k > —M”—El, q%i has support contained in [0, 4+00).

More precisely, supp <p§< = [Mn—ﬂl +k, ﬁ + k] . Let us fix a nonnegative integer §

and set k§ := —M”—Eﬂ + §; observe that k% = min{k € Z : supp cpgi C [6, +00)}.
Define
(29) V) = span {¢§(\[O,+oo) tk > kg

this space will be identified in a natural way with a subspace of Vo(R) and will not be
modified by the subsequent construction. To obtain the right scaling space Vo(R™) for
the half-line, we will add to the basis {(p&[oﬁoo) : k > k3} of VP afinite number of
new functions. As in [12], these functions will be constructed so that the reproducing
property of polynomials is maintained. For any polynomial p € P| _1 and every fixed
x € R, p(X) = > ez Pok (p%i(x). Therefore, if {py : « =0, ..., L —1}isa basis for
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P _1, for every x > 0, we have

ki1
(30) Pa(X) = > Cak0x () + D Cakek(X),
k=—Tn1/(M~1)1+1 k=
where
(31) CO{k = (ﬁa)0k=<pa’$0k>a (x:o""al—_l'

Since the second sum in (30) is a linear combination of elements of V (), in order to
locally generate all polynomials of degree < L — 1 on the half-line, we will add to this
space all linear combinations of the functions

Ki—1
(32) Pa (X) = > Caki(¥),  a=0,...,L—1
k=—[n1/(M-1)1+1

As in the case M = 2, the following proposition holds (see [12, Prop. 3.1]).

PROPOSITION 4. The functions ¢y, @ = 0,...,L — 1 and (péRi(l[o ooy K= K
are linearly independent.

As a consequence, it is natural to define
(33) Vo(RT) =span{¢y: ¢ =0,...,L -1}V,

We rename the functions in the following way

Pk ifk=0,...,L—1,
(34) </)0k:{

R -
P0.k; +k—L ifk > L.

We study now the biorthogonality of the dual generators of Vo(R™) and Vo(R™).
Setting k* = {kZ, IZS} = max”—M”—El] + 4, {—M”—El] + S}, let us observe that
{pok : k > k*} and {@gx : k > k*} are already biorthogonal. In order to get a pair
of dual systems using our “blocks” we have therefore to match the dimensions of the
spaces spanned by {¢y : « =0,...,L —l}U{<p§< : k =Kkg,....k* =1} and by
{5,3 :Bp=0,..., L— l}U{&%{k k= IZS, ..., k* —1}. This requirement can be trans-
lated into an explicit relation between § and §; indeed, we must have L — kg = L— IZS,
ie.,

~ ~ No Ao
- O Y S

Since L > L, we getk* = [— ] + 3.
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REMARK 3. The two parameters § and § have been introduced exactly because we
want the equality of the cardinality of the sets previously indicated. On the other hand,
we want to choose them as small as possible in order to minimize the perturbation due
to the boundary.

Let us define the spaces VOB and \70B spanned by the so called boundary scaling
functions as

(36) V& :=span{gpok : k=0,...,L —1}, VB =span {gox : k=0,...,L -1},
and the spaces VOI and \7(; spanned by the interior scaling functions as

(37) V{ :=span {gok : k > L}, Vg :=span {Joc: k> L}.

Thus we have

(38) VoRH =VEeVv), VoRH=VEaV,.

The only functions that we have to modify in order to obtain biorthogonal systems are
the border ones. The problem is to find a basis of VOB, say {nok : k=0,...,L -1}
and one of VOB, say {no : 1 = 0,...,L — 1}, such that (nok, 7o) = du, fork,l =

0,....L—1. Setting nok = Zr';;%) akmeom and 7ok = Zr';];(l) akm®om, and calling X
the Gramian matrix of components

(39) Xu = (pok o), Kk, 1=0,...,L—1,

this is equivalent to the problem of finding two L x L real matrices, say A = (akm)
and A = (&m), satisfying

(40) AXAT = 1.

A necessary and sufficient condition for (40) to have solutions is clearly the non-
singularity of X, or equivalently VOB N (\70‘3)l = {0}. We know at present no general
result establishing the invertibility of X. It can be proved, e.g., for orthogonal systems
and for systems arising from B-spline functions in the case M = 2 (see [12] and also
[8]). We conjecture that this holds for B-spline functions for M > 2; as an example, in
the next paragraph we show the case M = 3and L = L = 2. We also have results for
M > 3, which we intend to publish elsewhere. From now on we will assume that this
condition is verified and we suppose, renaming if necessary (similarly to what we did
in (34)), that {pok}k=0 and {@q }i1>0 are dual biorthogonal bases.

PROPOSITION 5. For any j € N, one has the inclusions
ViR C VjaRY).
The refinement equation for the modified border functions are

(41) gok = M~*K2 0 4 Z Him¢ o

m>L
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where

(42) Him = Gk 4m-L M~ T2 = " e hies ym—L— i
I~k

forallk =0,...,L—1andform > L.

3. Wavelet function spacesfor the half-line

We now have all the tools to build the detail spaces and wavelets on the half-line. We
start from level j = 0 and look for a complement space Wo(R™) such that V1 (R") =
Vo(RT) & Wo(RT) and Wo(R™) L Vo(R™). To this end, let us consider the basis
functions of V1(R™) and let us write them as a sum of a function of Vo(R™) and a
function which will be an element of Wg(R*). Since we have based our construction on
the existence of a multilevel decomposition on the real line, we start with two equations
that will be extensively used in the sequel. Defining (p]ij(x) = MI2ZpRMix —m),

Yiim() = MI/2y#(MIx —m), and using the refinement equations (15):

ni+Mm ny’+Mm

(43) <P]ij = Z hk—Mm<P]jR+1k ‘M[}&m = Z h|(<|)|v|m‘/’1+1k
k=ng+Mm k:ng)-i-Mm
fiz--Mm ﬁ§”+Mm

(44) a]JRm = Z ﬁk—Mma]JR-l—lk %ﬂfm = Z i Mm‘pIJK+1k
k=fig+Mm k=A)+Mm

In view of the multilevel decomposition of L2(R) we mentioned in (27) we have:

R
(49) Pi+1k = Z(‘PH.]_ ka‘/’]m (ij+ Z Z Pi+1.k 1/f|Jm>1/’IJm,

I=1 m
and using (44), Equation (45) becomes
Mm=k—g —1 Mm=k— n
R () R
(46) Pi+1k = Z hi— Mm¢,m+ Z Z hk—Mml/fljm-
Mm=k7n1 =1 Mm_k—~(l|)

Interior wavelets. Since Vo(R™) contains the subspace V () defined in (29), V1(R™)
contains the subspace T{V ™) = {‘P1k|[0 +o0) : k > kg}. Considering the right-hand
side of (43) in the case j = 0, let us determine the integer m such that all the indices k
in the sum are greater than or equal to k. This is equivalentto Mm > kg — ng). For
I=1...,M —1, weset

(47) mey = [% <’7— MnE 1—‘ + 85— ng)ﬂ <m;
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for every m > mg;, we define yiom := vm > mg and

R
¥ 0m|[0,+00)”

M-1
48 W= PP, with W = span {y,
=1

. *
Otogy - M >myl.

Let us observe that W) < V1(R*) and W LVp(R*), hence W™ < Wo(R™).
Analogously, we build i and W (), Setting

m" := max(mg, Mg), I=1,...,M—1,
we define the so-called interior wavelets by

M-1

(49) Wo == @D Wey,  with Woy := Span (im0, 400) © M = M;'}.
I=1

Border wavelets. Let us now call WlS a generic supplementary space of W|(+) in
Wo(R*) and set WS := @M1 WS,

PropPoOsITION 6. We have

(50) dim WS = mj [& ([_ o J _ ﬁ<1|>ﬂ

and
_ M—1 n - |
(51) dimwsS = {m* _ ’7_ ’7_ —‘ _ a0 —‘}
; LY < M—1 1 )
|1 <) ()
(52) = ; W(H(nl — il )J.

Proof. Let K > 0 be an integer such that all wavelets and scaling functions are interior
ones on [K, +00). Then, if V.B = T{VB,

No
M -1

[VOB@span {q%i|k3§k< K- 0 H@

VE @ span (¢ |k <k < MK — } =

M-1

M-1 ~(h
S R * No n
|:W @Span :I/IIOm|m0ISm<K—m—V}:|~

=1

Since supp ¢, = [127 + K, i1 + K1, then supp g S [K, +00) ifk > K — 2.

similarly, since supp ¢ = [yavi=p + 1> wi=s + a1 then supp ¢l S [K, +00)

ifk > MK — gho.
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Moreover, foreveryl =1, ..., M — 1, the first interior wavelet used in (46) to gen-
()
R . R . n n - .
erate (pl,(MKangﬂ 1S ¥ 0m withm| > K — WO—D — - Interms of the dimensions

of the spaces, the previous space equality becomes:

No No

T _ _*:N _ Lex : S
L+MK+[ v 1—‘ Ko L+K+[ v 1—‘ kg +dimW

- 1 No (1) *
< (< s | ).

from which (51) follows. Finally, since

1 n _ .1 _ 8
[ (=g ] = A = mgy = [y’ =) = 21,

we obtain (52). O

REMARK 4. If M = 2, we have | = 1, my = mg, ﬁ(ll) = 1 — ng, so that

dim WS = m$, as shown in [12].

To build W S we need some functions that, added to W), will generate both VlB
and the interior scaling functions that cannot be obtained in (46) using W ) and VOI .
In view of (41), we only have to consider the problem of generating interior scaling
functions. Let us now look for the functions goﬂfi( generated by <p£1$m, form > kg, and by
Yie withm > md, for | = 1,..., M — 1. Working separately on the two sums of
(46):

(@) we must have m > (k — fiy)/M. Imposing m > kg and seeking for integer

solutions, we get {k@lﬁl—‘ > kg, from which we obtain

(53) kZMké—Fﬁl—(M—l) ::Ro.

0)
(b) We want m > m{;, therefore we must have P‘ ,\:1 —‘ > m§;; and consequently

(54) k>Mmg+i —M -1 =k, VI=1...,M-1

If we set

(55) k= _max_ (ko)
then, span {§0I1Ri<|[o,+oo) : k >k} € Vg @ W We are left with the problem of

generating some functions of V1 (R™), precisely go[lRi( with k§ < k < k. These k — K3
functions are not all linearly independent.
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PropPosITION 7. We have
(56) dim WS < ko — k3.

Proof. Let us observe that k; > kg — ng) +ﬁ(1'). At first, suppose that thereisan I* > 0
such thatﬁ(ll*)—ng*) > Mkg+n1, and ﬁ(ll*)—ng*) > ﬁ(ll) —ng),forl =1,...,M-1,;
since Mkg + A1 — (M —1) > (M — 1)§, then

M-1
~(I | ~(I* |*
M =18+ > @ —nd) < M@~ —nd"”)
=1

and, dividing by M, we obtain the result. It remains only to consider the case Mkg +
ﬁlzﬁ(l') —ng),foralll =1,....M-1:

M-1
M =15+ Y @Y —nd) < MMk +a]") — (M - 1)
=1

and dividing by M we again obtain the assertion. O

Inthe case M = 2, it has been shown that, for k = kg, ...,k — 1, one out of two

cpﬂﬁ( depends on the previous one through elements of level zero (see [12]). Here, under
the assumption

o L)

we get a similar relation. We shall prove later that this condition is satisfied, e.g., for
B-spline functions. Observe that (57) implies dim WlS =mg, foralll =1,...,M—-1.

PropPosSITION 8. If condition (57) holds, we have

R | (+) S
(pl,E—Mm—i-r 1[0,400) € Slm (&) VO D W0| @a;ﬂ W )

with
._ R . x
Sim := span {§01,;|,Mt+r| 0.400) - l<t=mg},
wherer| € {ﬁg) —Nojmodm, 0 <1 <M, 0<r <M.

Proof. It can be obtained using the same technique developedin [12, Prop. 5.2]. There-
fore, we give only a sketch of the proof, in order to point out the main differences. Let
r =0, set m = 1 and consider the linear combination

R R
(58) hno®) & _m T no+n @15 _mar,



MRA on the Interval 51

which gives, for y/{5:

) . ]
o (hngfig g+ Mool ) Vi 1+ D dun¥f:

¢
nzmoyl

Equation (3) with k = ng — ﬁ(ll) + rv' # 0 becomes

hnohﬁg_l)fﬂ + hn0+r| hﬁg) = O

and the thesis follows. If 0 < r < rj, we can consider (58) again, and by means of
(57) we obtain the same result. If r > ry, using (47) and (57), the wavelets contributing
to generate the scaling function are xpﬂ%n, with n > mg;, hence we get the result again.

For m > 1, by induction, one can get the assertion. O
We set Q}v = e (v, Yl Wis . Then, fori = 1,..., m¥ we define
M-1
(59) Yiomg—i = (1d =Po— > Qok — Qg )(pﬂfﬁ—MiHﬁ
k=1,kzl
and
M—1
B .__ . _ * B.__ B.
Wq :=span {¢jom : m=0,...,mg -1}, Wy = Wy's

it follows Wo(R*) = WE @ W] .

As for the scaling functions, we must find a couple of biorthogonal bases for
the spaces Wo(R™) and Wo(R™). Similarly to the case M = 2, setting m* =
max{mg, mg}, foralll = 1,...,M — 1, we have to find two m;" x m;" matrices
F = (fimr) and B = (fins) such that

mf—1 mf—1
(Z fimr Yi0r . Z fins¥os) = 8mn , Vm,n=0,~-~,m|*—1~
r=0 s=0

Calling Z| the m{" x m;" matrix of components Zjmn = (Y¥10m. %On), this condition
is equivalent to F Z ﬁT = |. Again, it is enough to prove that the matrices Z; are
non-singular and this follows from the assumed invertibility of the matrix X (defined
in (39)). Finally, forany j € N, we set

(60) Wj(R") =TjWo(RT) and  W;R*") = TjWo[R");

they satisfy the same properties as in the case of the real line (for more details see [6]).
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4. TheB-spline case

Let us recall that the basic box spline N_ of order L and degree L — 1 can be defined as
the (L — 1)—fold convolution of the characteristic function of [0, 1]. The space VJ-L is

defined as the space of all square integrable splines of order L having M ~1Z as set of
knots. Exactly as in the M = 2 case, the family {Vj}jcz is a multiresulution analysis
with dilation factor M and scaling function N_. In [14], P. Soardi found the expression
for the FIR filters m; and M, for| = 0,..., M — 1. More precisely, the low pass
synthesis filter is

i L
Sin(M§/2) . .
(61) mo(§) = (Msin(é/Z)) if L iseven
p—1(M-1)§/2 (singmg/z)>L £ Lisodd
Msin(§/2) .

For the analysis of high pass filters the general expression is

L
(W) ef"“fcosLG%) if L iseven

(62) M &) = L
(v ) e 1t Em 2005t (£47) if L isodd.

The analysis of low pass filters Mg is obtained by means of Bernstein polynomials (for
details see [14] and [6]). If we set 2N = L + L, then

: L
ihlfﬂ’léfé;) Pn(&) if L iseven

(63) Mo(§) = ( ~

: C
—i(M=1&/2 [ sSin(M&/2) ; ;
g~1(M-D&/ (Msin(E/Z)) Pn(§) if L isodd.

Let us point out the important dimensional equality we mentioned previously.
PrROPOSITION 9. Considering the B-spline functions we have
Proof. As a consequence of Definitions (61), (62), (63), we get

no=—[5]M-1 and A =[5]+1,

forl =1,..., M — 1. Since ﬁ( - —ﬁ(l')) = —'m and [—'V] = 0, for every
I=1,...,M —1, from (51) we obtain the result. O
41. MRAinthecaseM =3,L =L =2

We will detail here, as an example, the construction of biorthogonal systems on the half
line and we shall show the non-singularity of the matrix X (see (39)).
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The low-pass synthesizing filter (61) in the case M = 3, L = L = 2, becomes

. . 2
(14 el p o8 1/1.,. 2. 2 . 1
_ Q2T T - — = | Zp2i g ca-iE —a—2i&
mo(§) =e ( 3 3(3e +3e +l+3e +3e )

For | = 1, 2, the expression (62) gives the analysis high pass filters
1 : . 1 : . :
my(§) = 3 (—1 +2e71 e_2'5> , M2(8) = 3 (—e"f + 20728 _ e_3"5> .
The analyzing low pass filter Mg defined in (63) is the following
12 4 i 32 4 i i
Mo(&) = ﬁ(geﬁ's —2e%¢ _ ges's + 7628 1 22el% 4 47

+ 22e716 4 7028 _ ge—%‘ — e 48 | Ee—eig).
3 3

The high pass synthesis filters are

1 2 oo 4 50 2 o0 32 o, 70 4 L 40
mi§) = E(Ee&g + Ee“ + §ee"g + Ee5'é - Ee“'é — 4e8iF 4 gezls

116 ; 98 _; 43 4 o 8 ; 4 -
& —i& —2i¢ -3¢ —4dig —5i¢
—es — —e7 " — —e —e —e —e .
+ 9 27 27 + 9 + 27 + 27 )
1 4 ge 8 7ie  46ie s 984 17 5 116 5
m = —(—e —e —e”s — —e”5 — —e™5 — —e —e
2(8) 79t Tt Ty 27 27 3¢t
40 70 _; 32 2 4 ; 2 -
& —i& —2i& -3¢ —4dig —5i¢
—e°® —4— —e " — —e —e —e —e .
+ 9 27 27 + 9 + 27 + 27 )
. _ oA _ 5 D _ g 51 _
To sum up, we get: ng = —2, ig = —6, Ny = 2, i1 = 6, g = 8, N = 0,
n’ =5 =2,n? = -8,a? =1,n? =5/ =3,

In order to satisfy condition (35), we must have § — 8 = —2; therefore we set § = 0
and § = 2. Let us observe that, with this choice, condition (12) (that holds also for the
dual case), is fulfilled. As aresult ki = k* = 3, then

Vo = Span {gok := @k 0100 | K = 3% Vg = SPan {Gok := Pok)(0, o0 | K = 3}

We have to build the border scaling functions, by means of (32). We can choose p, =
X% o = 0,1 as a basis for IP1, since go%i(l) = 8, we get 1% = 3"\ 7 Cakdki = Cal,
Vk € Z, o =0, 1. Therefore

1 if x € [0, 2],

¢$o(X) = Coop(X) + Corp(X — 1) +Ccopp(x —2) = 1 3—x ifxe[23],
0 ifx >3
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and
X if x € [0, 2],
$1(X) = Cr09(X) + Cr1p(X — ) +Ccop(x —2) =1 6—-2x ifx e[2,3],
0 if x > 3.

By means of the moments of ¢ we get Cok = 1, Cik = k. As |n (34) we set poo = ¢o,
po1 = ¢1, Yoo = ¢o, o1 = $1. Let us observe that ¢ (x) = X' — 3", Gim@om(x) for
| = 0,1, then (¢, 1) = (¢, x') fork, 1 = 0, 1, and the non- singularity of the matrix
X (defined in (39)) follows.

Let us build the space Wo(R™) = Wo1(R™) @ Wga(RT) and the dual one. From
(47) we get m§ = 4and M = 1, forl = 1,2. Thenm = 4forl = 1,2
and m* = 4, so that W, = span {{jom = w|R8m|[O+oo)|m > 4}, forl = 1,2,
and Wc'; = W(',1 <) W'2 (the same result holds for the dual space). Using (54), we
have ky = 12, ko = 13, ky = 6, k2 = 6, which allow us to build four modified
wavelets for each W.> and W and one for each WS and W.3, so that, by (59) with
ri=1r=2,f1 = 2,fp = 2, we obtain, respectively: 1//100, Y101, Y102, Y103 by
means of the projections of g1y, @17, ¢1 4, €1 1; Y200, Y201, Y202, Y203 by means of
the projections of ¢'1;. o1'g. ¢1's. ¢1 »-

5. Biorthogonal decomposition of the unit interval

This section describes how the multilevel decomposition of the half-line derived in the
previous sections can be adapted to build a multilevel decomposition of the unit interval
I = (0, 1). Let us notice that, provided the scale is fine enough, the presence of the left
boundary point does not influence the construction of the right one. More precisely,
if we call <p1(0) and (p(l) the modified boundary scaling functions (here, and from now

on, the superscript © or (U refers to the boundary point 0 or 1, respectively), we will
choose a level jg such that, for all j > jo,

Vj(l) = span {(pj(?) cleZL} @span {gjk : k € Z;} @ span {(p}}) : r € IR},

with Z; # ¢ and where the boundary functions (p(o) and gz)(l) are constructed indepen-
dently.

The basic idea is to start from two multiresolution analyses on the half-lines 1o =
(0, +00) and 11 = (—o0, 1), and paste them together in a suitable way to get the spaces
V(). Inturn, to obtain a decomposition on I3, we first consider a decomposition on
R~ = (—o0, 0) and then we translate it by a unit.

We therefore fix two nonnegative integers 81 and 81 and we define the boundary
functions as in (32); matching the dimensions of Vo(R™) and Vo(R™), we obtain a
relation similar to (35),

- ~ i1 ni
4 —81=L—-L-— + .
(64) o121 ’7M—1—‘ [M—l—‘




MRA on the Interval 55

Using the operator 7 : x +— X — 1, we translate the origin into the right edge of our
interval. It is easy to see that, calling

MI4+7—ng/(M=1)1-1
1 1
e (X) = > i k00, X =1,
k=Mi+1-8;—n1/(M—1)]

we have

Vj(—o0, 1)=span{¢§2: a=0,...,L —1}@span{<p]ﬁ€ k < M) — 61— [Mni 1”

As mentioned before, we wish to maintain the situation at the two boundary points
decoupled. This means we want to have at least one interior function in Vj(l). This

requirement yields the condition —Mn—ol—l +680 < Ml — 81 — M”—il . Taking also

into account the dual relation, we have to set a coarsest level jo such that forall j > jo,

- ni No
65) M! > - So+34
(65) _max”rM_l—‘+’7 M_l—‘+o+ 1

S SR O AP
M—1 M—1 | 0T
By (35) and (64), we have

(welel el ioen) ([ [ i)

=2(L-L)>0,

therefore we can fix

(66) io= [logy ([ |-+ [ -5 |+ +51) |

Thus, we have, for j > jo,

Vi(l) = span{qﬁj(ok):k:O,...,L—l}
®  span (¢ k=T—no/(M —1)T+00,.... M} =61 — [n1/(M - 1)7)
® span{¢ﬁ):k=0,...,L—1},

and similarly for the dual spaces \7j (0, 1). By construction, and thanks to the choice of
jo, all the biorthogonality properties are maintained. Finally, we observe that

. i nq No . .
Vilh=M) +2L+1—89— 81 — — | = A4 .
dimVj (1) +2L + 80— 61 {M—l—‘ ’7 M—l—" 1 =Jo

Since Vj;1(1) = V(1) & Wj(l), this implies

dimwj (1) =M1 Ml = MI(M —1).
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REMARK 5. If M =2, we getdimW; (1) = 21, which is the same as in [12].

REMARK 6. We have built a multilevel decomposition {V; (1), Pj}j>o of L2(1)
and an MRA of L2(1), in the following sense:

(i) Forj >0

Vj = spanfgjk : k € Kj} = Z akpjk : o) € 1P(K)) ¢,
keléj

with
1/2

2
Z akPjkf = Z |k | ;
keléj keléj

(i) Vj C Vi+r, Nj=oVi=Vo, UjzoVj = L2D);
(iii) v(x) € Vj = v(Mx) € Vj11.
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