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SOLITARY WAVES: PHYSICAL ASPECTS AND

MATHEMATICAL RESULTS

Abstract. This paper originates from a series of lectures given by the second author at the
University of Torino, during the Third Fortnight on Nonlinear Analysis (September 24 -
October 6, 2001) and is divided into two parts, almost independent. Part 1 proposes a set
of ideas concerning the introduction of nonlinear field equations in the theory of particles;
indeed, moving from very general mathematical assumptions, we present a deterministic
model which exhibits relativistic phenomena. Part 2 contains a survey on some questions
concerning solitary waves; we start with old, even historical, matters and touch some more
recent developements.

1. Some remarks on variational principles for Lorentz invariant field equations

1.1. Introduction

In this introduction we make some simple basic assumptions, which are shared today by
every fundamental theory in physics and yield, as it will be shown in the next sections,
very deep consequences.

Throughout these notes, we will not be completely rigorous. For example, we
will generally not specify the functional spaces to which the functions we use belong,
simply assuming that all the functions involved are ‘good enough’ to allow the compu-
tations; in particular, we assume that all the integrals we introduce are finite.

(α) The universe is variational, that is we suppose that all the physical phenomena
are governed by differential equations which admit a variational formulation.

This variational principle is at once reasonable, if we think that all the fundamental
equations of physics (†) can be seen as the Euler-Lagrange equations of a suitable
action functional. For instance

J (x) =
∫ 
1

2

k∑

j=1

m j
∣∣ẋ j
∣∣2 − V (t, x)


 dt (Newton)

gives the equations of motion of k particles having masses m j and whose positions at
time t is given by x j (t) ∈ R3, where V is the potential energy of the system; more

∗The first and second authors were supported by MIUR, projects “Variational Methods and Nonlinear
Differential Equations” and “Metodi variazionali e topologici nello studio di fenomeni non lineari”, respec-
tively.

†Diffusion equations, which are deeply related to stochastic processes, are not variational; nevertheless
they are not fundamental, by which we mean that they can be derived from the Newton equation via the
Boltzmann theory.
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generally, using generalized coordinates q (t) = (q1 (t) , . . . , qk (t)), the dynamics of
a finite dimensional system is determined by the functional

J (q) =
∫

L (t, q, q̇) dt (Lagrange)

where L is the Lagrangian of the system, or by the functional

J (q, p) =
∫

[q̇ · p − H (t, q, p)] dt (Hamilton)

where H is the Hamiltonian of the system and p (t) = (p1 (t) , ..., pk (t)) the general-
ized momenta.

Also the dynamics of fields can be related to variational principles. From a mathe-
matical point of view, a field is a function

ψ : (x, t) = (x1, x2, x3, t) ∈ R
3 × R 7−→ ψ (x, t) ∈ R

k

from the physical space-time into the internal parameters space. From a physical
point of view, a field can be regarded as a modification of the ‘ether’ (or ‘vacuum’),
an ipotetic entity whose internal state at point x and time t is described by the value
ψ (x, t). On the subject, we have for example the following variational formulations:

J (A, ϕ) = 1
2

∫ ∫ [
E2 − B2

]
dxdt (Maxwell)

where E = |At + ∇ϕ| and B = |∇ × A| (see Section 1.3 below),

J (ψ) =
∫ ∫ [

}2

2m
|∇ψ|2 − }iψtψ + V (x) |ψ|2

]
dxdt (Schrödinger)

where m is the particle mass, } the Planck constant and V the potential,

J
(
gi j
)

=
∫ ∫

R
(
gi j
)

dxdt (Einstein)

where R is the scalar curvature of the metric tensor gi j .

REMARK 1. The variational principle has a very long history and can be traced
back even to the thought of Aristotle. However, its very discovery has been attributed to
P.L.M. de Maupertuis (1698-1759), after he was engaged in polemics with the followers
of G.W. Leibniz; in his work “Examen philosophique de la preuve de l’existence de
Dieu” (1756), he stated the principle of minimal action as an evidence of rationality in
the divine creation. It is well known that these metaphysical ideas were then formalized
by L. Euler and G.L. Lagrange in the eighteenth century, but the ultimate reason for
which the variational principle holds true in nature is still today a mystery. On the
subject, we refer to the essay “Le Meilleur des mondes possibles. Mathématiques et
destinée” by I. Ekeland [46].
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(β) The universe is invariant for the Poincaré group, that is we suppose that all
the equations of the universe are invariant with respect to the group generated by the
following transformations:

• time translations, i.e. transformations depending on one parameter having the
form {

x 7−→ x
t 7−→ t + t0

• space translations, i.e. transformations depending on three parameters having
the form {

x 7−→ x + x0

t 7−→ t

• space rotations, i.e. transformations depending on three parameters having the
form {

x 7−→ Rx with R ∈ O (3)
t 7−→ t

• Lorentz transformations, i.e. space-time rotations depending on one parameter v
having the form




x1 7−→ γ (x1 − vt)
x2 7−→ x2
x3 7−→ x3

t 7−→ γ
(

t − v

c2 x1

)





x1 7−→ x1
x2 7−→ γ (x2 − vt)
x3 7−→ x3

t 7−→ γ
(

t − v

c2 x2

)





x1 7−→ x1
x2 7−→ x2
x3 7−→ γ (x3 − vt)

t 7−→ γ
(

t − v

c2 x3

)

where γ = c√
c2−v2

, |v| < c and c is a constant (dimensionally a velocity).

Indeed, the Poincaré group P is the ten parameters Lie group generated by the above
transformations together with the time and parity inversions t 7−→ −t and x 7−→ −x .

The assumption of the first three invariances cannot be omitted if we want to make
a physical theory, for they express the possibility of repeating experiments. More pre-
cisely, translational invariances ask for time and space to be homogeneuos (i.e., when-
ever and wherever an experiment is performed, it gives the same results) and rotational
invariance requires that the space is isotropic (i.e., there is no privileged directions in
the universe). Finally, the Lorentz invariance is an empirical fact and we will see that
it is the very responsible of relativistic effects; meanwhile, we can already state some
of its first consequences, as follows.
• Speaking about rigid bodies, we need lenght to be an invariant; because of the fact that
the transformations involving velocity mingle space coordinates with time, we have to
state on the contrary that euclidean distance cannot be invariant. So we conclude that
rigid bodies do not exist.
• If we want to describe the physical phenomena by means of differential equations,
the link between space and time mentioned above forces us to use partial differential
equations.
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REMARK 2. In the spirit of the so-called “Erlangen program” by F.C. Klein, every
theory can be regarded as the set of those properties which are invariant with respect
to a certain group of transformations; for example, euclidean geometry is classified as
the set of properties which are invariant with respect to rotations, translations and con-
gruences, as well as affine geometry is invariant for the linear group plus translations,
as well as topology is invariant under continuous transformations, and so on. In this
respect, if we assume the invariance for the Galileo transformations





x1 7−→ x1 − vt
x2 7−→ x2
x3 7−→ x3

t 7−→ t





x1 7−→ x1
x2 7−→ x2 − vt
x3 7−→ x3

t 7−→ t





x1 7−→ x1
x2 7−→ x2
x3 7−→ x3 − vt

t 7−→ t

instead of the ones of Lorentz, we obtain classical physics instead of relativity.

The invariance with respect to the Poincaré group P and the variational principle
can be joined together as follows. If a physical phenomenon is described by the critical
points of a functional J on a proper functional linear space V , i.e.

δJ (u) = 0 with u ∈ V,

then invariance means that there is a representation

T : P → GL (V )

such that

(1) ∀u ∈ V ∀g ∈ P J (u) = J
(
Tgu

)
.

This implies that u is a solution if and only if Tgu is a solution.

1.2. Scalar fields

Let us consider the action of the Poincaré group P on a scalar field ψ ∈ C:

(2) ∀g ∈ P : Tgψ (x, t) = ψ
(

g−1 (x, t)
)

where (x, t) = (x1, x2, x3, t) ∈ R3 × R.

Probably, the simplest Lagrangian which is invariant with respect to this action is

(3) Lψ = |ψt |2 − c2 |∇ψ|2

and the Euler-Lagrange equation for the functional

(4) S0 (ψ) = 1

2

∫

R3×R

Lψ (x, t) dxdt
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is

(5) �ψ = 0

where � = ∂2

∂t2 − c24 is the d’Alembert operator. Indeed, it’s just a matter of sub-

stitution to verify that LTgψ (x, t) = Lψ
(
g−1 (x, t)

)
for every g ∈ P and then the

invariance (1) obviously holds for the functional (4), if we notice that |Jac (g)| = 1
for every g ∈ P . Note that the Poincaré invariance (1) is reflected by the fact that if
ψ (x, t) is a solution of (5) then also all the functions defined by (2) are solutions; in
particular we will consider the function

ψ
(
γ [x1 − vt] , x2, x3, γ

[
t − v

c2 x1

])
.

The main focus of this paper is however the more realistic (from a physical point
of view) semilinear wave equation

(6) �ψ + W ′ (ψ) = 0

which is still the simplest, but now nonlinear, equation which satisfies the above as-
sumptions. Here

W ′ = ∂W

∂ψ1
+ i

∂W

∂ψ2

is the gradient of a C1 function W : C → R under the usual identification ψ ≡(
ψ1, ψ2

)
between C and R

2. Other useful and rather natural assumptions on W will
be made in the following. The action functional corresponding to equation (6) is then

(7) S (ψ) = 1

2

∫

R3×R

[
|ψt |2 − c2 |∇ψ|2

]
dxdt −

∫

R3×R

W (ψ) dxdt .

1.2.1. Conservation laws

By Emmy Noether’s theorem, the invariance of a variational integral under the
action of a group of transformations smoothly dependent on one parameter yields a
conservation law for any of its extremals. In the present case (∗), we have the follow-
ing integrals of the motion, provided that W is of class C2 and having suitable decay
properties on the field ψ (x, t) at ‘spatial’ infinity.

• Time translation invariance implies the conservation of energy, which takes the
form

(8) E (ψ) = 1

2

∫

R3

[
|ψt |2 + c2 |∇ψ|2

]
dx +

∫

R3
W (ψ) dx .

∗see Subsection 1.5.1.
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• Space translations invariance implies the conservation of momentum, which
takes the form

(9) P (ψ) = −Re
∫

R3
ψ t∇ψ dx = −

∫

R3

[
ut∇u + u2St∇S

]
dx

where we have used the polar form ψ (x, t) = u (x, t) eiS(x,t) with u, S ∈ R.

• Space rotations invariance implies the conservation of angolar momentum,
which takes the form

(10) M (ψ) = Re
∫

R3
ψ t (x × ∇ψ) dx .

• Considering transformations in the target space, not in the physical one, the in-
variance under the gauge transformation

ψ (x, t) 7−→ ψ (x, t) eiθ (θ ∈ R)

which clearly holds when W depends only on |ψ|, yields another constant of the
motion, called charge. Again with the use of a polar expression, it has the form

C (ψ) = Im
∫

R3
ψtψ dx =

∫

R3
u2St dx .

Note that the phase translations invarianceψ 7→ ψeiθ is the simplest one we can
imagine in the target space (in fact, S

1 is the simplest Lie group).

REMARK 3. It is easy to see that the right-hand sides of (8)-(1.2) change in the
‘natural’ way by a change of reference frame. For instance, considering the change of
coordinates x ′ = Rx + x0 with R ∈ O (3) and ψ ′ (x ′, t

)
= ψ

(
R−1

(
x ′ − x0

)
, t
)
, we

get
E
(
ψ ′) = E (ψ) and P

(
ψ ′) = RP (ψ)

(P denotes the column of the components of P).

1.2.2. Solitary waves

As a consequence of the assumptions we have made, point particles are inadequate
to describe interactions. For instance, the problem arises considering the Maxwell
equation

∇ · E = δ

(where the Dirac function δ represents a unit-charge point particle) and introducing the
gauge potentials associated to the electromagnetic field (see below): in the electrostatic
case, one is led to consider the equation

−4ϕ = δ
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which has no finite-energy solution (because the fundamental solution ϕ (x) = 1
4π |x |

of the Laplacian bears
∫

|∇ϕ|2 = +∞) and this makes classical electrodynamics in-
consistent (see also [52]).

Hence, turning back to our equation (6), we are interested in the case in which
the nonlinearity causes the formation of stable structures which can be considered,
owing to their particle-like behaviour, as extended particles, namely solitary waves
and solitons (see Part 2); roughly speaking, a solitary wave is a solution of a field
equation whose energy travels as a localized packet and a soliton is a solitary wave
which asymptotically preserves its localization property under interactions with other
localized disturbances.

With a view to investigate the properties of such waves, it is convenient to consider
first the so-called standing solitary waves, which have the form

(11) ψ0 (x, t) = u0 (x) e−iω0t , u0 ∈ R

where ω0 ∈ R can be considered as the frequence of an internal clock. It is then natural
to assume that W only depends on |ψ|, i.e.

(12) W (ψ) = f (|ψ|)

where we may take f ∈ C1 (R; R), f even, f ′ (0) = 0. So, the function ψ0 is a
solution of (6) if and only if (†)

(13) −4u0 + 1

c2
f ′ (u0) =

ω2
0

c2
u0

which means that u0 is a critical point of the reduced action functional

(14) F (u0) = 1

2

∫

R3

[
|∇u0|2 −

ω2
0

c2
u2

0

]
dx + 1

c2

∫

R3
f (u0) dx .

The existence of a solution to this problem has been first proved in the 70’s by W.A.
Strauss [79] and H. Berestycki and P.L. Lions [27], [28], [29] for example with the
choice

W (ψ) = 1
2 |ψ|2 − 1

p |ψ|p and 1 − ω2
0 > 0, p ∈ ]2, 6[ .

Finally, observing that to any standing wave we can associate a family of travelling
waves by applying a Lorentz transformation, we will denote by ψv the solitary wave
travelling with vector velocity v (|v| < c) which is obtained from the (11) standing
one. For sake of simplicity, we consider v = (v, 0, 0) and hence

(15) ψv (x, t) = u0 (γ [x1 − vt] , x2, x3) ei(k·x−ωt)

where k = ω

c2 v and ω = γω0.

†see the beginning of Subsection 1.5.2
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1.2.3. Space contraction and time dilation

Taking ψ0 as in (11) and moving it, we have obtained the expression (15): looking
at the first argument of the space function u0, we can see that the size shrinks by a factor
γ > 1 in the direction of the movement; this is the contraction of lenght phenomenon.

The position of the travelling object (15) at the time t can be defined as the barycen-
ter

q (t) =
∫

|ψv (x, t)|2 x dx∫
|ψv (x, t)|2 dx

.

By a change of variables one easily deduces that q (t) = q (0)+ tv; let us assume, for
sake of simplicity, q (0) = (0, 0, 0). If we follow this center during the movement and
look at what happens in the position q (t), we have

ψv (q (t) , t) = u0 (γ [tv − vt] , 0, 0) e
i
(
ω

c2 vtv−ωt
)

= u0 (0, 0, 0) e
iωt

(
v2

c2 −1
)

= u0 (0, 0, 0) e−iγω0tγ−2

= u0 (0, 0, 0) e−i
ω0
γ t

i.e., the internal frequence is now ω0
γ
< ω0. Time slows down: the internal clock

oscillates slower and the movement makes the structure life to last more; this is the
dilation of time phenomenon.

1.2.4. The dynamics

The conservation laws stated in the previous Subsection 1.2.1 hold true for any
solution of our equation (6). As we are interested in solitary waves, we now compute
those constants of the motion referred to these particular solutions.

Let us begin with considering standing solitary waves (11). Under the assumption
(12) with W (0) = 0, we can use (‡) Pohožaev identity

(16)
∫

|∇u0|2 dx =
3ω2

0

c2

∫
u2

0dx − 6

c2

∫
W (u0) dx

for the equation (13), to eliminate W from (8) and get

(17) E (ψ0) = c2

3

∫

R3
|∇u0|2 dx + ω2

0

∫

R3
u2

0dx .

Turning then to the associated travelling waves (15), we also get (§)

(18) E (ψv) = γ E (ψ0)

‡see Subsection 1.5.2
§see Subsection 1.5.3 and Subsection 1.5.4
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and

(19) P (ψv) = γ E (ψ0)

c2
v

Since γ > 1 depends on the velocity v, we conclude that the energy of a travelling
solitary wave grows with velocity by a factor γ and his momentum is proportional
both to v and γ .

Since as a matter of fact we have regarded physical phenomena as solutions of
partial differential equations, so far it wouldn’t have made sense to speak about the
‘mass’ of a solitary wave; right now it is possible instead to define the mass m (ψv)

of any travelling object. Recalling that in classical mechanics we have p = mv, the
parallelism obtained in (19) allows us to define the mass still as the ratio between
momentum and velocity, namely

(20) m (ψv) = γ
E (ψ0)

c2

and then we have that mass is not constant, but, as the energy, increases with velocity
by a factor γ .

Moreover, from (18) and (20), we surprisingly deduce the Einstein equation

E (ψv) = m (ψv) c2

for mass and energy.

1.2.5. Conclusions

At the beginning of this section, assuming variational principle and Poincaré in-
variance we were led to consider the equation (6), as the simplest one satisfying these
requirements; in the next subsections, we have seen that all the peculiar facts of special
relativity
• space contraction and time dilation
• increase of mass with velocity
• Einstein equation E = mc2

can be easily deduced from that equation. If we think that Poincaré group was born
from electromagnetism as the exact group for which Maxwell equations are invariant,
this could appear natural; nevertheless, it is somewhat surprising that relativistic fea-
tures can be derived from a single equation without extra assumptions. Moreover, if
we recall that the operator � was born a century before Maxwell theory (with J.B.
d’Alembert, 1717-1783) and that, interpreting c as the speed of sound, it occurs in the
Newtonian mechanics of an elastic membrane, the whole discussion can be seen under
a different perspective.

First of all, the theory of relativity is consistent with the ideas of ether theory,
namely of a universe filled up with an elastic medium having c as ‘sound speed’.

Moreover, relativistic effects turn out to be related to mathematical principles and
they are also exhibited by a classical model; in this respect, the theory of relativity
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resembles noneuclidean geometries: it can be seen as ‘embedded’ into classical me-
chanics and its validity should be considered not so absolute as many believe.

Finally, the idea of an absolute time proves to be consistent with relativity.

1.3. Vector fields

So far we have seen the consequences of variational principle and Poincaré invariance
on scalar fields; now we turn to consider the way in which the Poincaré group P acts
on a vector field U = (A, ϕ) ∈ R3 × R:

∀g ∈ P : TgU (x, t) = gU
(

g−1 (x, t)
)

where (x, t) = (x1, x2, x3, t) ∈ R4.

Assuming hereafter
c = 1

(which amounts to a suitable choice of measure units), the simplest Lagrangian which
is invariant under this action is

L(A,ϕ) = |∇ϕ|2 − ϕ2
t − |∇A|2 + |At |2

and the Euler-Lagrange equations for the functional

V (A, ϕ) = 1

2

∫

R3×R

L(A,ϕ) (x, t) dxdt

are

(21)

{
�A = 0
�ϕ = 0.

Assuming, as usual in these notes, that A and its derivatives have all the needed
integrability properties, integrations by parts yield

V (A, ϕ) = 1

2

∫

R3×R

[
|∇ϕ|2 − ϕ2

t − |∇ × A|2 − (∇ · A)2 + |At |2
]

dxdt

where ∇· and ∇× denote the divergence and curl operators. In deriving this expression,
recall the algebraic identity −4V = ∇ × (∇ × V)− ∇ (∇ · V).

Besides Poincaré invariance, there are other transformations for which V is invari-
ant. For instance, we can change ϕ and A in such a way that

(22) ϕt + ∇ · A = 0

and V is not changed; this implies that, for every critical point of V we can find a gauge
transformation that yields a solution to (21) for which (22) is satisfied. Thus we may
assume the extra equation (22), which is the gauge of Lorentz, just as a mathematical
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trick in order to reduce the number of solutions and, as a matter of fact, this means that
we are minimizing V over the manifold given by this equation, which, being it linear,
represents a hyperplane in a suitable space of functions.

By some computations and integrations by parts (again assuming all the necessary
integrability) using (22) we obtain

(23) V (A, ϕ) = 1

2

∫

R3×R

[
|At + ∇ϕ|2 − |∇ × A|2

]
dxdt

and, when V has this form, its Euler-Lagrange equations become

(24)





∂

∂ t
(At + ∇ϕ) = −∇ × (∇ × A)

∇ · (At + ∇ϕ) = 0.

Then, setting

E = − (At + ∇ϕ)
B = ∇ × A(25)

from (23) and (24) we get

(26) V (A, ϕ) = 1

2

∫

R3×R

[
|E|2 − |B|2

]
dxdt

and

(27)





∇ × B = Et

∇ · E = 0
∇ × E = −Bt

∇ · B = 0.

For this, recall the algebraic identities ∇ × (∇ f ) ≡ 0 and ∇ · (∇ × V) ≡ 0, and
observe that ∇ × (At + ∇ϕ) = ∇ × At + ∇ × (∇ϕ) = ∂

∂t [∇ × A]. System (27) is the
system of Maxwell equations in empty space. Note again that there is no physics in our
discussion and even the Maxwell equations turn out to be a consequence of variational
principle and Poincaré invariance.

1.4. Maxwell equations and matter

Since in this theory matter is supposed to be a field, satisfying the very simple equation
(6) we have examined, by gauge invariance arguments there is a standard way to couple
Maxwell equations and matter (¶) and we are led to describe the interaction between
the electromagnetic field (E,B) and the matter field ψ by the functional

I (ψ,A, ϕ) = 1

2

∫

R3×R

[
|Dtψ|2 − |Dxψ|2

]
dxdt −

∫

R3×R

W (ψ) dxdt(28)

+1

2

∫

R3×R

[
|E|2 − |B|2

]
dxdt

¶see [50] or also [16], [19], [18]
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which is the total action, formally obtained by addictioning (7) and (26) and substitut-
ing the usual derivatives with the so-called gauge covariant derivatives

Dt = ∂t + iϕ and Dx = ∇ − iA

where (A, ϕ) is the pair of gauge potentials associated to (E,B) by the relations (25).

By means of the usual polar form ψ = ueiS , under the assumption (12) we can
write I explicitly as (‖)

I (u, S,A, ϕ) =
∫

R3×R

Lu,S,A,ϕ (x, t) dxdt

where

Lu,S,A,ϕ = 1

2

[
u2

t − |∇u|2 − u2
(
|∇S − A|2 − (St + ϕ)2

)]
+(29)

− f (u)+ 1

2

[
|At + ∇ϕ|2 − |∇ × A|2

]

and then, making its variations with respect to u, S, A and ϕ, we get the following
equations:

�u +
(
|∇S − A|2 − (St + ϕ)2

)
u + f ′ (u) = 0

∂

∂ t

[
(St + ϕ) u2

]
− ∇ ·

[
u2 (∇S − A)

]
= 0

∇ × (∇ × A)+ ∂

∂ t
[At + ∇ϕ] − u2 (∇S − A) = 0

∇ · (At + ∇ϕ)− (St + ϕ) u2 = 0.

These equations can be simplyfied if we set

ρ = (St + ϕ) u2

j = u2 (∇S − A)

so to obtain

(30)





�u +
(
|∇S − A|2 − (St + ϕ)2

)
u + f ′ (u) = 0

ρt − ∇ · j = 0

∇ × B − Et = j

∇ · E = −ρ
∇ · B = 0

∇ × E = −Bt

where the second is a continuity equation and the last four are Maxwell equations with
respect to a matter distribution having ρ and j respectively as the charge and current
densities. On the subject, we quote from [17] the following existence result, which
concerns the electrostatic case with the matter field given by a standing wave.

‖The computations concerning the present Section 1.4 are collected in Subsection 1.5.5.
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THEOREM 1. If W (ψ) = 1
2 |ψ|2 − 1

p |ψ|p with 4 < p < 6 and 1 − ω2
0 > 0, then

the system (30) has infinitely many solutions (u, S,A, ϕ) with u ∈ H 1
(
R3
)
, S (x, t) =

−ω0t , A = 0 and ϕ ∈ D1,2
(
R3
)
.

1.5. Computations and proofs

1.5.1. Deduction of conservation laws

Let (∗∗)

(31) J (v) =
∫

R4
L
(
x, v

(
x
)
, Dv

(
x
))

dx
(
v ∈ R

N , D =
(
∂x1, . . . , ∂x4

))

be a functional whose Lagrangian L
(
x, v, Dv

)
is defined all over R4+N+4N and at

least of class C2, and let us consider a smooth transformation

Tε :
{

x∗ = X
(
x, y; ε

)
∈ R4

y∗ = Y
(
x, y; ε

)
∈ RN

from R4 × RN into itself, smoothly dependent on a parameter ε ∈ ]−ε0, ε0[ and such
that T0 is the identity map. For any smooth function v : � → RN of some bounded
domain� ⊂ R4, we set

∀x ∈ � ηε
(
x
)

= X
(
x, v

(
x
)
; ε
)

�∗
ε = ηε (�)

∀x∗ ∈ �∗
ε v∗

ε

(
x∗) = Y

(
η−1
ε

(
x∗) , v

(
η−1
ε

(
x∗)) ; ε

)

where it can be shown that ηε : � → �∗
ε is a diffeomorphism, provided that ε0 is

sufficiently small. By Noether theorem (see for example [56] or [55]), if for any domain
� ⊂ R4 and for any smooth mapping v : � → RN we have

∀ε ∈ ]−ε0, ε0[
∫

�

L
(
x, v

(
x
)
, Dv

(
x
))

dx =
∫

�∗
ε

L
(
x, v∗

ε

(
x
)
, Dv∗

ε

(
x
))

dx,

then, for every extremal v ∈ C2, we have

divG =
4∑

α=1

∂Gα

∂xα
= 0

where

Gα =
4∑

β=1

(
N∑

k=1

∂L

∂vk
xα

∂vk

∂xβ
− δαβL

)
µβ −

N∑

k=1

∂L

∂vk
xα

ωk

∗∗we will denote x ∈ R
4 either by (x, t) or by (x1, x2, x3, x4)
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and

µ
(
x
)

= ∂X

∂ε

(
x, v

(
x
)
; 0
)

and ω
(
x
)

= ∂Y

∂ε

(
x, v

(
x
)
; 0
)
.

Then, Gauss integration theorem yields
∫

∂BR×[t1,t2]
G · ν dσ −

∫

BR

G4 (x, t1) dx +
∫

BR

G4 (x, t2) dx = 0

and hence, provided that
∫
∂BR×[t1,t2] G · ν dσ → 0 as R → +∞, we obtain that the

integral
∫

R3




4∑

β=1

(
N∑

k=1

∂L

∂vk
t

∂vk

∂xβ
− δ4βL

)
µβ −

N∑

k=1

∂L

∂vk
t
ωk


 dx

does not depend on t .

We turn now to the proof of the assertions of Subsection 1.2.1. Let us consider the
action functional (7); its Lagrangian density is

Lψ = L (ψ, Dψ) = 1

2

((
ψ1

t

)2
+
(
ψ2

t

)2
)

− c2

2

n∑

k=1,2
j=1,2,3

(
ψk

x j

)2
− W

(
ψ1, ψ2

)

which is of class C2. Assuming suitable conditions on the decay properties of its
critical points, the above argument can be applied, using the invariance properties of S,
with respect to the following transformations. Recall that, in what follows, N = 2.

• Time translations. In this case
{

x∗ = x + (0, 0, 0, t0)
y∗ = y.

Here ε = t0, µ
(
x
)

≡ (0, 0, 0, 1), ω
(
x
)

≡ 0, and the integral

E (ψ) :=
∫

R3

[
2∑

k=1

∂L

∂ψk
t

∂ψk

∂ t
− Lψ

]
dx

is constant in time. Being ∂L

∂ψk
t

= ∂ψk

∂t , we get the formula (8).

• Space translations. These transformations are given by
{

x∗ = x +
(
x0

1, 0, 0, 0
)

y∗ = y

{
x∗ = x +

(
0, x0

2, 0, 0
)

y∗ = y

{
x∗ = x +

(
0, 0, x0

3, 0
)

y∗ = y

where ε = x0
1 (or ε = x0

2 or ε = x0
3). Then µ

(
x
)

≡ (1, 0, 0, 0) (or µ
(
x
)

≡
(0, 1, 0, 0) or µ

(
x
)

≡ (0, 0, 1, 0)), ω
(
x
)

≡ 0 and we obtain that the integrals

−Pj (ψ) :=
∫

R3

2∑

k=1

∂L

∂ψk
t

∂ψk

∂x j
dx =

∫

R3

(
ψ1

t ψ
1
x j

+ ψ2
t ψ

2
x j

)
dx for j = 1, 2, 3
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do not depend on t . Being ∇ψ = ∇ψ1 + i∇ψ2 and ψ t = ψ1
t − iψ2

t , we get

ψ t∇ψ =
(
ψ tψx1, ψ tψx2, ψ tψx3

)
=

=
(
ψ1

t ψ
1
x j

+ ψ2
t ψ

2
x j

+ i
(
ψ1

t ψ
2
x j

− ψ2
t ψ

1
x j

))
j=1,2,3

and hence formula (9).

• Space rotations. In this case

{
x∗ = (R1x, t)
y∗ = y

with R1 =




1 0 0
0 cos θ − sin θ
0 sin θ cos θ


 ,

where ε = θ . We have µ1
(
x
)

= (0,−x3, x2, 0), ω1
(
x
)

≡ 0 and the integral

M1 (ψ) :=
∫

R3

[
2∑

k=1

∂L

∂ψk
t

∂ψk

∂x2
(−x3)+

2∑

k=1

∂L

∂ψk
t

∂ψk

∂x3
x2

]
dx

=
∫

R3

[
−x3

(
ψ1

t ψ
1
x2

+ ψ2
t ψ

2
x2

)
+ x2

(
ψ1

t ψ
1
x3

+ ψ2
t ψ

2
x3

)]
dx

is constant in time. Similarly, with

R2 =




cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ


 and R3 =




cos θ − sin θ 0
sin θ cos θ 0

0 0 1




we obtain µ2
(
x
)

= (x3, 0,−x1, 0), µ3
(
x
)

= (−x2, x1, 0, 0) and ω2
(
x
)

≡ 0 ≡
ω3
(
x
)
, and the correspondent constant integrals

M2 (ψ) :=
∫

R3

[
x3

(
ψ1

t ψ
1
x1

+ ψ2
t ψ

2
x1

)
− x1

(
ψ1

t ψ
1
x3

+ ψ2
t ψ

2
x3

)]
dx

M3 (ψ) :=
∫

R3

[
−x2

(
ψ1

t ψ
1
x1

+ ψ2
t ψ

2
x1

)
+ x1

(
ψ1

t ψ
1
x2

+ ψ2
t ψ

2
x2

)]
dx .

Explicit computations of ψ t (x × ∇ψ) yield

Reψ t (x × ∇ψ) = Re
(
ψ t
[
x2ψx3 − x3ψx2

]
, ψ t

[
x3ψx1 − x1ψx3

]
,

ψ t
[
x1ψx2 − x2ψx1

] )

=
(

x2
[
ψ1

t ψ
1
x3

+ ψ2
t ψ

2
x3

]
− x3

[
ψ1

t ψ
1
x2

+ ψ2
t ψ

2
x2

]
,

x3
[
ψ1

t ψ
1
x1

+ ψ2
t ψ

2
x1

]
− x1

[
ψ1

t ψ
1
x3

+ ψ2
t ψ

2
x3

]
,

x1
[
ψ1

t ψ
1
x2

+ ψ2
t ψ

2
x2

]
− x2

[
ψ1

t ψ
1
x1

+ ψ2
t ψ

2
x1

] )

and we obtain (10).
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• To get formula (1.2), we notice that

ψeiθ = ψ1 cos θ − ψ2 sin θ + i
(
ψ1 sin θ + ψ2 cos θ

)
.

Considering the transformation




x∗ = x

y∗ =
(

cos θ − sin θ
sin θ cos θ

)
y

we have µ
(
x
)

≡ 0 and ω
(
x
)

=
(
−ψ2

(
x
)
, ψ1

(
x
))

, and the integral

C (ψ) :=
∫

R3

[
∂L

∂ψ1
t

(
−ψ2

)
+ ∂L

∂ψ2
t
ψ1
]

dx =
∫

R3

(
−ψ1

t ψ
2 + ψ2

t ψ
1
)

dx

is constant with respect to t . On the other hand

ψtψ =
(
ψ1

t ψ
1 + ψ2

t ψ
2
)

+ i
(
ψ2

t ψ
1 − ψ1

t ψ
2
)

and we get (1.2).

1.5.2. Pohožaev identity

Setting ψ0 (x, t) = u0 (x) e−iω0t , we have

∂ψ0
∂t = −iω0u0e−iω0t ,

∂2ψ0
∂t2 = −ω2

0u0e−iω0 t

∂2ψ0

∂x2
β

= ∂2u0
∂x2
β

e−iω0t for β = 1, 2, 3

and hence
�ψ0 =

(
−ω2

0u0 − c24u0

)
e−iω0t .

Under the assumption W (ψ) = f (|ψ|) with f ∈ C1 (R; R) even and such that
f ′ (0) = 0, it is easy to check that W (u) = f (u) for u ∈ R and W ′ (ψ) = f ′ (|ψ|) ψ

|ψ |
with W ′ (0) = 0, so that W ′ (u) = f ′ (u) for u ∈ R and

W ′
(

eiθψ
)

= eiθW ′ (ψ) for θ ∈ R.

Hence the function ψ0 satisfies (6) if and only if

−4u0 =
ω2

0

c2
u0 − 1

c2
f ′ (u0) =: g (u0) .

Applying Pohožaev identity in R3 (for which see [29] or [62]), we have that solutions
of (13) satisfies

(32)
∫

R3
|∇u0|2 dx = 6

∫

R3
G (u0) dx
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where G (u0) :=
∫ u0

0 g (v) dv = ω2
0

2c2 u2
0 − 1

c2 f (u0), and (32) gives (16).

1.5.3. Energy of travelling solitary waves

We need the following lemma.

LEMMA 1. For every critical point u of the functional F defined in (14), we have
∫

R3
u2

xβdx = 1

3

∫

R3
|∇u|2 dx for β = 1, 2, 3.

Proof. We set uλ (x) := u
(
λ−1x1, x2, x3

)
and

F (uλ) = 1

2λ

∫
u2

x1
dx + λ

2

∫ (
u2

x2
+ u2

x3

)
dx − λ

∫ (
ω2

0

2c2 u2 − f (u)

)
dx .

As u is a critical point, we obtain

d

dλ
F (uλ)

∣∣∣∣
λ=1

= 0,

hence
1

2

∫
u2

x1
dx = 1

2

∫ (
u2

x2
+ u2

x3

)
dx −

∫ (
ω2

0

2c2 u2 − f (u)

)
dx .

Repeating the argument, we also obtain

1

2

∫
u2

x2
dx = 1

2

∫ (
u2

x1
+ u2

x3

)
dx −

∫ (
ω2

0

2c2
u2 − f (u)

)
dx

1

2

∫
u2

x3
dx = 1

2

∫ (
u2

x1
+ u2

x2

)
dx −

∫ (
ω2

0

2c2
u2 − f (u)

)
dx

and hence ∫
u2

xβdx =
∫

u2
xαdx for α, β = 1, 2, 3.

Let us denote by
ψ0 (y, t) = u0 (y1, y2, y3) e−iω0 t

the standing wave and by

ψ (x, t) = u0 (γ [x1 − vt] , x2, x3) ei(kx1−ωt), k = ω

c2 v, ω = γω0

the travelling one, obtained as

ψ (x, t) = ψ0 (g (x, t))

where g : R4 → R4 is a Lorentz transformation. Since



124 M. Badiale - V. Benci - S. Rolando

ψt =
(
−γ v ∂u0

∂y1
− iω0γ u0

)
ei(kx1−ωt) , ψx2 = ∂u0

∂y2
ei(kx1−ωt)

ψx1 =
(
γ
∂u0
∂y1

+ iω0γ
v

c2 u0

)
ei(kx1−ωt) , ψx3 = ∂u0

∂y3
ei(kx1−ωt)

|∇ψ|2 = γ 2
(
∂u0
∂y1

)2
+ ω2 v2

c4 u2
0 +

(
∂u0
∂y2

)2
+
(
∂u0
∂y3

)2

|ψt |2 = γ 2v2
(
∂u0
∂y1

)2
+ ω2u2

0

we get

1
2

∫ [
|ψt |2 + c2 |∇ψ|2

]
(x, t) dx =

= γ 2(v2+c2)

2

∫ (
∂u0
∂y1

)2
(γ [x1 − vt] , x2, x3) dx +

+ c2

2

∫ [(
∂u0
∂y2

)2
+
(
∂u0
∂y3

)2
]
(γ [x1 − vt] , x2, x3) dx +

+ω2
0

2 γ
2 c2+v2

c2

∫
u2

0 (γ [x1 − vt] , x2, x3) dx

= γ
(
v2+c2

)

2

∫ (
∂u0
∂y1

)2
dy + c2

2
1
γ

∫ [(
∂u0
∂y2

)2
+
(
∂u0
∂y3

)2
]

dy +

+ω2
0

2
c2+v2

c2 γ

∫
u2

0dy

=
(
γ
(
v2+c2

)

6 + 1
γ

c2

3

)∫ ∣∣∇yu0
∣∣2 dy + ω2

0
2

c2+v2

c2 γ

∫
u2

0dy

where we have used Lemma 1 after the change (y1, y2, y3) = (γ [x1 − vt] , x2, x3).
On the other hand, using assumption (12), the same change of variables and identity
(16), we have

∫
W (ψ (x, t)) dx =

∫
W
(

u0 (γ [x1 − vt] , x2, x3) ei(kx1−ωt)
)

dx

=
∫

W (u0 (γ [x1 − vt] , x2, x3)) dx

= 1
γ

∫
W (u0 (y1, y2, y3)) dy

= 1
γ

(
− c2

6

∫ ∣∣∇yu0
∣∣2 dy + ω2

0
2

∫
u2

0dy

)
.

Recalling (8), (17) and γ 2 = c2

c2−v2 , we obtain

E (ψ) = γ

( (
v2+c2

)

6 + 1
γ 2

c2

6

)∫ ∣∣∇yu0
∣∣2 dy + γ

ω2
0

2

(
c2+v2

c2 + 1
γ 2

) ∫
u2

0dy

= γ

(
c2

3

∫ ∣∣∇yu0
∣∣2 dy + ω2

0

∫
u2

0dy

)
= γ E (ψ0) .



Solitary waves 125

1.5.4. Momentum of travelling solitary waves

As before, we denote the standing wave by

ψ0 (y, t) = u0 (y1, y2, y3) e−iω0 t

and consider the travelling wave

ψv1 (x, t) = u0 (γ [x1 − vt] , x2, x3) ei(kx1−ωt) =: u (x, t) eiS(x,t)

where k = vω/c2, ω = γω0 and v1 = (v, 0, 0). Recall from Subsection 1.2.1 that

P
(
ψv1

)
= −

∫ [
ut∇u + u2St∇S

]
dx =: −

∫
p dx .

We have

ut = −γ v ∂u0
∂y1

, ux1 = γ
∂u0
∂y1

, St = −ω , Sx1 = k.

Therefore, it is p (x, t) = (p1 (x, t) , p2 (x, t) , p3 (x, t)) with

p1 (x, t) = −
[
γ 2v

(
∂u0
∂y1

)2
+ kωu2

0

]
(γ [x1 − vt] , x2, x3)

p2 (x, t) = −γ v
[
∂u0
∂y1

∂u0
∂y2

]
(γ [x1 − vt] , x2, x3)

p3 (x, t) = −γ v
[
∂u0
∂y1

∂u0
∂y3

]
(γ [x1 − vt] , x2, x3) .

Using Lemma 1, we obtain

P1
(
ψv1

)
= γ 2v

∫ (
∂u0
∂y1

)2
(γ [x1 − vt] , x2, x3) dx +(33)

+γ 2ω2
0
v

c2

∫
u2

0 (γ [x1 − vt] , x2, x3) dx

= γ v

∫ (
∂u0
∂y1

)2
dy + γω2

0
v

c2

∫
u2

0dy

= γ v

(
1
3

∫ ∣∣∇yu0
∣∣2 dy + ω2

0
c2

∫
u2

0dy

)
= γ v

E (ψ0)

c2

and

(34) Pj
(
ψv1

)
= v

∫
∂u0
∂y1

∂u0
∂y j

dy for j 6= 1.

Similarly, if we had considered v2 = (0, v, 0) and v3 = (0, 0, v), we would have
obtained

(35) P2
(
ψv2

)
= γ v

E(ψ0)

c2 and Pj
(
ψv2

)
= v

∫
∂u0
∂y2

∂u0
∂y j

dy for j 6= 2
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(36) P3
(
ψv3

)
= γ v

E(ψ0)

c2 and Pj
(
ψv3

)
= v

∫
∂u0
∂y3

∂u0
∂y j

dy for j 6= 3.

Since Pα = P
(
ψvα

)
and vα are invariants (see Remark 3), there exists a unique

linear map m such that

(37) Pα = m (vα) for α = 1, 2, 3

and from (33)-(37) we deduce that in the reference frame with coordinates x =
(x1, x2, x3) it is represented by the matrix

M =




γ E(ψ0)

c2

∫
∂u0
∂y2

∂u0
∂y1

dy
∫
∂u0
∂y3

∂u0
∂y1

dy
∫
∂u0
∂y1

∂u0
∂y2

dy γ E(ψ0)

c2

∫
∂u0
∂y3

∂u0
∂y2

dy
∫
∂u0
∂y1

∂u0
∂y3

dy
∫
∂u0
∂y2

∂u0
∂y3

dy γ E(ψ0)

c2



.

Since M is real symmetric, there is a reference frame x ′ = Rx with R ∈ O (3) in
which the matrix M ′ of m is diagonal and, exploiting the invariance of E (ψ0) (see
Remark 3), the above computations can be carried over again to obtain

M ′ = RM R−1 = γ E(ψ0)

c2 I.

Hence, M itself is γ E (ψ0) /c2 times the identity matrix and from (37) we get

P
(
ψvα

)
= γ E(ψ0)

c2 vα for α = 1, 2, 3.

1.5.5. Euler-Lagrange equations for Lu,S,A,ϕ

Let us first derive the expression (29) of the Lagrangian density Lu,S,A,ϕ, which
gives the action functional I by means of the polar form

ψ (x, t) = u (x, t) eiS(x,t) with u, S ∈ R.

Letting (A, ϕ) =
(
A1, A2, A3, ϕ

)
, we have

|Dtψ|2 = |ψt + iϕψ|2 =
∣∣uteiS + ui St eiS + iϕueiS

∣∣2 = |ut + i (uSt + ϕu)|2

= u2
t + u2 (St + ϕ)2

and

|Dxψ|2 = |∇ψ − iψA|2 =
∣∣∣eiS (uxα + iu

(
Sxα − Aα

))
α=1,2,3

∣∣∣
2

=
3∑

α=1

∣∣uxα + iu
(
Sxα − Aα

)∣∣2 =
3∑

α=1

[
u2

xα + u2 (Sxα − Aα
)2]

= |∇u|2 + u2 |∇S − A|2
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and then, using the assumption (12), from (28) we get

I (u, S,A, ϕ) =
∫

R3×R

Lu,S,A,ϕ (x, t) dxdt

where the Lagrangian is given by the formula (29), i.e. (setting D = (∇, ∂t ))

Lu,S,A,ϕ = L (u,A, ϕ, Du, DA, Dϕ) =
= 1

2

[
u2

t − |∇u|2 − u2
(
|∇S − A|2 − (St + ϕ)2

)
+ |At + ∇ϕ|2 +

− |∇ × A|2 +
]
− f (u)

= 1
2

[
u2 (St + ϕ)2 −

∑3
α=1

(
u2

xα + u2
(
Sxα − Aα

)2 −
(
Aαt + ϕxα

)2)+

−
(
A3

x2
− A2

x3

)2 −
(

A1
x3

− A3
x1

)2 −
(

A2
x1

− A1
x2

)2 + u2
t

]
− W (u) .

Recalling the Euler-Lagrange equations

(38)
∂L

∂vk
−

4∑

α=1

∂

∂xα

[
∂L

∂vk
xα

(
x, v

(
x
)
, Dv

(
x
))
]

= 0 for k = 1, ..., N

for the generic action functional (31), if we make the variations of I with respect to u,
S, A and ϕ, we get the following equations.

• δuI = 0. In this case, we apply (38) with N = 1 and v = u.

Since

∂L

∂u
= −u

(
|∇S − A|2 − (St + ϕ)2

)
− f ′ (u) ,

∂L

∂uxα
= −uxα

∂L

∂ut
= ut ,

3∑

α=1

∂

∂xα

[
∂L

∂uxα

]
= −

3∑

α=1

uxαxα = −4u

we get

−u
(
|∇S − A|2 − (St + ϕ)2

)
− f ′ (u)− ut t + 4u = 0.

• δSI = 0. In this case, N = 1 and v = S.

Since

∂L

∂S
= 0,

∂L

∂Sxα
= −u2 (Sxα − Aα

)
,

∂L

∂St
= u2 (St + ϕ)

3∑

α=1

∂

∂xα

[
∂L

∂Sxα

]
= −

3∑

α=1

∂

∂xα

[
u2 (Sxα − Aα

)]
= −div

[
u2 (∇S − A)

]

we get

div
[
u2 (∇S − A)

]
− ∂

∂ t

[
u2 (St + ϕ)

]
= 0.
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• δAI = 0. In this case, N = 3 and v =
(
A1, A2, A3

)
.

We have

∂L
∂Aα = u2

(
Sxα − Aα

)
, ∂L

∂Aαt
= Aαt + ϕxα

while the matrix

(
∂L
∂Aαxβ

)

α,β=1,2,3
is given by

(
∂L
∂Aαxβ

)
=




0 A2
x1

− A1
x2

A3
x1

− A1
x3

A1
x2

− A2
x1

0 A3
x2

− A2
x3

A1
x3

− A3
x1

A2
x3

− A3
x2

0




and hence

∑3
β=1

∂
∂xβ

[
∂L
∂Aαxβ

]
=
∑
β 6=α

(
Aβxαxβ − Aαxβ xβ

)
.

If we compute

∇ × (∇ × A) =

∣∣∣∣∣∣

i j k
∂x1 ∂x2 ∂x3

A3
x2

− A2
x3

A1
x3

− A3
x1

A2
x1

− A1
x2

∣∣∣∣∣∣

=




A2
x1x2

− A1
x2x2

− A1
x3x3

+ A3
x1x3

A3
x2x3

− A2
x3x3

− A2
x1x1

+ A1
x2x1

A1
x3x1

− A3
x1x1

− A3
x2x2

+ A2
x3x2




we get, from (38), the following vector equation

u2 (∇S − A)− ∇ × (∇ × A)− ∂

∂ t
[At + ∇ϕ] = 0.

• δϕI = 0. In this case, N = 1 and v = ϕ.

Since

∂L
∂ϕ

= u2 (St + ϕ) , ∂L
∂ϕxα

= Aαt + ϕxα ,
∂L
∂ϕt

= 0
∑3
α=1

∂
∂xα

[
∂L
∂ϕxα

]
=
∑3
α=1

∂
∂xα

[
Aαt + ϕxα

]
= div [At + ∇ϕ]

we get

u2 (St + ϕ)− div [At + ∇ϕ] = 0.
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2. Concentration phenomena and solitary waves

2.1. Introduction

A definition of solitary waves and solitons as solutions to field equations will be dis-
cussed in Section 2.2. In this introductory section, we want to touch the reasons for
which the interest in these notions arises in nonlinear equations, rather than to expound
the analysis rigorously.

Accordingly, we have to concern ourselves with the fact that the most wave phe-
nomena are dispersive, as we are going to see through some sample equations in 1+1
dimensions.

Let us consider the well known D’Alembert equation

(39) ψt t − c2ψx x = 0 ψ ∈ C

which is the first and simplest of all wave equations. This equation presents two fea-
tures which are of relevance to our discussion:

(I) there are solutions representing a wave packet travelling at uniform velocity and
with no distorsion in shape; we can construct such a solution taking a localized
(††) function f on R and considering f (x ± ct), which moves undistorted at
velocity ±c

(II) there are solutions representing separated wave packets approaching each other
essentially undistorted and asymptotically retaining their original shapes and
velocities after collision; this is the situation we get taking for instance f and
g compactly supported and constructing the solution ψ (x, t) = f (x − ct) +
g (x + ct), which consists of two wave packets clearly not interacting at all when
|t| is large.

A further comprehension of feature (I) relies on the Fourier analysis of the motion.
If we look for well-behaved localized solutions (i.e. decaying sufficiently rapidly as
|x | → ∞ with fixed t and such to allow the interchange of time derivative and spatial
integral), by taking the Fourier transform of (39) we obtain the ordinary differential
equation

ψ̂t t = −c2k2ψ̂

which is solved by ψ̂ (k, t) = A (k) e−iωt + B (k) eiωt where A, B ∈ C are constant
with respect to variable t and ω = ck. Then, provided that A and B decay sufficiently
rapidly as |k| → ∞, we can recover

(40) ψ (x, t) = 1
2π

∫ +∞

−∞

[
A (k) ei(kx−ωt) + B (k) ei(kx+ωt)

]
dk

††We shall use the adjective ‘localized’ for those functions of space variables which are finite in some fi-
nite region and decay to zero at infinity, as rapidly as the discussion requires; otherwise, referring to functions
of space-time variables, we mean that the localization property is required at any time t .
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by the inverse transform, and (40) gives the general solution of (39) by the sum of two
wave packets written each as a superposition of plane-wave components. Note that the
arbitrary functions A and B are related to the intial conditions ψ (x, 0) = f (x) and

ψt (x, 0) = g (x) by A = 1
2

(
f̂ + i ĝ

ω

)
and B = 1

2

(
f̂ − i ĝ

ω

)
.

The relation ω = ω (k), which gives the frequency of the normal mode ei(kx+ωt)

(or, up to a sign, of ei(kx−ωt)) as a function of the wavenumber k, is the dispersion
relation of the equation (39). From it we deduce the phase velocity

vF = ω (k) /k (or vF = −ω (k) /k)

which gives the velocity of the wave fronts of a single normal mode, and also the group
velocity

vG = ω′ (k) (or vG = −ω′ (k) )

which gives the velocity of a superposition of normal modes with nearly the same
wavelenght 2π/k (see [68] or [82] for further readings on group velocity).

As a result, once the solutions

f (x ± ct) = 1
2π

∫ +∞

−∞
f̂ (k) ei(kx±ωt)dk

are written as superpositions of Fourier components, we see that the normal modes
travel at the same phase velocity vF = ±c and with constant group velocity vG = ±c,
and thereby they won’t spread as time goes on.

So, features (I) and (II) hold for the equation (39) because it is both linear and
dispersionless (ω′′ = 0). However, the most wave phenomena occur in a dispersive
medium and the related equations are more complicated. It’s easy to see that the addic-
tion of also the simplest kinds of terms to (39) tends to destroy even feature (I).

Consider for instance the (linear) Klein-Gordon equation (∗)

(41) ψt t − c2ψx x + ω2
0ψ = 0 ψ ∈ C.

By the usual Fourier transform method, formula (40) still gives the general solution,
but the dispersion relation we get is

(42) ω2 = c2k2 + ω2
0.

Since groups of waves with nearly the same length propagate at the group velocity

vG = ±c2k/
√

c2k2 + ω2
0, while individual components move through the group with

their phase velocity vF = ±
√

c2k2 + ω2
0/k, we see that short-wave groups travel faster

than the long-wave ones and thereby the components disperse. Hence we conclude that
the linear theory predicts the dispersal of any localized disturbance, and it obviously
comes from the term ω2

0 in (42) and thus from the dispersive term ω2
0ψ in (41).

∗It was derived by O. Klein [60] and W. Gordon [58] for a charged free particle in an electromagnetic
field, using the ideas of quantum theory.
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Similarly, the loss of feature (I) may be caused by the addiction to (39) of a simple
nonlinear term. For instance, though not all the solutions of the equation

ψt t − c2ψx x + ψ3 = 0 ψ ∈ C

are known, a numerical approach shows that the termψ3 is still dispersive, for it causes
the spreading of an arbitrary wave packet (see [72]).

Dispersion phenomena occur in several types of equations. For instance, the well
known (linear) Schrödinger equation

iψt = − }

2mψx x ψ ∈ C

has the general localized solution

ψ (x, t) = 1
2π

∫ +∞

−∞
f̂ (k) ei(kx−ωt)dk (where f (x) = ψ (x, 0) )

with dispersion relation ω = }

2m k2 and then velocities vF = }

2m k and vG = }

m k.

In contrast to dispersion, a nonlinearity may also lead to the concentration of a
disturbance. For example to study the equation (†)

ut + uux = 0 u ∈ R,

the method of characteristics applies and the dependence of the propagation velocity of
solutions on their height tends to steepen a disturbance until the formation of a shock
wave (see [65], [82], [66] and [67] for a detailed discussion).

Actually, for both nonlinear and dispersive equations it is possible that concentra-
tion and dispersion effects are just in balance, in such a way that features (I) and (II)
are exhibited. The attractive question is then whether a nonlinear field equation ad-
mits special solutions which enjoy the essential spirit of feature (I) and also eventually
(II); when the answer is positive, such solutions are referred to as solitary waves and
solitons, respectively.

2.2. Solitary waves

Solitary waves were first observed by J. Scott Russell on the canal from Edimburgh to
Glasgow in 1834. Reporting to the British Association, he wrote [75]:

“I believe I shall best introduce this phænomenon by describing the circumstances
of my own first acquaintance with it. I was observing the motion of a boat which
was rapidly drawn along a narrow channel by a pair of horses, when the boat
suddenly stopped - not so the mass of water in the channel which it had put in
motion; it accumulated round the prow of the vessel in a state of violent agitation,

†This equation is an approximation to the more accurate model u t + uux = µuxx , derived by J.M.
Burgers [34] for turbulent flows in a channel (see also [59] and [36]).
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then suddenly leaving it behind, rolled forward with great velocity, assuming the
form of a large solitary elevation, a rounded, smooth and well-defined heap of
water, which continued its course along the channel apparently without change
of form or diminuition of speed. I followed it on horseback, and overtook it still
rolling on at a rate of some eight or nine miles an hour, preserving its original figure
some thirty feet long and a foot to a foot and a half in height. Its height gradually
diminished, and after a chase of one or two miles I lost it in the windings of the
channel. Such, in the month of August 1834, was my first chance interview with
that rare and beautiful phænomenon which I have called the Wave of Translation
[...].”

Doing laboratory experiments, Russell also deduced empirically that the steady veloc-
ity of a solitary wave in a channel of uniform depth h is given by

(43) v2 = g (h + a)

where a is the amplitude of the wave above the undisturbed water surface and g is the
gravitational constant.

J. Boussinesq [33] in 1871 and Lord Rayleigh [73] in 1876 independently recov-
ered this formula through the inviscid equations of water waves and, developing the
theory, D.J. Korteweg and G. de Vries [61] derived in 1895 a nonlinear 1+1 dimen-
sional equation governing the motion of long, small amplitude waves propagating in a
shallow water channel

(44) ut = 3

2

√
g

h

(
uux + 2

3
αux + 1

3
σux x x

)
with σ = 1

3
h3 − T

ρ

h

g

where u is the wave height above the undisturbed water surface, α a small but otherwise
arbitrary constant related to the uniform motion of the fluid, T the surface tension and
ρ the density (for a derivation of equation (44) see also [5]). The equation (44) has
been extensively studied and ever since 1960 [54] it has been rediscovered in many
physical contexts, such as hydromagnetic waves, plasma physics, lattice dynamics (see
[45] and [3] for details and further references).

This equation admits solitary wave solutions

(45) u (x, t) = 4k2sech2
(

k√
σ

(
x − x0 + 2k2

√
g

h
t

))
− 2

3
α

with k and x0 arbitrary constant, and they were known even to Korteweg and de Vries.
Nevertheless, their remarkable properties were discovered only in 1965 through the
numerical approach of N.J. Zabusky and M.D. Kruskal [83], who considered an equa-
tion like (44) with periodic boundary conditions (suitable for numerical computations)
in x = 0 and x = 2. They found that the initial condition u (x, 0) = cosπx , after
steepening and nearly forming a shock wave owing to the prevailing nonlinear term
uux , then develops in a train of eight distinct waves, for the dispersive term u x x x be-
comes relevant and comes to balance the nonlinear concentration effect. These waves,
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each like (45) but with different speeds and amplitudes, move through one another in
the same direction and when a taller wave overtakes a smaller one they interact non-
linearly, regaining nevertheless their original velocities and amplitudes after collision.
So, they behave almost as if the principle of superposition were valid and the only in-
teraction result is a phase shift. Finally, after a long time, something very close to the
initial configuration recurs.

For the very special waves they have observed and which resemble particles in their
way of interacting elastically, Zabusky and Kruskal coined the name of ‘solitons’.

From a mathematical point of view, current literature does not provide a universally
accepted definition of solitary waves and solitons. In order to generalize the require-
ments we have so far described qualitatively as features (I) and (II) but also to en-
compass as many cases of interest as possible, different authors offer slightly different
definitions (see also [76] and [38]).

Following [72], our working definition of solitary waves will be in terms of the
energy rather than the wave-fields themselves.

Given on the space-time R3 ×R a nonlinear field equation with associated
energy functional (see Section 1.2)

E (ψ) =
∫

R3
Eψ (x, t) dx,

we call solitary wave any nonsingular solution whose energy density has
a space-time dependence of the form

(46) Eψ (x, t) = Ẽψ (x−vt)

where Ẽψ is a localized function and v is some velocity vector.

In other words, a solitary wave is a regular solution of a field equation whose energy
density is localized and travels undistorted with constant velocity. The definition ex-
tends naturally to systems of coupled equations.

The definition of solitons calls for more stringent requirements and a mathematical
formulation becomes finer and rather complicated (see again [72] for a working defi-
nition). We content ourselves with the intuitive idea discussed so far and guess it will
become clearer after the example exposed below in Section 2.3. Besides, we remark
that the distinction between these terms is often dropped in the literature, either be-
cause all time-dependent solutions should be known before deciding whether a solitary
wave is actually a soliton (so to verify that it interacts elastically with other localized
solutions), or also because in many discussions solitary waves alone suit the purpose
(provided eventually some addictional requirements, such as certain kinds of stability;
see for example [20], [21] and [18]).

As a matter of fact, several equations have yielded solitary waves. In contrast, very
few of them bear solitons in a strict sense. Although neither a comprehension of the
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ultimate reasons for which these special solutions persist nor a technique to decide
whether a given equation permits solitons have yet been achieved, here is a list of some
features which might be involved in the presence of solitary solutions.

(i) Complete integrability. In this case the equation behaves as an infinite dimen-
sional completely integrable Hamiltonian system and it can be solved exactly by
performing the so-called Inverse Scattering Transform (I.S.T.) method, which
can be thought of as a nonlinear transformation from physical variables to an
infinite set of action-angle variables (see [51], [3], [76]).

This is the case of the Korteweg-deVries equation, which bears infinitely many
integrals of motion (see [70]), and also of the sine-Gordon equation (see below)

�u + ω2
0 sin u = 0 u ∈ R

and the nonlinear Schrödinger equation (see [84])

i}ψt = − }2

2m 4ψ − |ψ|2 ψ ψ ∈ C

in their 1+1 dimensional version.

(ii) A ‘sufficient’ number of conservation laws. For systems which are not com-
pletely integrable, the existence of stable waves may be related to the presence
of a ‘large’ number of functions which yield, upon evaluating along the solu-
tions, a vanishing space-time divergence. As discussed in Subsection 1.5.1., this
usually provides first integrals of motion.

Structural stability of solutions to nonlinear Klein-Gordon and Schrödinger
equations has been proved in [77] and [35].

(iii) Topological constraints. In this case, which will be largely discussed in the
following, the solutions are characterized by some topological invariant and then
we speak of topological solitary waves.

This is again the case of the sine-Gordon equation in dimension 1+1 (see below),
which provides the simplest example of topological solitons.

2.3. Sine-Gordon equation and Derrick’s problem

Hereafter we set the light velocity equal to one:

c = 1 .

In this section, we consider the 1+1 dimensional sine-Gordon equation (∗)

(47) ut t − ux x + sin u = 0 u ∈ R

∗It’s name was coined by J. Rubinstein [74] as a pun on ‘Klein-Gordon’ and it arises in the study
of surfaces with constant negative Gaussian curvature in differential geometry and also in many physical
applications, such as two-dimensional models of elementary particles, stability of fluid motions, propagation
of crystal dislocations (see [3], [4], [44], [45], [72], [7], [32], [37], [53], [57], [71] and [76] for exhaustive
discussions and references).
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which is probably the simplest equation admitting soliton soutions and can be seen as
a pattern for our further discussions (†).

Taking into account the results of Section 1.2, (47) is the Euler-Lagrange equation
of the action functional

(48) S (u) =
∫

R×R

[
1

2

(
u2

t − u2
x

)
− V (u)

]
dxdt

where we can choose V (u) = 1−cos u so to obtain V > 0, and then the related energy
functional is

(49) E (u) = 1

2

∫ +∞

−∞
u2

t dx + 1

2

∫ +∞

−∞
u2

xdx +
∫ +∞

−∞
(1 − cos u) dx .

Note that the potential V has a discrete infinite set of degenerate minima 2πZ, where
it vanishes.

Obviously u (x, t) ≡ kπ is a trivial solution of (47) for every k ∈ Z, but of course
we are interested in nontrivial solutions. In particular, we will concern ourselves with
nonsingular finite-energy solutions (of which solitary waves are special cases).

So, let u be a classical solution with E (u) < ∞. By this we mean of course
that all the integrals in (49) are finite, and this implies 1 − cos u (·, t) ∈ H 1 (R) for
all fixed t , being [1 − cos u (·, t)]2 6 2 [1 − cos u (·, t)] ∈ L1 and

∣∣ d
dx cos u (·, t)

∣∣ 6

|ux (·, t)| ∈ L2. Hence limx→±∞ 1 − cos u (x, t) = 0 and from this we deduce that
every configuration of u satisfies the asymptotic conditions

(50) u (±∞, t) = lim
x→±∞

u (x, t) ∈ 2πZ.

Moreover, if we assume that ut ∈ L∞ (
R2
)

(which is necessarily the case of solitary
waves) then the functions of the variable t defined by the left-hand side of (50), being
continuous and discrete-valued, must be constant

(51) u (±∞, t) ≡ u (±∞) ∈ 2πZ

i.e., u preserves its asymptotic values as t varies. These facts suggest to consider the
sets

H(k1,k2) :=
{

f ∈ C2 (R; R) | lim
x→−∞

f (x) = 2k1π, lim
x→+∞

f (x) = 2k2π

}

with k1, k2 ∈ Z, and the topological space

H =
⋃

(k1,k2)∈Z2

H(k1,k2) ⊂ L∞ (R) .

It is easy to see that (k1, k2) 6= (h1, h2) ⇒ Hk1,k2 ∩ Hh1,h2 = ∅ and that each H(k1,k2)

is an open path-connected subset of H , called sector. The property (51) implies that,

†for other generalizations, see [2] and [81]
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for a solution u, the function x 7→ u (x, t) (which we call a configuration of u) stays
always in the same connected component H(k1,k2) as time evolves. This fact allows a
topological classification of the finite-energy nonsingular solutions to the equation (47)
satisfying (51), each bearing thereby the pair of indices (k1, k2). Moreover, consistent
with the invariance of the equation (47) (and also of the action (48)) under the change
u 7→ u + 2πk, we can fix k1 and relate to such solutions a single integer index given
by the difference k2 − k1, namely

Q (u) := 1

2π

∫ +∞

−∞
ux (x, t) dx .

Q (u) defines a topological index, called topological charge. Note that Q is essentially
a boundary condition which is constant in time because of the finiteness of energy,
in contrast with the other more familiar conserved quantities (see Subsection 1.2.1)
coming from the symmetries of the action functional.

Now, we turn on the particular case of static (i.e. t-independent) nonsingular finite-
energy solutions. They solve the equation

(52) −u′′ + sin u = 0 u : R → R

which can be interpreted as a conservative system (or, by a mechanical analogy, as the
equation of motion for a unit-mass point particle). The ‘mechanical energy’

EM = 1

2

(
u′)2 − V (u)

(in the analogy, kinetic energy plus potential energy) is constant with respect to x

and must equal zero. Indeed u (±∞) ∈ 2πZ implies EM = limx→±∞
(
u′)2 /2, so

E (u) < ∞ implies EM = 0. Hence in the phase plane we get the zero-‘energy’ orbits,
that is the solutions u for which

• ∀x ∈ R u′ (x) = ±2 sin u(x)
2

• ∃k ∈ Z ∀x ∈ R 2πk < u (x) < 2π (k + 1)

• u is monotone and either limx→−∞ u (x) = 2kπ and limx→+∞ u (x) =
2 (k + 1) π or limx→−∞ u (x) = 2 (k + 1) π and limx→+∞ u (x) = 2kπ .

This implies that Q (u) = ±1 for these solutions. Finally, upon integration, we obtain
the identities

x − x0 = ±
∫ u(x)

u(x0)

du

2 sin (u/2)
= ± ln

tan [u (x) /4]

tan [u (x0) /4]
∀x ∈ R.

Using again the invariance u 7→ u+2πk, we impose u (x0) = π and we get the explicit
solutions

(53) uK (x) = 4 arctan ex−x0 and uA (x) = −4 arctan ex−x0
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which are the so-called kink and antikink, respectively, and carry Q (uK) = 1 and
Q (uA) = −1. Note that the translational invariance of (52) is reflected by the fact that
a different choice of the arbitrary constant x0 only brings the solution to shift in space.
The energy density of both kink and antikink is given by the localized function

Ẽ (x) = 16e2(x−x0)

[
1 + e2(x−x0)

]2

and hence they are static solitary waves (i.e. corresponding to v = 0 in (46)).

By the Lorentz invariance of (48), travelling solitary waves can be trivially obtained
on Lorentz-transforming (53) and their energy density turns out to be

E (x, t) = γ 2
Ẽ (γ [x − vt])

which represents a single bump travelling undistorted with uniform velocity.

The kink and antikink also exhibit a soliton-like behaviour: there exist solutions of
(47) representing the interaction of an arbitrary number of kinks and antikinks, which
scatter, collide and rise out again essentially unhurt. For instance, the solution

(54) uKA (x, t) = 4 arctan
sinh (γ vt)

v cosh (γ x)

as time evolves shows first a (0,−2π)-antikink and a (−2π, 0)-kink approaching each
other, then their vanishing in the collision, and finally a (2π, 0)-antikink and a (0, 2π)-
kink that re-emerge and go far from each other with the same velocities of the initial
pair. Similarly, the configurations of the solutions

(55) uKK (x, t) = 4 arctan
v sinh (γ x)

cosh (γ vt)
and uAA (x, t) = −uKK (x, t)

describe the interaction, respectively, of two kinks (with indices (−2π, 0) and (0, 2π))
and two antikinks, which collide when t is around zero and are far apart at both negative
and positive large t , with equal and opposite speeds. Note that Q (uKA) = 0 and
Q (uKK) = 2 = −Q (uAA). Note also that the kinks and antikinks involved in (54)
and (55) suffer a vertical shift as a consequence of the collision; but, if we consider
u ∈ S1 (i.e. we see u as an angle, consistent with the translational symmetry of the
equation) such a displacement becomes meaningless and thus we see exactly the same
pair of solitary waves before and after the collision (to be precise, up to a time delay,
which is the sole residual effect). The existence of more general solutions describing
the interaction of an arbitrary number of kinks and antikinks has been proved in the
70’s (‡) and is related to the fact that, through the I.S.T. method, all the time-dependent
solutions of the equation (47) are known.

In 1963, attempting to find a model for extended elementary particles in contrast
with point particles, U. Enz [47] was led to study an equation like (47). He proved

‡see [4] and the work of L.D. Faddeev and collaborators ([49] and references therein)
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the existence of nonsingular time-independent solutions with energy density localized
about a point on the x axis and, under a further request of stability, he found that the
energy is bound to assume only certain discrete values, which can be seen as corre-
sponding to the rest energies of elementary particles. Moving from this work, G.H.
Derrick proposed, in a celebrated paper [43], the more realistic 3+1 dimensional model
given by the nonlinear Klein-Gordon equation

(56) �ψ + W ′ (ψ) = 0 ψ : R
3 × R → C

which we have already described and discussed in Section 1.2.

Owing to the relativistic invariance of (56), moving waves can be trivially obtained
from static solutions by boosting, i.e. turning to a moving coordinate frame by apply-
ing a Lorentz transformation. Thus, we are led to concern ourselves with finite-energy
static solutions (of which solitary waves are a particular case): they are complex func-
tions of the form

ψ (x, t) = u (x) where x = (x1, x2, x3) ∈ R
3

with

(57) E (u) =
∫

RN

[
1

2
|∇u|2 + W (u)

]
dx < ∞

where N = 3, that solve the equation

−4u + W ′ (u) = 0

which is also the Euler-Lagrange equation of the energy functional (57).

In [43] Derrick showed that, if the potential W is nonnegative, any finite-energy
static solution of (56) is necessarily trivial, namely it takes a constant value which is
a minimum point of W . On the other hand, if the nonnegativity of W is not required,
no stable finite-energy static solution is permitted to the equation (56). In fact, the
following theorem holds.

THEOREM 2. Let N > 3. The energy functional (57) has no nontrivial local
minima, i.e.

δ2E (u) > 0 with u nonconstant H⇒ δE (u) 6= 0.

Moreover, if W > 0 then E does not have any nontrivial critical point at all, namely

δE (u) = 0 H⇒ u (x) ≡ u0 with W (u0) = 0.

Proof. Using Derrick’s simple rescaling argument, we set uλ (x) := u (λx) and

E (uλ) = 1
2λN−2

∫

RN
|∇u|2 dx + 1

λN

∫ N

R

W (u) dx =: 1
2λN−2 I1 + 1

λN I2.
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If δE (u) h = 0 for any variation h, we have in particular

(58) d
dλE (uλ)

∣∣
λ=1 = 2−N

2 I1 − N I2 = 0

and therefore

d2

dλ2 E (uλ)
∣∣∣
λ=1

= (2−N)(1−N)
2 I1 + N (N + 1) I2 = (2 − N) I1.

Hence the second variation of E at any nonconstant critical point u is negative for a
variation corresponding to a uniform stretching of u. Finally, if W > 0 then both I1
and I2 are nonnegative and from (58) we deduce I1 = I2 = 0.

REMARK 4. According to Enz’s results as well as to our previous discussion on
the equation (47), the above argument is not applicable to the 1+1 dimensional case:
if N = 1 we obtain E (uλ) = λI1/2+ I2/λ yielding on differentiation I1 = 2I2, which
gives no contraddiction.

So, even though no restriction is placed on the sign of W , we are forced to seek
static solutions with lack of stability (∗). In [43], these facts led Derrick to say:

“We are thus faced with the disconcerting fact that no equation of type” (56) “has
any time-independent solutions which could reasonably be interpreted as elemen-
tary particles.”

At the end of his paper, the author proposed different ways to overcome this difficulty.
These ways are briefly described in the following list.

1 We quote from [43]:

“We could take a Lagrangian in which the derivatives occur in higher powers than
the second. For example, with the form”

(
|∇ψ|2 − |ψt |2

)n
“the nonexistence

proof [...] fails for n > 3
2 . Such a Lagrangian, however, leads to a very compli-

cated differential equation.”

In this spirit, a considerable amount of work has been done by V. Benci and collabo-
rators (†), and a model equation proposed in [20] will be the topic of the next Section
2.4.

2 Derrick also proposed to use the Dirac operator as linear part instead of the
d’Alembert operator, so to obtain first order spinor equations. Unfortunately, for gen-
eral nonlinearities

“the condition for stability [...] is now very complicated, and the author has been
unable to prove or disprove the existence of stable time-independent solutions [...].”

∗see [27], [29] for seeking critical points and [6], [26], [80] for a discussion on stability
†see [10], [11], [14], [15], [17] and [19]-[22]
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Investigations on this approach can be found in the work of M.J. Esteban and E. Séré
(see [48] and references therein).

3 Having in mind the existence results obtained by W. Heisenberg and some other
authors, Derrick suggested to make a second quantization of the field equations by

“replacing the wavefunction by an operator satisfying some postulated commuta-
tion relations”

i.e., by considering u : R3 → H where H is a proper operator space.

4 We quote again from [43]:

“Elementary particles might correspond to stable, localized solutions which are
periodic in time, rather than time-independent. [...] However the condition for
stability of solutions is now very complicated, and the author has been unable to
demonstrate either the existence or nonexistence of stable solutions [...].”

This point of view has been widely developed by different authors (‡). Here we summa-
rize the basic steps of the strategy adopted under the assumption that W only depends
on |ψ|, so that W ′ (eiθψ

)
= eiθW ′ (ψ) for θ ∈ R and W ′ (u) ∈ R for u ∈ R (see

Subsection 1.5.2).

• Make the following ansatz

ψ (x, t) = u (x) e−iω0 t , u : R
3 → R, ω0 ∈ R

namely look for solutions to (56) which are, by definition, standing (or station-
ary) waves.

• Solve the (elliptic) equation

−4u − ω2
0u + W ′ (u) = 0

derived by substitution.

• Use the (Lorentz) group invariance to obtain travelling wave solutions, e.g. v =
(v, 0, 0) and

ψv (x, t) = u (γ [x1 − vt] , x2, x3) ei(k·x−ωt)

where k = ωv and ω = γω0.

REMARK 5. The same strategy can be applied to the nonlinear Schrödinger equa-
tion

(59) i}ψt = − }2

2m
4ψ + W ′ (ψ) ψ : R

3 × R → C

‡see e.g. [28], [29], [79], [30], [31], [77], [78], [69], [63]
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(see [25], [13], [42] and also Section 2.5). Looking for standing waves, one has to
solve the elliptic equation

− }2

2m
4u − }ω0u + W ′ (u) = 0.

Solutions travelling with vector velocity v are obtained by using the (Galilean) invari-
ances of (59):

ψv (x, t) = u (x − vt) ei[k·x−(ω+ω0)t]

where k = 1
}

mv and ω = 1
}

m
2 |v|2.

2.4. Existence of static solutions

We introduce here an existence result for a 3+1 dimensional model generalizing the
one suggested by Derrick in his first proposal.

A first existence result is stated in [20], which also gives a topological classifica-
tion of static solutions by means of a topological invariant: the topological charge. In
order to prove the existence of static solutions with nontrivial charge, a study of the
behaviour of sequences of bounded energy is needed, in the spirit of the concentration-
compactness principle.

A further generalization is carried out in [14], which developes an existence analy-
sis of the finite-energy static solutions in higher spatial dimension and for a larger class
of Lorentz invariant Lagrangian densities, namely

(60) Lψ = −1

2
α (σ )− V (ψ) with σ = |∇ψ|2 − |ψt |2

where ψ : RN+1 → Rk with N > 2 and k > 1, V : � → R with � an open subset of
Rk and

α (σ ) = aσ + b |σ |
p
2

with p > N , a > 0 and b > 0.

The results of [20] were concerned with the case N = 3, a = 1 and p = 6. If
N = 3 and a = 0, (60) is equivalent to the Lagrangian proposed by Derrick. In this
section, we will discuss the main results of [14], giving an outline of their proof.

The static solutions ψ (x, t) = u (x) of the Euler-Lagrange equations of the action
functional related to Lψ solve

(61) −a4u − b
p

2
4pu + V ′ (u) = 0

which are the Euler-Lagrange equations of the energy functional

(62) E (u) =
∫

RN

[
a

2
|∇u|2 + b

2
|∇u|p + V (u)

]
dx .

Here 4pu denotes the vector whose j -th component is div
(
|∇u|p−2 ∇u j

)
.
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We set k = N + 1 and assume that V is positive on

� = R
N+1\ {η} with η = (1, 0, ..., 0)

and singular in η; more precisely, the following assumptions are made on V :

(V1) V ∈ C1 (�; R)

(V2) V (ξ) > V (0) = 0 for every ξ ∈ �

(V3) V is twice differentiable in 0 and the Hessian matrix V ′′ (0) is nondegenerate

(V4) there exist c, ρ > 0 such that |ξ | < ρ ⇒ V (η + ξ) > c |ξ |−
pN

p−N

(V5) V (ξ) > 0 for every ξ ∈ �\ {0} and ν := lim inf|ξ |→∞V (ξ) > 0.

The presence of 4p in (61) implies that the functions u on which the energy E is
finite are continuous and decay to zero at infinity (see below); the presence of the singu-
lar term V ′ (u) implies that such maps u have to take values in RN+1\ {η}, whose N-th
homotopy group satisfies πN

(
RN+1\ {η}

)
' Z. So, the nontrivial topological prop-

erties of � permit, as in the sine-Gordon equation, to give a topological classification
of the static configurations; it is carried out by means of the topological charge, which
depends only on the region where the function is concentrated, namely the support.

We are now able to give the statements of the two main existence theorems. In the
first one, it is proved the existence of a static solution to the Euler-Lagrange equations
related to the Lagrangian (60), which minimizes the energy among the configurations
with nontrivial charge. In the second one, under some symmetry assumptions, it is
proved the existence of infinitely many solutions, which are constrained minima of the
energy.

THEOREM 3. Let a > 0, b > 0 and p > N > 2. If V satisfies (V1)-(V5) then there
exists a weak solution of equation (61), which is a minimizer of the energy functional
(62) in the class of those maps whose topological charge is different from zero.

REMARK 6. In the above theorem, assumption (V5) can be avoided if N > 3 and
a > 0.

THEOREM 4. Let a, b > 0 and p > N > 2. If V satisfies (V1)-(V5) and

(V6) there exist c1, ρ1 > 0 and r > 1 such that

|ξ | 6 ρ1 H⇒
∣∣V ′ (ξ)− V ′′ (0) ξ

∣∣ 6 c1 |ξ |r

(V7) V
(
ξ0, gξ̃

)
= V

(
ξ0, ξ̃

)
for every ξ =

(
ξ0, ξ̃

)
∈ R × R

N and g ∈ O (N)

then for every q ∈ N\ {0} there exists a weak solution uq of equation (61) such that its
topological charge equals q. Moreover

(63) lim
q→∞

E
(
uq
)

= +∞.
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REMARK 7. The condition (V7) requires that V is invariant under spatial rotations
and the solutions we find in Theorem 4 satisfy a spatial rotation invariance as well,
namely

(64) ∀g ∈ O (N) uq (x) =
(

u0
q (gx) , g−1ũq (gx)

)

(see Subsection 2.4 below). On the other hand, it is not clear whether, under the ad-
dictional assumption (V7), the solution we find in Theorem 3 satisfies the symmetry
property (64).

After making some considerations on the functional setting of the variational prob-
lem and giving the definition of the topological charge, we will trace an outline of the
proof of the above theorems in Subsection 2.4.

2.4.1. Functional setting

Without loss of generality, we can take b = 1; so the energy functional becomes

Ea (u) = a

2

∫

RN
|∇u|2 dx + 1

2

∫

RN
|∇u|p dx +

∫

RN
V (u) dx (a > 0, p > N > 2)

and the natural space where to work is the completion Wa of C∞
c

(
RN ; RN+1

)
with

respect to the norm

(65) ‖u‖a := a ‖∇u‖L2 + ‖∇u‖L p + ‖u‖L2 .

By the Sobolev embedding theorems, since p > N , Wa is continuously embedded in
L∞ (

RN ; RN+1
)

and every function u in Wa is Hölder continuous and decays to zero
at infinity; indeed

(66) Wa ↪→ W 1,p
(
R

N ; R
N+1

)
↪→ L∞

(
R

N ; R
N+1

)

(67) Wa ⊂ C0,(p−N)/p
(
R

N ; R
N+1

)

(68) lim
|x |→∞

|u (x)| = 0.

Thus, recalling that V is singular in η, it make sense to consider, in the space Wa , the
open subset

3a :=
{

u ∈ Wa | ∀x ∈ R
N u (x) 6= η

}

on which the functional Ea turns out to be real-valued, coercive and weakly lower
semicontinuous. Moreover, the link between the singularity estimate requested by the
assumption (V4) and the Hölder exponent in (67) can be exploited to prove the follow-
ing lemma.
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LEMMA 2. If {un} ⊂ 3a is such that un ⇀ u ∈ Wa\3a , then Ea (un) → +∞.

2.4.2. Topological charge

We start making some preliminary considerations which lead to the proper defini-
tion of the topological charge.

Every u ∈ 3a, being a continuous function such that u : RN → RN+1\ {η} and
u (∞) = 0, determines a homotopy class

[u] ∈ πN

(
R

N+1\ {η}
)

and thus a topological integer index could be associated to u thanks to the isomorphism
πN

(
R

N+1\ {η}
)

' Z. If we set

∀q ∈ Z3
q
a := {u ∈ 3a | [u] ' q}

we recover3a =
⋃

q∈Z
3

q
a and the natural idea is to minimize Ea on each3q

a . Unfor-
tunately, in this approach the following problems arise:

• 3
q
a is not weakly closed

• the operator 4p is not weakly continuous and the concentration-compactness
methods cannot be applied directly.

These difficulties can be overcome if we are able to ‘localize’ the charge, so that
every bump has its own charge and the charge of any configuration equals the sum of
the charge of its bumps.

In order to make this localization possible, the topological charge is defined by
means of the Brower topological degree, as follows:

• for every u ∈ Wa , we write u =
(
u0, ũ

)
: RN → R × RN

• the open set K (u) :=
{

x ∈ RN | u0 (x) > 1
}

is the support of u

• the integer ch (u) := deg (ũ, K (u) , 0) is the topological charge of u.

This definition is well-posed because (68) implies that K (u) is bounded and for every
x ∈ ∂K (u) we have ũ (x) 6= 0, since u0 (x) = 1 and u (x) 6= η. Let us notice that if
K (u) consists of m connected components K j (u) we can define also

ch j (u) := deg
(
ũ, K j (u) , 0

)

so that, by the additivity of the degree, we obtain

ch (u) =
m∑

j=1

ch j (u)
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and then the topological charge is localized.

Moreover, the continuity property of the degree with respect to the uniform norm
and the continuity of the embeddings (66) assure that the topological charge is continu-
ous on3a with respect to the norm (65). Thus the open set3a of Wa splits into sectors
as follows:

3a =
⋃

q∈Z

3
q
a

where the sets 3q
a := {u ∈ 3a | ch (u) = q} are open in Wa .

2.4.3. Existence of minimizers

In order to prove theorem 3, we will show the existence of a minimizer u of Ea in
the open set

3∗
a := {u ∈ 3a | ch (u) 6= 0}

i.e.

(69) Ea (u) = E∗
a := inf

3∗
a

Ea.

By the existence property of the degree, ch (u) 6= 0 implies ‖u‖∞ > 1; hence, Ea is
positively bounded from below on3∗

a

(70) E∗
a > 1∗

a

as a consequence of the assertion

(71) ∃1∗
a > 0 ∀u ∈ 3a ‖u‖∞ > 1 ⇒ Ea (u) > 1∗

a

which immediately follows from the continuous embedding (66).

The key point of the proof is the following lemma.

PROPOSITION 1 (SPLITTING LEMMA). Let {un} ⊂ 3∗
a be such that

Ea (un) 6 M.

There exist l ∈ N with

(72) 1 6 l 6 M/1∗
a

and
u1, ..., ul ∈ 3a ,

{
x1

n

}
, ...,

{
x l

n

}
∈ R

N , R1, ..., Rl > 0

such that, up to a subsequence,

(73) un

(
· + x i

n

)
⇀ ui

(74) ‖ui‖∞ > 1
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(75)
∣∣∣x i

n − x j
n

∣∣∣ → ∞ for i 6= j

(76)
l∑

i=1

Ea (ui) 6 lim infn→∞ Ea (un)

(77) ∀x ∈ R
N \
⋃l

i=1
BRi

(
x i

n

)
|un (x)| 6 1.

Moreover

(78) ch (un) =
l∑

i=1

ch (ui) and lim supn→∞

∥∥∥∥un −
∑l

i=1
ui

(
· − x i

n

)∥∥∥∥
∞

6 1.

The Splitting Lemma essentially says that every sequence {un} of finite energy and
nonzero charge can be seen as the superposition of a finite number of diverging bumps
ui
(
· − x i

n

)
and the charge of un is equal to the sum of the charge of these bumps.

Proposition 1 is proved in [20] by means of an iterative procedure, which uses the
coercivity of Ea together with Lemma 2 to construct a family of functions satisfying
(73)-(76) and terminates when even (77) is met; the process must end in a finite number
of steps because of the estimate (72), which follows immediately from (74), (76) and
(71). Finally, from (73)-(76), (78) is easily deduced.

Now, if {un} ⊂ 3∗
a is a minimizing sequence for the minimization problem (69),

we can apply Proposition 1. Since ch (un) 6= 0, from (78) we deduce that there exists
i0 ∈ {1, ..., l} such that ch

(
ui0

)
6= 0, i.e. ui0 ∈ 3∗

a . Then, using (76), we obtain

E∗
a 6 Ea

(
ui0

)
6

l∑

i=1

Ea (ui ) 6 lim infn→∞ Ea (un) = E∗
a

and hence Ea
(
ui0

)
= E∗

a .

In order to sketch the proof of theorem 4, for sake of simplicity we can assume
a = 1 and write E,W, ‖·‖ instead of E1,W1, ‖·‖1.

Using assumption (V7), simple computations show that the open set 3 and the
functional E are invariant under the O (N) action defined in the space W by

Tgu (x) =
(

u0 (gx) , g−1ũ (gx)
)
.

The subspace of fixed points

X :=
{
u ∈ W | ∀g ∈ O (N) Tgu = u

}

is closed in W and
3X := 3 ∩ X
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turns out to be a natural constraint in finding critical points of E ; in particular, every
local minimum of E|3X

is also a critical point of E and it is then sufficient to prove the
existence of minimizers for the problems

Eq := inf3q
X

E with q ∈ N\ {0}

where
3

q
X := {u ∈ 3X | ch (u) = q} = 3q ∩ X

is open in X and proves to be not empty.

The main step in the minimization is the deduction of the compactness property
given by the following proposition.

PROPOSITION 2. The functional E|3X
satisfies the Palais-Smale condition, i.e. any

sequence {un} ⊂ 3X such that

E (un) is bounded and supv∈X,‖v‖=1
〈
E ′ (un) , v

〉
→ 0

contains a convergent subsequence.

From Lemma 2 together with the weak lower semicontinuity of E , it easily follows
that the sublevels of E

Ec = {u ∈ 3X | E (u) 6 c} for c ∈ R

are complete and then, recalling (70), we can use standard minimax arguments to con-
clude that Eq is attained in 3q

X .

Finally, assertion (63) follows from the Splitting Lemma, by contradiction. Indeed,
assuming that, up to a subsequence, E

(
uq
)

is bounded, (78) implies that there exists
Q ∈ N such that (up to a subsequence) ch

(
uq
)

= Q, and this contradicts ch
(
uq
)

=
q → +∞.

2.5. Some other problems concerned with solitary waves

The results of Section 2.4 bear further developements. In this section we give a nonex-
haustive list of some problems concerning solitary waves and brielfy outline the way
in which they can be treated exploiting topological solitary waves.

2.5.1. Interaction of solitary waves with the electromagnetic field

Consider the model given by the Lagrangian (60) with N = 3: as we have seen in
Section 2.4, it admits static solutions u : R3 → R4 which are classified by means of
the topological charge. If we consider travelling waves

ψv (x, t) = u

(
x1−vt√

1−v2
, x2, x3

)
, v = (v, 0, 0) , |v| < 1
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then the fact that the topological charge is a homotopic invariant implies that the func-
tion t 7→ ch (ψv (·, t)) is constant, i.e. ψv (·, t) does not change sector in 3a as t
varies; in other words, ch (ψv (·, t)) is a topological invariant which can be considered
an integral of the motion and interpreted as the electric charge (see [16]). It is then nat-
ural to analyze the interaction between the travelling topological solitary wave ψv and
the electromagnetic field (E,B) and to try to construct a Lorentz invariant model for
the electromagnetic theory, namely a model describing particle-like matter interacting
with the electromagnetic field through deterministic differential equations defined in a
Newtonian space-time (see also Section 1.4).

This program has been carried out in [19], where a model for the interaction is con-
structed by using only concepts of classical field theory and the existence of static so-
lutions (u,A, ϕ) with nontrivial charge (ch (u) 6= 0) to the related system of equations
(whose unknowns are the matter field ψ and the gauge potentials (A, ϕ) associated to
the electromagnetic field) is proved. Let us point out that these solutions give rise to
solutions (uv,Av, ϕv) travelling with velocity v = (v, 0, 0) by

ψv (x, t) = u (γ [x1 − vt] , x2, x3)

A1
v (x, t) = γ

[
A1 (γ [x1 − vt] , x2, x3)− vϕ (γ [x1 − vt] , x2, x3)

]

A2
v (x, t) = A2 (γ [x1 − vt] , x2, x3)

A3
v (x, t) = A3 (γ [x1 − vt] , x2, x3)

ϕv (x, t) = γ
[
ϕ (γ [x1 − vt] , x2, x3)− vA1 (γ [x1 − vt] , x2, x3)

]

where ψv can be seen as a travelling solitary wave ‘surrounded’ by the electromagnetic
field (Av, ϕv).

2.5.2. Solitary waves and nonlinear Schrödinger equations

The results of Section 2.4, can also be applied to the problem of finding standing
wavesψ (x, t) = u (x) e−iω0 t of the nonlinear Schrödinger equation (we set } = 2m =
1 for sake of simplicity)

(79) iψt = −4ψ + U (x)ψ + εr Nψ ψ : R
N × R → C

N

where N is a proper nonlinear differential operator, U a real function, ε a positive pa-
rameter and r ∈ N. In particular, using the same notations of Section 2.4, we consider
the operator

Nu = −4pu + V ′ (u)

which can be extended to complex functions in such a way that N
(
ue−iω0t

)
=

e−iω0 t Nu. Hence, the standing waves of equation (79) are the solutions of the equation

(80) −4u − ω0u + U (x) u + εr (−4pu + V ′ (u)
)

= 0.
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If U (x) ≡ U0, choosing ω0 = U0 equation (80) reduces to (61) (with a = 1 and
b = 2εr/p) and the solutions uq found in theorem 4 allow us to construct the family
of standing waves

ψq (x, t) = uq (x) e−iV0t , q ∈ N\ {0}

which, by using the (Galileian) invariances of (79), give rise to the travelling solitary
wave solutions

ψq,k (x, t) = uq (x − 2kt) e−i(k·x−ωt), q ∈ N\ {0}

where k = v/2 and ω = U0 + |k|2. In [1] and [12], the properties of these solutions
are studied and their orbiltal stability is proved (for suitable values of k).

In the case of U (x) nonconstant, the standing waves of (79) are determined by the
solutions of the nonlinear eigenvalue problem

−4u + U (x) u + +εr (−4pu + V ′ (u)
)

= µu

which (with r > p − N) has been studied in a perturbative setting in [23] and [24], on
RN and in a bounded domain respectively (the latter is the case of the so-called solitary
waves in a box).

2.5.3. Semiclassical limit

One of the basic principles in quantum mechanics is the correspondence principle.
According to this principle, the quantum mechanics contains the classical mechanics
as limit for h̄ → 0 (see [64]). Let us see how this limit can be formally performed.
Considering the Schrödinger equation

(81) i h̄ψt = − h̄2

2m 4ψ + V (x)ψ ψ : R
N × R → C

we can write

ψ (x, t) = u (x, t) ei S(x ,t)
h̄ , x = (x1, ..., xN ) , u, S ∈ R, u > 0

so that equation (81) takes the form

(82) St + 1
2m |∇S|2 + V (x)− h̄2

2m

4u

u
= 0

(83) m
∂

∂ t
u2 + ∇u2 · ∇S + u24S = 0.

Now we assume that

• h̄ → 0

•
∫

|ψ|2 dx =
∫

u2dx = 1
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• the probabilty density u2 concentrates around a point q (t), namely u (x, t) =
v (x − q (t)) and v2 (x − q (t)) → δ (x − q (t)).

Thus, from (83) we get

−m∇v2 · q̇ + ∇v2 · ∇S + v24S = 0

and, upon multiplying for a test function φ and integrating by parts,

0 =
∫
v2 (mq̇ − ∇S) · ∇φ dx → (mq̇ − ∇S (q, t)) · ∇φ (q) .

Hence, with the above assumptions, equations (82) and (83) formally become

St + 1
2m |∇S|2 + V (x) = 0

mq̇ − ∇S (q, t) = 0

which are the Hamilton-Jacobi formulation of the Newton equation

mq̈ + ∇V (q) = 0.

However, this formal deduction cannot in general be performed rigorously. One of the
main difficulties is related to the fact that equation (81) is dispersive and a wave packet
spreads in a short time. For this reason it is interesting to consider the semiclassical
limit for nonlinear Schrödinger equations, in which the nonlinear terms compensate
the dispersive nature of equation (81) and solitary wave solutions appear.

Pushing further the methods discussed in Section 2.4, this kind of study has been
developed in [8], [9] and [39], [40], [41].
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[48] ESTEBAN M.J. AND SÉRÉE., An overview on linear and nonlinear Dirac equations, Discrete Contin.
Dyn. Syst. 8 (2002), 381–397.

[49] FADDEEV L.D. AND KOREPIN V.E., Quantum theory of solitons, Phys. Rep. 42 (1978), 1–87.

[50] FELSAGER B., Geometry, particle and fields, Odense University Press, 1981.

[51] FLASCHKA H. AND NEWELL A.C., Integrable systems of nonlinear evolution equations, in: “Dynam-
ical Systems, Theory and Applications” (Moser J. ed.), Lect. Notes Phys. 38, Springer-Verlag, Berlin,
Heidelberg, New York 1975.

[52] FORTUNATO D., ORSINA L. AND PISANI L., Born-Infeld type equations for electrostatic fields, J.
Math. Phys. 43 (2002), 5698–5706.

[53] FRENKEL J. AND KONTOROVA T., On the theory of plastic deformation and twinning, Fiz. Zhurnal 1
(1939), 137–149.

[54] GARDNER C.S. AND MORIKAWA G.K., Similarity in the asymptotic behaviour of collision free hydro-
dynamic waves and water waves, Courant Inst. Math. Sci. Res. Rep. NYO-9082, New York University,
New York 1960.

[55] GELFAND I.M. AND FOMIN S.V., Calculus of variations, Prentice-Hall, Englewood Cliffs, New Jer-
sey 1963.

[56] GIAQUINTA M., HILDEBRANDT S., Calculus of variations I - The Lagrangian formalism, Springer-
Verlag, Berlin, Heidelberg 1996.

[57] GIBBON J.D., A survey of the origins and physical importance of soliton equations, Phil. Trans. Roy.
Soc. London A 315 (1985), 335–365.
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56126 Pisa, ITALIA and Centro Interdisciplinare per lo Studio dei Sistemi Complessi (CISSC)
e-mail: benci@dma.unipi.it

Marino BADIALE, Sergio ROLANDO, Dipartimento di Matematica, Università di Torino, via Carlo
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