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V. Demichdlis

UNIFORM ERROR BOUNDS FOR CAUCHY PRINCIPAL
VALUE INTEGRALS

Abstract. We prove a uniform convergence theorem for the numerical evaluation of certain
weighted Cauchy principal value integrals which also gives the order of magnitude of the er-
ror. This theorem is then applied to derive uniform error bounds in the numerical integration
of these integrals based on several spline approximations. These bounds are given in terms
of the norms of the underlying spline spaces.

1. Introduction

In this paper we derive a uniform error bound, with respect to the parameter A, in the
numerical evaluation of weighted Cauchy principal value (CPV) integrals of the form

f(X)

X—=A

1) | (wap T3 ) 1= fJ)wa,a(x) dx),

where J :=[-1,1], X ej:: (—1, 1) and wqg is the Jacobi weight function
(2) wap(X) = L=20*L+0), B> -1).

A sufficient condition on f, ensuring that | (weg f; 1) exists, is
3) feLlu(A), A>0), 0<u<l),

where
Lu(A) :={geC): w(g:t; J) < At}

and, for g € C(J)), Yw(g; t; J) is the modulus of continuity

w(g;t; J) = , max | [9(X + h) —g(x)|).
O<lh|<t

A standard way to evaluate | (weg f; A) numerically is to replace f by an approxi-
mation fn from a sequence { fn} such that | (wag fn; A) can be evaluated analytically or
easily approximated numerically for all n [24].

In many cases, f, is given in the form

n
fn = Z f (Xin)@in

i=0
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so that | (wep T; 1) is approximated by the quadrature sum

n
(4) | (wap Frs 1) = Y F(Xin)| (@apgin; 1).
i=0

We consider the approximation error
®) r(x) == f(x) = fa(x)

and the quadrature error | (wapgln; 1).
A general uniform convergence theorem, providing sufficient conditions for

| (weptn; A) — 0asn — oo, uniformly with respect to A ej, is proved by Rabinowitz
in [20], whereas in [24] he generalized this result by proving a uniform convergence
theorem for Hadamard finite part (HFP) integrals which are derivatives of CPV inte-
grals. In [11] examples of splines sequences for the evaluation of such HFP integrals
are provided.

The previous uniform convergence results [20,24] did not provide uniform error
bounds. In [16] a uniform bound for |1 (wegrn; A)| is given in the case « = B = 0,
where f e C1(J) is approximated by splines with not-a-knot end conditions [5]. In
[17,18] this result has been generalized to HFP integrals approximated by different
types of spline-based quadratures, for which error bounds are provided uniformly with
respectto A in[—1+ 68,1 — 8], forevery § > 0.

Here we continue Rabinowitz’s work [20] by proving a uniform convergence the-
orem for the numerical evaluation of the CPV integral (1) with Jacobi weight (2) and
f satisfying (3), which also gives a bound for |l (wagrn; A)| uniformly with respect to
)

We shall consider sequences of approximations { fn} with f, € ﬁn where S};
is a space of polynomial splines of order m based on a sequence of partitions {ITy :
ton == =1 < t1n < --- < tyn = 1}, from which the sequence of spline knots
{Yn} and quadrature nodes {Xn} are derived. Setting hin := ti+1.N — tin, We say
that {ITy} is locally uniform (L.u.) if there exists a constant L > 1, so that L=1 <
hi_in/hin < L), 1<i < N-—1,)all N). We define the norm of Iy, Hy =
Hpn := maxp<i<n-1 hin and we shall assume that H, — 0 as n — oo.

We shall consider two different spline spaces SQ"N for the construction of a sequence
of quadrature sums {I (wap fn; A)} Of the form (4) such that |1 (waprn; A)| satisfy the
obtained error bounds.

2. Uniform quadratureerror bound

The following theorem provides a bound, uniform with respectto A € 3 for the quadra-
ture error |1 (wggrn; A)|, with ry given in (5).
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THEOREM 1. Consider the CPV integral (1) with Jacobi weight (2) and f satisfy-
ing (3). Assume that we are given a sequence of approximations { f,} and a sequence
of positive quantities H,, such that f, € C(J) and

() (1) =0 if)a<0
m=H=0 if )p=<0

(i) max|rp(x)] < cHA), c¢c>0
xed
(iii) rn € Ly(Ap), forsome Ap > Oandall n.
If u +y > 0, wherey := min)(e, B), then

O(H#'[log Hn)), ¥ =0

|| (wapln; )\)| = { O(H#—H/), y < 0).

In particular, the O-term holds uniformly with respect to A in 3

n(X) . n( ) n( )

and we write
1
I (waﬂrn; A) = /1a)a,3(x)gn(x)dx +rn()l (a)a,g; A) =T+ To.

By the symmetry of the problem, we can assume that » > 0.
In order to bound | T2| we consider that in a neighbourhood of A = 1 [20]

] O(@=n%) +C ifaisnotan integer
(6) | (@op; ) = { O((1 — ¥ log(l — )| +C) if isan integer.

We can find s > 0 sufficiently small so that, for all A in (1 —s,1)),) (6) holds.
Assume that n is sufficiently large so that H, < s. In the sequel we shall denote by
Kj),)j =1,...,7),) all positive constants independent of A and n.

We consider at first the case A € [1 — Hp, 1),i.e. 1 — A < Hp. If o < 0 then, since
rn(1) = 0, we have that [20]

) Irn)] = Ir@) — )] < 0(rn; 1—2; J) = O((1 — 1)
and, using (6) and (7), for some k; > 0
T2l < k(1 — 2)PF < kgHAH®,

If « = 0, by using (6) and (7), we consider that the function x*|log x| increases
1 1
monatonically in (0, (1/e)ﬁ], so that, for n such that H, < (1/e)#),) we have for

some ko > 0
[T2] < ka(1 — 2)*|log(1 — A)| < kaHA[log Hy).
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If « > 0, by using (6) and (ii), for n such that H, < (l/e)%), we have for some

ks, ks > 0
T2l < ksHA (H log Hn| + C) < kaH/).

Inthecasel —s < i <1— Hp,i.e. Hy <1— X < s, by (6) and (ii), we can write for
a<0
T2l < ksHY (1 — 0% < ksHL ™, ks > 0),

whereas foro > 0
[To| < keHE), ke > 0).

If « = 0) then, for some k7 > 0),
[T2| < kzHiTlog(1 — 1)| < kzH['[log Hn|.
Finally, in the case » € [0,1 —9)), | (wap; A) = O(1) [20] and, consequently,
| T2| = O(H¥).

In order to bound | T1| we considerr € (0, 1/2) and n sufficiently large that Hy < r.
We write

—1+r 1
T1 =/ wep (X)Gn(X) +/ wap (X)Gn()dX 1= 11 + 12).
-1 —1+r

We consider that forA > 0and0 <r < 1/2
8 I+x<Xx=A , —l=<x=<-1+4r
and

>IX—=A], =1+r=<x<@4+1r)/2

9) A-=x){ =Ix=Al, x=01A+1)/2
<|X—=Al, QA+1)/2<x=<1).

In order to bound |I1] we set

n = max (1-—x)“
xe[—1,—1+r]
and write
—14+Hn

—1+4r
1] < m/l L+ 3P gn(x)|dx = m[/ (1 + %P |gn(x)|dx

—1+r
+f L+ gn(01dx | := mIR: + Re]
—14+Hn

Since by (8) |x — A|*1 < (1 4+ x)*~1, we obtain
AlH#+ﬂ

~1+Hp it
R1§A1/ A+ x)P™H 2 dx = ———).
1 u+p
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In order to bound R, we consider the following cases. If 8 < 0, using (8) and (ii), we
have that

—i4r 1 2c 4c
Ry < ZCH#/ A+xPldx < =HFrP + HE) < —HETP)Y.
—1+Hy 18] 18]
If B > 0 then, setting ny := [nzaxl ](1 + x)#, using (ii) and noting that | — 1 +
Xe[—1,—1+r
Hn — A| > Hp and that
(10) | —1+r1 — A > Hp),
we obtain
—14r
R < ancH#/ Ix — A" tdx < 4nocHY | log Hpl.
—1+Hn
In order to bound |I>| we set
_ rn(x) —rn(d)
= max (1+x)P), X):=(1—x)*——— 17
n3 xe[—1+r,1]( +X)7), G (X)) = ( ) Y

and write

A—Hn 1
<l [ 1gn00idx+ [ ian0olex] i ral R+ Ral

—1+r

In order to bound R3 we have to consider the following cases.

If A — Hy < 1 —r then, by setting n4 := max (1 — x)* and using (ii) and (10)
Xe[—1+r,1-r]
we obtain
(11) Rs < 2nacHy'| log Hnl).
Inthecase A — Hnh > 1 —r, if @ > Othen (11) holds with ng := max (1 —x)%. If
Xe[—1+r,1]
a < 0, then using (9), (10) and (ii), we obtain
A= Hn 4c
Rs < ZCH#/ Ix — A% ldx < —HA),
—1+4r lex|

In order to bound R4 we have to consider the following cases:

AA+Hy<1-r).
In this case we write
A+Hp 1-r

R = |gn(x)|dx+/ 1Gn()ldx

A—Hn At-Hn

1—Hn 1
+/ |Gn (x)|dX -I-/ [On(X)|dX := Py + P2+ P34 Py).
1 1—Hn

—r
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Setting 5 := max (1 — x)%, by using (iii) we have that
xe[-1,1-r]
A+Hn 2A,
Prsmsha [ = a ot = g,
»—Hn Iz

Using (ii) and a)

1—-r

P, < ch5H#/ dx < 4cnsHY log Hnl).

AtHn X — 4]
Moreover we have that
1—Hp

P3§2CH“/ 1—-x)*
" i [X — Al

dx).

Then in order to bound P3 we consider at first the case @« > 0. Setting ng :=

max (1 — x)* and, using a), we have that
xe[l-r,1]

1—Hn

P < ZCneH#/ dx < 4cngH | 1og Hal).

1 IX—2]
Ifa <Oand (1+21)/2 <1—r then, using (9),

1-Hn 1-Hhn

P < ZCH#/

4c
(L—x)%x—A|"tdx < ZCH#/ (1—x)tdx < —HEFo),
1—r

1-r e
Ifa <Oandl—r < (1+A)/2 <1— Hp,then
(1+2)/2
P; < ZCH#[/ (1 —x)%|x — A| " tdx
1

—r
1=Hn 4¢ (1
+/ (1—x)“|x—x|*ldx] <— <—+1> Hte),
(142)/2 ler] \ 2%
since by (9),
(1+xr)/2 (1+2r)/2 1 1
/ (1—x)°‘|x—k|*1dx5/ Ix — A|*ldx < (—+1> —HZ
1-r 1-r 2¢ lex|
and
1—Hn 1—Hp 1 1
/ (1—x)"‘|x—k|_1dx5/ (1 —x)*tdx < <1+—) —HY.
(1+20)/2 (1+1)/2 2¢ /] ||

In order to bound P4, we obtain using (9) and (iii) that

1 1 A
Py < A1/ (1 —x)%x — A*Ldx < A1/ (1—xrtrelgy = 7 HATey.
1—Hn 1—Hn nto
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b) A+ Hn > 1.
Using (iii) we write

1
Ry < Alf (1 —x)¥x — A[*1dx).
A

,Hn
Ifa > 0thenwesetn7:= max (1 — x)% and the following bound holds for R4
Xe[—1+r,1]
1
A
Ra < n7A1/ =it < T8y
A—Hn 2
since
12) 1— A < Hp).

If @ < 0, taking in accountthat A < (1 + A)/2 < 1, we set

1 (1+1)/2
/ (1 — x)%|x — A|*"tdx =/ (1 — x)%|x — A|*"tdx
A—Hn A—Hn

1
+/ A =x)%x —A*dx =S + D).
(

14+2)/2

Using (9) and (12) we obtain

(1+2r)/2 _ n+o
S_I_ < / |X _ k|lt+a71dx < p i:'_a |:<1T)L> + HAL+01:|
A—Hn

HAL‘HX 1
1
e ()
and, similarly,

1 + +
SZ < / (l _ X)I'H‘O!*ldx — 1 (1__)”)“ * < L)
~Jaw2 wta \ 2 T 2rte(pu+a)

3. Examplesof splinesfor quadratures

In this section we shall give some examples of sequences { f,} which satisfy (i)-(iii) of
Theorem 1.

A first example can be derived from the sequence of approximating splines {Qn, f },
obtained by applying to the function f the quasi interpolating (g — i) operator Qp
defined in [19], and used for numerical integration in [3,4,8].



162 V. Demichelis

In order to define Qy, f, we start with a polynomial spline space SY":] defined by a
positive m, the order of the splines in the space, and a partition TTy.

The knot set Yn := {Yon, Yin, .-, ¥n+m—1.n} is derived from 1y and a set of
positive integersd;,i = 0,1, ..., Nwithdg =dy = mandd; <m,i =1,..., N-1.
The yip are given in nondecreasing order by taking each point of Iy exactly d; times,
sothatn = Y M d;.

A basis for $; is provided by the set of normalized B-splines of order m
{Bi(xX);i =0,...,n—1} defined in [25].

We consider, for | < m, a set of points, called g — i points, {zjj; j =1,...,1;i =
0,1,...,n—1} suchthat 7j, # i, forv # pu.

The spline Qn f can be represented by [3]

n-1 |
(13) an:=2(zvijf(fij)>5i>,
i—0 = j—1

where

| v
vij =Y ain/ [ - as)
v=]j s=1
S#]
and the coefficients «;,,, defined in [19], are such that Qnp = p for p € R, where R
is the set of polynomials of order |.

Since a g — i point 7j; may coincide with another g — i point zpq, the number
of distinct function values in (13) can be less than nl. Of course, the set of distinct
g — i points will coincide with the set of nodes X, of the quadrature sum obtained in
replacing f by Qn f in (1).

In particular, if we set| = 2 in (13) and choose as g-i points the Schoenberg points

{tll = (y|+1,n + e + y|+m*1,n)/(m - 1)7 I = Os 1» ceey n— l})s

then oj2 = 0,i = 0,...,n — 1[19], leading to the Schoenberg variation diminishing
spline. In this case {Qn f} will satisfy (i) and, for L.u. {TTn}), ) (ii) and (iii). Conse-
quently, {Qn f } will be a viable candidate for { f5} in Theorem 1.

In the case | > 2 there have been many suggestions for the choice of q — i points
[3,8,22,23], which lead to sequences {Qn f} satisfying (ii) and (iii) if {ITn} is lL.u.,
but, in general, the condition (i) will be not true. We will obtain a sequence { f,} for
Theorem 1 by introducing the following modified splines [10]

n-2 |
Quf = f(~DBo+>_ (Y vij F(m)))Bi + F(LBn-1),

i=1 j=1

for which Qn f(£1) = f(£1) and the conditions (i)-(iii) are true if {ITn} is l.u.
A further example is provided by the optimal nodal (0.n.) splines introduced in
[13,14], studied in [7,10,12,15] and used for numerical integration in [1,2,6,21].
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Letm>2 N=n>m-1and Iy = X, i.e. the partition ITy coincides with
the quadrature nodes set X,. We shall call the points of X, the primary knots of the
spline.

The spline knot set Y, is obtained by inserting (m — 2) distinct points in each

interval [Xin, Xi+1,n],i =0,...,n—1,so0that ym—1jin = Xin, i =0,...,n.
Since all knots have multiplicity equal to one, the spline will be C™2(J). We
consider the set of nodal basis functions {w;j(x); i = 0, ..., n} defined in [12,15] and

the spline space S‘Q; spanned by {wi}. The defining formula for Wy f € S@] is given by

n
Wh f (X) := Z f (Xin)wi (X)).
i=0

Since wj(Xjn) = &ij, i, j = 0,...,n, the condition (i) of Theorem 1 is true for
W, f).) Moreover (ii) holds if {Xp} is L.u. and (iii) is true if {Yn} is L.u.. Consequently,
{W, f} is a viable candidate for { f,} in Theorem 1.
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