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Co-SEMIGROUP AND OPERATOR IDEALS

Abstract. Let T(t),0 <t < oo, be a one parameter cg-semigroup of bounded linear op-
erators on a Banach space X with infinitesimal generator A and R(x, A) be the resolvent
operator of A. The Hille-Yosida Theorem for cg-semigroups asserts that the resolvent oper-
ator of the infinitesimal generator A satisfies ||[R(x, A)| < % for some constants M > 0
and A € R (the set of real numbers), » > . The object of this paper is to investigate when
a Cp-semigroup can be in some operator ideals and to show that the previous inequality may
not hold for certain ideal norms, including the p-summing, nuclear and the Schatten norms.

Introduction

Let X be a Banach space. A one parameter family T (t), 0 < t < oo, of bounded
linear operators from X into X is called a one parameter semigroup of bounded linear
operatorson X if: (i) T (0) = | (the identity operator)and (ii) T (s+t) = T ()T (t) for
all s,tin [0, co) . A semigroup, T (1), is called strongly continuous if tIin&T(t)x =X

for every x € X. A strongly continuous semigroup of bounded linear operators is
called a co-semigroup. If T (t) is a co-semigroup, then there exist two constants M > 0
and w € (—oo, 00), such that || T ()| < Me“! forall t € [0, co). The linear operator
A defined by :

D(A) = {x € X : lim T X exists} and Ax = lim 12X for x € D(A),
t—0*+ t—0t

is called the infinitesimal generator of the semigroup T (t) and D(A) is the domain
of A. The resolvent set of A is denoted by p(A) and for A € p(A), the operator
R(x, A) = (A — A)~Lis the resolvent operator of A. It is known, for co-semigroups,
that D(A) is dense in X, A is a closed operator and the resolvent operator R(A, A) isa
bounded operator for all A € p(A). We refer to [6] and [12] for excellent monographs
on semigroups.

The Hille-Yosida Theorem (see[12]) asserts that, the resolvent operator R(A, A) of
the infinitesimal generator A of a g-semigroup T (t) satisfies the inequality :

M
1) IRGL A =

for w and M as above and for A > w. The norm of the resolvent operator in (1) is the
usual operator norm. However, there are many important norms on different classes of
bounded linear operators on X. It is natural to ask : Doesinequality (1) hold truefor
normsother than the operator norm?

In this paper we address two questions :

i) IFT() € J(X) € L(X) for some ideal J(X) with ideal norm ||.||;, can we
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prove a similar type of inequality of the form:

M
@ IRG Ay < 5=

for w and M as above and for A > w with A € p(A)?

(ii) When can a cp-semigroup be in some ideal J(X) € L(X)?

Problem (ii) was studied by Pazy [10] for compact operators K(X) € L(X) on
any Banach space X. For the ideal of Hilbert-Schmidt operators on a Hilbert space
H, C2(H), the problem was discussed by Pazy [11]. Khalil and Deeb [8] studied the
problem for the ideal of Schatten Classes Cp(H) € L(H).

Throughout this paper, the dual of a Banach X is denoted by X*, and B1(X) is
the open unit ball of X. For x* € X* and x € X the value of x* at x is denoted by
< X*, X > and x* ® y denotes the operator (x* ® y)(x) =< x*, X > y. The set of real
numbers will be denoted by R, and the set of positive integers by N.

1. Basic propertiesand examples of operator ideals

Let X be a Banach space and L (X) be the space of all bounded linear operators from
Xinto X. For T € L(X), ||T || denotes the operator norm of T.

DEFINITION 1. Let J(X) be a subset of L(X). The set J(X) is called an ideal of
operators in L(X) if :
(i) J(X) is a subspace of L (X).
(iH)PTQeJ(X)forall T € J(X)and P, Q € L(X).
(iii) J(X) contains all finite rank operators in L (X).
A function ||.||; : J(X) — [0, o0) is called an ideal norm on J (X) if the follow-
ings are satisfied :
@) |I.l; isanormon J(X).
i) Ix*®ylly = Ix*Ilyll forall one rank operators x* ® y.
(i) IPTQIy < IPIIQIITI, forall P, QinL(X)and T € J(X).

We refer to [7] and [13] for an excellent treatment of operator ideals. Now we present
the basic examples of ideals of operators in L (X) and the associated ideal norms. Let
P.q € [1, 00).

(a) Anoperator T € L(X) iscalled (p, q)-summing if there exists A > 0 such that

1 1

n P n q
(3) (Z ||T(Xi)||p> <A sup (Z |<xi,x*)|“)

i Ix*l<1 \i={
for every finite set {x X2,..xn} < X. Let ITpq(X) denote the set of all (p,q)-
summing operators in L(X). For T e ITp q(X), the (p, q)-summing norm of T is
ITlicp,q = Inf{A : (3) holds}. It is known that, ITp o(X) is an ideal of operators in
L(X) and [I.|lr1(p,q is @n ideal norm on ITp q(X).
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(b) Anoperator T € L(X) is called strongly (p, g)-summing if there exists A > 0
such that :

(4) sup

Z(n., X;) <A(Z I ||p)

for all finite sets {x X2, ...Xn} € X, where the supremum is taken over all finite sets
(X}, ...xk} € X* for which ) |< X, x >|q < 1forall x € B1(X). Let Dp g(X)
denote the set of all strongly (p, q)-summing operators in L(X). For T € Dp q(X),
the strongly (p, g)-summing norm of T is || T [p(p,q) = inf{A : (4) holds}. It is known
that, Dp,q(X) is an ideal of operators in L(X) and || T [[p(p,q) is an ideal norm on
Dp,q(X).

(c) Let H be a Hilbert space and T be a compact operator in L(H). Then T hasa

representation T = Z A€ ® fi, where (g;), (fi) are sequences of orthonormal vectors

in H and limA; = 0 The Schatten class of index p on H, denoted by Cp(H), is

i—o00

the set of compact operators T = Z Aiej ® fi in L(X) for which >” [Ai|P < oo. For
T € Cp(H), set Tll, = sup(>_ 1< T6;, 6 >|p)T13, where the supremum is taken
over all orthonormal sequences (6;), () in H. It is known that, Cp(H) is an ideal of
operators in L(H) and ||.||, is an ideal norm on Cp(H).

(d) An operator T € L(X) is called Cohen (p, q)-nuclear operator if there exists
A > 0such that :

n

Z(Txi, I*

i=1

(5) sup

1
q
<\ sup (E |(xi, x* )

Ix*<1

for all finite sets {xl,xz, ...xn} C X, where the supremum on the left hand side of
the inequality (5) is taken over all (x;) in X* for which ) |< X, X >|p < 1 forall
x € B1(X). Let Np q(X) denote the set of all Cohen (p, g)-nuclear operators in L(X).
For T € Npq(X), set [T lIncp,qy = Inf{2 : (5) holds} . Itis known,[2], that Np q(X)
is an ideal of operators in L(X) and ||.[In(p,q) is an ideal norm on Np q(X).

(e) An operator T € L(X) is called integral operator if T admits a factorization:

T i

X - X —  X**
P _ + Q
Lo°(Q, 1) EN LY, w),

where w is a finite regular Borel measure on some compact Hausdorff space 2, J :
L®(2, u) — LY, w) is the canonical inclusion of L>(2, w) into L1(Q2, u), Q €
L(LL(, ), X*), P e L(X, L>®(, 1)) and | is the canonical embedding of X into
X**, Let 1(X) denote the set of all integral operators in L(X). For T € 1(X), set
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IT llint = ] (2). Itis known that I (X) is an ideal of operatorsin L(X) and ||.|ljnt IS
an ideal normon I (X).

(f) An operator T € L(X) is called nuclear operator if T has a nuclear repre-

o o
sentation : T = Z X ® yi with Z [x* | Ilyill < oo. The set of nuclear operators

on X is denoted by N(X) and for T € N(X), set [T, = mfZ x| llyill, where

the infimum is taken over all nuclear representations of T. It is known that, N(X) is
an ideal of operators in L(X) and ||T ||, is an ideal norm on N(X). Further, if X is
reflexive, then N(X) = 1 (X).

Examples (a), (b), (c), (e) and (f) are discussed in details in [7] and [13].

2. Operator idealsand the s.d. Property

Let J(X) be an ideal of operators in L (X) with ideal norm ||.|| 5 .

DEFINITION 2. The ideal J(X) is said to have the strong domination property if
for every sequence (Ty,) of operators in J(X) for which I|m Tnx =Tx forallx € X

and || Tpll; < & forsome & > Oandalln =1,2,3... thenT eJ(X)and |T|; <é&.
We will write s.d property for the strong domination property

If X is infinite dimensional, then the ideal of compact operators K(X) < L(X)
does not have the s.d. property since |, the identity operator, is not compact.

Now, we present some examples of operator ideals that have the s.d. property.

LEMMA 1. The following ideals of operators have the s.d. property : TIp q(X),
Cp(H), p =2, Dpq(X), Npg(X) and I (X).

Proof. That ITp q(X) satisfies the s.d. property follows from the definition. The case

of Cp(H) follows from Cp(H) = ITp2(H), p = 2,[9]. The proof for Dp q(X) and

Np,q(X) follows from the definition of such ideals. So we prove only the case of I (X).
Let (Tn) be a sequence in 1 (X) such that sup || Tyllij, < & forsome & > 0 and

n
nIim Tax = Tx forall x € X. By Proposition 17.5.2 in [7] we have :
— 00
Itr (TS < Tallint IISII

m
for every finite rank operator S in L(X). If S=3" x* ® xi, then
i=1

ltr(TaS)| = < I Tallinc ISIF =& IS -

m
Z ThXi , i*
i=1
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Since lim Tox = Tx forall x € X we get:

n—oo

m

()

i=1

itr (TS| = <&|SlI.

Another application of Proposition 17.5.2 in [7] implies T is an integral operator and
ITllin <§. u

COROLLARY 1. IfY isreflexive, then the ideal of nuclear operators N (X) satisfies
the s.d. property.

Proof. Since Y is reflexive, then by Theorem 17.6.4 in [7] we get N(X) = 1(X).
Hence, N (X) satisfies the s.d. property. O

3. co-semigroupsand oper ator ideals

Let J(X) be an ideal of operators in L (X) with ideal norm ||.||; such that (J(X), ||.1l3)
is a Banach space. We call J(X) a Banach ideal. Let T(t), 0 <t < oo, be a one
parameter cg-semigroup of operators in L (X) with infinitesimal generator A and resol-
vent operator R(A, A). The main result of this section is : Inequality (2) can’t hold true
for any ideal norm ||.|| ; different from the operator norm, for which J(X) satisfies the

s.d. property.

LEMMA 2. Let T(t) be a co-semigroup on a Banach space X and J(X) be an
ideal in L(X) . If T (tg) € J(X) forsometg > 0, then T (t) € J(X) forallt > to.

Proof. Fort > tp,

T =T —-to+1t) =TTt —to).
Since T (t — tp) is a bounded linear operator for all t > tg and T (tg) € J(X), then
T() € J(X) forallt > tg. O

LEMMA 3. Let T(t) be a co-semigroup on a Banach space X with infinitesimal
generator A and J(X) be an ideal in L(X) that has the s.d. property. If T (t) € J(X)
forallt > Oand ||[T()||; < & in (0, ¢) for somee > 0, thenfor 0 < a < ¢, the

a

operator Ga : X — X, Gax = [e ST (s)x ds, for any x € X, belongs to J(X) and
0

1— —Aa
IGally < &=5—.

Proof. Foralln € N, since T(t) € J(X) forallt > 0and ||T(t)||; < & in (0, ¢) for

n _
some € > 0, the operators G s, defined by Ganx = 3 Ll(tk)x isin J(X) and
k=1

n

e~ MkT ()
2

k=1

n n e*)»tk

e M| T (t) Il 5 1—e "2
D R S bl e

J k=1 k=1

||Gan||J =
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where, (k_% <tk < k—rf‘

Since T (s) is strongly continuous, the operators G, converge strongly to the op-
erator G,. By the s.d. property the operator G, € J(X) and [|Gall; < é}l_‘fka. O

Now we prove one of the main results of this paper.

THEOREM 1. Let T (t) be a co-semigroup on a Banach space X with infinitesimal
generator A and J(X) be a Banach ideal in L(X) that has the s.d. property. Then
following are equivalent :

(i) RO, A) € J(X) forall » € p(A) and [R(A, A)ll; < £ for some g > 0
and A >w>0.

(i) T@) e J(X)forallt >0 and ||Tt)|l; <& in (0, ¢) for some ¢ > 0.

Proof. (ii) — (i). For ne€ N, A € R, A > w, define:
o0
Rn(h, A)X = /e‘AST (s)x ds
1
r100

/e**ST(%)T(s - %)x ds

1
n

17 1
T(—)/e**sT (s — =)xds.
n n
1
n
Since J(X) is an ideal in L(X), T(%) € J(X) forall n € N, and the operator
o0
P, defined by P(x) = [ e ST (s — %) xds, is a bounded linear operator in L (X) for
1
A > wandalln € N, the operators Ry(A, A) € J(X) forallnandallA e R, A > w >
0. Further more, since T (t) is a co-semigroup, then HT(S — %)H < Mew(sf%), [12]. So

using (i) forn € N, % < ¢, we get:

1 1
IRn(A, Ay = HT(—)P < HT(—) 1P
n J Ny
i M
< gen /e*AsMe“’sds _ M %
A—w

1
n

Since T (t) € J(X), by Lemma 3, the operator Rp (%, A) — R(%, A),

1

(Rn(x, A) — R(x, A)) x = fe—*ST(s)x ds
0
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isin J(X) and [[Rn(, A) — R(A, Al < & A=eD 1
n(A, A) = RA, Ay =§ = forne N, & <e.

Since Rh(, A) € J(X) foralln, nIim % =0and (J(X), |I.Il;) isaBanach
— 00
space, it follows that R(x, A) € J(X) for A > w > 0 and

IRG, A)lly = | lim RaG. A)|
n—oo J
= lim ||[Rh(X, A)ll;
n—oo
Mg M
< lim § e =—$ .
n—ooA — A—w

The resolvent identity,

implies R(u, A) € J(X) forall u € p(A).
Conversely (i) — (ii). Since T(t) € L(X) forallt > 0and R(x, A) € J(X) for
all & € p(A), itfollowsthat AR, A)T (t) € J(X). But [R(x, A)|| < 74 for & > o,
and
lim AR(A, AT ()X = T (t)x,
A—00

forall x € X, since T (t) is a co-semigroup,[12]. Hence

B

—w

ARG, AT Ol < ARG, AlIZ ITOI < Y IT@I .

Consequently, there exists y > 0 and & > 0 such that
A
ARG, AT MO = Vﬁ—
A—w

forallt € (0,¢) and A > w. The s.d. property of J(X) gives T(t) € J(X) for
allt € (0,¢). Lemma 2 then implies that, T(t) € J(X) forall t > 0. Further,
since {ﬁ : A > w > 0} isabounded set, it follows that fort € (0,¢), |TM)I|; <y

sup% . |
A
As a corollary we get :

THEOREM 2. Let X be an infinite dimensional Banach space and T (t) be a co-
semigroup in L(X). The Hille-Yosida inequality for the resolvent operator R(x, A) of
the infinitesimal generator A of T (t) is not true if the operator norm, |R(A, A)||, of
R(x, A) is replaced by an ideal norm ||R(x, A)||; for any Banach ideal J(X), prop-
erly contained in L(X), that satisfies the s.d. property.

Proof. Since (ii) in Theorem 1 implies that I € J(X), the result follows. O

In the next result, the boundedness condition on || T (t)|| in Theorem 1 is replaced
by an integrability condition.
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THEOREM 3. Let T (1) be a co-semigroup on a Banach space X with infinitesi-
mal generator A and J(X) be a Banach ideal in L(X) that has the s.d. property. If
T@t) € J(X) forallt > 0, T e L1((0,t9), J(X)) for some tg > 0 and the integral

to

[Ae**s IT(S)|; ds is boundedin A, then R(A, A) € J(X) forall A € p(A) and
0

IAR(A, A)|l; is bounded for large A.

Proof. Since T e L((0, 1), J(X)), it follows that for 0 < t < to, T €
t

L1((0,1), J(X)) and tIing)f IT(s)||; ds =0.For » € p(A), A € R, A > w and
=%

0 <t < tp, define:

Ri(A, A)X = /e‘*ST (s)xds = T(t)/e‘AST (s —t)x ds.
t t

(o)
Since T (t) € J(X) and the operator P, P(x) = [ e ST (s —t) xds, is a bounded
t
operator in L(X) for A > w, the operator R¢ (A, A) € J(X) and

t

/e**sT (s)ds

0

IRt(x, A) — R, A)lly =

t
s/nT(s)nJ ds,
J 0

noting that sup e=*$ < 1. Consequently, lim ||R¢(x, A) — R(x, A)||; = 0. Fur-
se(0,t) t—0
ther, since J(X) is a Banach space, it follows that R(x, A) € J(X) forall A € R,
A > wand

00 00 (n+1)tg
ARG, Ay = f)\e—*ST(s)ds = Z f Ae ST (s)ds
0 J n=0 nto

J
(n+Dtg

o
= ZT(nto) / 26 7*ST (s — ntg) ds
n=0

ntp

J
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00 to
ZT”(to))\fe_”Moe_*ST (s)ds
n=0 0

J
to

o0
P IT I e ™o [e T o)l ds

=
n=0 0
to 00

= 4 / e Tl ds Y (IT to) ) e0)"
0 n=0

A

to
—AS
= e T(s dS,
e IIT(to)II/ 1T
0

to
noting that for large 1, e | T (to)|| < 1. But A [e™*$||T(s)[l; ds is bounded by

0
assumption. Thus [|[AR(A, A)|| ; is bounded for large A.
The resolvent identity,

RO, A) — R, A) = (n = MR, AR(u, A),

implies that R(u, A) € J(X) forall u € p(A). O

4. When isa semigroup in some operator ideal?

Throughout this section, J(X) is an ideal in L(X) with ideal norm ||.||; for which
(J(X), [I.1l3) is a Banach space.

THEOREM 4. Let T (t) be a co differentiable semigroup on a Banach space X
with infinitesimal generator A. If there exists Ao € p(A) such that R(Ag, A) € J(X),
then T(t) € J(X) forallt > 0.

t
Proof. With no loss of generality, assume Ao = 0. Define : B(t)x = T (s)x ds. Then
0

B € L(X). Using Theorem 2.4 [12] we have :
t
AB(t)x = A/T(s)x ds=T@H)x —x = (T() — )x
0

forall x € X. Hence —AB(t) = (0 — A)B(t) = | — T (t). This implies

B() = RO, A)(I — T (t)).
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Since R(0, A) e J(X)and | — T (t) € L(X), the operator B(t) € J(X) forallt > 0.
But T (t) is strongly continuous. So,

TH)x =

Sle

t . 1
/T(s)x ds = nL"Qon (B(t + H)x — B(t)x)
0

in X. Put

Dh(H)x = n <B(t + %)x — B(t)x)

n <R(0, A) (I T+ %)) x — R(0, A) (I — T(t))x)

nR(0, A) (T X = T(t + %)x) .

Since T (t) is differentiable, so lim n (T ) —T+ %)) = —T/(t) and
n—o00
T)x = lim Da(t)x = —R(0, A)T'(t).
n—oo

Thus, T (t) € J(X). [l

5. Further results

In this section we present some results on some classes of semigroups of operators on
Hilbert spaces.

THEOREM 5. Let T (t) be a co-semigroup on a Hilbert space H. If T (t) € Cpp, (H)
for some pg > 0, then T (t) € Cp(H) forall p > 0.

Proof. If p> po,then T(t) € Cp(H) since Cp, (H) C Cp(H), [7].
If p < po, then choose n € N such that ’JTO < p. Since T(%) € Cp, (H), then
T(L) e Cw , [4]. But
" t t
TH=TM-)=T"(2).
n n

Hence, T(t) € Cro (H) S Cp(H). O
n
REMARK 1. For self adjoint operators, Theorem 5 was proved in [8].

COROLLARY 2. Let T(t) be a co-semigroup of compact normal operators on
a Hilbert space H and (1n) be the eigenvalues of the infinitesimal generator of T (t).
The following are equivalent :

o0
(i) T(t)iscompactand Y |e*!| < oo.
n=1

(ii) T(t) € C2(H).
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Proof. (i) — (ii). Let T (t) be a compact normal operator in L(H). By the spectral

o
mapping theorem for semigroups,[1], we have T (t) = Y_ e*nte,(t) ® en(t), where
n=1

o0
(en(t)) is a sequence of orthonormal vectors in H. Since Y |e*!| < oo, we have

T(®) € Ca(H) < Ca(H). "~
Conversaly (ii) — (i) . Let T(t) € Ca(H) (so T (t) is compact). Theorem 5

o0
implies T (t) € C1(H). Consequently, Y° |e*n!| < oco. O
n=1

REMARK 2. For self adjoint operators, Corollary 2 is to be found in [1].

THEOREM 6. Let T (t) be a co-semigroup of normal operators on a Hilbert space
H with infinitesimal generator A. Then for A € p(A)and Re A > w, R(A, A) isa
normal operator.

Proof. Since T (t) is normal for all t > 0, then T(H)T*(t) = T*@®)T (t) for all

t > 0. Fors,t > 0ands,t € Q (the set of rational numbers) there exist positive
integers m, n, k, and r such that s = % andt = rK Thus

kn mr
TOT ) =TT = (T(%)) (T*(%)) .
Since T (t) is normal for all t > 0, we have :
TMOT*s) = (T*(i))mr <T(i))kn =T*O)T®).
rn rn
The density of Q in R gives T(t)T*(s) = T*(s)T (t) forall s, t > 0.
Now, for A € p(A), Re A > w we have :

R, AY(R(A, A)* = RO, ARMK, A%

o o0
= /e‘“T(t)dt e MT*()dt
0 0

o0 o0
= //e‘“e‘AST(t)T*(s)dtds
00

— R, AYR(, A)
R(L, A)*R(x, A).

Thus, R(x, A) is a normal operator. O
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REMARK 3. R(A, A) need not be a unitary operator for A € p(A) even if the
co-semigroup, T (t), is a semigroup of unitary operators. The function T : [0, co) —>
L (L2 [0, 1]) defined by : T (t) f(s) = ®(t,s) f(s), where d(s,t) = cosst + i sinst,
t > 0 defines a @-semigroup of unitary operators in L(L2[0, 1]). But its infinitesimal
generator A, Af(s) = isf(s), is not a unitary operator.

Proof. Now, for A € p(A), and Re A > w we have :

R, A)f(s) = /e*“T(t)f(s)dt
0

= * + 'S f(s)
o \s2+4a2 0 5242 '

Hence, R(x, A) is a multiplication operator with W (A, s) = ﬁ + ﬁ ,and

1
IRA: A =¥l = SUp——— = —
> Sp(52+x2)% |A|

So, R(x, A) is not a unitary operator. O
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