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T. Keilen' — C. Lossen*

A NEW INVARIANT FOR PLANE CURVE SINGULARITIES

Abstract. In [5] the authors gave a general sufficient numerical condition for the T-smooth-
ness (smoothness and expected dimension) of equisingular families of plane curves. This
condition involves a new invariant y* for plane curve singularities, and it is conjectured to
be asymptotically proper. In [9], similar sufficient numerical conditions are obtained for the
T-smoothness of equisingular families on various classes surfaces. These conditions involve
a series of invariants y;, 0 < o < 1, with y = y*. In the present paper we compute
(respectively give bounds for) these invariants for semiquasihomogeneous singularities.

When studying numerical conditions for the T-smoothness of equisingular fam-
ilies of curves, new invariants of plane curve singularities V(f) c (C2,0) turn up.
These invariants are defined as the maximum of a function depending on the codimen-
sion of complete intersection ideals containing the Tjurina ideal, respectively the equi-
singularity ideal, of f, and on the intersection multiplicity of f with elements of the
complete intersection ideals. In Section 1 we will define these invariants, and we will
calculate them for several classes of singularities, the main results being Proposition 1,
Proposition 2 and Proposition 3. It is the upper bound in Lemma 3 which ensures that
the conditions for T-smoothness with these new conditions (see [4], [5], [9]) improve
the previously known ones (see [3]). In the remaining sections we introduce some no-
tation and we gather some necessary, though mainly well-known technical results used
in the proofs of Section 1.

We should like to point out that the definition of the invariant y;* below is a
modification of the invariant “y *” defined in [5], and it is always bound from above by
the latter. Moreover, the latter can be replaced by it in the conditions of [5] Proposition
2.2.

NOTATION 1. Throughout this paper, R = C{x, y} will be the ring of conver-

gent power series in the variables x and y, and m = (X, y) <« R will be its maximal
ideal.

1. The yj-invariants

For the definition of the yJ-invariants the Tjurina ideal, respectively the equisingularity
ideal in the sense of [12], play an essential role. For the convenience of the reader we
recall their definitions.

DEFINITION 1. Let f € m be areduced power series. The Tjurina ideal of f

*Supported by DFG grant no. Lo 864/1.
TSupported by the European mathematical network EAGER.

15



16 T. Keilen — C. Lossen

is defined as
f of
.eam:(a_,a_, f>
ax oy
and the equisingularity ideal of f isdefined as
1%(f) = {g e R| f +egisequisingular over C[e]/(?)} 2 1%(f).

Their codimensions
1(f) =dimg R/1%8(f),

respectively
() = dimg R/1%(f),

are analytical, respectively topological, invariants of the singularity type defined by
f. Note that () is the codimension of the p.-constant stratum in the equisingular
deformation of the plane curve singularity defined by f. It can be computed in terms
of multiplicities of the strict transform of f at essential infinitely near points in the
resolution tree of (V (), 0) (cf. [10]).

DEFINITION 2. Let f € m be areduced power series, andlet0 < o < 1 bea
rational number.
If | isazero-dimensional ideal in Rwith 1¥3(f) € | Cmandg € |, wedefine

i H 2
a(fi1, g = @O FAZ ) dme(R/D)
i(f,g) —dimg(R/I)

and

Va3 1) i= max {1+ @)? - dima(R/), 2a(Fi1.9) |
gel.i(f.g) <2-dimc(R/1)),

wherei (f, g) denotes the intersection multiplicity of f and g. Note that, by Lemma 1,
i(f,g) > dimg(R/1) for all g € |. Thus y,(f; I) is awell-defined positive rational
number.

We then set

yer(f) :=max {0, o (f; 1) | I 2 1%(f) isacompleteintersection ideal }
and
v (f) :=max {0, yo(f; 1) |1 2 1%(f) isacompleteintersection ideal }

Note, if f € m \ m?, then 1¥8(f) = I%(f) = R and there is no zero-dimensional
complete intersection ideal containing them, hence y $2(f) = y&(f) = 0.

LEMMA 1. Let f € m? bereduced, and let | be anideal such that | ®(f) C
| Cm.
Then, for any g € |, we have

dimc(R/1) < dime (R/(f, 9)) =i(f, g).
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Proof. Cf. [11] Lemma 4.1; the idea is mainly to show that not both derivatives of f
can belong to ( f, g). O

Up to embedded isomorphism the Tjurina ideal only depends on the analytical
type of the singularity. More precisely, if f € R is any power series, u € Ra unit and
¢ : R — Ran isomorphism, then 1¥Uu - f o ¢) = {go ¢ | g € | ¥(f)}. Thus the
following definition makes sense.

DEFINITION 3. Let S be an analytical, respectively topological, singularity
type, and let f € R bearepresentative of S. e then define

Yo (S) 1= g (1),

respectively
Yoo (S) := max{y;>(g) | gisarepresentative of S}.

Since i (f,g) > dimg(R/I) in the above situation, we deduce the following
lemma.

LEMMA 2. Let f € m? bereduced, 1¥3(f) € | C m be a zero-dimensional
ideal,and0 <o < B < 1,theny, (f; 1) < yp(f; 1).
In particular, for any analytical, respectively topological singularity type

Ya (S) < yg(S)  respectively,  y;%(S) < y5(S).
For reasons of comparison let us also recall the definition of 7 $?, 7, « and é.
DEFINITION 4. For f € Rwedefine
t2(f) == max{0, dimg(R/1) | | 2 1¥¥(f) a completeintersection},
and
1o (f) := max{0, dimg(R/1) | | 2 1 () acompleteintersection}.

Again, for analytically equivalent singularities the values coincide, so that for an ana-
Iytical singularity type S, choosing some representative f € R, we may define

16 (S) == i ().
For a topological singularity type we set
1&(S) == max{t$(Q) | g arepresentative of S}.
Note that obviously
(S <S8 and F(S) < (8,

where 7 (S) isthe Tjurina number of S and %5(S) is as defined in Definition 1.
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DEeEfFINITION 5. For f € Rand O = R/(f), we definethe §-invariant
8(f) =dimg O/0
where © ¢ O isthe normalisation of O, and the k-invariant

of of
=i fa = Al
k() I(,a 8X—i—ﬂ 8X>’

where (« : B) € P} is generic.

8 and « are topological (thus also analytical) invariants of the singularity de-
fined by f so that for the topological, respectively analytical, singularity type S given
by f we can set

3(S) =68(f) and «(S) =« (f).

Throughout this article we will sometimes treat topological and analyt-
ical singularities at the same time. Whenever we do so, we will write
I *(f) for 1 #(f) respectively, for | €( f), and analogously we will use
the notation y,;, t5 and t*.

The following lemma is again obvious from the definition of v, (f; I), once we
take into account that « (f) = i (f, g) for a generic element g € 1 ¥(f) of f and that

for a fixed value of d = dimg(R/I) the functioni +— W takes its maximum
on [d + 1, 2d] for the minimal possible valuei = d + 1.

LEMMA 3. Let f € m? be reduced, and let | be an ideal in R such that
[(fyc | Cm.
Then
L+ a)? - dima(R/1) < yu(f; 1) < (dime(R/1) + @)’

Moreover, if « (f) < 2-dimg(R/1), then

(- k() + (L —a) - dime(R/D)?
k() —dimg(R/1)

Ya(f5 1) >
In particular, for any analytical, respectively topological, singularity type S
L+ a)? 758 < v (S) < (5 (S) +a)’,
andif k(S) < 2- 75 (S), then

(a k(S + L -a) -1 (S))2

Ve (8) = «©) =72 )
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In order to make the conditions for T-smoothness in [9] as sharp as possible, it
is useful to know under which circumstances the term (1 4+ )2 - dimg(R/1) involved
in the definition of y(S) is actually exceeded.

LEMMA 4. If Sisatopological or analytical singularity type such that « (S) <
2. 1%(S), then
A4 a)? - 5(S) < v (S).
Thisisin particular the case, if S # A and 7 (S) = *(S), i. e. if the Tjurina ideal,
respectively the equisingularity ideal, of some representativeis a completeintersection.

Proof. Lemma 3 gives

(@ xS + L —a)- 72 (S)°

(S
Ve () = ©) - @®

If we consider the right-hand side as a function in « (S), it is strictly decreasing on the
interval [O, 214 (8)] and takes its minimum thus at 2 - 7% (S). By the assumption on
k (S) we, therefore, get

VES) > L+ a)? - 12 (S).

Suppose now that 75 (S) = t*(S) and S # A;. By Lemma 5 we know §(S) <
7%(S) < 7(8S). On the other hand, we have «(S) < 2 - §(S) (see [6]). Therefore,
k(S) <2-15(S). O

LEMMA 5. If S £ Aj isany analytical or topological singularity type, then
5(S) < t8(8).

Proof. If (C, 2) is a representative of S and if 7*(C, z) is the essential subtree of the
complete embedded resolution tree of (C, z), then

5 multp(C) - (Multp(C) — 1)

8(S) = >
pe7*(C,2)
and
Ity (C) - Ity (C 1
5(8) = Z multp (©) (n21u p(©) + )—#free points in 7*(C, z) — 1,

pe7*(C,2)

where multp(C) denotes the multiplicity of the strict transform of C at p (see [6]).
Setting ep = 0if pissatellite, ey = 1if p # zisfree, and e, = 2, then multp(C) > ¢p
and therefore

28 =8+ Y (multp(C) —ep) = 8(S).
pe7*(C,2)

Moreover, we have equality if and only if mult;(C) = 2, multp(C) = 1 forall p # z
and there is no satellite point, but this implies that S = Aj. |
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For some classes of singularities we can calculate the y-invariant concretely,
and for some others we can at least give an upper bound, which in general is much
better than the one derived from Lemma 3. We restrict our attention to singularities
having a convenient semi-quasihomogeneous representative f € R (see Definition 8).
Throughout the following proofs we will frequently make use of monomial orderings,
see Section 2.

PROPOSITION 1 (SIMPLE SINGULARITIES). Let « be arational number with
0 < & < 1. Then we obtain the following values for y&(S) = y52(S), where S isa
simple singularity type.

| S [ v&(S) =2 |

A k>1 K+ a)?

Dk, 4<k<4++2-Q2+a) et 2)”

Dk, k>4+2-Q2+«) (k—2+a)?
K+2a)?

Ex, k=6,7,8 (kt2e)

Proof. Let Sk be one of the simple singularity types Ak, Dk or Ex, and let f € R be
a representative of Sk. Note that the Tjurina ideal | #2( f) and the equisingularity ideal
I %(f) coincide, and hence so do the y -invariants, i. e.

YE(Sk) = ¥ (Sk).

Moreover, in the considered cases the Tjurina ideal is indeed a complete in-
tersection ideal with dim¢ (R/I e"j‘(f)) = Kk, so that in particular the given values are

upper bounds for (14«)2-dimg(R/1) for any complete intersection ideal | containing
the Tjurina ideal. By Lemma 3 we know

(@ «k(Sk) + (1 —a)-k?
Kk (Sk) — k

Note that k (Ax) = K+ 1, k(Dx) = k+ 2 and «(Ex) = k+ 2, which in particular gives
the result for Sx = Ax. Moreover, it shows that for Sy = Dk or Sk = Ex we have

< Y (Sk) < K+ a)?.

(K + 20)?

Ya(Sk) = 2

If we fix a complete intersection ideal | with 1 ¥3(f) C I, then

(@-i(f,9)+ 1 - -dimg(R/1)?
i(f,g) —dimg(R/I)

with g € | such thati(f,g) < 2-dimg(R/I), considered as a function ini(f, g) is
maximal, when i (f, @) is minimal. Ifi (f, g) — dimc(R/1) > 2, then

)\'Of(f; Iag):

)

2
Mﬁwmﬁ%ﬂ.
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It therefore remains to consider the case where
(1) i(f,9)—dime(R/1) =1

for some | and some g € |, and to maximise the possible dimg(R/1).
We claim that for Sy = Dg with f = x2y—y*~1 as representative, dim¢(R/1) <
k — 2, and thus | = (x, y*2) and g = x are suitable with

Aa(F51,%) = (k=2 +a)?,

which is greater than w if and only if k > 4 4+ /2 - (2 4+ «). Suppose, therefore,
dimc(R/1) = k — 1. Then y*=1, x3 e 188(f) = (xy,x%2 — (k—1) - y*2) c I, the
leading ideal L., (1%3(f)) = (x3, xy, y*=2) < L (1), and since by Proposition 4
dimc(R/1) = dimg (R/L< (1)), either Lo (1) = (x3,xy, y*=3) or Lo (1) =
(x2, xy, y*=2). In the first case there is a power series g € | such that g = y*—3 +
ax + bx2 (mod 1), and hence | 5 yg = yk2 (mod 1), i.e. y*2 e |. Butthen x% € |
and x? € L_(1), in contradiction to the assumption. In the second case, similarly,
there is a g € | such that g = x? (mod I), and hence x? € | which in turn implies
that y*=2 e I. Thus | = (x2, xy, y*2), and dimc (1 /ml) = 3 which by Remark 8
contradicts the fact that | is a complete intersection.
The cases of the exceptional singularities Eg, E7 and Eg are treated similarly.
[l

PROPOSITION 2 (ORDINARY MULTIPLE POINTS). Leta bearational number
with 0 < « < 1, and let Mg denote the topological singularity type of an ordinary k-
fold point with k > 3. Then

yEM) =2 (k—1+a)?

In particular
YEMO > L4 a)? - 18 (My).

Proof. Note that for any representative f of My we have

ofx of
K k> e

es __|ea k _[Z2k K
I=(H) =1"(f)+m _<8x’ 3y

where fy is the homogeneous part of degree k of f, so that we may assume f to be
homogeneous of degree k.

If | is a complete intersection ideal with mK c 18(f) C I, then by Lemma 9
dimg(R/1) < (k— mult(l) + 1) - mult(1).
We note moreover that forany g € |

i (f, g) > mult(f) - mult(g) > k- mult(l),
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and that for a fixed | we may attain an upper bound for A , (f; I, g) by replacingi (f, g)
by a lower bound fori (f, g).

Hence, if mult(l) > 2, we have
(k— (1 —a) - (mult(l) — 1)) - mult(1)?2
mult(l) - (mult(l) — 1)

(2) re(f;l,0 < <2-(k—1+4a)?

while dimg(R/1) < k—1for mult(l) = 1 and the above inequality (2) is still satisfied.
This together with Lemma 9 shows
yEM) <2-(k—1+a)?.
On the other hand, considering the representative f = xK — yK, we have
19(f) = (x*“1y* 1 x®y° la+ b =k),

and | = (y* 1, x2) is a complete intersection ideal containing 1(f). Moreover,
i(f,x%) =2k, dimg(R/1) = 2- (k — 1), thus

(- i(f,x3) + (1 — ) - dimg(R/)?

e 2
i (f.x2) — dimg(R/1) =2 k=1+a)"

Yo (M) >

The in particular part then follows right away from Corollary 1. O

Since a convenient semi-quasihomogeneous power series of multiplicity 2 de-
fines an Ag-singularity and one with a homogeneous leading form defines an ordinary
multiple point, the following proposition together with the previous two gives upper
bounds for all singularities defined by a convenient semi-quasihomogeneous represen-
tative.

PROPOSITION 3 (SEMIQUASIHOMOGENEOUS SINGULARITIES). Let Sp g be
a singularity type with a convenient semi-quasihomogeneous representative f € R,
q>p=3.

2
—(1-a)-| 4 ) )
Then y3(Sp.q) = (a-a-or[3]) > q'(p*;“")z and we obtain the following

upper bound for y25(f):

p.q veo ()

q > 39 <3.(g-2+a)?

9¢1,2) || <3-(q=1+a)?

pel2d || =2-@-1+)?

Qeld00) || <@—-1+a)?
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Proof. To see the claimed lower bound for y $°(Sp q) recall that (see [6])
es _jof of ay,B
3) 15() = (5% 33> x*¥” [ @p+ Ba = pa).

In particular, 15(f) < (y, xqu%J), dimg(R/1) = q — L%J and i(f,y) = g, which
implies the claim.

Let now | be a complete intersection ideal with | ®(f) C I. Applying Lemma9
and d(l) < q, we first of all note that

(1+a)?- (q+1)?

2 <2-(q—1+a)?.

(L +a?-dimg(R/1) <

Moreover, if % > 3, then

(1+w? (a>+49+3)
6

1+ a)? - dime(R/1) < <(@q-1+a)
since dime(R/1) < dimg (R/195(f)) < (XA by (3),
It therefore suffices to show

3-(q—-2+w?, ifg> 39,
3-(q-1+w?, ifde(1,2),
(4) )\a(fal,g)f 2~(q—1+01)2, If§€[2,4),

where g € | withi(f,g) <2-dimc(R/1). Recall that

(-i(f,9)+ (L —a)-dimg(R/1))?
i(f,g) —dimg(R/I)

Fixing | and considering A, (f; I, @) as a function in i (f, g), where due to (11) the
latter takes values between dimg(R/1)+1and 2-dimg (R/1), we note that the function
is monotonically decreasing. In order to calculate an upper bound for A ,(f; I, g) we
may therefore replacei ( f, g) by some lower bound, which still exceeds dim ¢(R/1)+1.
Having done this we may then replace dimg(R/1) by an upper bound in order to find
an upper bound for A(f; I, g).

Note that for q > 39 we have

4
(5) i—g-(q—1+a)2§3~(q—2+a)2.

Fix | and g, and let L (pq)(9) = x*yB be the leading term of g w. r. t. the
weighted ordering < (p g (see Definition 6). By Remark 5 we know

(6) i(f,9) > Ap+ Bq.
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Working with this lower bound for i (f, g) we reduce the problem to find suitable upper
bounds for dimc (R/1). For this purpose we may assume that L (p ) (9) is minimal, and
thus, in particular, B < mult(l).

If A=0, inview of Remark 4 we therefore have

dh+1 _q+1

B = mult(l) < ,
(= 2 - 2

and thus by Lemma 9 then
@) dim¢(R/1) <B-(q— B+1).
Moreover, for A = 0 Lemma 11 applies with h = g and we get

B-(B-1)

B-1
®) mdeﬂ)§B~q—1—§:L%J§B~q—1—{3J d

i=1 P

Since x*y? e | forap+ q > pg, we may assume Ap + Bqg < pg. But then,
since dimg(R/1) < dimg R/(g—y 9. x°y? | ap+ g = pq), we may apply Lemma

12 withh = % and C = p — 1. This gives

A-1 B—1
@ dimo(R/D < Ap+Ba—AB- Y [2]->"|%4]-min{A [2]].
i=1 i=1
and if B = 0 we get in addition
(10) dimg(R/1) < A-(p—1).
Finally note that by Lemma 1
(11) i(f,g) >dimg(R/I1).

Let us now use the inequalities (5)-(11) to show (4). For this we have to consider
several cases for possible values of A and B.

CAsel: A=0,B>1.
If B =1, then by (8) and (11) we have Ao (f; 1,9) < (9 — 1 + «)?.
We may thus assume that B > 2. By (6) and (7)

B2.(q—(1—a)- (B—1)°
B-(B—1)

ra(fi1,9) < <2.(q-1+a)?

If, moreover, ﬂp > 3, then we may apply (8) to find

B2-(q— (1—a)-(B—1)

E(q 1 01)2.
B-(B-1
I_%J .%J’_]
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Taking (5) into account, this proves (4) in the case A=0and B > 1.
CAse2: A=1,B>1
From (9) we deduce

dimg(R/1)<B- (-1 +(p—1) — L%J L B(B=D)

Since 2 - to apwe thus get
B+ Dpte)?
ha(F11,0) < B+(L%J .q;#‘iz)_}_l-(q—lea)z
3;‘*7?;.@—1%)2 <@-1+a? if 9 >3,
= (i?sz'(q—lJra)z <3 @-1+w? ifl=2
2. (B0 (q-1+a)? <¥.@-1+w? ifl>1
Once more we are done, since 1 < 32.
CASE3:A>2,B>1.
Note that [r | > r — 1 for any rational numberr, and set s = % then by (9)
dime(R/1) < Ap+Bg—(A-1)-(B—1)— 20D _SBBD _1_nmin{A [s]}.

This amounts to
ra(F51,09) <
2
(Ap+qu(1fa>-((Afl>~<Bfl>+%+wﬂ+mmm, rs]}))
(A-1)-(B-1)+ 25 4 5B B-D 13

2
(A-(p—1+a)+B-(@-1+0a)) ,
- S (AvB)'( _1+a)’
(A-1)-(B-1)+ A'(éksfl) + SAB~(2871) 13 ¢ q

where )
(A B)— (£+B)
% —
(A—1)-(B—1)+ A5 +SB<B 43
For the last inequality we just note again that 2 %j:g < 2 — 1 while for the second

inequality a number of different cases has to be conS|dered We postpone this for a
moment.

In order to show (4) in the case A > 2 and B > 1 it now suffices to show

‘;’—9 ifs>1,
12) e(A,By<{ 2, ifs>2,
1 if s> 4.
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Elementary calculus shows that for B > 1 fixed the function [2,00) - R : A —
(A, B) takes its maximum at

16 — 3B
A=max {2, T
2+ 3
If B < 3, then the maximum is attained at A = 2+; , and
S
16 — 3B 8sB — 8B + 64
(p(A’ B) S(p 715 = 2 2 .
242 4s°B —4s* —4sB +28s—1

Again elementary calculus shows that the function B — ¢ (1‘23 3;‘3, B) is monotoni-
cally decreasing on [1, 3] and, therefore,
13 8s + 56
A, B) < , = = S).
@( )_¢(2+% ) s =1 Y1(9)

Slnce also the functlon Y1 is monotomcally decreasing on [1, co) and ¥1(1) = 2—4 <
19, Y1(2) = 47 <2and y1(4) = 95 < 1 Equation (12) follows in this case.
As soon as B > 4 the maximum for ¢ (A, B) is attained for A = 2 and

2. (sB +2)2
s3B2 — 3B 4 252B + 45?2 + 25’

Once more elementary calculus shows that the function B — ¢(2, B) is monotonically
decreasing on [4, o). Thus

(A, B) =¢(2,B) =

4.(1+ 2s)?
6s3 + 652 + s
Applying elementary calculus again, we find that the function Wz is monotonically
decreasing on [1, o), so that we are done since ¥2(1) = 13 < 19, Y2(2) = 3— <2
and Y2 (4) = 5 < 1.

Let us now come back to proving the missing inequality above. We have to
show

¢(A,B) = 92,4 = = Y2(9).

A-(A-1 -B-(B—1
A+B=<(A-1)-(B-1+ 25 - ; )+1+MMAJﬂL

or equivalently
A-(A-1) Jrs- B-(B-1)
2s 2

If B > 2, then AB > 2Aand *BB=D 1+ 2 4 min{A, [s]} > 2B, so we are done. It
remains to consider the case B = 1, and we have to show

+2+min{A, [s]} + AB—-2A—-2B > 0.

A? — A—2sA+2s-min{A,[s]} >0
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If A < [s]or A= 2 this is obvious. We may thus suppose that A > [s] and A > 3.
Since %2 > A it remains to show

2A2
T_2sA+2s-f3120-
For this
%_ZSA >0, ifA>3s
oA g_%\ >0, if2s<A<3s,

A

— _2sA+2s-[s] > 8

3 2 _sA >0, if¥<A<2s
28 _2A -0 if[s]<A<

CAase4: A>1,B=0.
Applying (9) and (10) we get

A 2
A ) g @1t for any A
ha(F:1,9) < T A@-2+0?
A2.(p—14a)? Ll 2
ZiA;llL%J+min{A,[%]} <os(A-OQ-14+)° IfA=3,
where

2
& 2A2

A = =
#r.s(A) ACD _(A-D+v SA—Q22+9) -A+2-(v+1).5°

withv =2fors e (1,2]and v = 3 fors € (2, 00).
In particular, due to the first two inequalities we may thus assume that
3, if g > 39,
3s?, ifse(1,2),
282, ifse[2,4),

2, ifse[4,00).

A>

Note that ¢3 s(A) < 1 for s > 4, since
92 752 s.-(1+2s) s
A>2="4°> > -\/s? —3s 33
- 16+16_2-(s—2)+s—2 t3
This gives (4) for s > 4.

If now s € (2,4), then ¢35 is monotonically decreasing on [2s?, c0), as is
S > @3.5(2s%) on [2, 4), and thus

452
2s8 — 252 —s+4

8
<P3,s(A) =< (03,3(252) = < g <2,
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while for s = 2 the function ¢2 2 is monotonically decreasing on [8, co) and thus
92,2(A) < 2 < 2. This finishes the case s € [2, 4).

Let’s now consider the case s € (1,2) and g > 39 parallel. Applying ele-

mentary calculus, we find that ¢ s takes its maximum on [3, co) at A = 11+—222 and is
monotonically decreasing on [£3:, co). Moreover, the function s — ¢2.s(£5) is

monotonically decreasing on (1, 2). If s > % then

54
sl = 0222 < 001 (8) = .
Due to (5) it thus remains to consider the case s € (1, §) and A > 3. If A > 8, then

64 54
A < 8 = —< —
®2,5(A) < ¢2,1(8) 73 =19’
since the function s — ¢2.s(8) is monotonically decreasing on [1, 2).
So, we are finally stuck with the case A € {4,5,6,7}and 1 <
We want to apply Lemma 9. For this we note first that by Lemma 13 in
d(l) < p+1and A=mult(l) < %2. But then

dimg(R/I) < A-(p—A+2)

and thus,

A2 (p—(1—a)- (A—2) A ) )
Ao (51,9 < A (A 2 < (A_z)-(q—2+a) < 2-(q—2+a)*.
This finishes the proof. O

REMARK 1. In the proof of the previous proposition we achieved for almost
all cases Aq (51, 9) < 3¢ - (@ — 1+ )2, apart from the single case L -, , (@) = X.
The following example shows that indeed in this case we cannot, in general, expect any
better coefficient than 3. More precisely, the example shows that the bound

3-(q—2+4a)?

is sharp for the family of singularities given by x4 — y9—1 g > 39. A closer investiga-
tion should allow to lower the bound on g, but we cannot get this for all g > 4, as the
example of Eg and Eg show.

Moreover, we give series of examples for which the bound (q — 1+ ) 2 is sharp,
respectively for which 2 - (q — 1 + «)? is a lower bound.

ExAMPLE 1. Throughout these examples q > p > 3 are integers.
1. Let f =x9 — y9=1 then yS(f) > 3. (q — 2+ «)?. In particular, for q > 39,

yE(f)=3-(q-2+a)
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2. Let% <2and f = x% — yP, then
yE(H =2 (q-1+ )

3. Let f e R be convenient, semi-quasihomogeneous of ord p o) (f) = pg, and
suppose that in f no monomial xKy, k < q—2, occurs (e. g. f = x% —yP), then
y&(f) > (q — 1+ a)?. In particular, if ﬂp > 4, then

yE(f) =(q—1+a)?

4. Let f = y3 —3x8y + 3x12 then f does not satisfy the assumptions of (c), but
still yS(f) = W4+ a)? =(q -1+ )2

5. Let f = 7y 4 15x” — 21xy, then f is semi-quasihomogeneous with weights
(p, 9) = (3, 7) and convenient, but yfs(f) < 25 < 36 = (q — 1)2. This shows
that (q — 1)? is not a general lower bound for Yo (Sp.q)-

2. Local monomial orderings

Throughout the proofs of the auxilary statements in Section 4 we make use of some
results from computer algebra concerning properties of local monomial orderings. In
this section we recall the relevant definitions and results.

DEFINITION 6. A monomial ordering is a total ordering < on the set of mono-
mials {x*y# | «, B > 0} suchthat for all o, 8, ¥, 8, ., v > 0

XAyP < xVyd = x@tHyPrY o v Eryty

A monomial ordering < is called local if 1 > x*y# for all («, B) # (0,0), anditisa
local degree ordering if

a+pB>y+8 = x*yPF <xVy.

Finally, if < is any local monomial ordering, then we define the leading monomial
L - (f) withrespect to < of a non-zero power series f € Rto bethe maximal monomial
x®y# such that the coefficient of x*y# in f does not vanish. For f = 0, we set
L.(f):=0.

If| <Risanidealin R, thenL (1) = (L_(f) | f e 1) iscalleditsleading ideal.

We will give now some examples of local monomial orderings which are used
in the proofs.

EXAMPLE 2. Leta, 8, y, 8 > 0 be integers.
1. The negativelexicographical ordering <|s is defined by the relation

xyP <isx’y? = a>yor(@=yandp > 9.
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2. The negative degree reverse lexicographical ordering < gs is defined by the rela-
tion

XUyP <gs X'y} = a+p>y+sor(@+B=y+5andg > 3.

3. If positive integers p and g are given, then we define the local weighted degree
ordering <(p,q) With weights (p, g) by the relation

X0y <p XY = ap+Bq>yp+3qor
(ap+Bg=yp+dqand B < J).

We note that <gs is a local degree ordering, while <5 is not and <(p q) is if and only
ifp=gq.

Let us finally recall some useful properties of local orderings (see e. g. [7] Corol-
lary 7.5.6 and Proposition 5.5.7).

PROPOSITION 4. Let < be any local monomial ordering and | a zero-dimen-
sional ideal in R.

1. Themonomialsof R/L - (I) forma C-basisof R/I. In particular
dimg(R/1) = dime (R/L<()).
2. If < is a degree ordering, then the Hilbert Samuel functions of R/l and of

R/L - (1) coincide (see Definition 7, and see also Remark 2).

3. The Hilbert Samuel function

A useful tool in the study of the degree of zero-dimensional schemes and their sub-
schemes is the Hilbert Samuel function of the structure sheaf, that is of the correspond-
ing Artinian ring.

DEFINITION 7. Let | < R be a zero-dimensional ideal.

1. Thefunction

i d+1
HIJR'/I ZZ—>Z:d|—>{ g:mc(R/(|+m ). gig’

is called the Hilbert Samuel function of R/I.
2. We define the slope of the Hilbert Samuel function of R/1 to be the function
Hg/, !N — N:d Hg, d) - Hi, (d - D).

Thus
HE| (d) = dime (m? /(1 N m?) + m?+D),
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is just the number d + 1 of linearly independent monomials of degree d in md
minus the number of linearly independent monomials of degreed in (I N md) +
md+1.
3. Finally, we define the multiplicity of | to be
mult(1) :=min {mult(f) [0 £ f € 1},
and the degree bound of | as

d(h) :=min{d e N |m? c 1}.

Let us gather some straight forward properties of the slope of the Hilbert Samuel
function.

LEMMA 6. Let J € | < R bezero-dimensional ideals.
1 HE,(d)=d+1forall0<d < mult(l).
2. HR, (d) < HR (d — 1) forall d > mult(l).
3. HR, (d) < mult(l).
4. HR (d)=0foralld >d(l)and HR, # 0for all d < d(l). Inparticular
d()—1
dimg(R/1) = > HE, ).
d=0
5. HR, (d) < HY ;(d) forall d € IN.
6. d(l) and mult(l) are completely determined by H g/l.
Proof. For (a) we note that | < m9 for all d < mult(l) and thus

Hg/l (d) = dim¢ (md/md+1) =d+1forall0 < d < mult(l).

By definition we see that Hg/, (d) is just the number of linearly independent
monomials of degree d in m9, which is d+1, minus the number of linearly independent

monomials, say my, ..., m, of degree d in (I N md) + m9+1, We note that then the
set
{(xmq, ..., xme, ymy, ., ymed Sme- (0N md) 4+ mdt) < (1 nmdFt) 4 md+2

contains at least r + 1 linearly independent monomials of degree d + 1, once r was
non-zero. However, for d = mult(l) and g = gq + h.o.t € | with homogeneous part
ga # 0 of degree d, we have gg € (I Nm?) +md+?, thatis, d = mult(l) is the smallest
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integer d for which there is a monomial of degree d in (I N md) + m9*1, Thus for
d>mult(l) -1

HE A+ <@+2)—(+)=d+1—r=HZ, @,

which proves (b), while (c) is an immediate consequence of (a) and (b).
Ifd > d(l), then Hé/l (d) = dimg(R/1) is independent of d, and hence we
have Hg/, (d) =0 forall d > d(I). In particular,

d(h—1
Y HE () = HE @) — 1) — HE (—1) = dime(R/1).
i=0
Moreover, m%D=1 41 £ 1 = 1 + m%D, sothat H}  (d(I) —1) # 0, and by (b) then
Hg/l (d) # 0forall d < d(l). This proves (d), and (e) and (f) are obvious. O

REMARK 2. Let < be a local degree ordering on R, then the Hilbert Samuel
functions of R/l and of R/L (1) coincide by Proposition 4, and hence we have as
well

HR/ = HR/L_ ). () =d(L<(D), and mult(l) =mult (L_(])),

since by the previous lemma the multiplicity and the degree bound only depend on the
slope of the Hilbert Samuel function.

REMARK 3. The slope of the Hilbert Samuel function of R/I gives rise to
a histogram as the graph of the function H g/,. By the Lemma 6 we know that up
to mult(l) — 1 the histogram is just a staircase with steps of height one, and from
mult(l) — 1 on it can only go down, which it eventually will do until it reaches the
value zero for d = d(l). This means that we get a histogram of form shown in Figure
1. Note also, that by Lemma 6 (a) the area of the histogram is just dim ¢(R/1)!

ng/l (d)

mult(l)

mult(1) dih d

Figure 1. The histogram of H g/, for a general ideal 1.

ExXAMPLE 3. In order to understand the slope of the Hilbert Samuel function
better, let us consider some examples.
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1. Let f = x2 —ykt1 k> 1, and let | = I¥(f) = (x, yK) the equisingularity
ideal of an Ag-singularity. Then d(l) = k, mult(l) = L and dim¢(R/l) = k.

k

Figure 2: The histogram of H g/l for an Ag-singularity

2. Let f =x2y —y* 1 k>4 andlet| = 198(f) = (xy,x% — (k — 1) - y*2)
the equisingularity ideal of a Dk-singularity. Then x3, xy, y*~1 € I, and thus
mk=1 < |, which gives d(1) = k — 1, mult(l) = 2 and dimg(R/1) = k, which
shows that the bound in Lemma 9 need not be obtained.

k—1

Figure 3: The histogram of H g/l for a Dg-singularity

3. Let f =x3—y*andlet | = 199(f) = (x2, y3) the equisingularity ideal of an
Eg-singularity. Then d(l) = 4, mult(l) = 2 and dim¢(R/1) = 6.
Let f =x3 —xy2andlet | = 1%(f) = (3x% — y3, xy?) the equisingularity

ideal of an E7-singularity. Then x3, xy2, y° € |, and thus m® c I, which gives
d(l) =5, mult(l) = 2and dimg(R/1) = 7.

Let f = x3 —y°andlet| = 1%8(f) = (x2, y*) the equisingularity ideal of an
Eg-singularity. Then d(1) = 6, mult(l1) = 2 and dim¢(R/Il) = 8.

—_— — —

4 | 5 | 6

Figure 4. The histogram of H g/, for Eg, E7 and Eg.

4. Let| = (x3,x2y, y3), thend(l) = 4, mult(l) = 3and dimg(R/1) = 7.

The following result providing a lower bound for the minimal number of gener-
ators of a zero-dimensional ideal in R is due to A. larrobino.

LEMMA 7. Let | < Rbeazero-dimensional ideal. Then | cannot be generated
by less than 1 + sup {H,%/I d-1) — Hg/l (d)|d=> mult(l)} elements.
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4

Figure 5: The histogram of ng/| for | = (x3, x%y, y3).

In particular, if | isa complete intersection ideal then for d > mult(l)
HE/(d—1) —1<H, ) <H,d-1.
Proof. See [8] Theorem 4.3 or [2] Proposition 111.2.1. O

Moreover, by the Lemma of Nakayama and Proposition 4 we can compute the
minimal number of generators for a zero-dimensional ideal exactly.

LEMMA 8. Let | < R be zero-dimensional ideal and let < denote any local
ordering on R. Then the minimal number of generatorsof | is

dime (1 /ml) = dime (R/L=(1)) — dime (R/L=(ml)).

REMARK 4. If we apply Lemma 7 to a zero-dimensional complete intersection
ideal | <R, i. e. azero-dimensional ideal generated by two elements, then we know that
the histogram of H g/l will be as shown in Figure 6; that is, up to the value d = mult(l)

mult(l)

mulit(l) d(gl)

Figure 6: The histogram of H g/, for a complete intersection.

the histogram of H g/l is an ascending staircase with steps of height and length one,
then it remains constant for a while, and finally it is a descending staircase again with
steps of height one, but a possibly longer length. In particular we see that

di+1 i d(l) is odd
13 mult(l) < $ |
(13) ult(l) =< SO if d(l) is even.
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k

Figure 7: The histogram of H Ig/mk' The shaded region is the maximal possible value
of dimg(R/1) for a complete intersection ideal | containing mX,

" ExAMPLE4. Let| = mKfork > 1. Thend(l) = mult(l) = kanddimg(R/1) =
(%)
LEMMA 9. Let | < R bea zero-dimensional complete intersection ideal, then
dimg(R/1) < (d(1) — mult(l) + 1) - mult(l).
In particular

@D it (1) odd,

dime(R/1) < %2 - if (1) even.

Proof. By Remark 3 we have to find an upper bound for the area A of the histogram of
Hg/l . This area would be maximal, if in the descending part the steps had all length
one, i. e. if the histogram was as shown in Figure 8. Since the two shaded regions have

H,\ (@

mult(l)

mult(l) d(l) — mult(1) d(h) d
Figure 8: Maximal possible area.
the same area, we get

A < (d(l) —mult(l) + 1) - mult(l).
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Consider now the function
R [mult(l), %] — R:xt> (d(l) —x+1)-x,

then this function is monotonically increasing, which finishes the proof in view of
Equation (13). O

COROLLARY 1. For anordinary m-fold point M, we have

D2 ifm > 3 odd,
7o (Mm) = 1 M42m i > 4 even,

1, ifm=2.

Proof. Let f be a representative of My,. Then
of of
18(f) =(—, — m
(" <8x’ ax>er ’
and as in the proof of Proposition 2 we may assume that f is a homogeneous of degree

m.
In particular, if m = 2, then 1%5(f) = m is a complete intersection and
tgs(Mg) = 1. We may therefore assume that m > 3.
For any complete intersection ideal | withm™ c 1%5(f) C | we automatically
have d(I) < m, and by Lemma 9

2 .
MDD if modd,

es

75 (f) < 24

Cl —_ .

mtam - ifm > 4 even.

Consider now the representative f = x™ — y™. If m = 2k is even, then the ideal
| = (x¥, yk*1y is a complete intersection with 1 () c | and

2
2
t8(f) > dime(R/1) = K> + k = w
Similarly, if m = 2k — 1 is odd, then the ideal | = (x¥, y¥) is a complete intersection
with 1%(f) c | and
m? +2m+ 1
(1) > dimg(R/1) = K2 = %'

4. Semi-quasihomogeneous singularities

DEFINITION 8. A non-zero polynomial of theform f = Za_p+ﬂ,q:d aa,,gx‘)‘y/3
is called quasihomogeneous of (p, q)-degree d. Thus the Newton polygon of a quasi-
homogeneous polynomial has just one side of slope — ap.
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A guasihomogeneous polynomial is said to be non-degenerate if it is reduced, that is if
it has no multiple factors, and it is said to be convenient if %, % € Zandag janda; «
’ ’q

are non-zero, that isif the Newton polygon meets the x-axis and the y-axis.

If f = fo+ f1 with fo quasihomogeneous of (p, q)-degree d and for any monomial
x*yP occurring in f1 with a non-zero coefficient we have o - p+ 8 - q > d, we say
that f isof (p, g)-order d, and we call fq the (p, q)-leading form of f and denote it
by leadp o) (f). We denote the (p, g)-order of f by ordp q)( ).

Apower series f € Rissaidto besemi-quasihomogeneous with respect to the weights
(p, q) if the (p, g)-leading formis non-degenerate.

REMARK 5. Let f € Rwith deg(, 4, (f) = pq and let fo denote its (p, g)-
leading form.

1. Ifgcd(p, q) =r, then fg hasr factors of the form aix% — biyrB, i=1,...,r.
If, moreover, fg is non-degenerate, then these will all be irreducible and pairwise
different, i. e. not scalar multiples of each other.

2. If f isirreducible, then fg has only one irreducible factor, possibly of higher

multiplicity.
3. If fp is non-degenerate, then f hasr = gcd(p, q) branches f1, ..., f;, whichare
. . s . . g P
all semi-quasinomogeneous with irreducible (p, q)-leading form ajx7 — bjyr
for pairwise distinct points (a; : b;) € IPcl, i=1,...,r.
The characteristic exponents of f; are % and Tp foralli =1,...,r,and thus f;

admits a parametrisation of the form
(X (1), yi (1)) = (ozitTp +hot, gt + h.o.t).

4. If fg is non-degenerate, i. e. f is semi-quasihomogeneous, and g € R, then

i(f,9) > ordp,q(9).
Proof.

1. If ap 4+ Bg = pq, then p | Bg and hence p | Br, so that 8 - Lp is a natural
number. Similarly « - a is a natural number. We may therefore consider the
transformation

fo(xd,y?) e CIX, ylr

which is a homogeneous polynomial of degree r. Thus fo(xé, pr) factorsinr
linear factors ajx — bjy,i =1, ...,r,sothat fo factors as

r
a p
(14) fo=]](ax™ —hbiyr).
i=1
Since gcd (Tp %) = 1, the factors aix% - biy?p are irreducible once neither a;
nor bj is zero.
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If fo is non-degenerate, then the irreducible factors of fq are pairwise distinct.

So, @ = 0impliesr = pand still aix% — biy?p = by y irreducible, while by =0
.. . q P . . .

similarly givesr = g and ajx7 — bjyT = a;x irreducible. Thus, in any case the

factors in (14) are irreducible and, hence, pairwise distinct.

2. With the notation from Lemma 10 and the factorisation of fq from (14) we get

r
= [ J@u—bi.
i=1

By assumption f is irreducible, hence according to Lemma 10 g has at most
one, possibly repeated, zero. But thus the factors of fq all coincide — up to scalar
multiple.

bg B4 ap Pa
_ Ili;autv? —bjur ve?

pq
uaPy v

g

3. The first assertion is an immediate consequence from (a) and (b), while the “in
particular” part follows by Puiseux expansion.
4. Let gp be the (p, g)-leading form of g. Using the notation from (c) we have

r

r
i(f,g) =) i(fi,g) =) ord(gxxi(), ¥ 1))

i1 i1
! ' ord
= Zord (go(aitr’p, ﬁitg) + h.o.t) > Z M = ord(p.q)(9)-
i—1 i—1
O

LEMMA 10. Let f € Rwithordp q(f) = pg and let fg denoteits (p, 9)-
leading form. Letr = gcd(p, q) anda, b > 0 suchthat qb — pa =r. Finally set

_ fo(ubvrB, uav%)

€ CJu].

Pq
ulPyr
Then the number of different zeros of g isa lower bound for the number of branches of

f.

Proof. See [1] Remark on p. 480. O
The following investigations are crucial for the proof of Proposition 3.

LEMMA 11. Let f € R be convenient semi-quasihomogeneous with leading
form fo and ord ) (f) = pq, let | = (x*y# | ap+ g > pq), andleth € R. Then

dime R/((h) + 1%5(f)) < dimeg R/((h) +1).

In particular, if L p q)(h) = yB with B < p, then

B-1

dime R/(th) +1%5(f)) < Bg—1- Y [ ].
i=1
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Proof. As

195(F) = (35, 30y +1,

it suffices to show that
15(f) Z (h) + 1,

which is the same as showing that not both g—; and g—; belong to (h) + I.
Suppose the contrary, that is, there are hy, hy € Rsuch that

g—is -h(modl) and %Ehy~h(modl).

We note that

lead(p.q) (55) = 52 and  lead(pg) (g—;)—af(’

= 3y

and none of the monomials involved is contained in |. Therefore

leadp,q) (x) - lead(p.qy () = 52 and  leadp g (hy) - leadp q) () = 52,

which in particular implies that %—‘;? and % have a common factor. This, however, is
then a multiple factor of the quasihomogeneous polynomial fg, in contradiction to f
being semi-quasihomogeneous.

ap+Bq = pq

Figure 9: A Basis of R/(h) + I.

For the “in particular” part, we note that by Proposition 4

dime R/((h) + 1) = dime R/L <, ((h) + 1) < dimg R/((y®) + 1),
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and the monomials x*y? with ap + Bq < pg and 8 < B form a C-basis of the latter
vector space (see also Figure 9). Hence,

B-1 B-1
dimgR/(hy +1) < Y [a—F]=Ba- Y %]
i=0 i—1
O
LEMMA 12. Let g.h € R such that Lpq(9) = x2yB and Lpq (h) =
yC, and consider the ideals J = (x*yB, y©, x*y? | ap+ g > pq)and J' =
(9.h,x*y? | ap + Bg > pq). Then
dimg R/J’ < dim¢ R/ J,
andif Ap+ Bg < pgand B < C < p, then
A-1 B-1 p-1
. i i . c
dimgR/J=Ap+Bq—AB— Y | 5] - |%] —Zmln{A, [q— = }
i=1 i—1 i—C

Moreover, if B = 0, thendimg R/J < A C.
Proof. By Proposition 4
dim¢ R/J" < dim¢ R/L,, (J) < dim¢ R/J.

Let | = (x*yf | ap+ g > pq). Then the monomials x*y# with («, B) € A =
{(a, B) e Nx NN \ ap+ 89 < pq} form a basis of R/l. Moreover, the monomials
x*yB with (a, B) € A1 U Ay are a basis of J/1, where

Ar={(@B)eA|a>Aandp > B}

and
Az ={(a.f) € A\ A1 | B =C}.
(See also Figure 10.) This gives rise to the above values for dim¢ R/ J. O

LEMMA 13. Let g > p be such that % < ﬁ for someinteger d > 2, and let
0<A=<d

1. If L(p,q)(g) = XAu then L<ds(g) = XA'
2. mPH C (xA yP~L x*yP | ap + Bq > pq).

3. If I isanideal suchthat g, h, x*y? € | for ap+89 > pq andwhereL ., , (9) =
xAand L., (h) =yP! thend(l) < p+1.
Moreover, if L<pg (@ is minimal among the leading monomials of elementsin
I w.r t. <(p,q), thenmult(l) = A
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ap+Bq = pq

Figure 10: A Basis of R/J.

Proof. It suffices to consider the case A = d, since this implies the other cases. Note
that by assumptiond < p.

1. Since x9 is less than any monomial of degree at least d with respect to < gs, we
have to show that in g no monomial of degree less than d can occur with a non-
zero coefficient. x9 being the leading monomial of g with respect to < (p.q), it

suffices to show that « + 8 < d implies ap + q < dp, or alternatively, since
q

p < d-1
d
Ol+,3‘m§d-

For o + B < d the left hand side of this inequality will be maximal for o« = 0
and 8 = d — 1, and thus the inequality is satisfied.

2. We only have to show that x”yP+1=7 e (x4, yP=1 x*y# | ap + Bq > pa)
fory = 3,...,d — 1, since the remaining generators of m P*1 definitely are.
However, by assumption % < ddTl < ﬁ andthusy - p+(p+1—y)-q> pq.

3. By the assumption on | we deduce form (a) and (b) that d (L<ds(l )) <p+1l
However, by Remark 2 d(1) = d (L -4 (1)), which proves the first assertion.
Suppose now that mult(1) < A,i.e.thereisan f € | suchthat mult(f) < A—1.
The considerations for (a) show that then L < € f) < x”in contradiction to the
assumption.

O
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