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QUASI-HOMOGENEOUS LINEAR SYSTEMS ON P2 WITH
BASE POINTS OF MULTIPLICITY 6

Abstract. In this paper we prove the Harbourne-Hirschowitz conjexfor quasi-homogen-
eous linear systems of multiplicity 6 dre. For the proof we use the degeneration of the
plane by Ciliberto and Miranda and results by Laface, Seili¢gaglia and Yang. As an
application we derive a classification of the special systefimultiplicity 6.

1. Introduction

A classical problem in algebraic geometry is the dimendignaroblem for plane
curves, which can be formulated as follows. Given finitelynpngeneral points of the
projective plane with assigned multiplicities and a nundhetetermine the dimension
of the linear system of curves of degieebaving at the given points at least the assigned
multiplicities. More precisely, the problem is to class#ly systems which fail to have
the expected dimension (see [1] for some remarks on theristohis problem and its
geometric meaning). Harbourne and Hirschowitz conjedhaiethese special systems
are precisely thé—1)-special systems. In this paper, we give a complete list ef th
(—1)-special systems in the case in which the assigned multipigc6 at all but one of
the given points. Our main result is the proof of the Harbeuiirschowitz conjecture
in this case.

We proceed along the following lines. In Section 2 we introelthe necessary nota-
tion and give a precise statement of the Harbourne-Hirsth@eonjecture. In Section
3 we present a list of the—1)-special linear systems in our case. Its completeness is
proved in Section 4. In Section 5 we review the degeneratidimeoplane by Ciliberto
and Miranda. This method is the key tool in our proof of themraisult which is given
in the final two sections.

2. The Harbourne-Hirschowitz conjecture

We work over the complex numbers and choosel general point®g, p1, ..., Pnin
P2, the projective plane over that field.

NOTATION 1. We write = £(d, mg, My, ..., my) C P(I'(P?, Op2(d))) for the
linear system of all curves of degrden P2 having multiplicity at leastn; at p; for all
i. We denote by (L) its projective dimension.

Let P’ be the blow-up of?? at pg, p1, ..., pn. By H we denote the pull-back of a
line in P2 and byE; the exceptional divisor ovep;. The dimension of is the same
as the dimension dD| on? with D = dH — mgEg — miE; — ... — mpEp. Using
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cohomology or?, we have
(L) = h%(Op/(D)) — 1.
Therefore we have by Riemann-Roch

D.(D — Kp
UL = (f“”) + h1(Op/(D)) — h2(Op/(D)) + x(Op) — 1

(Kpr denotes the canonical divisor @). Since the arithmetic genus &f is zero,
Serre duality implies

D.(D — Kp
0(C) = % +hY(Op (D).

DEFINITION 1. We define the virtual dimensie£) of £ as follows:

D.(D — Kp/)

v(L) = >

We define the expected dimension to be
e(L) = max{—1,v(L)}.

Asy(L) = 9@ED _ s m@mED one sees that the expected dimension is the one
we obtain if aII condmons |mposed on the base points arepahdent.

We defineC to be special or non-regular if
(L) > e(L),
otherwise we callC non-special or regular.

We recall some definitions from [2]:

DEFINITION 2 ((—1)-SPECIAL SYSTEMY. Let A in P2 be an irreducible curve
such that its strict transformd in P’ is rational and smooth. Thed is a (-1)-curve if
the self-intersection number

A=

By £.A we denote the intersection numberDon P’
The linear systent is called (-1)-special if

e there existdy, ..., At (—=1)-curves withL.A; = —nj such thatn > 1foralli,
e thereisan j withn > 2and

o the residual systemtM = £ — 3"'_, nj A hasv(M) > 0.

The main conjecture can be formulated as follows:
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CONJECTURE 1 (HARBOURNE-HIRSCHOWITZ). A linear systemf{ = L(d
Mo, My, ..., Mp) is special if and only if it i —1)-special.

It is easy to see that@-1)-special systent is special because

L(L—Kp) (M+nA).(M+nA—Kp)

vl = 2 2

SinceA.Kp = —1 by the rationality of4, this implies

2 2
—N n —N n
Ny T

v(L) = v(M) +

Therefore the opposite direction of the Harbourne-Hirsdgtmconjecture is the non-
trivial one. It states that every special systéias fixed multiplé—1)-curves. Proving
the conjecture leads to an answer of the dimensionalitylenob

REMARK 1. We give a list of results on the conjecture. In fact we ukefahem
in several ways for the proof of our main theorem.

We write £ = £(d, mgo, mgl, R mP’) if £ has precisely; base points of multi-
plicity m; fori = 0, ..., r. With this notation the conjecture holds if

° bo++br 59[5],

L = L(d, m") (call it homogeneous of multiplicity)randm < 12 [3],

e L = L(d, mpg, m") (call it quasi-homogeneous of multiplicity) @ndm < 3 [2],

L = L£(d, mp, 4") [9] and [7],

L = L£(d, mp, 5") [8] or

o all multiplicities are bounded by 6, i.en; <6 fori =0,1,...,n[10].

3. Main results

Our main result is a proof of the Harbourne-Hirschowitz eatijire in the quasi-homo-
geneous case of multiplicity 6:

THEOREM1 (MAIN THEOREM). A systenmC(d, mp, 6") is special if and only if it
is (—1)-special.

We give the proof within an extra section. For the proof wechtres following
classification:

THEOREM 2 (CLASSIFICATION OF (—1)-SPECIAL SYSTEMSL(d, mp, 6")). The
following is a complete list of all—1)-special system&(d, mg, 6").
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d —mg system v(L) L(L)

0 £(d,d,eM —2In+d —6n+d d>6n>6

1 £(d,d-16" —2In+2d  -lin+2d d>4Yn> 3

2 £(10e,10e—2,6%) —12%—1 0 e>1
£(d,d—2,6" —2In+3d-1 -15n+3d—1 d> N> 18

3 L(%, 9% — 3,6%) —6e—3 0 e>1
L% +1,%—26%) —6e+1 2 e>1
£(d,d—3,6" —2In+4d -3 > —18n+4d -3 d > 183 > 2L

=ifd# % +10rnodd

4  L(8e, 8e—4,6%) —26—-6 0 e>1
L(Be+1,8—3,6%) —2e—1 2 e>1
L(Be+2,8—26%) —2e+4 5 e>1
£(d,d—4,6" —2In+5d —6 > —20n+5d — 6 d > 2008 > 20

=ifd #4n+2ornodd

5 L(7e,7Te—5,6%) —-10 0 e>1
L(Te+1,7Te—4,6%) —4 2 e>1
L(Te+2,7e—3,6%) 2 5 e>1
L(Te+3,7e—2,6%) 8 9 e>1

6  L(6e, 6e—6,6%) —-15 0 e>1
L(6e+1,6e—5,6%€) —8 2 e>1
L(6e+ 2, 6e—4,6%) —1 5 e>1
L(6e+ 3,6e—3,6%) 6 9 e>1
L(6e+ 4,6e—2,6%) 13 14 e>1

7 L(5e+2,5e—5,6%) —2e—5 —2e+5 2>e>1
L(5e+3,5e—4,6%) —2e+3 —2e+9 4>e>1
L(5e+4,5e—3,6%) —2e+11 —2e+14 7>e>1
L(5e+5,5e—2,6%) —2e+19 —2e+ 20 10>e>1

8 L(de+4,4e—4,6%) —6e+8 —6e+14 2>e>1
L(4e+5,4e—3,6%) —6e+ 17 —6e+ 20 2>e>1
L(4e+ 6,4e—2,6%) —6e+ 26 —6e+ 27 4>e>1
£(10, 2, 63) -1 2
L£(24, 16, 6°) -1 0

9 L(3e+6,3e—3,6%) —12%+24 —12e+ 27 2>e>1
L(Be+7,3e—2,6%) —12+34 —12e+35 2>e>1
£(9,0, 6% -9 0
£(10, 1, 6% 1 4
£(14, 5, 6°) -1 0
£(18,9,67) -3 0

10 L(2e+8,2e—2,6%) —20e+ 43 —20e + 44 2>e>1
£(10, 0, 63) 2 5
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d—mg system v(L) L(L)
L£(14, 4, 6°) 4 5
11 £(13,2, 6°) —4 2
L£(14, 3,6°) 8 9
12 £(12,0, 6°) -15 0
£(13,1, 6°) -2 4
£(14, 2, 6°) 11 12
13 £(13,0, 6°) -1 5
£(14, 1, 6°) 13 14
14 £(14,0, 6°) 14 15

4. The classification

In the paper [2] of Ciliberto and Miranda a lot of classificatiwork has been done
which we can apply to our problem. Ciliberto and Mirandaaddticed two notions
which we recall now to use their results.

Let £ be a linear system of plane curves with general multiple kempts as
above. ThenC is a quasi-homogeneous (-1)-clagsL = £(d, mg, m"), on P’ the
self-intersection numbet.£ = —1 and the arithmetic genus

L2+ L.Kp
B 2
Asv(L) = £? — g, + 1, these systems are never empty.

In this case, ifA is a (—1)-curve such thatd € L then byL.A = —1 and the
irreducibility of A, we havel = {A}. So we can identify—1)-curves and quasi-
homogeneoué-1)-classes and writel = L. Ciliberto and Miranda proved that such
a (—1)-curve exists up tan < 6. Hence a numerical classification of these systems
gives a classification for all quasi-homogene©u$)-curves up to multiplicityn = 6.
Such a classification is given in [2].

Now we consider the following phenomenon: L&t= £(d, mg, m") be a quasi-
homogeneous linear system adda (—1)-curve such thad = L£(8, ro, 1, ..., n)
andL.A < —2. Let Permy be the permutation group anletters and let € Perm,.

We defined, = L(8, 1o, to(1), - - -» ko). Then, asA is a(—1)-curve, it follows
that A, is again a8 —1)-curve. AsL is quasi-homogeneous we have agaid, < —2.
Therefore we can construct a composition(efl)-curves, which split off the system
L. We define the seA c Permy to be maximal such that alil, with o € A are
pairwise different. Then we define a new plane cudygr = ), . Ao (See [8]).

We call alinear systemd’ = £(d, mg, m, ..., m,) as above guasi-homogeneous
(-1)-configurationf Aot is a generic element if’. We note thatZ’ is by construction
quasi-homogeneous {f= | A| then there exists a’ such thatl’ = £(ks, ko, u'™)).

gc +1=0.

LEMMA 1 (SPLITTING-OFF LEMMA). Let £ = £(d, mg, m"). Then every—1)-
curve A with £.4 < —2is of one of the following types (We have listed the assatiate
guasi-homogeneous compounél)-configurations, too.):
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A= L3S, po, 1)
A= LG, po,nz =1 15Y Aot = LIS, Npo, (Npz — DM
A= LG, po, p2+1 15 Aot = LIS, N, (N2 + D))

Proof. First one proves that strict transforms of differetit # A, cannot meet pos-
itively on P". This is the case as otherwise one sees, by the Riemann-Rectem
on, that the sum of these moves in a linear system of positivedsion, which is
a contradiction to being a fixed part @f This implies that all the different, are
linearly independentin P{®’). Lettheus, ..., uy occur in sets of sizk; < ... < k.
As rank Pi¢lP’) = n + 2 we see by combinatorial reasons that for@é'@ different
(—1)-curvesA, only the possibilities

s=1 ki=n or
s=2 k=1 k=n-1

can occur. That means we have at most three different muaitips 1.0, 11 andus.

Moreover we have the equations. A = —1 andA.A, = 0 on”. That gives
A.A— A.A, = —1which is equivalent touy — 12)? = 1 (see [2]). O

For the purpose of classifying the systefitgl, mp, 6") we need a complete list of
all (—1)-curves which might split off such systems two times. Thes#)-curves can
not have higher multiplicities than 3 at the poimts . .., pn. We obtain the following
result:

LEMMA 2 (CLASSIFICATION OF (—1)-CURVES). All (—1)-curvesA and quasi-
homogeneous—1)-configurationsAt up to multiplicity 3 in the points p, ..., pn
which might split off a quasi-homogeneous system £(d, mg, 6") are elements of
the systems in the following list (see [8]):

not compound compound
£(2,0,1°
Lee—1,1%) e>1
£(1,1,1Y Ln,n 1M n>2
£(1,0,1? £(3,0, 23
£(6,3,27)
£(12, 8, 3%
In particular, all the(—1)-curves are quasi-homogeneous.

Proof. We refer to [2, Example 5.1] for the proof of a list of all qudsimogene- ous
(—1)-classes up to multiplicity 3. In [2, Example 5.15] is givec@mplete list of all
guasi-homogeneous-1)-configurations up to multiplicity 3. Using this two lists@n
Lemma 1 gives this result. O

Now we give the proof of the classification theorem of(alll)-special systems of
the form£(d, mg, 6").

Proof of Theorem 2In lemma 2 we have seen the possible cases(4dk)-curves
which might split off £(d, mp, 6"). Now we have to consider all these cases. To be a
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little bit faster we proceed along the following algoritheeé [8]):
We go through all possible combinations of thésé)-curves step by step.
First step: If we find g&—1)-curve or a(—1)-configuration4 such that

LA=—u<-=2,

then we split off the fixed part and defied = £ — u - A.

Second step: LetM’ be the residual system o¥1 obtained by splitting off all
possible(—1)-curves. By the definition of—1)-special systems we have to verify that
v(M’) > 0. We notice that the systemid are quasi-homogeneous of multiplicky4
by Lemma 2. Therefore we can use the results of [2] and [9].

We give an impression of this procedure. The complete praofie found in the
extended version of this paper (cf. [6]):

R c:M+u.A,v(M)anndM.A=o\

1. A= £(2,0,1% and £ = £(d, mg, 6°)
This givesM = £(d —2n, mo, (6 — 1)°) andM..A = 0 givesd = 3£

If £ =2=—d =14 and we get

mo = 0 andv(M) = 15 with M = £(10, 0, 4°) which is non-special
by [9]

mo = 1 andv(M) = 14 with M = £(10, 1, 4%) ”

mp = 2 andv(M) = 12 with M = £(10, 2, 4%) ”

mo = 3 andv(M) = 9 with M = £(10, 3, 4°) ”

mo = 4 andv(M) = 5 with M = £(10, 4, 4%) "

mo = 5 andv(M) = 0 with M = £(10,5, 4%) ”

u = 3is not possible because #8ff.A = 0.

If  =4=—d =13 and we conclude

mo = 0 andv(M) = 5 with M = £(7, 0, 2%) which is non-special
by [2]

mo = 1 andv(M) = 4 with M = £(7,1,2% "

mo = 2 andv(M) = 2 with M = £(7,2,2°) "

mp = 3 andv(M) = -1

u = 5is not possible because 8f.A = 0.

Fromyu = 6= d = 12 andmg = 0, v(M) = 0 for M = L(0, 0).
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2. A=L(e,e—1,1%% e > 1and L = £(d, mg, 6%

Then followsM = £(d — i -€, Mo — - €4 1, (6— )% andM.A =0
gives—e-mp+e-d—12e4+mp+u=0=mpg>d—12.v(M) >0
givesd > mp + u — 2.
If ©=2,3,4,5, one needs to go through all the casestigras above.
For u = 6 we have thatl — 4 > mp > d — 12. Letmp = d — x. From
MA=0=d = (12— x)e+ (X —6). We notice thatm = L((6 — X)e+
(Xx—6), (6—x)e, 0), which is regular. Taking into account thgtM) < —1
forall x < 5andmg < —1 for all x > 7 we get the only case:
mp =d—6andM.A=0=d = 6eand M = L(0, 0) is regular with
v(M) =0.

3. A= L(e e 1% and £ = L£(d, mg, 6%
This leads toM = £(d — pue,mg — pe, (6 — n)®. M. A = 0 gives
mp = d-+ n— 6.
If w=2thenwegetmyg=d—-4,£=/,L(d,d—-46°%andM = L —
2e,d — 4 — 2e,4%). Fromv(M) = —20e+5d — 6 = v(M) > O if
d > &2% FurtherM is irregular by [9] and of higher dimension if
(@) e=2f andd = 8f
(b) e=2f andd =8f +1
(c) e=2f andd = 8f + 2.

Foru =3, u =4, u = 5andu = 6 we make similar examinations.

The following two cases are easier to compute because wenefugther
parameters in the—1)-curves.

4. A= L(6,3,2"yand £ = £(d, mg,6"), u =2,3
5. A=L(3,0,2%and L = £(d, mg, 6%, u=23
6. A=,£(128,3)and £ = £(d, mg,6%), u =2

e | L=M+2-A1+2- Ay, V(M) > 0, M non-special andM.A =0

1. A= LS, po, 1" and A;.4, =0
This leads tad; = L(e, e — 1, 1%8) and A» = L(2e, 2e, 128). Further we
havel = £(d, mg, 6%) and M = L(d — 6e, mg — 6e + 2, 2%¢). From
M. A; = 0andM. A2 = 0 we getmg = d — 4 andd = 8e+ 2. Therefore
we haveM = L£(2e + 2, 2e, 2%°), which is regular by [2] and (M) = 5.
2. With similar considerations we treat the following case:
A1 = L(81, oy, 1) and Az = L(82, no,, 27)

For the rest we only mention the missing cases, which areealléd analogously.
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. ‘E=M+2-A1+3-A2,V(M)anndM.A:O‘

[ A= L@, 10,17 and Ay A, = 0]

1. A1 = L(e,e— 1,128 and A, = L(2e 2e 129
2. A1 = L(2e2e 1%6) and Ay, = L(e, e — 1, 128

o ‘£=M+2«A1+4-A2,V(M)anndM.A:O‘

‘.A = L(8, wo, 1M and A;. 45 = 0‘

1. A = L(e, e—1,1%% and A, = L(2e 2e 128
2. A1 = L(2e2e 126 and Ay, = L(e, e — 1, 128

o [L=M+2-A1+2 Ay+2 A3, V(M) > 0and M. A = 0]

L(e,e — 1,1%) and L(e, e, 1°) are the only quasi-homogeneoisl)-confi-
gurations withm; = ... = my = 1 which have intersection multiplicity O.
Therefore we are immediately in the previous case.

O

5. The degeneration method

In this section we give a rough overview of the degeneratfidh@plane as introduced
by Ciliberto and Miranda in [2]. We refer to this paper forther details. As in every
degeneration method the aim is to specialize the base pfiatsystemZ(d, mg, m")

in such a way that on the one hand the dimension is easier tpwerbut on the other
hand it does not change.

At first we consider the geometric situation. L&tbe a complex disc around the
origin. We defineV = P2 x A. Letpy : V — P2andp, : V — A be the
projections. Now we blow up a link in Vo = pgl(O) (f : X — V) and obtain the
following situation withrr; = f o pj:

X Xo=PUg F F
| N,
EVANY & P?
}A P2
P2 A

Now X; = n;l(t) =~ P2forallt #0. Xo = ngl(O) is a union of two surfaces,
the strict transform o¥y = P2 (calledP) and the exceptional divis@ = f~1(L). F
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is isomorphic to the blow-up d#2 in one pointp (here vias). The surfaces are glued
together along the lin®&, which can be identified with in > and with the exceptional
divisor E = o ~1(p) in F.

As in [2] we defineOx(d) = JTIOPz(d) andOx(d, k) = Ox(d) ® 0y Ox (kP).
We sety (d, k) = Ox(d, k)|x,. Let H be the pull-back of a general line i viao.
Then we havé)x (d, k)| x, = Op2(d) fort # 0. Furthermore (d, k) |p = Op2(d — k)
andy (d,k)|p = Op(dH — (d — K)E).

We fix n — b 4+ 1 general pointpo, p1, ..., Ph—b ON P and b general points
Pn—b+1,---, Pn ONTF. We defineLy to be the linear sub-system gf(d, k) defined
by all divisors of x (d, k) having multiplicity at leasing at pg and at leastn at the
points py, . . ., Pn (Write Lo = £(d, mo, m"~?, mP)). We say that’g is obtained from
L = L(d, mg, m") by an(k,b)-degenerationLy can be considered as a flat limit on
Xo of L. By semi-continuity we obtain

Lo = £(Lo) = £(L).

In particular, if¢g = e(£) thenL is non-special.

Now Lg restricts orlP to a systemCp = £(d — k, mg, m"~P). Furthermore we
restrictLo onF to £ = £(d, d — k, mP) (the identification we obtain by blowing
down L to P? via ). Now we define as in [2]Rp to be the linear system oR
obtained by restrictingp to R. We have the following exact sequence

0—>£A[p>+—L>£[p>L>R[p>—>0.

The kernel systenzﬁp consists of all divisors having as component. So we can
identify £p = £(d — k — 1, mg, m"~b),

We analogously defin® and obtainly = £(d,d — k + 1, mP) (parametrising
the divisors inlr which haveE as a component).

Let us recall some further abbreviations from [2]:
DEFINITION 3.

vp = v(Lp), vp = v(Lf),

op = v(Lp), ir = v(Lp),

lp = U(Lp), by = L(LF),

lp = t(Lp), br = €(Lp),

rp = £p — {p — 1, the dimension oRp,

rp = £y — £y — 1, the dimension oRy.

In [2] it is shown that the associated vector spaceRtoand Ry are transversal
subspaces df (R, Or (d — k)). This leads to the following corollary:
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COROLLARY 1 (KEY-LEMMA ON {p). We have two cases:

1. Ifrp4+rp <d—k—1,thentg = ép + by + 1.

2. frp+rp>d—k—1,thentyp =¢p+¢p —d+k.

A proof can be found in [2]

6. Proof of the Main Theorem

Before giving the proof let us state two lemmas which are kkamies of the Key-
Lemma 1. The proof of these is given for an analogous casq.in [8

LEMMA 3 (CASEv(L) < —1). Let £ = L(d, mg, 6") with v(£) < —1. If there
are integers kk < d) and b(b < n) such that ak, b)-degeneration can be found with
the following properties of the restrictions 6§

e L andLp are both non-special, and
o the kernel system&y and Lp are empty withip < v(£),
then. is empty.

LEMMA 4 (casev(L) > —1). Let £ = £(d, mg, 6™ with v(£) > —1. If there
are integers kk < d) and b(b < n) such that ak, b)-degeneration can be found with

e Ly andLp are both non-speciap > —1, vp > —1, and
e the kernel system&y and £p have the property(£) — 1 > ip + {f,

then, is non-special.

The following three lemmas state parts of the result of thénM&eorem 1. We
prove them independently later on.

LEMMA 5 (THREE BASE POINTS. A linear systemZ(d, mp, m") with at most
three base points (& 2) is special if and only if it ig—1)-special.

LEMMA 6 (LARGE MULTIPLICITIES mg IN pg). Letd > 25. If mg > d — 9 then
L(d, mg, 6") is special if and only if it i¥—1)-special.

LEMMA 7 (Low DEGREES. Ifd < 140thenZ(d, mgp, 6") is special if and only if
it is (—1)-special.

Proof of the Main Theorem 1Let £ = £(d, mp, 6"). By the lemma for large multi-
plicities (6) we can assume thét> mg + 10 > 10.
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Furthermore by the lemma for low degrees (7) the statementésford < 140.
We can assumeé > 141. We continue by induction ahwhere 7 can be considered as
the base of the induction.

As all suchL are not(—1)-special we have to show that is non-special. The
method is to get the systefy on the special fiber by a degeneration&f With
Lemmas 3 and 4 we can prove the regularity’daf the restrictions ofZg to P and toF
have certain properties. These properties can be achiswéé anain conjecture holds
for the systems of? by induction and for the ones dhby 6.

We perform now &5, b)-degeneration o and get the following systems on the
special fiber:

P: Lp=L(d—5mg6" P F: Lp=L(dd-56
Lp = £(d — 6, mg, 6"P) Lr = L£(d,d— 4,6

Step 1 (case(L) < —1):

We want to apply Lemma 3 for the cas€e’) < —1.

First of all we need to havép empty. By the lemma for large multiplicities in
mp (6) we have that’y is non-special if it is non—1)-special. Therefore by our
classification theorem 2 it is sufficient to choase< 4b, i.e.,b > %. Also we get
rp < —1, which means this system is empty.

Next let us find a sufficient condition to gép < v(£). A computation gives
vp —v(L) = —6d + 21b + 9, hence it is sufficient to have6d + 21b + 9 < 0, that is
b < &9,

Now we want to find sufficient conditions to ha¥g: non-special. By 6 this is
already the case if we find conditions 6 not to be(—1)-special. By Theorem 2 it
is sufficient to forced > X + 3, thatisb < 2(d — 3). As 3(d — 3) < -9, this new
condition onb includes alsap < v(£).

In the next step we are searching for a sufficient conditiogetiolp non-special.
By induction ond Lp = £(d — 5, mg, 6"0) is special if and only if it ig—1)-special.
By our list in Theorem 2 we notice th&lp is non{—1)-special if we choose — b odd
as we have assumed tltht- mp > 10 andd > 141.

In the last step we look for a sufficient condition brio get£p empty. Here we
have to be more careful. Wheh— mp > 11 we get for the same reasons as in the
case ofCp that [:]p is non-special ifn — b is odd. Whend — mp = 10 then from
Theorem 2 we know thatp = —20(n — b) + 5(d — 6) — 6 if n — b is odd. That
means we want this expression to be negative. F(fpm —1<=b< 4(7 d)+n
we get a sufficient condition ob. As by assumption(£) < —1, we can conclude
thatv(£) = 11d — 2In — 45 < —1. Thereforen > %‘. That means we can
formulate the above condition dm without n (using a lower bound om) and get

17—dy+ 1044 = 29 2

Let us now reformulate all sufficient conditions (separdtedhe casesl — mg =

10 andd — mp > 10) in a compact form: 1§ — mp > 10 we find ab such that we can
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apply Lemma 3 if
2 6 1
-d—-—- 2 1
7d 7 4d >2<=d=>8
If d — mp = 10 we find also @& to apply 3 if
29 23

"84 8a

d—%d>2<:>d399.

Step 2 (case(L) > —1):

We want to use Lemma 4 for the cas€) > —1. Still all notations are with
respect to the abou®, b)-degeneration.

In a first step we want to find a sufficient condition brio getLp non-special.
Exactly as in step 1 we get by induction tht is non-special if we choodesuch that
n — b is odd, because we assughe- mg > 10 andd > 141.

Next we want to find sufficient conditions dnto get the systenfy non-special
andvrp > —1. By the lemma for large multiplicities (6) img we have again as above
that Ly is non-special if and only if it is noi—1)-special. We conclude that we get
Ly non-special if we havel > b + 3, thatis ifb < 2d — &, by Theorem 2. As
vp = 6d — 21b — 10 we see thaty > —1 which is equivalent td < 2d — 3.
Therefore the condition for gettingr non-special gives already that > —1.

From Theorem 2 we note again tHat> % confirms thatlr is non-special and
op < —1.

Let us now considefp: As abovelp is by induction non-special if—b is odd and
d—mp > 11. Inthe casd —mg > 11 we force alsép < v(L), thatisb < %}9. Inthe

caged —mp = 10 we conclude - exactly as above - that# b is oddﬁp is non-special
orfp = —20(n—b)+5(d —6) —6. Therefore we force-20(n—b)+5(d—-6)—6 < —1,
that meand < ;11(7 —d) +n. As we are in the case(£) > —1 we have the equation

11d—21n—45> —1 which means < 114-44 |tis enough to check the independence

of all conditions on the base points ihfor the highest possible numberof points.
We fix thisn and use a lower bou ‘12144 — 1 of it. That means a sufficient condition
for £p to be non-special ib < (7 — d) + 119744 — 1 = 113234,

To fulfill all these conditions we need to hadelarge enough. All together this

gives so far:
If d —mg > 11 we are able to find a sufficiehtif

2 6 1
If d — mg = 10 we are able to find a sufficiebtf
23 113 1

In both cases we have thdp and Ly are non-special andy > —1. Fromip < —1
and fromvp = v — 1 — 0 we getimmediatelyp > —1. We havey > ip. As Ly and
Lp are non-special we are able to conclude the following twesas
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If op < —1then
p+lp=—-2<v-—1,
and ifop > —1 then
bp+Llp=0p+Lp <v-—1

In both cases we are able to apply Lemma 4 and concludetisaton-special.
(I

7. Proof of the Lemmas

Before starting the proofs we should take some time to el use of Quadratic
Cremona Transformations for our purpose. We identify su¢tamsformation with
blowing up three general points and blowing down their cating lines. Such a
transformation is called to Heased on the three pointBurthermore one can see by the

blow-up and -down interpretation that a linear systém, mg, mg, mp, ms, ..., My)
is transformed by a Cremona transformation based on thésgminps, p2 to a system
L2d—mpg—mp—mp,d—mg—my,d—mg—mp,d—mg—mq, M3, ..., mp). Ifall

involved numbers are non-negative (see [2]), the dimenaehthe virtual dimension
of a system£ do not change under Cremona transformations. In faetB-curve
splitting off a system( is transformed again into & 1)-curve, which splits off the
transformed system. Therefore it is equivalent to examisgséem/L or its Cremona
transformed for our purpose. We use suitable sequencegof@ra transformationsin
the following proofs to obtain systems which are alreadyn@xad in previous papers.

Proof of the lemma of three base pointshis can be seen by direct computations
with base pointg1 : 0: 0, (0: 1 : 0 and(0 : 0 : 1). Of course, the statement
is also included in the result in [5]. O

Proof of the lemma of large multiplicitiesgin pp 6. We  consider the system
L£(d, mg,6"). For the case ofng > d — 7 [2, Proposition 6.2., Corollary 6.3.,
Proposition 6.4.] give a classification of the special syst®f this type. Comparing it
with our list in Theorem 2 gives the statement. Nowdet 25. The strategy for the
proof is to perform a sequence of Cremona transformatiorsder to get systems,
which can be examined easier. Furthermore we apply the éegtion method again
and use again Cremona transformations to prove reguldriépme of the obtained
systems.

casedd —mp =8
Let £ = £(d, d — 8,6"). We note that if we perforrk Cremona transformations,
based orpp and successively on two other base points of multiplicityé obtain that
it is now equivalent to consider the Cremona transformeteaygfor the strategy see
[8]):
L~ £(d— 4k, d — 8— 4k, 6" 2%

We setd — 8 = 4t + € with € € {0, 1, 2, 3}. Andn = 2q + n with n € {0, 1}.
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If t < q we performk = t transformations or(d, d — 8, 6") based onpy and
successively two other base points of multiplicity 6 andagit

L~ LB+e, e 6"2 22

The system on the right hand side is of bounded multiplititst means all multiplici-
ties are< 6. Such systems are special if and only if they @ré)-special by [10].

If t > g we performk = g transformations o (d, d — 8, 6") again based oy
and successively two other base points of multiplicity 6 abthin

L~ L£(d—4q,d—8—4q, 67, 2%).

If » = 0 we are in the case of quasi-homogeneous linear systemdigbliity 2, here
the main conjecture is true by [2].

If » = 1 we have to examine systems of the type= £(5,8 — 8, 6, 22%) with
8 = d — 4q. Now let us perform &2, b)-degeneration and get the following systems:

Lp=L0S—2,8—8,62%4b) rr=r(5,8—2 2D
Lp=L(5—3,8—8,62%4 fr=7r(s5—12Y

If v(£) < —1 we want to apply lemma 3.

By our classification Theorem 2 there is 1ie-1)-special system of the type
L(d,d—8,6" if d > 25. That means we have to show that the sysfeimempty. To
use 3 we have again to consider all the systems obtained lmetieneration as in the
proof of the main theorem.

In afirst step let us considdly. As Lp is a guasi-homogeneous system of multi-
plicity m = 2 we see in [2], that this system is never special. Thee 26 — 3b leads
to a sufficient condition to gei]F empty. This condition i§ > 257“

In a next step we want to find a sufficient condition to getnon-special. This is
true by [2] if b is odd. So let us forchk to be odd as a sufficient condition for this case.

Now we considerlp. We claim: Lp is non-special.

To show the claim we apply at first a Cremona transformaticefan the points
of multiplicity § — 8, 6 and on one point of multiplicity 2. This leads to the fallag
system:

Lp ~ L(5 — 4,5 — 10, 4,2%97b-1)

Above we forced to be odd, therefore we assumg 2 b — 1 > 2 (otherwise skip

this step) is even. Now we apply successiv@?zb;l Cremona transformations, based
in po and two points of multiplicity 2. Therefore we see that weééive following
equivalence:

Lp~LOB—44+20—b—18—10+2q—b—1,4%°b),

Fromé = d — 4q > 12+ € we get by [9, Theorem 2.1, Theorem 5.2] that this system
is never special.
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Finally we have to considetp. Again we claim that’p is never special.

We have by the above assumption thqt-2b is odd. At first we split off the line
through the points of multiplicity — 8 and 6. As the virtual dimension doesn’t change
we get

Lp~L(©E—456-9,52%7D)

Another Cremona transformation based p1 and one point of multiplicity 2 leads
to the equivalence

Lp~ LS —6,8—11, 3,2%7b-1y

Now as in the case ofp we apply anothe?q’# Cremona transformations based in
po and successively in two points of multiplicity 2. We end uphnthe equivalence:

2g—b-1

Lp~ L6 —6+ S —11+ ,324-by

2g—b-1

2
Now we are able to conclude with [2] - as we are in the case ofasiuomogeneous
system of multiplicity 3 - that this system is never special.

To apply 3 we have to find a sufficient condition fwto getop < —1, therefore it
is sufficient to havép — v(£) < 0, which is equivalent tb < §.

All together we find a sufficierty if § — Z‘ST“ > 2 <= § > 8. As we have seen
above we have already> 12+ €. This means we can apply Lemma 3 and conclude
that£(d, d — 8, 6") is empty in the case(L) < —1.

Now we have to consider the caseC) > —1. Here we want to apply the Lemma
4,

As inthe case(L£) < —1 we can always find B such that all the systems obtained
by the above&2, b)-degeneration are non-special. Let us choose sbdika above and
then consider the systenfs, Lp, Ly and[,F Fromvp = v(L) —op — 1,0p < —1
andv(L) > —1 we concludep > v(£) > —1. A direct computation givegp > —1.

As the inequalitybp < v(£) is also fulfilled we gefp < v(£). Therefore we can
apply Lemma 4 and conclude thétd, d — 8, 6") is non-special.

cased —mp =9

Let£ = £(d,d — 9, 6"). We note as above that if we perfoknCremona transfor-
mations, based opp and successively on two other base points of multiplicityé,
obtain that:

L~ L£(d— 3k d—9— 3k, 6" % 3%

We setd — 9 = 3t + € with € € {0, 1, 2}. Andn = 2q + n with n € {0, 1}.
If t < g we performk = t transformations o(d, d — 9, 6") based ormg and
successively on two other base points of multiplicity 6 abthn

L~LO+e e 6" 32,
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Then the system on the right hand side is of bounded mulitiplihat means all
multiplicities are< 6. As mentioned above such systemssoecialif and only if they
are(-1)-speciaby [10].

If t > g we performk = g transformations o (d, d — 9, 6") and obtain

L~ L£(d—3q,d—9—3q,6",3%).

If n = 0 we are in the case of quasi-homogeneous linear systemsliblinity 3,
here the main conjecture is true by [2].

If n = 1 we have to examine systems of the typ@&, s — 9, 6, 329) with § =
d — 3g. If § < 15 we are in the case of systems of bounded multiplicity wiieee
main conjecture holds by [10]. So we can assdme 15. Also we can assunte> 1
(otherwise the statement is clear). Now let us perfoii®, &)-degeneration and get the
following systems:

Lp=LG6—3,8—96397b) £p=7r5,8-33

Lp=L0—4,8—9630D) frn—7r($,8—2 3

It turns out that we can apply lemmas 3 and 4 as abo¥esif15. Especially we
see again by applying Cremona transformations fhagand p are both non-special
(for details see [6]). On the other handsas 15 we find & such thatCr is empty and
L is non-special.

O

Proof of the lemma of low degrees The main tool for this proof is a computer pro-
gram which uses5, b)- and (6, b)-degenerations of the plane in order to prove that
certain non¢—1)-special systems are non-special. This algorithm is giwehdface
and Ugagliain [8]. We implemented this algorithm3mgular(see [4]). Furthermore
to treat the cases where the degeneration-method fails plemnented a method used
by Yang in [10]. This method specializes the base points amesand moves them to
infinity. Then it is easier to check if the given conditionstbie base points are inde-
pendent. If this is still the case it proves regularity of aegi system.

Below we list only the cases in which the program fails. Akslk but 10 cases are
solved by ad-hoc methods (mainly Cremona transformatidrs) remaining 10 cases
we computed directly wittSingularin characteristic 32003. One can see that this
implies then regularity in characteristic 0, too.
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d—mp system dim.  method
8 L =L(8,0,6% -1 3-point lemma
8 L=1L(916% -1 splitting off lines
14 L = £(14,0, 6%) -1 Cremona, splitting off lines
13 L=1L(1416%5 -1 asL(14, 0, 6% is empty
12 L£=L£14265 -1 asL(14, 0, 65) is empty
11 L=10L(143,6%5 -1 asL(14, 0, 6% is empty
10 L£=L144,65 -1 asL(14, 0, 65) is empty
8 L=1L(146,6° -1 asL(14, 0, 6% is empty
15 L£=/,(1506") -1 Cremona
15 L£=1L(150,6% > -1 as(15 3,6°) isregular
14 L£=1,L151,6% > -1 asL(15 3,6% isregular
13 L£=1,L(152,6% > -1 as(15 3,6°) isregular
12 L£=1,(153,6% > -1 Cremonaand[2]
11 L =L(154,6% -1 Cremona, splitting off lines
10 £=/,£(155,60 -1 asL(15, 4, 65) is empty
9 L=1rL(156,6% -1 asL(15, 4, 65 is empty
9 L£=1,(156,6° > -1 asL(15,0,6% isregular
8 L=L(157,6°) > -1 Cremonaand][2]
16  L£=/,£(1606% -1 asL(16, 3, 67) is empty
16 L£=1L(16006) > -1 as(16,2 6 isregular
15 L=1rL(1616) >—-1 as(16, 2 6 isregular
14  £=/,(1626) > -1 Cremonaand[2]
13 L=/L(16,3,6) -1 Cremona, splitting off lines
12 L=1L(1646) -1 asL(16, 3, 67) is empty
11 L=1rL(1656) -1 asL(16, 3, 67) is empty
10 L=1,L(1666) -1 asL(16, 3, 67) is empty
10 £=/,(16,6,65 > -1 asL(16 2 6")isregular
9 L=1/L(1676% -1 Cremona, splitting off lines
8 L=1/,(16,8,60 —1 asL(16, 7, 65) is empty
17  £=L£17,0,68) > -1 asL(17 1,68 isregular
16 L£=1,L(17,1,6% > -1 Cremona
15 L= L(17,2, 6%) -1 Cremona, splitting off lines
11 L=1rL(176,6) >—-1 asL(17 1,6%) isregular
10 L=LA1776) -1 Cremona, splitting off lines
9 L=1r(1728,6) -1 asL(17,7,6%) is empty
8 L =/,(18106") -1 Cremona, splitting off lines
19 £=,£(190,619 -1 [3]
18 L£=1,L(191619 -1 asL(19, 0, 619 is empty
17 L=/,(192619 -1 as£(19, 0, 619 is empty
15 L£=1r£1946% >—-1 asL(195,6° isregular
14  £=,£195,6% > -1 regularby[10]
13  £=,£(196,6% -1 as£(19, 0, 619 is empty
12 L=1,L(1976) -1 asL(19, 0, 619 is empty
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d—mp system dim.  method
9 L£=/,(19106") > -1 Cremonaand [3]
8 L£=/,(19116") -1 Cremona, splitting off lines
12 L = L£(20, 8, 6% > —1 direct computatich
11 £ =L(20,9,6% -1 Cremona and [8]
8 L£=1L,(20,12,6) > —1 Cremonaand [3]
11 L£=/,(21,106% > -1 Cremonaand [10]
10 L=/L(2111,6% -1 Cremona and [10]
9 L=0,(21,126% > -1 Cremonaand[3]
8 L = L£(21,13, 6% -1 Cremona, split. off lines, [3]
22 L=1L(220,6% > -1 asf(22 1,63 isregular
21 L£=L£(221,6% >-1 [10]
20 L=L(2226% -1 [10]
19 L£=£2236% -1 asL(22, 2, 613) is empty
16 L=1L(226,62) > -1 asf(22 1,63 isregular
15 L=1L(22762 -1 direct computatiofi
13 L=/L(229061 -1 direct computatiof
11 L=/L2211610 —1 Cremona and [10]
10 L=1L(2212610 -1 asL£(22, 11, 610 is empty
10 L£=1,(22126° > -1 Cremonaand [9]
9 L= L(22,13,69 -1 Cremona, splitting off lines
8 L=/,(22146% -1 asL(22, 13, 6% is empty
12 L£=1,(23116Y) > —1 directcomputatiofi
10 L£=1£(231369 -1 Cremona and [9]
9 L£=1,(2314,6% > -1 Cremonaand [3]
8 L = £(23, 15,69 -1 Cremona and splitting off lines
10 L =1L(24,14,619% > _-1 Cremonaand[3]
9 L=L(24156% -1 Cremona and [10]
8 L =L(24,16,6'0) —1 asL(24, 15, 61°) is empty
13 L£L=L(25126'%) -1 direct computatiori
10 L =L(25 156 —1 Cremona and [10]
12 L£=1L(26146'%) -1 direct computatiori
10 L£=1,(2919 6% > _—1 directcomputatiof
13 L£=,(31186') -1 direct computatiofi
10 £=1£(@31216"% > -1 Cremonaand[9]
10 L£=1,(381286'% -1 Cremona and [9]
13 L = L£(40,27,6%3) —1 direct computatiofi
10 £ =/L(40,30,6'%) -1 direct computatiofi
10 £ =L(46,36,6%) -1 Cremona and [9]

*with [4] in char= 32003

61



62 M. Kunte

References

[1] CiLiBERTO C., Geometric aspects of polynomial interpolation in more abkes and of Waring’s
problem Proceedings of the ECM, Barcelona 2000.

[2] CiLiBERTO C. AND MIRANDA R., Degenerations of planar linear systenids Reine Angew. Math.
501(1998), 191-200.

[3] CiLIBERTO C.AND MIRANDA R.,Linear systems of plane curves with base points of equalpticit
ity, Transactions of A.M.S352(2000), 4037-4050.

[4] GREUEL G., PFISTER G. AND SCHONEMANN H., Singular 2.3, a computer algebra system for
polynomial computation&Zentrum fur Computeralgebra Technische Universitds&alautern 2002,
http://www.singular.uni-kl.de.

[5] HARBOURNE B., Free resolutions of fat point ideals dP?, J. Pure Appl. Algebra 25 1-3 (1989),
213-234.

[6] KUNTE M., Quasi-homogeneous linear systemdl’Srwith base points of multiplicitg, preprint 2004,
arXiv:math.AG 0404169.

[7] LAFACE A., Linear systems with fixed base points of given multipliétyD Thesis, Roma 1999.

[8] LAFACE A. AND UGAGLIA L., Quasi-homogeneous linear systemsPrwith base points of multi-
plicity 5, preprint 2002, arXiv:math.AG 0205270.

[9] SEIBERTJ.,The dimension of quasi-homogeneous linear systems witfpheity four, preprint 1999,
arXiv:math.AG 9905076.

[10] YANG S.,Linear systems of plane curves through base points of baumadgtiplicity, preprint 2003.

AMS Subject Classification: 14C20, 14J17.

Michael KUNTE, Fachbereich Mathematik, Technische Ursitat, Erwin-Schrodinger-StraRe, 67663
Kaiserslautern, GERMANY
e-mail: kunte@mathematik.uni-k1.de



