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QUERIES ON FAMILIES OF FAT POINTS

Abstract. Here we raise some questions on the postulation of non-generic unions of fat
points in Pn, e.g. for a fixed integerz > 0, t > 0 the dimension of all suchZ’s with
hi (Pn,IZ (t)) ≥ z, i = 0, 1.

Let X be an integraln-dimensional projective variety. Fix positive integersk

and mi , 1 ≤ i ≤ k, and setz = z(n;m1, . . . , mk) :=
k∑

i=1

(
n+mi − 1

n

)
. Let

A(X;m1, . . . , mk) be the set of all zero-dimensional subschemes ofX of the form
∪k

i=1mi Pi , whereP1, . . . , Pk arek distinct points ofXreg. Let B(X;m1, . . . , mk) be
the closure ofA(X;m1, . . . , mk) in the Hilbert scheme Hilbz(X) of all lengthz zero-
dimensional subschemes ofX. Since Hilbz(X) is a projective scheme, the variety
B(X;m1, . . . , mk) is complete.

QUESTION 1. Fix L ∈ Pic(X) and setαi := hi (X,IZ ⊗ L), i = 0, 1, whereZ is
the general element ofA(X;m1, . . . , mk).

(a) Find upper and lower bounds for the dimension of integralsubvarietiesT of
A(X;m1, . . . , mk) such thathi (X,IW ⊗ L) > αi for every W ∈ T ; more
generally, fix an integera > 0 and find bounds for dim(T) such thathi (X,IW⊗
L) ≥ αi + a for everyW ∈ T . More generally, do the same simultaneously for
finitely many line bundlesL.

(b) Find closed subvarieties̄T (if possible with large dimension) ofB(X;m1,

. . . , mk) which intersectA(X;m1, . . . , mk) and such thathi (X,IA ⊗ L) = αi

for everyA ∈ T̄ (or such thathi (X,IA ⊗ L) ≤ αi + a for everyA ∈ T̄).

(c) As in part (a) or (b) do the same taking a vector bundleE instead ofL.

Part (b) means to find families of finite unions of fat points such that all their limits
have good postulation or such that we may control the postulation of all their limits.
For part (c) it is essential to consider only “important ” or “nice ” examples, e.g. suf-
ficiently general stable vector bundles. WhenX = Pn part (c) for the bundles�i

Pn(t)
is important for the minimal free resolution of finite unionsof fat points inPn and of
their limits.

We are working on these questions, but our preliminary results do not kill the topic.
For the caseX = Pn, m1 = · · · = mk = 1 andL = OP2(t), see [1].
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