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A REMARK ON THE AMPLE CONE OF Mg,n

Abstract. Here we address a question on the ample cone of the moduli spaces of curves with
an inductive approach inspired by a paper of Arbarello and Cornalba.

1. Introduction

The moduli spaceMg,n of n-pointed stable curves of genusg is a very natural and
classical object, which from Riemann’s times on has been deeply investigated by sev-
eral authors. Despite this fact, the birational geometry ofMg,n still remains a mystery.
Indeed, every attempt in finding a regular pattern in the geometry of such a space seems
destined to fail. This long history of trials and errors begins already in 1915 with Sev-
eri: being aware of the fact thatMg is unirational forg ≤ 10, he was led to conjecture
thatMg is unirational for all generag (see [10], end of § 2.). That this is not really
the case was shown in the first eighties by Eisenbud, Harris, and Mumford, who were
able to prove thatMg is of general type forg ≥ 24 (see [7], [2]). Anyway, the hope
for a uniform description of the birational nature of the moduli spacesMg was still
alive and inspired the celebrated Slope Conjecture by Harris and Morrison (see [6]): if
aλ − bδ is the class of an effective divisor onMg, then it should bea

b ≥ 6 + 12
g+1.

In particular, since the class of the canonical divisor onMg is exactly 13λ − 2δ, it
would follow thatMg has negative Kodaira dimension forg ≤ 22. Unfortunately, as
recently pointed out by Farkas and Popa (see [4]), the Slope Conjecture does not hold
for g = 10: a counterexample is provided by the divisor corresponding to curves on
a K3 surface. Moreover, effective divisors behave in a wild manner already in genus
zero: as observed by Keel and Vermeire (see [11]), the natural guess that every effec-
tive divisor onM0,n is an effective linear combination of boundary classes turns out
to be false for everyn ≥ 6. However, one can still hope to fix at least the geometry
of ample divisors. Recall thatMg,n has a natural stratification by topological type,
the codimensionk strata corresponding to curves with at leastk singular points. In
the paper [5] by Gibney, Keel, and Morrison, the following Conjecture is attributed to
Fulton:

CONJECTURE1. ([5] (0.2)) A divisor onMg,n is ample if and only if it has posi-
tive intersection with all one-dimensional strata.

The main result of [5] is that Conjecture 1 holds for allg if and only if it holds for
g = 0. In the same paper it is also described a natural approach tothe case ofM0,n: as
already pointed out by Keel and McKernan in [9], Conjecture 1would be implied by a
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positive answer to:

QUESTION 1. ([5] (0.13)) If a divisor onM0,n has non-negative intersection with
all one-dimensional strata, does it follow that the divisoris linearly equivalent to an
effective combination of boundary divisors?

Until now, the best achievement in this direction is the following:

THEOREM 1. For n ≤ 6, the answer to Question 1 is affirmative.

As we shall see, it is possible to approach such a result in several different ways.
First of all, as noticed in [5] (0.14), Question 1 admits a purely combinatorial refor-
mulation, which can be checked by using a computer preciselyfor n ≤ 6 (indeed, its
computational complexity makes it untractable already forn = 7). Next, a more con-
ceptual analysis of the casen = 6 has been carried out in the paper [3] by Farkas and
Gibney. Essentially, their idea is to express every divisorD on M0,6 as an explicit
linear combination of boundary divisors whose coefficientsare intersection numbers
with one-dimensional strata.

Here instead we are going to present a new proof, which follows an inductive
strategy inspired by the paper [1] by Arbarello and Cornalba. Namely, let P :=
{1, 2, . . . , n} and for everyS ⊂ P with 2 ≤ |S| ≤ n − 2 let 1{0,S} be the boundary
component ofM0,n whose general element is the union of two copies ofP1, labelled
respectively bySandP \ S, meeting at one point. We denote byδS the corresponding
class in Pic(M0,n) and we define inductively:

B4 := {δ{2,3}}

Bn := Bn−1 ∪ {δB : B ⊆ {1, . . . , n}, n /∈ B ⊇ {n − 1, n − 2}}

∪{δBc\{n} : δB ∈ Bn−1 \ Bn−2}.

Then we have

PROPOSITION1. Bn is a basis ofPic(M0,n).

Moreover, forn ≤ 5 every divisor having non-negative intersection with all one-
dimensional strata can be expressed as an effective linear combination of divisors in
Bn; for n = 6 this is no longer the case, but one still maintains a controlon the sign of
coefficients, which is strong enough to conclude the proof ofTheorem 1 in a few lines.
Unfortunately, asn grows up, the combinatorial complexity of the problem explodes:
indeed, even the casen = 7 seems to be completely out of reach.

2. The tools

We are going to make essential use of the following basic facts:
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LEMMA 1. (Arbarello–Cornalba) Letϑ : M0,A∪{q} −→ M0,P be the map which
associates to any A∪ {q}-pointed genus zero curve the P-pointed genus zero curve
obtained by glueing to it a fixed Ac ∪ {r }-pointed genus zero curve via identification of
q and r. Then for every B⊂ P with B 6= A and B 6= Ac we have

ϑ∗(δB) =







δB if B ⊂ A and B 6= A
δB\Ac∪{q} if B ⊃ Ac and B 6= Ac

0 otherwise

(see [1], Lemma 3.3).

LEMMA 2. (Keel) If a, b, c, d ∈ {1, 2, . . . , n} are four distinct elements, then the
following relation holds inM0,n:

∑

a, b ∈ T
c, d /∈ T

δT =
∑

a, c ∈ T
b, d /∈ T

δT

(see [8], (2) p. 550).

LEMMA 3. (Gibney-Keel-Morrison) Let

D =
∑

|S|≥2

bSδS

be a divisor onM0,n and set bS := 0 for |S| = 1. Then D has non-negative intersec-
tion with all one-dimensional strata if and only if

bI ∪J + bI ∪K + bI ∪L ≥ bI + bJ + bK + bL

for every partition I∪ J ∪ K ∪ L = {1, 2, . . . , n}

(see [5], Theorem 2.1).

For further details, we refer the interested reader to the original papers; however,
we stress that the corresponding proofs are very short and elementary.

3. The proofs

Proof of Proposition 1.From [8] it is known that Pic(M0,n) is a free group on 2n−1 −
(n
2

)

− 1 generators. Therefore, in order to get the claim it will be sufficient to show:

|Bn| = 2n−1 −

(

n

2

)

− 1;(1)

there are no linear relations among the elements ofBn.(2)

We are going to check (1) by induction onn.
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If n = 4, it is clear thatB4 has the right cardinality.

If n ≥ 5, by inductive assumption we have

|Bn−1| = 2n−2 −

(

n − 1

2

)

− 1

and

|Bn−1 \ Bn−2| =

n−5
∑

k=0

(

n − 3

k

)

.

It follows that

|Bn \ Bn−1| =

n−4
∑

k=0

(

n − 3

k

)

+ |Bn−1 \ Bn−2| =

=

n−4
∑

k=0

[(

n − 3

k

)

+

(

n − 3

k − 1

)]

=

n−4
∑

k=0

(

n − 2

k

)

and

2n−1 −

(

n

2

)

− 1 = 2n−2 +

n−2
∑

k=0

(

n − 2

k

)

−

(

n − 1

2

)

− (n − 1) − 1 =

= 2n−2 −

(

n − 1

2

)

− 1 +

n−4
∑

k=0

(

n − 2

k

)

= |Bn|.

As for (2), let us argue by induction onn again.

If n = 4 there is nothing to prove.

If n ≥ 5, let
∑

aBδB = 0 be a linear relation inBn. By Lemma 1 applied toA :=
P \ {n, n − 1} we have:

0 = ϑ∗(
∑

aBδB) =
∑

δB∈Bn−1

aBδB

hence by inductive assumptionaB = 0 for everyδB ∈ Bn−1. Next, by Lemma 1
applied toA := P \ {n, n − 2} we have:

0 = ϑ∗(
∑

aBδB) =
∑

δBc\{n}∈Bn−1

aBδB

hence by inductive assumptionaB = 0 for everyδB such thatδBc\{n} ∈ Bn−1. In order
to conclude, we have only to show that the elements inBn with n /∈ B ⊇ {n−1, n−2}

are linearly independent. This fact is a direct consequenceof [1], Lemma 3.9, so the
proof is over.
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Proof of Theorem 1.The casen = 4 is obvious. Fixn = 5 and letD be a divisor
onM0,5 having non-negative intersection with all one-dimensional strata. Write

D = c{2,3}δ{2,3} + c{3,4}δ{3,4} + c{1,5}δ{1,5} + c{2,5}δ{2,5} + c{1,4}δ{1,4}

in the basisB5. From Lemma 3 it follows thatc{2,3} ≥ 0 (let I = {2}, J = {3},
K = {1}, L = {4, 5}); c{3,4} ≥ 0 (let I = {3}, J = {4}, K = {5}, L = {1, 2});
c{1,5} ≥ 0 (let I = {1}, J = {5}, K = {3}, L = {2, 4}); c{2,5} ≥ 0 (let I = {2},
J = {5}, K = {4}, L = {1, 3}); c{1,4} ≥ 0 (let I = {1}, J = {4}, K = {2}, L = {3, 5}).
Hence the casen = 5 is over. Fix nown = 6, let D be a divisor onM0,6 having
non-negative intersection with all one-dimensional strata and expressD =

∑

cBδB in
the basisB6. ¿From Lemma 1 applied toA := P \ {6, 5} and to A := P \ {6, 4}

as in the proof of Proposition 1 and from Lemma 3 it follows that all coefficients are
non-negative, with the unique possible exception ofδ{1,4,5}. However, ifc{1,4,5} < 0,
then by applying the relation:

∑

4, 5 ∈ B
2, 3 /∈ B

δB =
∑

2, 5 ∈ B
3, 4 /∈ B

δB

(see Lemma 2), we can replaceδ{1,4,5} with δ{1,2,3}. If we express

D =
∑

B 6={1,4,5}

c′
BδB + c′

{1,2,3}δ{1,2,3}

we havec′
B 6= cB only for B = {3, 4}, B = {1, 3, 4}, B = {2, 5}, andB = {1, 2, 5};

in all these cases, Lemma 1 shows thatc′
B ≥ 0. SincecB ≥ 0 for everyB 6= {1, 2, 3}

and eitherc{1,4,5} or c′
{1,2,3} is non-negative, it follows that Question 1 has a positive

answer also forn = 6.

REMARK 1. In the casen = 6, one may wonder whether the sign ofc{1,4,5} is
actually ambiguous or not. Indeed, it is possible to construct explicit examples with
c{1,4,5} < 0 (for instance, takec{1,4,5} = −1, c{2,3,4} = c{1,2,5} = c{3,4} = c{2,3,5} =

c{1,3,4} = c{2,5} = c{2,4,5} = c{3,4,5} = c{2,3,4,5} = 1, c{1,5} = c{2,3} = c{1,2,4,5} =

c{1,3,4,5} = c{1,4} = c{4,5} = 0 and use Lemma 3) and withc{1,4,5} > 0 (for instance,
takec{1,4,5} = c{4,5} = c{2,3} = c{2,3,4,5} = c{2,3,4} = c{2,3,5} = c{2,4,5} = c{3,4,5} = 1,
c{1,2,5} = c{3,4} = c{1,3,4} = c{2,5} = c{1,5} = c{1,2,4,5} = c{1,3,4,5} = c{1,4} = 0 and
use Lemma 3). We also point out that the number of indeterminate signs grows up with
n (for instance, in the casen = 7, none of the coefficientsc{1,4,5}, c{2,3,6}, c{1,2,5,6},
c{2,5,6}, c{2,3,5,6}, andc{1,4,5,6} is forced to be non-negative by Lemma 3); moreover,
for n ≥ 7 there seems to be no uniform way to apply a relation from Lemma 2 in order
to remove a negative sign without introducing any other one.
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