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METRIC GEOMETRIES OVER THE SPLIT QUATERNIONS

Abstract. We give an overview of some recent results in hypersymgleamtid para-qua-

ternionic Kahler geometry, and introduce the notion oftgpree-Sasakian manifold. In
particular, we discuss the twistor spaces and Swann buwndlpara-quaternionic Kahler

manifolds. These are used to classify examples with a fullpdgeneous action of a semi-
simple Lie group, and to construct distinct para-quaterigidahler metrics from indefinite

real analytic conformal manifolds. We also indicate how ttieory of toric varieties gives

rise to constructions of hypersymplectic manifolds.

1. Introduction.

This is an expository article covering our recent work onstarction and classification
of some examples of pseudo-Riemannian manifolds whose efepis based on the
split quaternions. The two main themes are the use of twibewry and of moment
maps for group actions.

There are two main geometries that we wish to consider: Isypgplectic and
para-quaternionic Kahler. Both geometries define Einsteétrics, with hypersym-
plectic manifolds being Ricci-flat, and have been used inouar physical theories
[24, 9, 13, 30]. The two geometries differ in that hypersyectic manifolds come
equipped with families of symplectic two-forms whereasgequaternionic Kahler ge-
ometry is captured by a closed four-form. This means thértiegies from symplectic
geometry may be directly applied to hypersymplectic mdd#pwhile in the para-
guaternionic case a more circuitous route must be takehellatter case, there are two
different approaches one may use. The first is relatively-asthblished, and involves
constructing a twistor space: a holomorphic manifold captuthe para-quaternionic
Kahler geometry. However, this requires analyticity asptions on the original ge-
ometry and is essentially only a local construction. A secapproach is the so-called
Swann bundle; this is globally defined and encodes the paasetnionic Kahler ge-
ometry in a hypersymplectic structure. Here the problerhas this hypersymplectic
metric has degeneracies which need to be taken into accovmtdiscuss these two
constructions and their interrelation and show how they breysed to classify para-
guaternionic Kahler manifolds fully homogeneous undegraissimple Lie group.

In the final two sections we turn to two other constructionisstly, in the hyper-
symplectic category we discuss how ideas of toric geometty be used to produce
examples starting from the action of a (usually compact)lidbegroup on flat space.
In the para-quaternionic Kahler case, we indicate howawnél geometry combined
with twistor theory may be used to construct a wide varietgxamples. Indeed each
real analytic conformal manifold of indefinite signaturecally gives rise to distinct

*This article is an expanded version of the talk given by A.Wagn at the workshop “New perspectives
on Holonomy and Submanifolds” held in Turin, 23-24 April 200
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para-quaternionic Kahler metrics.

This paper is based on the Ph.D. thesis of HRJ under the dsjoeref AFS, and
on the paper [18] of ASD and AFS.

2. The split quaternions.

The algebrd of split quaternions is a four-dimensional real vector gpaith basis
{1,i, s, t} satisfying

This carries a natural indefinite inner product given(lpyq) = Repq, wherep =
X +1iy 4+ su+tv hasp = x — iy — su— tv. We have| p||? = x? + y%2 — s> — t2, so
a metric of signatur€2, 2). This norm is multiplicative| pqll2 = | pll2lqll3, but the
presence of elements of length zero meanslihaintains zero divisors.

The basis elements 1, s, t are not the only split quaternions with squéte. Using
the multiplication rules foi, one finds

p>?=—1 ifandonlyif p=iy+su+ty, y?—s*—t2=1

p>=+1 ifandonlyif p=iy+su+tv, y?—s>—t2=—1 or p==+1.

The rightB-moduleB" = R*" inherits the inner produdk, n) = ReE " 5 of signa-
ture(2n, 2n). The automorphism group ¢B", (-, -)) is
Spin,B) = {Ae My(B) : ATA=1}

which is a Lie group isomorphic to &n, R), the symmetries of a symplectic vector
spaceR?", w). In particular, Sp1, B) = SL(2, R) is the pseudo-sphere Bf = R%2.
The Lie algebra of S, B) is

sp(n,B) = {Ae Mn(B): A+ AT =0},
sosp(l, B) = ImB.
The group Spn, B) x Sp(1, B) acts onB" via
) (A, p)-§=A5p.
This action is isometric with kernél/2 = {+(1, 1)}, demonstrating that

Spin, B) x Sp(1, B)
72

Sp(n, B)Sp(1, B) :=

is a subgroup 0O(2n, 2n).

Using the complex structuge— —&i, we may identifyB" with C™" viaé =z +
ws. In this context we see $p, B) as a subgroup df (n, n) and note that it contains
a compach-dimensional torug" = {diage'®, ..., €%)} c M,([B). We will also
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make use of a second Abelian subgroup of rapkamelyR" = {diage>1, . .., e¢n)}
isomorphic taR".

Returning to equation (1), we have that as a representatti®p(n, B) x Sp(1, B),
we may writeB" as the tensor product

B" = Er ®r HR,
where Eg = R?" and Hg = R? are symplectic vector spaces with symplectic

formswE andw™. In this notatione® h, € @ h') = wE (e, &)w™ (h, ).

3. Three split geometries.

Let M be a manifold of dimensiom. The frame bundle G{M) consists of all linear
maps
u: R™M - TyM.

Itis a principal bundle with structure group @h, R), the group action being given by
(2 (u- A)(v) = u(Av).

For a closed Lie subgrou@ of GL(m, R), a G-structure onM is a subbundl& (M)
of GL(M) that is a principalG-bundle under the action (2) fok € G. In this situa-
tion, objects orR™ that are invariant under the action @fgive rise to corresponding
geometric structures oM.

3.1. Hypersymplectic manifolds.

Take m = 4n, identify R*" with B" and takeG = Spin,B) c GL(4n,R).
An Sp(n, B)-structure Sp(M) on M defines a metri@y of signature(2n, 2n) by
g(u(v), u(w)) = (v, w). The right action of-i, s andt onB" define endomorphisms
I, SandT of TyM satisfying

(3) 12=-1, $=1=T2 1S=T=-SI
and the compatibility equations
4) g X, 1Y) =g(X,Y), 9(SXSY)=-9g(X,Y)=g(TX TY),

for X, Y € TxM. These properties mean that we obtain three 2-fasmsos andwt
given by

w1 (X, Y)=g(X,Y), ws(X,Y)=9(SXY), o1(X,Y)=09(TXY).

The manifoldM is said to bénypersymplectid the 2-formsw; , ws andwT are all
closed:
do; =0, dws=0, dot =0.
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Adapting a computation of Atiyah & Hitchin [7] for hyperK#gr manifolds, one finds
that this implies that the endomorphismsS and T are all integrable. This means
firstly that locally there are complex coordinates reafisin The integrability ofS
means thatM is locally a productM$ x MS where fore = +1, TMS is thee-
eigenspace o6 on T M. Note that these submanifolclm;gS are totally isotropic with
respect ta, and that we obtain families of such splittings by considggthe integrable
endomorphism& = Scosd+T sind. The structureéM, g, §) are sometimes called
para-complex, see [15].

One also finds thatt, SandT are parallel with respect to the Levi-Civita connec-
tion V of g. Thus the holonomy group dfl reduces to Sm, B). For this reason
some authors refer to these structures as “neutral hypeKanot to be confused
with hyperKahler structures of signatuir, 4r). The name “hypersymplectic” is the
terminology of Hitchin [23].

As the complexification of the action 8p B) of B" is the same as that of the com-
plexification of Sgn) action onH", one may adapt computations from hyperKahler
geometry, to show that hypersymplectic manifolds are Rieti

The basic example of a hypersymplectic manifol@fs IdentifyingB" with C™"
as above one hdgz, w) = (—zi, wi), S(z, w) = (w, Z) and one finds that

n
g= Re(kgdzkdzk ~ duidii).

1 . )
o1 = 5 ) (@7 A dzc+ du A dib),
k=1
n
ws+ior =) dwk A dz.
k=1

Note thatws + i wT is a holomorphig2, 0)-form with respect td ; a fact which holds
generally on hypersymplectic manifolds.

Many examples of hypersymplectic structures are known engtoups. Kamada
[26] classified all the hypersymplectic structures on prinéodaira surfaces. These
areT2-bundles ovell 2 and may be regarded as nilmanifoldsG for G a 2-step nilpo-
tent Lie group. Examples on 2-step nilmanifolds in highenelsions were obtained
in [20]. In the non-compact realm, hypersymplectic stroeston solvable Lie groups
have been studied in [4, 5, 6], in particular the four-dinmienal examples have been
classified.

The work of Alekseevsky & Cortés [2] on classification of @fithite symmetric
hyperKahler manifolds may be adapted to the present situatve look for hypersym-
plectic manifolds with Abelian holonomy that are symme#nd simply-connected.

ConsiderB" as the complex vector spaége= C"" for | together with the com-
plex symplectic formw® = ws + iwt and the real structuree = S. Note that
wE(EX, seY) = —wE(X,Y). LetE = L+ & L_ be ansg-invariant Lagrangian
decomposition. SupposR" is ansg-invariant element irS*L ., i.e., an invariant ho-
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mogeneous polynomial of degree four brip = L_, usingwF to identify the dual
spaceE* with E.

One may then construct a simply connected symmetric hypgrkgctic manifold
Mg+ asG/K, where

t=sparfi(R_pg — Rasp): A BeE)

is Abelian and

g=¢t+B"
The Lie algebra structure @fis defined as follows. Identif3 as the real elements in
E ® H, whereH = CL1 and the real structure is = s ® sy. Thent acts onE ® H
commuting witho and

[A1® h1, A2 @ ha] = ! (h, ) RE .

Now takeG to be the simply-connected Lie group with Lie algeprandK to be the
connected subgroup @& with Lie algebrak.

The spaceE ® H carries a complex quaternionic structure with endomorphis
I, J =iSandK = iT. Following through Alekseevsky & Cortés proofs [2], n@in
that a symmetric hypersymplectic manifold complexifies toomplex hyperKahler
manifold, one finds, as also announced in [1]:

THEOREM1. Let M*" be a simply-connected symmetric hypersymplectic manifold
with Abelian holonomy. Then M= Mg+, for some R e (S*L,)% and some g-
invariant Lagrangian decompositon EC™" =L, & L_.

Note thatMg+ has no flat de Rham factor if and only if the elemeﬁangC
spanL?.

The smallest example of this construction is in real dimemgi. HereE = C%1,
so L, is a complex one-dimensional subspace, spanned by an dlertteat we can
take to besg-invariant. Choose an imaginaéye L_ so thatw®(e, & = 1 and fix
a symplectic basi¢h, h} for H with syh = h andsyh = —h. Up to scale we have
R+ = e*. The holonomy algebris one-dimensional spanned By = ie?, andB is
spanned byE; = ié®h, E; =&®h, E4 = e® handEs = ie ® h. The Lie algebra
g has non-zero Lie brackef&:, Eo] = Es, [Es, E1] = E4, and[E3, E2] = Es. The
metric and symplectic forms are then given by

g=E1VE5—E2\/E4, w) = E1 AEs— Ex A Es,
ws= E1 A Es — E2 A Eg, ot = E1 AEg4+ Ex A Es.

As in all these exampleg,is three-step nilpotent.

3.2. Para-quaternionic K&hler manifolds.

Here we consider the larger structure grougrSp)Sp(1, B) acting onB" = R4
via (1). Again we have metric of neutral signaty2a, 2n), but now we cannot distin-
guish the endomorphisnmis SandT. Instead we have a bundieof endomorphisms
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of T M that locally admits a basid, S, T} satisfying (3) and (4). Ii > 1, we say that
M is para-quaternionic Khler if its holonomy lies in Spn, B)Sp(1, B). This is the
same as requiring that the Levi-Civita connection prestir@dundle. In dimensions
4n > 12, the computations of [32] show that this is equivalenh®dlobal four-form
Q, locally defined by

Q=w Aw —wsAws— oT AT,

being closedd2 = 0. The representation theoretic proof of the curvature @riigs of
guaternionic Kahler manifolds [31] applies in this casshow that para-quaternionic
Kahler manifolds are Einstein (see also [21]). Rot 1, one obtains similar properties
by requiringM to be self-dual and Einstein.

The model example for para-quaternionic Kahler manifeddke para-quaternion-
ic projective space

BP Spin+ 1, B) Sp2n + 2, R)
™ = Spn. B)SPLB) ~ Sp2n. R)SL2. R)

studied by Blazi¢ [12], described in Wolf [35] and which wal study more in the
next section.

The curvature tensoR of a general para-quaternionic Kahler manifold may be
written as

) R= Ry + kR,

whereR; is the curvature tensor @P(n) and Ry commutes with the endomorphisms
of G. The constank is zero if and only ifg is Ricci-flat. Ifk = 0, then the holonomy
algebra ofg lies insp(n, B) and locallyM admits a hypersymplectic structure. We will
exclude this case in future discussion of para-quateraidahler structures.

Looking at Berger’s list [10], other symmetric para-quatenic Kahler exam-
ples G/H with semi-simple symmetry grou@ may be found. Table 1.1 lists the
corresponding Lie algebrgsandf. This list is constructed by finding the examples
where the projection df to the second factor isp(n, B) + sp(1, B) is surjective. This
gives all symmetric para-quaternionic Kahler spa@¢$ with G semi-simple, since
if the image of the projection is smaller thap(1, B), then equation (5) implies that
k = 0 and the holonomy algebra lies #p(n, B). Alekseevsky & Cortés [3] have
recently announced that this gives all symmetric paraaynainic Kahler spaces.

We will see later that any para-quaternionic Kahler mddifomogeneous under
a semi-simple symmetry group that acts maximallygis one of these symmetric
spaces.

3.3. Split three-Sasakian manifolds.

The para-quaternionic projective spdB(n) may be constructed from the flat hyper-
symplectic manifold3"*? by the following procedure. Consider the positive pseudo-
sphereS in B"*+1:

S={&eB": £? =1}.
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g b

sl(n+ 2, R) gl(n, R) + sl(2, R)
su(p+1,9+1) u(p,q) +su(l, 1)
sp(2n+ 2, R) sp(2n, R) 4+ s1(2, R)

s0%(2n + 4) 50™(2n) + s0*(4)
so(p+2,9+2) so(p,q)+s0(22)
92(2) 50(2,2)

fa4) sp(6, R) + s[(2, R)
€6(6) 51(6, R) 4+ sl(2, R)
€6(2) su(3,3) +su(l, 1)
e6(—14) su(b5, 1) +su(l, 1)
e7(7) 50(6, 6) + s[(2, R)
€7(-5) 50*(12) + sl(2, R)
€7(—25) 50(10, 2) + sl(2, R)
eg(8) e7(7) +sl(2, R)
e8(—24) e7(—25 + 51(2, R)

Table 1.1: Lie algebras for symmetric para-quaternioratl€i’ manifoldsG/H with
G semi-simple.

This carries a metric of sighatu@n — 1,2n + 2) and SKL2, R) = Sp(1, B) acts
freely and properly or5. The quotientS/SL(2, R) is BP(n) and the projection is

a pseudo-Riemannian submersion. The distribufiborthogonal to the S2, R)-
orbits is preserved by, SandT and this is how one obtains the required bundle of
endomorphismg§ onBP(n). Being odd-dimensional, the tangent space& afan not

be preserved by. However using the restrictions df SandT to H, and the vector
fields generated by the $2, R)-action, we see thaf is an example of the following
definition.

DEFINITION 1. A pseudo-Riemannian manifol@S, g) is called split three-
Sasakianif it admits three orthogonal Killing vector fields?, £2, &3 with length
squaredl, —1 and—1 respectively, such that

(g1, 621 = —£3, (2,63 =, (63 €Y =—¢2
and the endomorphisnisy = vg‘, i =1, 2,3, satisfy
(Vx®)Y = g€, V)X — g(X, V).
Indeed, in this situation one finds that
0152 =% = —Dptt, D5 =51 = da? Pagl =52 = — 08’
D1D2Y — g(€2, Y)EL = D3Y = —Drd1Y + g(£L, Y)E2
— D3y + g(E3, Y)E2 = DY = D30 — g(£2, V)E>
D3d1Y — g(£L, Y)E3 = @Y = —@103Y + g(£3, V)£,
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so the®; behave as the restrictions bf SandT. Furthermore these structures are
Einstein with scalar curvatuma(m — 1), wherem = dimS, and they extend to hy-
persymplectic structures on the cole= S x R.g, by using the metridr? + r2g
and

I =d1-g¢h )@y +idres
S=d, - g% )@y + Hdr @£,
T=d3-9¢> )@y +idres

In the case o8, the hypersymplectic cone constructed here is the opelg seB"*+? :
|£112 > 0} of vectors of positive norm. Conversely, if a cof = S xR, dr2+r2g)
is hypersymplectic the§ x {1} inherits a split three-Sasakian structure.

4. Associated geometries.

In this section we will concentrate on geometries assotisgdepara-quaternionic
Kahler structures. Twistor theory is the most well-depeld aspect, but in indefinite
signature it is only a local theory, that requires additi@aralyticity assumptions. In
some situations a bridge for general para-quaternionidé¢astructures to the twistor
theory is provided by the so-called Swann bundle, whichvisags defined but suffers
from some degeneracies. First let us introduce some stnd&ation.

Let M*" be para-quaternionic Kahler. L& denote the Sm, B)Sp(1, B)-frame
bundle of M. Locally this admits a double covét that is a principal bundle with
structure group S, B) x Sp(1, B). If we have a representation @pB) x Sp(1, B) —
Aut(V) of this group on a vector spatéwe may define a vector bundle &h as

FxV
Spin, B) x Sp(1,B)’

where(u,v) - (A, p) = (u- (A, p), (AL, pH.v), forue F,v eV, Ae Spn,B)
andp € Sp(1, B). We will denote the resulting vector bundle by Note thatV is
globally defined precisely whefx-1, —1) € Sp(n, B) x Sp(1, B) acts trivially in the
original representation.

Two fundamental examples of this construction are the IbcadlesE and H
associated to the standard representations @f, ) onB" = C™" and of Sgg1, B) =
CY1 onB, respectively. Equation (1) shows that

(6) EQH=TM®C.

We have already seen these bundles in the context of hypplsgtic manifolds
in §3.1. As thereE andH carry complex symplectic forms® andw™ and real struc-
turesst ands™. One may define metrics on these bundlegiby:, -) = w&(sE-, ),
etc.
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4.1. The twistor space.

The essential construction is provided by Bailey & Eastwfgjdamongst others, in
a rather more general context, where specific details relateeal structures are not
completely specified.

Suppose that the para-quaternionic Kahler manifdids real analytic, meaning
that there is an atlas for which the change of coordinatesakanalytic and that in
these local coordinates the metg@nd the bundlg are real analytic. In this situation
we may consider the complexificationt of M. Here we have thaj extends uniquely
to a holomorphic metri«g‘C and thatG admits local basefl, S, T} that extend holo-
morphically to complex linear transformations dtM satisfying (3).

On .M, equation (6) becomd&M = E® H. For each non-zero € Hy, we define
T = Ex® h c TyM.

Multiplying h by a non-zerd. € C defines the same subspacelgiV, so the set of
such spaces at is parameterised bgh] € P(Hx) = CP(1). Note thatP(H) is a
globally defined two-sphere bundle owst. If [|h|?> # 0 thenTy may realised as
the +i-eigenspace of an almost complex structure of the fatra- bS+ cT, where
a?—b?—c?=1.

A maximal submanifold of M is called anx-surfaceif

TyE = Tin

for somelh] € P(Hy) and eacly € . One proves that am-surface is totally geodesic
in M and from this one sees that the famity of a-surfaces through a given point
X € M is parameterised b{ P(1). Note thatT, is totally isotropic with respect to
g, so the geodesics here are null, albeit of a special typee 3im; is parallel along
the curve.

DEFINITION 2. Thetwistor spaceZ of M is the set of alle-surfaces inM.

In general, this space will not be topologically well-bebdv However, if we as-
sume thatM is geodesically convex, which is always the case locallgntbne can
prove thatZ is a complex manifold.

The twistor spac& has several additional properties. Firstly, théstor linesPy
have normal bundler®(1). Two such twistor line®y andPy intersect wherx andy
lie on a common-surface;Z is covered by twistor lines. Secondl¥, carries areal
structureo given as the pull-back of the real structstéonH — M and the complex
conjugation map inM that fixesM. This real structure oZ has fixed points, for
example forx € M and||h||2 = 0. Theo -invariant twistor lines are precisely thoBg
with x in the real manifoldM.

The third property oZ is the existence of a complex contact fofmThis may be
defined as follows. A tangent vector ih at ana-surfaceX corresponds to a normal
field J = jg ® ju such thafJ, X] = 0 forall X € Tyy. Puttingj = an)H(jH, h) we
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get a one-to-one correspondence between elemefisdiand sectiong of E — X
satisfying
oF(V.ghj, ) = pot

for some constant € C depending orj. The complex contact form is defined by
Ox(]) = p.

This is a non-vanishing form provided is not (locally) hypersymplectic. Singe —
12w when we replacé by rh, 6 is a holomorphic one-form o taking values in a
line bundleL such thatl_ |p, = O(2). The contact property of the forénfollows from
the fact that A (d9)" vanishes at no point af. The form is compatible with the real
structure in the sense thatd = —@, and each twistor lin®y is transverse to ke.

The power of the twistor construction is that it may be inedrt

THEOREM?Z2. Let Z be a complex manifold of dimensi2m+ 1 with a real struc-
ture o and a complex contact forthsuch thato *0 = —0. If there is a rational curve
P =CP(1) in Z such that

1. P has normal bundi@n®(1) in Z,
2. o(P) =P,

3. o has fixed points off,

4. 0|p is non-zero,

then Z is the twistor space of a para-quaternionid#er manifold M of dimensiosn
that is not hypersymplectic.

This resultis proved in much the same way as LeBrun’s inv&ristor construction
for quaternionic Kahler manifolds [29], taking care of tihtly different properties
of the real structure. The manifol is obtained as the parameter space of rational
curves inZ satisfying the above four conditions.

The basic example of this construction is provided by taking= CP(2n + 1),
with real structures [z, w] = [w, Z] and complex contact fori = i(z'dw — w'd2).
Rational curves with normal bundlen@(1) are simply the projectivisations of two-
dimensional linear subspaces@t2. The contact form is non-degenerate oa-a
invariant rational curvé if and only if we can writeP = P(sparnz, w), (w, z)) with
(z, w)||? > 0. The resulting para-quaternionic Kahler manifds BP(n).

4.2. The positive Swann bundle

Let us return to an arbitrary para-quaternionic Kahler ifiodeh M*". We noted above
that the bundléd is only defined locally due to &/2-ambiguity. This may be resolved
by considering the global bundle, tB&svann bundlggiven as

UM) = (H\0)/(Z/2),
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whereZ/2 acts as multiplication by-1 on the fibre ofH and 0 is the zero section.
This is no longer a vector bundle, but rather has fibre

(R*\ {0})/£1 = RP(3) x R-g

overM.

One may define geometric structures on the total spaldédf) using the geometry
of the frame bundI& as follows (cf. [33]). Let} denote the canonic&"-valued one-
form onF, defined by9,(v) = u=1(m,v) foru € F, v € Ty,F and wherer: F — M
is the projection. The Levi-Civita connectiohon M is represented by a connection
one-formw; + w— on F with values insp(n, B) & sp(1, B). AsV is torsion-free, we
havedy = —w, A — © A w_, using (1). Pull these forms back o x B and let
x: F x B — B be projection to the second factor. Writin§= xx ande = dx— Xw_
one finds that the If-valued two-formsy A @ andxd T A ¥X descend first td4 and
then ta/(M). If M is not (locally) hypersymplectic one hde_+w_ Aw_ = coT AY
for some non-zero constant Putting

)i +a)ss+a)Tt:aAo_t+CX1§T/\l9)?

providesl/ (M) with three closed non-degenerate two forms away fr6m:_ 0. This
structure ot/ (M) \ {r2 = 0} is hypersymplectic with metric Re @ @ +créd T ® 9).
On thepositive Swann bundle

Up(M) := {w e UM) : r2(w) > 0}
we may write this hypersymplectic metric as
dr? + rz(gsi + c¥gm).
We see that the metric is conical and so
S (M) :=={w e UM) : r?(w) =1}

inherits a split three-Sasakian structure. Also, the roemiM may be recovered up
to homothety froni/; (M) by restricting to the complement of the spanXfl X, SX
andT X, whereX = r23/dr2. ForM = G/H a symmetric space from Table 1.1, we
have thatS; (M) = G/K, whereh = £ + s[(2, R) as a direct sum of Lie algebras.

WhenM is real analytic, we may try to relaté(M) to the twistor spac@. Firstly,
there is a map/(M) — Z given by sending a pointh overx € M to thea-surface
throughx tangenttdh]. Thisis in fact a map from the bundigH) — M to Z. Notice
that these are both complex spaces of dimensioa 2. If [s7 h] # [h], then locally
the a-surface only meetM in x. Since[h] is uniquely determined b¥n = E® h
atx, this shows that the mdp(H) — Z is locally bijective away from real points. We
remark thatP(4(M)) is the ‘twistor spaceZ. considered for example in [25], also
referred to as a ‘reflector space’ when the biskes four-dimensional.
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5. Nilpotent orbits.

Having introduced a number of constructions related to -pamternionic geometry,
we now wish to give an application to studying and constngcéxamples with large
symmetry groups. We first begin with a twistor-theoretic stouction of a family of
examples.

Let G be a semi-simple Lie group with Lie algebga The complexificatiorG®
acts ong® = g® C via the adjoint action. Each adjoint orlit = G€ - X c g€ carries
a complex symplectic formy of Kirillov, Kostant and Souriau, given by

wo([A, X1, [B, X]) = (X, [A, B]),

where(-, -) is the negative of the Killing form. In the case whegeis semi-simple,
one may check thaX e g€ is nilpotent, i.e.,(adx)X = 0 for somek, if and only

if AX € Oforall» € C\ {0} = C*. For a fixedX this action ofC* on X may
then be realised by a one-parameter subgroup‘of Indeed the Jacobson-Morosov
theorem gives the existence of @i, C)-subalgebra containing with standard basis
{H, X, Y} satisfying

[X,Y]=H, [H,X]=2X, [H,Y]=-2Y.

The C*-action onX is then given by AgiptH/2). In particular, X is itself tangent to
the orbit, and we may consider

0 =iX.wo,  O(X, Al =i(X,A).

As wp scales under th€*-action and is closed, we hadé = i w» andd descends to
a complex contact form on the projectivised oiB{tD). The nilpotent element4 in
the subalgebrsi(2, C) define a rational curve in the projectivised orbi?(0). Using
the representation theory sf(2, C) on g€ one may show that the normal bundlelfof
is a direct sum of copies @ (1) [34]. The spacé(0O) also carries a real structuse
induced by complex conjugation gt = g +ig.

To apply the inverse twistor construction Theorem 2t@®) we need real points
and real twistor lines on whiahis non-zero. The real poinfg\] are exactly those that
can be represented By € O N g in the real subalgebra, so this intersection needs to
be non-empty. AsA is necessarily nilpotent and so null this forces the Killfiogm
on g to be indefinite and s& is non-compact. Once we have such a rkalve may
apply the Jacobson-Morosov theorem in the real algglicaconstruct a real twistor
line throughA. The complex contact form will necessarily be non-degeeera this
line, since the Killing form is non-degenerate on #&, C)-subalgebra. We thus have
the following result.

THEOREM3. Let G be a non-compact semi-simple Lie algebra é@hd nilpotent
orbit of GC. The spac@®(0) is the twistor space of a para-quaternioni@kler mani-
fold M if and only ifO is the complexification of a nilpotent orbit in the real algely.
The Lie group G acts on M preserving the para-quaterniorétl€r structure.
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Descriptions of real nilpotent orbits may be found in e.g]{for classical algebras
these are given by signed Young diagrams; for exceptiogabahs one uses weighted
Dynkin diagrams. The final statement of the theorem, folltrem the fact that the
G-action preserves the twistor space data.

The above examples may be used in the study of para-quat@ahler mani-
folds M“#" with semi-simple symmetry group. Assume tha6 acts almost effectively.
Let us say thaM is fully homogeneous$ G acts transitively oM = G/H preserv-
ing the para-quaternionic Kahler structure, and the dgntralgebrah) C sp(n, B) +
sp(1, B) projects surjectively on to the second factor. The gr@ithen acts on the
frame bundleF of M, and hence on the positive Swann buridlg(M). This lifted
action preserves the hypersymplectic structur@ ofM). The assumption that the ac-
tion onM is full implies that theG-action ori/; (M) is of cohomogeneity one, i.e., the
largest orbits are of codimension one.

Regarding/ (M) as a symplectic manifold with respectdg = w|, ws or wT,
we may find anoment maps : U+ (M) — g. The defining property gk, is that it is
a G-equivariant map such that

() d(ua, X) = éxowa,

whereX € g andé&y is the vector field o/ (M) generated byX. The general theory
of moment maps guarantees the existenge,offheng is semi-simple. However, in the
special case of the Swann bundle one can find explicit formtleemapu.: U(M) —
g ® B given by

(i, Xy = =Xi(Xw—X)

may be written ag. = i + wss+ prt and one may now prove that the components
ta,a =1, S T restrict to moment maps for the correspondingon/+(M).

Consider the complex map
1= ps+int: UM) — gC.

This restricts to a moment map with respecwi9+ i wt for the infinitesimal complex
action of G€ on U+ (M). As G acts with orbits of dimension+ 3 onl/; (M), the
GC orbits must be of real dimensiomé4+ 4, since they are complex and so even-
dimensional. ASGC is semi-simple, the equivariance property,df ensures thaf.°
has rank # + 4 oni/; (M) and is thus an étale map framy. (M) to aG-invariant open
subset of an adjoint orbi® in g€.

Standard theory for such moment maps showsRgtulls-back the complex sym-
plectic formwe to the restriction ofvs + i wt to the GC-orbit onU(M). Since this
orbit is of full dimension we have that®|;;, (v) is locally a complex symplectomor-
phism.

On U (M) we have a scaling action given by multiplication by real nensbin
the fibre. This clearly commutes with®, so the orbitO is invariant under scaling
and hence is a nilpotent orbit. As® is equivariant the real grou@ acts on® with
cohomogeneity one. Itis an interesting open problem tordete the cohomogeneity
of complex coadjoint orbits under the action of real foi®dn the case o6 compact,
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much is known: if the orbit is cohomogeneity one then it iriaimal orbit, that is, the
closure of the orbit is simplg U {0} andO is the orbit of a highest root vector; further-
more cohomogeneity decreases strictly as one passes ts lgibg in the closure of
a given orbit [17]. In our situation we have some extra infation that is crucial.
Examining the definition of.® on all of&/(M) and using the property that the action
is full, shows thatu® vanishes nowhere. Also, the real structure®@h pulls back
to multiplication bys on¢/(M). But this action has fixed points. Again examining
the condition of fullness shows that there are fixed poiritsglyn a GC-orbit of full
dimension. Using a detailed understanding of the difféaénf 1.° one may show that
O N g is non-empty.

Classifying nilpotent orbit<D that meetg and are of cohomogeneity one is a
tractable problem. Work at ax € O N g, find a reak!(2, C)-subalgebra containing
and use the representation theorgi®2, C) ongC. One sees that the cohomogeneity is
one only wherg® = s1(2, C) + ¢ +r C2, wheret© commutes withs[(2, C) andC2 is
the standard representation. This is exactly the desonipti a minimal nilpotent orbit
for gC. One finds that the group action is almost effective onlyii simple. In these
cases, the highest root orbits are explicitly knowmfhand standard tables list those
orbits meeting a given real form. Writitg" = s((2, C) + £C, one finds thatg, b) are
exactly as in Table 1.1. Give = G/H a symmetric space from Table 1.1, one may
check thatuc(U/(M)) is the corresponding minimal nilpotent orbit with complgxs
plectic formwn. Conversely, to show that a fully homogenedss locally G/H with
its symmetric para-quaternionic Kahler structure, itaswrsufficient to verify that the
hypersymplectic structure qrf (141 (M)) C O is unique, since the vertical distribution
of the fibratiort/ (M) — M is the para-quaternionic span of the scaling action. Using
the cohomogeneity one property, this may be proved usintettieiques of [16].

THEOREM 4. A para-quaternionic ihler manifold M fully homogeneous under
the action of semi-simple Lie group G is symmetric and dbsdrby Table 1.1.

These examples are analytic and their twistor spaces apzdfectivisation®(O)
of the corresponding nilpotent orbit.

6. Toric constructions.

In Kéhler geometry a rich collection of examples may be trartsed as toric varieties:
these are manifolds of real dimensiam&hose geometry is invariant under the Hamil-
tonian action of am-dimensional torus with generic orbits of dimension These
examples have the advantage that much of their geometrydsndi@ed by combina-
torics of the moment map. Often examples may be construstegraplectic quotients
of flat spaceC? by a torus action.

In the hypersymplectic situation it is thus natural to lookvaiich geometries may
be constructed by exploiting a symmetry group actin@®r= C%-9. In §2, we already
noted that there is d-dimensional torug ¢ that acts orC%-9 and this preserves the
hypersymplectic structure described in §3.1. Followingll&min [22] and Bielawski
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& Dancer [11], a subtorus ofl of Td may be described as follows. Lg, ..., eq}
denote the standard basis . Consider a linear map

B:RY R, B(e) = uk,

for someu vectors inR". Thenn = ker g is a linear subspace @Y. Regarding the
latter as the Lie algebra df?, we seen as the Lie algebra of an Abelian subgrohp
of T9. This subgroup is closed, and hence compact, if the veatoase integral, i.e.,
lie in the standard latticE" c R". More precisely, we také\ to be the kernel of
expofoexp l: T4 — TN,

We may write the moment maps (7) for this actionhbbn C%-9 as follows:

d
mi@w) = 3zl + JwHanc + e,
k:l
d
us+ipt(Zz, w) = Zizkwkak +cy+ics,
k=1

whereay is the orthogonal projection @ to n. The vectorg; lie in n, so we may
choose scalars(kj) such thatc; = Z‘kal A(kj)ak. Using the description oft as the
kernel of 8, one may show thaiz, w) lies in u=1(0) = 4; 2(0) N g (0) N 71 (0) if
and only if there exisa € R" andb € C" such that

(8) (@ uk) = 30zl + lwl®) + AL,
9) (b, uk) = i zkwk + 12,

fork=1,...,dandr® =12 +ir?.

In principle, the work of Hitchin [23] now tells us thafl = x~1(0)/N is hy-
persymplectic. However, there are a number of conditioatribed to be satisfied to
guarantee this:

(F) N should act freely and properly qr1(0),
(S) the rank ofi should be 3dim at each point of:~1(0),
(D) & N &L = {0} at each point ofs:~1(0),

where® = { Xp : X e n}. AsN is compact, the action is automatically proper, so we
only need to consider freeness in condition (F). Conditidf)sand (S) guarantee that
the quotientM is a smooth manifold. When (F) and (S) are satisfied, the syotipl
formsw,, ws andwt descend to closed two-forms dh and in this case, condition (D)

is equivalent to the induced forms defining a non-degenasgtersymplectic structure.
When (F) is satisfied, smoothness of the quotient followsifrmn-degeneracy (D).

Since conditions (F), (S) and (D) are so important for thetigmb construction it
is interesting that they may in fact be understood by comsigeeombinatorics of the
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moment map for the residual actionBf = T9/N on M. To describe these results, let
us first consider the case of smallest dimension andate@be the trivial subgroup.

For the action ofTt on C3%, u; = 1 and the left-hand sides of (8) and (9) are
simplya € R andb € C. However,|z|2 + |w|? > 2|zw| implies a constraint on the
possible pairga, b) and we find that the image of = i + uss+ uttis

{@beRxC:a—cy>|b—(c2+ic3)|};

a solid cone irR3. Considering the orbits df !, we see that th& L-action is free except
wherea — ¢; = 0 = b — (cp + ic3) and that there are tw&!-orbits corresponding to
(a, b) precisely whera — c1 > |b — (c2 +ic3)|.

In general, lelN be a compact Abelian subgroup®f and writeM = . ~1(0)/N,
as above, even when this quotient is singular. We have a map

é: M — R, #(z,w) = (a,b),

wherea andb are as in equations (8) and (9). When the quotnis smooth and
hypersymplecticg is simply the moment map for the action ®f on M. However,
we emphasise that is defined even when conditions (F), (S) and (D) are not sadisfi
Define
ac=(a,uk) —a. b= (b uk) — 4,

Wherekl(f) = Al((z) + ik(k3). As U1, ...,Uq spanR", the numbersay, ..., aq and
by, ..., by determinea andb. Motivated by the four-dimensional example, we in-

troduce the solid convex con&, their sidesM and ‘vertices'Vi given by
Kk ={(a,b) e R" x C": ax > by},
Wk = {(a,b) e R" x C" : ax = |bk|},
Vk={(@b)eR"xC":ax=0=|by|}.
For a giverx = ¢(z, w), let
J=1{k:xe W}, L={f:xeW}.
PrRoOPOSITIONL. The image of the moment maps the convex set

d
K ="Kk CR"
i=1
The induced map: M/T" — K is finite-to-one with the preimage @, b) contain-
ing 29I orbits of T".

From this result we may obtain some first topological infotiovaabout the quo-
tientM.

THEOREM 5. Let M = x~1(0)/N with N < T9 given by integral vectors
U1, ...,uqg € R". Then
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1. M is connected if and only if Wh K # @ foreachk=1,...,d,

2. M is compact if and only if the convex polyhedra
{seR":(s,ux) =ik, k=1,...,d}
are bounded for each choice bf, ..., Ag € R.

Turning to conditions (F), (S) and (D), freeness may be detezd using the tech-
niques of Delzant [19] and Guillemin [22] for Kahler mefion toric varieties. Since
(F) and (D) imply (S), the following result suffices to detémmwhen we obtain smooth
hypersymplectic structures dv.

PROPOSITION2. The freeness conditigiff) is satisfied at eacte, w) € u=1(0) if
and only if at each x K the vectorquy : X € Vi) are contained in &-basis for the
integral latticeZ™ c R".

The non-degeneracy conditiéR) fails at some pointz, w) € ©~1(0) if and only if
there exist scalargy, . .., ¢q not all zero and a vector & R" such thatZﬂ:1 kuk =0
and 4r2(a2 2y _ _

gc(@g — [bk|9) = (s, uk), fork=1,...,d,

whereg (z, w) = (a, b).

The smoothness condition (S) in the presence of a localéydotion ofN may be
stated in terms of injectivity of certain linear mafg 1) depending orga, b) € K. To
be precise, for a subsé C {1,...,d}, letRp be the subspace & spanned by
for k € P. Now writeni_; for the kernel of the maf.\; — R"/Im(B|gr,) induced
by 8. Then condition (S) holds only if

Aap:nL1® R xC) — Cpyg, A(a,b)(Ck, d) = (axdk + bkck)
is injective.
While these conditions may seem rather technical, they bamge useful imme-
diate consequences. For example, this last version of ttondiS) holds trivially at

points whereL is empty. This is true of points of theombinatorial interiorof K,
which is defined to be the set

d
Cint(K) = K \ ] Wk.
k=1

THEOREM 6. If the combinatorial interior of K is non-empty, then a delogen
subset of M= 1. ~1(0)/N carries a smooth hypersymplectic structure.

On the other hand, there are simple situations in which ¢mmdi (S) and (D) fail.
If more than 3 of the Wi's meet atx € K then the smoothness condition (S) can
not hold at the common point. Similarly, if+ 1 of theW’s meet at arx € K then
condition (D) fails. This indicates that one can expect epl@mwhere the quotient is
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smooth, but the induced hypersymplectic structure hasrdgeies. In fact, one can
show that if the quotier¥l is compact, then the degeneracy locus is always non-empty.
This occurs for example when taking the quotient by the diajoircle inT9,

Non-trivial non-compact examples of this constructionhweiit degeneracies may
be given in all dimensions as follows. Table= n + 1, putux = e fork =1,....n
and letuny1 = € + - - - + ey. Take all the)»(k') to be zero apart from® = —x < 0.
ThenK is the producky x --- x Ky c R3", whereK is the solid cone irR® given
bya > |b|. As A is strictly positive, one gets th#t lies in the interior ofK,;1 and so
Wh+1 does not meeK. One may now directly check that conditions (F), (S) and (D)
hold for this configuration of + 1 cones inR3" and that resulting hypersymplectic
guotientM is smooth and non-degenerate. Topologicslys a disjoint union of two
copies ofR*", however the induced metric is not flat.

Finally, let us mention that one may consider quotien®%bby non-compact sub-
groups ofRY = {diage’1, ..., e%)}. In this case, condition (F) is harder to work
with as one has to ensure that the group actiom.oh(0) is proper. At this stage we
do not know of any non-degenerate metrics arising globatisnfsuch a construction.

7. Conformal geometry.

In this section we will see that LeBrun’s construction [28faaternionic Kahler man-
ifolds using conformal geometry can be extended to the gpaedernionic setting start-
ing from a far wider variety of initial geometries. More pisggly, we can show:

THEOREM 7. Let X be a real-analytic indefinite pseudo-Riemannian nodehibf
dimension kt+ 2. Then we can construct a para-quaternionigh{er manifold M of
dimensiondk from X. Different conformal manifolds X give rise to distipara-
guaternionic Kahler manifolds M.

This thus extends LeBrun®-space of four-manifolds [27] to higher dimensions.

The construction is modelled on the following example. Mebe the symmetric
para-quaternionic Kahler manifold

~ SO(p+2,9+2)
~S0(2,2) x SO(p, q)

with k = p+q > 2. GeometricallyM is the Grassmannian Gf(RP+29+2) of
oriented four-planes on which the inner productot29+2 restricts to an inner prod-
uct of split signature. It is an open subset in theGej(RK™*) of all oriented four-
planes, whose boundary consists of planes on which the giiaflsrm degenerates.
The generic boundary point is a four-plane containing orkline which is orthogo-

nal to all lines in that four-plane. Ipq # 0, there are two disjoint hypersurfaces at
infinity: both are isomorphic to Grassmann bundles of ttpleees that fibre over the
spaceX of null lines inRP*t29+2; one consists of three-planes of Lorentzian signature
(1, 2), the other of three-planes of signatige 1). (If pg = 0, then only one of these
hypersurfaces will occur).

(10)
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The setX of null lines inRP*t24+2 js a quadric inR PX+3, which can be identified
with the pseudo-conformal compactification®P+1-9+1 obtained by adding a null-
cone at infinity. Under this identification, the natural anton X of the isometry group
SO(p + 2, q + 2) of M, corresponds to conformal transformation&®f1-4+1,

The complexification o is a quadricx ¢ CP**+3, whose conformal structure is
given by requiring the null geodesics to be the straightslimeX. In other words the
setM of null geodesics ir¥ is the Grassmannian g{Ck”) of totally isotropic two-
planes inCkt4. But the twistor spac& of M is a subset of the projectivised minimal
orbit in so(k + 4, C), which can also be identified with &C**4). Thus the twistor
space oM is a subset ofit.

This motivates the following construction. LéX, h) be a real-analytic pseudo-
Riemannian manifold of signaturg@ + 1,9 + 1), K = p+ g > 2, and letX be
its complexification. The selt of null-geodesics inX is (under certain convexity
conditions) a complex manifold of dimensiok 2 1, see [28]. The real structure éh
sends null geodesics to null geodesics, and so induces satreaiures on 9t whose
fixed point set corresponds to the real null geodesics.irMoreover 1 is naturally
equipped with a contact structwwénduced from the canonical one-form ariX.

The setC of null geodesics through a point & which are tangent to some non-
degenerate three-plaine C X is called aconic section It is a conic obtained as the
intersection of a projective plane with a quadric, so wildbational curveCP(1). The
(4k — 1)-dimensional set of all conic sections is a Grassmann buigle= Grg(T%)
of non-degenerate three-planesTitk. Although the conic sections are not twistor
lines, My is part of a 4-dimensional family of rational curve®, most of which are
twistor lines satisfying|p # 0. If V is the complexification of a Lorentzian three-
plane inT X, theno (C) = C ando has fixed points o& corresponding to the real null
geodesics. Thus there are real twistor lineXligatisfying the conditions of Theorem 2.
The setM of all real twistor lines is now a para-quaternionic Kahteanifold with
hypersurfaces at infinity given by the Grassmann bundl§s GrX) and G5 (T X)
of T X.

Because everything in the construction agrees with the fis¢ ¢o low order, the
asymptotics of the metric near the hypersurface at infiniity mirror those of the
model case (10). But in the latter case, we can concretetylzdé the metric. The
tangent spac@&pM at a split-signature four-plane can be identified with the set of
linear maps fronP to its orthogonal spacB. The metricg on M is then given by
g(X,Y) =Tr(X*Y) for X, Y € TpM, where* denotes the adjoint with respect to the
induced inner products oR andP--.

Consider the case whep > 0. Lett be a defining function for the hypersur-
face Gé’l(RpH’q“) x RP+L.a+1 gt infinity in the model. Write the standard methic
onRP+LA4+1 ash = hil + h', whereh!, h denote respectively the parts parallel and
perpendicular to the indefinite three-plane. hetenote the standard symmetric metric
on Gr32’1(Rp+1’q“). Some cumbersome calculations in certain preferred coatet
then show, that the metric near infinity, i.e., where 0, can be written in the form

g=h—t2@dt?—hl +hb).
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This expression allows one to reconstruct the initial comfal structure orX fromt2g.

(A similar expression is valid near the other hypersurfalseng > 0.) Hence different
conformal manifoldg X, [h]) actually give rise to different para-quaternionic Kahler
manifolds, providing a wealth of such examples.
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