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A. L. Sasu

EXPONENTIAL INSTABILITY AND COMPLETE
ADMISSIBILITY FOR SEMIGROUPS IN BANACH SPACES

Abstract. We associate a discrete-time equation to an exponentialiynded semigroup
and we characterize the exponential instability of the gemoip in terms of the complete
admissibility of the pairl® (N, X), I*°(N, X)). As a consequence, we obtain that in cer-
tain conditions &Cp-semigroup is exponentially unstable if and only if the p@g (R4,

X), Cp(R4, X)) is admissible with respect to an integral equation assetiatith it. We
apply our results at the study of the exponential dichotofrsemigroups.

1. Introduction

In recent years an impressive progress has been made inltheffiee asymptotic be-
haviour of evolution equations. There is an extensivediige concerning the asymp-
totic properties of semigroups of linear operators and tqgplications (see [1]-[3], [6],
[8], [11], [17], [20], [21], [23], [27]). The possibility ofeducing the non-autonomous
case of the asymptotic behaviour of evolution families direar skew-product flows
to the autonomous case of the properties of the evolutiorigseups associated on
diverse Banach function spaces, has proved to be an impadarce for interesting
applications (see [3], [16]).

In this context the input-output conditions or the so-ahtieeorems of Perron type
became valuable tools in the study of the properties of ¢irilequations and their
applications in control theory (see [3], [5], [7], [9], [LAL2]-[16], [24], [27]). These
techniques have a long and impressive history that goestbdla& work of Perron (see
[22]). Perron’s method has been successfully extended tss&ta and Schaffer in [9]
and by Daleckii and Krein in [5], respectively, in infinitendénsional spaces. Discrete-
time theorems of Perron type for exponential stability hiagen proved by Przyluski
in [24]. Discrete-time conditions of Perron type for unifoexponential dichotomy
have been presented by Coffmann and Schaffer in [4] and oyyHe [7]. Recently,
dichotomy has been expressed using discrete-time teotmigfuPerron type in [3],
[12], [13], [27]. For other input-output conditions for expential dichotomy we refer
to [10] and [16].

In the past ten years beside stability and dichotomy, inlgtabf evolution equa-
tions become one of the problems of special interest (sde[f], [16]). The aim of
this paper is to obtain general input-output conditionsbqronential instability of one
parameter semigroups and to point out their relevance istindy of the exponential
dichotomy.

Exponential instability of a semigroup will be related te olvability of an equa-
tion associated with it. Using discrete-time methods, wal#ish the connections be-
tween the complete admissibility of the pdit° (N, X), I°°(N, X)) and the exponential
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instability of an exponentially bounded semigroup. As asamuence we obtain that
a Co-semigroupT = {T(t)}i>0 is exponentially unstable and it can be extended to
a group if and only if the paitCp(R4, X), Co(R4, X)) is admissible for it. We ap-
ply our results in order to obtain new characterizationsefquonential dichotomy of
semigroups.

2. Complete admissibility and exponential instability

The purpose of this section is to establish discrete-tinaeadierizations for exponen-
tial instability of exponentially bounded semigroups.

Let X be a real or a complex Banach space. Throughout this paparptim onX
and onB(X)-the Banach algebra of all bounded linear operatorX pwill be denoted

by (I - 11.

DEFINITION 1. AfamilyT = {T (t)}t>0 C B(X) is called a semigroup if T0) = |
and T(t+s) =T{)T(s), forallt,s> 0.

DEFINITION 2. A semigroupl = {T (t)}t>0 is said to be:
(i) exponentially bounded if there are M 1 andw > 0 such that
IT®I < Me™, vt >0;

(i) Co-semigroup iili\rgT(t)x =X, forall x € X.

REMARK 1. EveryCp-semigroup is exponentially bounded (see [21]).
DEFINITION 3. A semigroupl’ = {T (t)}t>0 is said to be
(i) exponentially stable if there are two constantsuk> 0 such that
ITOXI] < Ke™ x|l Y(t,x) € Ry x X;
(ii ) exponentially unstable if there are two constantsyk> 0 such that
[ITM®X|| > K e"t||X||, V(t,x) e Ry x X,

LEMMA 1. LetT = {T (t)}t>0 be an exponentially bounded semigroup on X. Then

(i) T is exponentially stable if and only if there ase> 0 and c € (0, 1) such that
[IT@)X]|| <c||x]||, forall x € X;

(ii) T is exponentially unstable if and only if there ate> 0 and ¢ > 1 such that
IIT@®)x]| = cl|x]|, for all x € X.

Proof. Itis immediate. O

We denote
(N, X) = {s: N — X| supl||s(K)|| < oo}
keN
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which is a Banach space with respect to the ngisf|| = sup||s(k)||.
keN

DEFINITION 4. The pair(I*°(N, X), (N, X)) is said to be completely admissi-
ble for the semigroufd = {T (t)}t>0 if for every se |*°(N, X) there exists a unique
ys € |°(N, X) such that the paifys, S) verifies the equation

(Ed) ys(h+1) =TDys(n) + T(Ds(n), VneN.

REMARK 2. If T = {T(t)}t>0 is a semigroup, consider the discrete-time linear
control system

{ﬂn+D:TuwmyFUD$m,neN 2.1

x(0) = Xp.

wheres € I°(N, X) andxp € X. For every initial conditionxg and every input
s € I°(N, X), the solution of the system (2.1) is given by

n-1
X(N; Xg, S) = T(N)Xg + ZT(n —k)s(k), Vne N*.
k=0

Then from Definition 4 we have that the p&if° (N, X), |°°(N, X)) is completely ad-
missiblefor T if and only if for everys € 1°°(N, X) there is a unique initial condition
Xo € X such tha(- ; Xp, s) € I°°(N, X).

LEMMA 2. If the pair I*°(N, X), °°(N, X)) is completely admissible for the ex-
ponentially bounded semigrodp= {T (t)}t>0, then T(1) is invertible.

Proof. Let x € X with T(1)x = 0. Consider the sequencegs y2 : N — X, y1(k) =
0, y2(k) = T(k)x. Thenyi, y2 € (N, X) and both verify the equatiotEy) for
s = 0. It follows thaty; = y2, sox = y2(0) = y1(0) = 0. It results thafl (1) is
injective

Letx € Xandlets : N — X, s(n) = —xy(nx. From hypothesis there is
y € 1°°(N, X) such that the paify, s) verifies the equationEﬁj.). Then, denoting by

y(H—-x, n=0

&N*X’Swz{ym+n,nzl

we have thad € |>°(N, X) and an easy computation shows that the pai0) verifies
the (E9).

From hypothesis we deduce thfat= 0. In particular, this implies that (1) = x.
But y (1) = T(1)y(0). It follows thatx € Im T(1). This shows thaT (1) is surjective
and the proof is complete. O

THEOREM 1. If the pair (1®°(N, X),°°(N, X)) is completely admissible for the
exponentially bounded semigrotip= {T (t)}t>0, thenT is exponentially unstable.
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Proof. Consider
D:I®(N, X) - I®°(N, X), D(s) = ys.

It is easy to see thdD is a closed linear operator, so it is bounded.

Letx # 0 and lets(n) = ||T(n)x||, for alln € N. From Lemma 2 we obtain that
8(n) # 0, foralln € N. For everyn € N, we consider the sequences

x10,...n} (K)
: X Ky =-">"—""""T(k
$h:N—=> X, sk 5(K) (k)x
and
o X(0,...m (1)
m:N—= X, vk = Z 2 T(k)x
—
whereyo,...n; denotes the characteristic function of the @kt .., n}. Thens,, yn €

[*°(N, X). A simple computation shows that the p&jr, s,) verifies the equation
(Eq), for everyn € N. It follows thatDs, = y,, foralln € N.

LetL = ||DJ|. Since|||s||| = 1, for everyn € N, we deduce that

n
1 L
Z—_g— vn,k e N,n >k

J:k(S(J) 8(k)
SO ~
Zi.gi, vk € N.
—5(j) ~ 8k
J_
Let
<1
a: N>R, a)= —
=)

and letv > 0 be such that < [1/(e” — 1)]. Then we have that
€ —Da(n+1) < (" —Da() < 1/5(n)

soe’ a(n+1) < a(n), foralln € N. It follows that

1 L
—— <a) <e"x0) < — e "  VneN-
8(n) [1X]]

Thus, we deduce that |
vV

e
s(n) > T [IX]], VneN*

Let p € N* with ’P > L. Taking into account thap andv do not depend oR,
settingc = e'P/L, we have that > 1 and

IT(PX| = clX]l, VxeX.

By applying Lemma 1 (ii) we deduce thatis exponentially unstable. O
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REMARK 3. If T = {T(t)}t>0 is a semigroup orX and there izg > 0 such that
T (tp) is invertible, thenT (t) is invertible, for allt > 0. Then it can be extended to a
group (see [21]). In this case, $t) := T(t)~%, forallt > 0, thenT is exponentially
unstable if and only i is exponentially stable.

THEOREM 2. LetT = {T(t)}t>0 be an exponentially bounded semigroup on X.
Then,T is exponentially unstable and it can be extended to a groapdfonly if the
pair (I*°(N, X), 1°°(N, X)) is completely admissible far.

Proof. NecessityLets e (N, X). Define

ys:N—> X, ys()=—> T(j —n)'s(j)

j=n

where for everk € N, T (k)~! denotes the inverse of the operalaik). We observe
that the pair(ys, s) verifies the equatiolEq). To prove the uniqueness ¢, it is
sufficient to show that if € 1°°(N, X) and

y(n+1) =T@A)yn), VvVneN (2.2

theny = 0. Indeed, sincd is exponentially unstable, from relation (2.2) it follows
that

lly Ml =Ty O = KeM[y©0)]l, ¥neN (2.3

whereK, v > 0 are given by Definition 3 (ii). Sincg € |°°(N, X), from relation (2.3)
it follows thaty (0) = 0. Then from relation(2.2) we obtain that= 0.

In conclusion, we deduce that the pdi° (N, X), |°°(N, X)) is completely admis-
sible forT.

Sufficiencylt follows from Theorem 1, Lemma 2 and Remark 3. O

3. Exponential instability of Cp-semigroups

In what follows, as consequences of the results in the puedection we deduce nec-
essary and sufficient conditions for exponential instabdf Co-semigroups in terms
of the solvability of an integral equation.

Let X be a real or a complex Banach space andTlet= {T (t)}>0 be aCo-
semigroup orx.

In what follows, we denote b€, (R, X) the linear space of all continuous func-

tionsu : Ry — X with the property that supu(t)|| < oo. With respect to the norm
t>0

U]l == supllu®)]|
t>0

Cph (R4, X) is a Banach space.
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DEFINITION 5. The pair(Cy(R4, X), Cp(R4, X)) is said to be completely admis-
sible forT if for every ue Cp(R4, X), there exists a unique function &€ Cp(R, X)
such that the pait f, u) verifies the integral equation

t
(Ee) fu(t)zT(t—S)fu(S)+/ Tt —ou(r)dr, Vt>s=>0.
s

THEOREM 3. Let T = {T(t)}>0 be a G-semigroup on X. If the pair
(Co(R4, X), Ch(R4, X)) is completely admissible far, thenT is exponentially un-
stable.

Proof. Let M, w > 0 be such tha| T (t)|| < Me“t, forallt > 0.

Let 8 : [0,1] — [0, 2] be a continuous function with compact support such that

1
suppB C (0,1) and/ B(r) dr = 1.
0

We prove that the paifl *° (N, X), [*°(N, X)) is completely admissible foF. In-
deed, les € |*°(N, X). We define the function

viRy = X, ) =T - [ths([thAt — [t]).

Then
[lv®] < 2Me”|[s([tD]|, Yt =0

sov € Cp(R4, X). From hypothesis there ise Cp(R,, X) such that the paith, v)
verifies the equatioQE¢). In particular, for everyn € N we have that

n+1
h(in+1) = T(1)h(n) +/ " Tn+1-—7t)v(r) dr = T(Dh(n) + T(Ds(n).
n

Settingys(n) = h(n), for all n € N, we have thays € [*°(N, X) and the pairys, S)
verifies the equatiofEy).

To prove the uniqueness @f it is sufficient to show that ify € 1°°(N, X) is such
that

y(n+1) =T@D)yn), VvneN 3.1

theny = 0.

Let y e I°°(N, X) which verifies the relation (3.1). Consider the function
g: Ry - X, gt) = T — [tDhy(t]). From relation (3.1) we deduce thgtis
continuous and

gt) =Tt —1)g(r), Vt=>71>0. 3.2

Since the pairCp(R4, X), Ch(R4, X)) is completely admissible fof, from re-
lation (3.2) it follows thatg = 0, soy = 0. Thus, we deduce that the pair
(I1°°(N, X), [*°(N, X)) is completely admissible foF and using Theorem 1 we obtain
the conclusion. O
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THEOREM 4. Let T = {T(t)}t>0 be a G-semigroup on X. ThenT is ex-
ponentially unstable and it can be extended to a group if anty ¢f the pair
(Co(R4, X), Cp(R4, X)) is completely admissible far.

Proof. NecessityLetu € Cp(R4, X) and let
o0
f:Ry—> X, f@)= —/ T(z — t)"tu(z) dr.
t

Then, f € Cp(R4, X) and the pair( f, u) verifies the equatioEc). Using similar
arguments as in the necessity of Theorem 2 we obtain the enégs off .
Sufficiencylt follows from Theorem 3, Lemma 2 and Remark 3. O

4. An application for the case of exponential dichotomy of smigroups

In what follows we will apply our results in order to charaize the exponential di-
chotomy of semigroups in Banach spaces.

Let X be a real or a complex Banach space and’let {T (t)}t>0 be an exponen-
tially bounded semigroup oK.

DEFINITION 6. T is said to be exponentially dichotomic if there exist a prtjn
P € B(X) and two constants k= 1 andv > 0 such that:
() TP =PT(t), forallt > 0;
(ii) T(t); : KerP — KerP is an isomorphism, for all + 0;
(i) [|ITM®x|| < Ke™|x||, forall x € ImP and all t> 0;
(iv) [IT®X|| > %e”t||x||, forallx € KerP andallt> 0.

DEFINITION 7. Let Y be a linear subspace of X. Y is said toTednvariant if
THY CY,forallt> 0.

We consider the linear subspace

X1 = {x e X :sup||T{)x|| < oo}
t>0

We suppose thaX; is a closed linear subspace which hak-amvariant (closed) com-
plementXs such thatX = X; & X2. Let P be the projection corresponding to the
above decomposition, i.émP = X; andKerP = Xa.

REMARK 4. T(t)P = PT(t), forallt > 0.

REMARK 5. (i) If Ts(t) = T(t)im p, forallt > 0O, thenTs = {Ts(t)}t>0 is an
exponentially bounded semigroup bm P.

(i) If Tut) = T(t)|ker p, forallt > 0, thenTy = {Tu(t)}t=0 iS an exponentially
bounded semigroup dker P.
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DEFINITION 8. The pair (1°°(N, X), [*°(N, X)) is said to be admissible for if
for every se |*°(N, X) there existy € |°°(N, X) such that the pairy, s) verifies the
discrete-time equation

y(n+1) =T@D)yMn) +sm), V¥YneN. (4.1)

In what follows we establish the connections between th@meaptial dichotomy
of the semigrouf@ and the admissibility of the pait* (N, X), [*(N, X)).

PropPoOsITIONL. If the pair (I°°(N, X), *°(N, X)) is admissible fofT, then for
every se |°(N, X) there is a uniquer € |°°(N, X) such that the paify, s) verifies
the equation4.1) andy (0) € Ker P.

Proof. Lets € I*°(N, X). Thenthere iy € I°°(N, X) such that the paity, s) verifies
the equation (4.1). Then for

y:N= X, y()=yn —-TnPy@O)

we have thay € 1°°(N, X) andy (0) = (I — P)y(0) € Ker P. Moreover, it is easy to
see that the palty, s) verifies the equation (4.1).

To prove the uniqueness ¢f let§ € |°°(N, X) with §(0) € Ker P such that the
pair (8, s) verifies the equation (4.1).

Settinga = y — 4, it follows thata(n + 1) = T(D)a(n), foralln € N and
a(0) € Ker P. Sincex € 1°°(N, X) we deduce that

NTMa )] = [leM]] < [llelll, VYneN
soa(0) € Im P. This implies thatt(0) = 0, so§ = y. [l

THEOREM 5. If the pair (I°(N, X), I*°(N, X)) is admissible fofT, then T(t), :
Ker P — Ker P is an isomorphism, for all + 0 and there are K, v1 > 0 such that

1
[IT®OX]| > e e't||x|], Vt>0,vx e Ker P.
1

Proof. From hypothesis we deduce that the gHit (N, Ker P),1°(N, Ker P)) is ad-
missible for the semigroupy. In particular, we have that for evesye |°(N, Ker P)
there isy € 1°°(N, Ker P) such that

y(n+1) = TyD)yn) + Ty(D)s(n), VneN. 4.2)

Moreover, using Proposition 1 we deduce that the sequenadich verifies (4.2)
is uniquely determined. It follows that the palf°(N, Ker P), I°(N, Ker P)) is
completely admissible fof,. Then, from Theorem 2 we obtain the conclusion.d

THEOREMG. If the pair 1° (N, X), *°(N, X)) is admissible foiT, then there are
K2, v2 > 0 such that

[TOX]] < Koe |||, Vt>0,Vxelm P.
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Proof. Letx € ImP. Consider the sequence
s:N— X, s =T({n)x.

Sincex € ImP, we have thas € |*°(N, X). From Proposition 1 it follows that there is
y € 1°°(N, X) with y(0) € Ker P such that the pai¢y, s) verifies the equation (4.1).
Then we have that

y(n) =T(n)y(0) +nT(n—1)x, VneN*
From Theorem 5, there aiey, v1 > 0 such that
1
K1 e [y Ol < ITMy Ol < llymI +nl|T(n—1)x|| <
<Illylll+nllIslll, VneN*
This inequality implies thay (0) = 0, so
y(N) =nT(n—1)x, VneN*
Hence we obtain that

sup(n+ DIT(N)X|| < oo, VXxelImP.
neN

From the uniform boundedness principle it follows that éhistM > 0 such that
N+ D)TX|| <M ]X|]], ¥neN,¥VxeImP.
This shows that there i € N* such that
1
I Ts(P)X|| < > [Ix]l,  VxelImP.
By applying Lemma 1 for the semigrodp we obtain the conclusion. O

The main result of this section is:

THEOREM 7. T is exponentially dichotomic if and only if the pair
(I1°°(N, X), *°(N, X)) is admissible foiT .

Proof. NecessityLet P be the projection given by Definition 6. For evdeye N, let
T(k)|*1 denote the inverse of the operafok), : Ker P — Ker P. If s € (N, X)
we define the sequenge: N — X by

n o]
y(M) = xu (M Y T —KPsk—1— Y Tk-n (1 —P)sk-1).
k=1 k=n+1

Theny € I°°(N, X) and the paii(y, s) verifies the equation (4.1). This shows that the
pair (I*°(N, X), 1°°(N, X)) is admissible foiT .

Sufficiencylt follows from Theorem 5 and Theorem 6, takikg= max{K1, K2}
andv = min{vy, vo}. O
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