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J. Cordovez

ON THE CONICS LYING IN A COMPLETE INTERSECTION

Abstract. In this paper we determine the dimension of the Hilbert s@héafso called Fano
scheme) that parametrises all the conics lying in a compi&tesection in a projective space
or in a Grassmannian.

1. Introduction

Tennison proved in [7] the existence of smooth conics on #megal quartic hypersur-
faceV (4) of P* (which is a Fano threefold of the principal series, of indeantl with
Picard group isomorphic td, according to Fano-Iskovskih classification, as in [4]),
and then that the family of the conics ®{4) is a two-dimensional scheme.

In this paper we work over the field of complex numb@rand we study the dimen-
sion of the Hilbert scheme (also called Fano sche&)X) parametrising the conics
lying in a generah-dimensional complete intersectiofiin a projective space or in a
Grassmannian, where conic means a rational curve of degrekiéh is necessarily
plane. Using the tecnique of the incidence varieties as]irufider the condition that
X contains at least a conic, we are able to give a numericaldtarfior the dimension
of F2(X). In the case of a complete intersection in a projective spheeformula is
n— 3+ 2-index(X), where indexX) is a numerical invariant which mesures the posi-
tivity of the anticanonical divisor oK (see section 2 for its formal definition). Wheh
is a Fano surface or a Fano threefold contained in a progsgigice, the hypothesis that
X contains a conic is superfluous, indeed these types of céenpkersection always
contain lines and conics. However, in general the existefi@line on a complete
intersectionX does not imply tha contains a conic, for example, the only rational
curves lying on the general hypersurfa¢ec P"* of degree @ — 1,n > 5, are the
lines (see [5]).

We also extend the result to complete intersectdms G (k, m), the Grassmannian
of k-dimensional subspaces of a vector space of dimemsiembedded in the projec-
tive spaceP(T)‘1 via the Plicker embedding, getting a bound for the dimansfdahe
Hilbert schemeF2(X) that parametrises the conics ¥n The proof of this extension
is analogous to that made in [1] for the lines lyingX¥nAlso in this case it's necessary
to assume the existence of at least a conic lying on the caenjpliersection. We can
conclude that the dimension 8(X) is greater than or equal to— 3+ 2 - index(X)
(see section 3 for the exact definition of ind&X in the case of a complete intersection
X in a Grassmannian). Since we have no example in which thetddsinequality in
the above formula for the dimension 8% (X), we suspect that equality always holds.

The index of these varieties is linked to the geometry of thesl and the conics
lying on them. A naive observation is that there is a simyabietween the dimension
of the two Hilbert schemes, in fact the dimension of the Hillseheme of the lines
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lying on the variety is1 — 3 4 index(X).

2. The family of conics in a complete intersection in a projetive space

In this sectionX denotes a complete intersection of type, . . ., n;) in the projective
spaceP™", so dimX = n and codinX = r, withr > 1 andn > 2. We also
use the notatioW (ny, ..., ny) for a complete intersection of tyges, ..., ny), i.e. to

denote the locus of common zerosrofeneral homogeneous polynomials of degrees
n]_, ey nr .
Theindex(also called=ano inde) of the complete intersectioX is defined as

)
index(X) :=n4r +1— Zni.
i—1

We recall that it holdKx ~ —index(X) - H, whereK is the canonical divisor
andH is the hyperplane divisor of. Therefore it results:

XisaFanovariety « index(X) >0
X is Calabi-Yau variety < index(X) =0
Xis of generaltype < index(X) <0

We want to prove the following

THEOREM1. Let X =V(ny,...,ny) C P™" be a general complete intersection
of dimension r= 2.

1. Ifn—3+ 2. index(X) < 0, then X does not contain any conic.

2. Ifn—3+2-index(X) > 0and X contains at least a conic, then the Hilbert
schemeF?(X) that parametrises the conics lying on X is not empty of diiens
exactly n— 3+ 2 - index(X).

In order to obtain the above thesis we consider the followitigemes:

e the schemé& parametrising all complete intersections of tyjme, ..., ny) in
P™T, and we putlg := dimQ;

e the (dense) open subs@tof the multi-projective space
P(HO(P™", Opnir (N1)) x - -+ x P(H2(P™", Opnir (1))

which dominate$); obviously

r
. n+r +n;
mszz ( )—n
i=1 n+r
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e the schemeC parametrising all plane curves of degree 2Af™ which is
a smooth irreducible projective variety of dimensiom3t+ r) — 1, in fact
C = P(S’E*), where S’E* is the dual of the second symmetric powerkf
the tautological bundle on the Grassmann&(3, n + r + 1) of the 2-planesin
P (see [7, page 715]); contains the open dense subSgiarametrising all
conics inP"*" and obviously din® = dimC;

e the incidence varieties
I"={(C,(V(ny),...,V(ny))) € CxP |[CcVmhy)nN---NV(n)}

and
| ={(C,X)eCxQ/CcC X}

with the natural projections

/

pr;

" —— P
o (DD
C
and
| pr2 Q
prll (DZ)
C

Now we need two lemmas:
LEMMA 1. The incidence varietl is irreducible and
diml’ =3n+r _1+i<n+r +ni) —Zini.
i=1 n+r i=1
Proof. Let Cy e C be any conic, then looking at diagraiid 1) the fiber overCy is
pri 1(Co) = {(Co,Y) eCxP|CoC Y} ={Y eP|Y DCo}.

The conditionCy C Y means that the coni€y must be contained in each of the
hypersurface¥ (n;), withi = 1,...,r, butCo C V(n;) imposes B; + 1 linearly

indipendent conditions for eveiy= 1, ...,r. Thereforepri‘l(co) is isomorphic to
a product of linear subspaces/hof codimension 8; + - - - + 2n; +r, hence

r r
dimpr;~(Co) = > <n _;Z: n.) -2y m-2n
i—1

i=1
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SinceC is irreducible andpr; has irreducible fibers of constant dimension it follows
the irreducibility ofl’. Moreover

dim!” = dimC + dim pr; ~(Co)

Lo/n+r +n !
:3n+r—1+2( nr ')—ZZni.
i—1 i—1

LEMMA 2. The incidence varietlis irreducible and

)
diml =3n+2r —1—22ni +do.
i—1

Proof. We proceed in the same way as in Lemma 1, the problem is to igfe&réhat
all the conditions imposed by the conic are independenthifoend we can consider
the following commutative diagram with natural morphisms

pry

/N —= P

n’l Jvn'
I 2, Q

Since’P andQ are irreducible andr is surjective with fibers of constant dimension,
we have that for ever¥g € Q

r
. _1X _ n+r +n; e )
dimz ™ (Xo) ; n+r r dQ

It's easy to see that ~1(Xg) = =’~1(C, Xo) for every conicC contained inXp, SO
dimz ~1(Xg) = dimz’~1(C, Xo), therefore

)
diml = diml’ — dimz'~}(C, Xo) =3n+2r —1-2) "ni + dq.
i=1

Moreover, looking at the projectiopr; we deduce thatis irreducible. O

Now the Hilbert schemeF?(X) parametrising the conics lying in the complete
intersectionX is given by

F2(X) = pra(pry 1(X)

which is obviously isomorphic t(p)rz_l(X) (see diagram (D2)).
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If the morphismpry; is surjective, then we have
dim F2(X) = dim pr;1(X) = dim| — dimQ

;

=3n+42r —1—22ni
i=1

=n— 3+ 2-index(X).

Therefore, in— 3+ 2-index(X) < 0, thenpr, cannot be surjective, so the general
complete intersectioX contains no conics. On the contrarynif 3+2-index(X) > 0
and X contains at least a conic, then; is surjective and diF2(X) = n—3+2-
index(X), so we have proved Theorem 1.

COROLLARY 1. Let X be a Fano complete intersection of dimension 2, fi#&X)
is not empty andim F2(X) = 2 - index(X) — 1.

Proof. First of all we recall that a smooth two-dimensional varistiano if and only if

it is a Del Pezzo surface. It is well known that there are ohigé¢ Del Pezzo surfaces
which are complete intersection, namely the quadfti®) and the cubidv (3) in P3
and the complete intersection of two quadNo&, 2) in P*. Therefore, letX be a Del
Pezzo complete intersection surface, tikealways contains at least one conic, indeed:

e if X is the quadric surfac¥ (2) in P2, each general plane &8 cutsV (2) prop-
erly in a conic (by Bertini's Theorem), so diff?(X) = 3;

e if X is the Del Pezzo surface of degrée- 3, 4 in P9 (i.e. if X is eitherV (3) in
P3 or V(2, 2) in P%), then one conic irX exists. In factX is the blow-up of the
pIaneP2 in 9 — d general pointdy, . . ., Po_g embedded with the linear system
of the cubics through these points, then a general lif dfirough aP; turns in
a conic. In both cases we have dfd(X) = 1.

O

REMARK 1. In general, ifX = V(ny,...,n;) C P™ contains a conic, then
Y =V(4,...,n;) CPLt >n+r, contains a conic.

COROLLARY 2. Let X be a Fano complete intersection of dimension 3, #i#&(X)
is not empty andim F2(X) = 2 - index(X).

Proof. There are only six complete intersection Fano threefoldmely the quadric
V (2), the cubicV (3), and the quartia/ (4) in P4, the complete intersections(2, 2)
andV (2, 3) in P5, andV (2, 2, 2) in P8,

If X is a Fano threefold of the forivig_» C P9+1 beingg the genus oK (see [3,
Proposition 1.6, page 488]), with index) = 1, thenX contains at least one conic. In
fact, Pic(X) is isomorphic teZ and X contains a line ([4, Theorem 4.4, page 487]). In
particular, when:
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e X =V@ cP*(7)orX =V(23) c PPorX =V(222 c P5 then
dimF2(X) = 2.

Furthermore, for the other Fano threefolds, i.e. when iidex> 2, it's easily
verified the existence of at least a conic, it's enough to umm&tk 1 and the proof of
Corollary 1. So

o if X=V(@B) cPorX =V(2,2) c P then dimF2(X) = 4;
e if X =V (2) c P4 thendimF?(X) = 6.

3. The family of conics in a complete intersection in a Grassannian

In this sectionX denotes a complete intersection of type, . . ., ny) and dimensiom
in the Grassmann variey(k, m) (vectorial notation), embedded by PIUCkeFﬂ'?‘T)*l,
that is X is the intersection of the Grassmannfack, m) with r general hypersurfaces
V(ny), ...,V (n), of degreesy, ..., n; respectively, in the projective spaE‘éT)*l.
We have dimX = n, codimX =r andn +r = k(m — k) = dimG(k, m), withr > 1
andn > 2.

Theindexof the complete intersectioX in the Grassmannia@ (k, m) is defined
as

r
index(X) :=m — Z n;
i=1
(see[1, Proposition 1]). Since it hol#sx ~ —index(X)-H, whereK x is the canonical
divisor andH is the hyperplane divisor of, then, like for a complete intersection in a
projective space, the positivity or the vanishing of theedharacterizes the fact that
X is a Fano or a Calabi-Yau variety.

THEOREM 2. Let X C G(k,m) be a general complete intersection of type
(N1, ...,ny) and dimension n> 2. If n — 3+ 2. index(X) > 0 and X contains
at least a conic, then the Hilbert sche#&(X) that parametrises the conics lying on
X is not empty of dimension greater than or equal te 8 + 2 - index(X).

Proof. Let X = Gk, myNn V@) N---NV{) C P()-1 pe the section of the
Grassmannia®(k, m) with r = dimG(k, m) — n general hypersurfaces of degrees
ny,...,ny in PGO-L,

Let C be the scheme parametrising all conicm) 1 and letC < C be a conic
such thalC c X. Then:

CcX & CcVmpn---nV(n,) and Cc Gk, m)

Let §1 and §2 be the two cycles in the cohomology ring Gfcorresponding respec-

tively to the subvariety; of the conics inP(i)~1 contained in the complete intersec-
m

tion V(ny, ..., n;) and the subvariet$, of the conics inP(k)~1 that are contained in
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G(k, m). The intersectiois; N S, of the two subvarietie§; andS, represents the con-
ics in P()~1 which are contained iX. In the cohomology ring of the intersection
cycle§l . §2 corresponds t&; N Sp.

Let a; anday be the codimensions i@ of S; and S, respectively. Sinc&; =
F2(V(np) N---NV(np)), whereV(ny) N--- N V(ny) is a complete intersection in
P()-1 we have that dirs; = dimF2(V(ny) N ---NV(np)) = [(F)—1-r]-3+
2-index(V (n)N---NV(ny)) (see Theorem 1), sy = dimC—dimS; = 2 Zir:l ni+r.

Now, we deal with the subvariefp, obtaining an upper bound @a. We can think
of a conic lying onG(k, m) as the image of a non constant morphBi— Gk, m)
of degree 2, but this is equivalent to give a rdnkector bundleF on P! together a

surjective morphissn(i)gl — F (see[2, page 207]). B pi(Og‘l, F)isan open setin

Hom(OF, F), which in turn is isomorphic té1 °(P*, F @ Of).
By Grothendieck’s Theorer is of typeeB!‘:10P1 (aj), and since the image must

be a conic, we have the condition
a1 t+o2+ - +ak =2
Moreover we can assumeDa1 < az < --- < ak, hence we must have
ar=op=-=a-1=0, =2,

or
ar=oap=-=ak2=0, ak_1=oakx=1

that is
F=F=05'90m@ o F=F"=02®0nD?

Thus we have two morphisms: Epi((’)gl,]-") — Gk, m), ¢": Epi(Og‘l,}‘”) —
Gk, m) andS; = Img’ U Imeg”. In order to find a lower bound for di® we have to

compute the dimension ¢fng’ andImg”.
By a straightforward computation we get

ho(F ® OT) = h%(F" ® OF) = (k+ 2)m.

Now in order to compute dirhrmg’ and dimlmg”, we have to compute of the fibeps
andg” so, we need to identify those surjective morphisms whicle ¢fie same conic.
First of all there is a three dimensional group acting®nso the dimension drops by
three. Furthermore, there is the actionfaft(F) on the vector bundlg. Hence, the
dimension ofS; is at least

hO(F ® OT) — (dim Aut(P) + dim Aut(F)) =

k+2m— (K2 +k+2) ifF=F
(k+2)m— (k% +3) if F=F"
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It follows that

r
a1+a2§dimE—k(m—k)—2m+3+22ni +r
i—1
=dimC — (n — 3+ 2- index(X))

Therefore, ifn — 34 2-index(X) > 0 andX contains at least a conic, théff(X) # @
and dimF2(X) > n — 3+ 2 - index(X). O

EXAMPLE 1. LetX = V310, that is the intersection of the Grassmannian of lines
of P* with two general hyperplanes and a general quadric{ ot V14, that is the

intersection of the Grassmannian of linesRSfwith five general hyperplanes (both in
the Plicker embedding), then difif(X) = 2 (see [6]).

References

[1] CorpovEzJ.,Families of lines in Fano varieties complete intersectioa Grassmanniahe Matem-
aticheLVIl 1(2002), 131-147.

] GRIFFITHSP. A. AND HARRIS J., Principles of Algebraic Geometry\iley, New York 1978.
] 1SKOVSKIH V. A., Fano3-folds. I, Math. USSR Izvestijd 1 (1977), 485-527.
[4] IskovskIH V. A., Fano3-folds. I, Math. USSR Izvestijd2 (1978), 469-506.
] PACIENZA P. J.,Rational curves on general projective hypersurfapesprint math.AG/0010037.
]

PuTs P. J.,0On some Fano-threefolds that are sections of Grassmanniadagat. Math12 (1982),
77-90.

[7] TENNISONB. R.,0n the quartic threefoldProc. London Math. Soc.(329 (1974), 714-734.

AMS Subject Classification: 14M10, 14H10

Jorge CORDOVEZ, Dipartimento di Matematica, Politecnicdatino, Corso Duca degli Abruzzi 24,
10129 Torino, ITALY
e-mail: cordovez@calvino.polito.it

Lavoro pervenuto in redazione il 07.05.2004 e, in forma dafa il 07.11.2004.



Rend. Sem. Mat. Univ. Pol. Torino - Vol. 63, 2 (2005)

B. Lowe*

THE LENGTH OF THE FULL HIERARCHY OF NORMS

Abstract. We give upper and lower bounds for the length of the Full Higrma of Norms.

1. Introduction

The Hierarchy of Norms goes back to Moschovakis’ proof offtirst Periodicity The-
orem and has been investigated by van Engelen, Miller anel 8tg5], and more
recently, by Chalons [1] and Duparc [2] under the name “Stesarchy”.

Duparc [2, Theorem 7] calculated the length of the hierarmhBorel norms of
lengthw - § < w; to beV,, (14 §). This should be compared to the height of the Borel
Wadge hierarchy which ¥, (2) by a theorem of William Wadge’s [7.

In the context of the Axiom of Determinacy, both the Wadgerdniehy and the
Hierarchy of Norms are wellfounded (almost) linear quasiesings. It is well known
that the length of the Wadge hierarchy is exaéily= sug« ; there is a surjection from
R ontoa}.

In this short paper, we comment on the length of the full Hignmg of Norms which
we shall callx. We can prove thab? < ¥ < ™.

2. Definitions & Basics

As usual in set theory, we identify the real numbRrsvith Baire spacéV and use
standard notation for Baire space. In particular, we writey for the real defined by

] x) if n =2k,
X*ym = { y(k) ifn=2k+1,

and use the symbal™x for the concatenation of the finite sequesaeith the infinite
sequence. We also fix a listing of all continuous functiofgx : x € R}.

2.1. Set Theory without the Axiom of Choice

Since the main results of this paper will be in the contexhefAxiom of Determinacy
which contradicts the Axiom of Choice, let us briefly commentsome features of
choiceless set theory. (We will be giving the exact axiomayistem for all results in
order to avoid confusion.)

*The author would like to thank Jacques Duparc (Aachen, nousamane) for an inspiring talk and
discussion in Bonn (May 2003).
TThe functionV,, is theath Veblen function to the base; .
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Itis the Axiom of Choice that guarantees the existence gfdbfunctions between
ordinals and other sets, most notably, the real numBerthe powerset of the real
numbersp (R), and related sets. 1@F (without using the Axiom of Choice), the
following are equivalent for a seX:

1. X is wellorderablei(e., X is in bijection with some ordinal),
2. there is an ordinat and a surjectiorf : « — X, and
3. there is an ording® and an injectiory : X — S.

The question of existence of injections from ordinals inaiteary sets and surjections
from arbitrary sets into ordinals is much more subtle. Withine Axiom of Choice,
the ordinals

Q := supa; thereis an injectiorf : « — R} and
® := supa; thereis asurjectiod : R — «}

can very well differ.

If the set of real numbers is not wellorderable, tlien- w1 implies that there is
an uncountable set of reals without the perfect set proparyparticular,ZF + AD
implies thatQ = w1. On the other handy can be rather large. In the literature on the

Axiom of Determinacy® plays an important rdle, and the following is known about
it: 8

PrRoOPOSITIONL. (ZF) There is no surjection frorR onto®. If AD holds, ther®
is a fixed point of theX-function, i.e.,® = Rg. If in additionV = L(R), then® is
regular.

Itis not decided by’ F + AD alone whethe® is regular. It is consistent with both
AD and the strongeiDy that® is singular €f. [6]).

Without the Axiom of Choice, successor cardinals are noessarily regular. The
following is a well-known weak analogue of the pigeon holepiple for successor
cardinals inZF. We give its simple proof for the benefit of the reader who &sle
familiar with the—AC-context.

LEMMA 1 (PGEONHOLE PRINCIPLE FORSUCCESSORCARDINALS). (ZF) If ¢
is an infinite cardinal, them™ — («)1, i.e., for every function f x* — « there is a
set S of cardinality such that {S] = {«} for somex.

Proof. For eacha < «, define§, := {¢; f(¢) = «}. If one of the sets], has
cardinalityx, we are done. Otherwise, for @l < «, 0.t.(§,) < k. Letmy : § — «

i . w1 — Ris aninjection, therX := {f (x); o < w1} is uncountable, but a perfect subgetC X
would give an injection fronR into w1 making it wellorderable.
8C1.[3, p. 396sq(].
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be the Mostowski collapse &,. Clearly,«™ = |, _, S We define

t S5 kxk

F: X
& (F@) ).

ThenF is an injection ofc™ into « x « which is a contradiction to the definition of
k™. [l

In the following, we will call a surjectiop : R — o« anorm. We call Ih(g) := «
thelength of ¢. By Proposition 1,

O ={a; dp (pisanorm &a = Ih(p))}.
For each nornp, we can define a prewellordering, onR, defined by
X=py:= ¢(X) =y,

and furthermore identify the norm with the s&f := {x*y; X <, y} € R.

2.2. The Wadge Hierarchy
The Wadge ordering on sets of reals, defined by
A <w B: <= thereis a continuou$ such thatf ~1[B] = A

defines one of the most fundamental complexity hierarchieescriptive set theory.
From <y, we derive the Wadge degrees

[Alw:={B; A<w B& B <w A}

If Dy denotes the set of the Wadge degrees, we call the ord@Pipg<w) theWadge
hierarchy.

The following facts about the Wadge hierarchy are well-know

PROPOSITION2 (WADGE'S LEMMA). (ZF + AD) For sets AB C R, we either
have A<w B orR\B <w A. Thus the Wadge hierarchy is almost linear (except for
antichains of length two).

THEOREM1 (MARTIN-MONK THEOREM). (ZF + AD + DC(R)) The Wadge hi-
erarchy is wellfounded.

Now, using Theorem 1 under the assumptioZbf+ AD + DC(R), we can assign
ordinals called th&Vadge rank to sets of reals by

|Alw := height({B; B <w A}, =w)).

THEOREM2 (WADGE). The height of the Wadge hierarchyts
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For eachy < ®, we define

{A; |[Alw = o}, and
{A; |Alw < af.

Pa
P=<a

PROPOSITION3. (ZF + AD + DC(R)) For eacha < O, there is a surjection
f:R— <.

Proof. Fix A € g. Then the functiorx — g;l[A] is a surjection fromR onto
P<a- O

COROLLARY 1. (ZF+AD+DC(R)) Leta < ® be fixed. Suppose thatl, ; y <
©) is a sequence such that, < o, forall y < ©®. Then there argg # y1 such
thatA,, N Ay, # 2.

Proof. If not, the function
A min{y; Ac A}

is a surjection from a subset gk, onto®. Together with the surjection from Propo-
sition 3, this yields a surjection frofR onto ® which contradicts Proposition 1. O

3. The Hierarchy of Norms

For two normsp andyr, we say thap is FPT-reducible to v (for “First Periodicity
Theorem”; in symbolsy <gpt V) if there is a continuous functioR : R — R such
that for allx € R, we have

p(X) = ¥ (F(X).

FPT-reducibility can be expressed in game terms: Look aitbeplayer perfect infor-
mation game where player | plays player Il playsy and is allowed to pass provided
he plays infinitely often, and player Il wins if and onlygf{x) < ¥ (y). We call this
gameG<(g, ¥); theng <ppt ¥ if and only if player Il has a winning strategy in

G<(p, V).
We writep =pp1 ¢ for ¢ <ppt v & ¥ <ppT ¢, define FPT-degrees by

[elrPT:={¥ 5 ¥ =FpT 0},
denote the set of FPT-degreesBypT, and call the structure
(DrpT, <FPT)
the Full Hierarchy of Norms .1

LEMMA 2. (ZF) If ¢ andy are norms andh(y) < lh(g), thenyr <gpt 0.

f“Full” in order to distinguish it from Duparc’s variants wibounded length and/or bounded complexity.
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Proof. Let x be such thap(x) > Ih(yr). The strategy “playx regardless of what your
opponent does” is winning for player | 8 (¢, ¥) and for player Il inG< (¢, ¢). O

LEMMA 3. (ZF) If ¢ andyr are norms andh(p) = Ih(y) = a+1, thenp =ppt V.

Proof. There arex andy such thatp(x) = ¥ (y) = «. Then “playx” is a winning
strategy for player Il inG< (¢, ¢) and “playy” is a winning strategy for player Il in
G<(e, ¥). O

The following theorem is implicitly contained in Moschovslkproof of the First
Periodicity Theoremdf. [4, 6B]):

THEOREM 3 (MOSCHOVAKIS). (ZF + AD + DC(R)) The relation<ppt is a
prewellordering. Thus{DepT, <gp7) IS @ wellordering.

We write

lplept = o.t.(({¢; ¥ <rpT @}, <rpT), and
¥ = ot((Drpt, <FpPT).

It is the goal of this paper to give upper and lower boundsXorin analogy to the
classeg, andgp<y, we define fo < X:

®: = {¢; |lolrpT=£&}, and
O = {p; lolrpT < &}

The two hierarchies are related and yet notably differeritstHet us note that the
classesbg are much larger than the clasges

PrROPOSITION4. (ZF + AD + DC(R)) If 0 < & < ¥, then there is a surjection
from @¢ ontop (R).

Proof. Lety € ®;. Forx € R, letx™(n) := x(n+ 1). For eachA € o (R), we define

anorm
p(xT) if x(0) =0,
eax) =1 1 if x(0) #£ 0 andx™ € A, and
0 if Xx(0) £ O andx™ ¢ A

We note that “play 0 and after that copy” is a winning stratégy player Il in
G< (¢, pa), and “if the first move is 0, copy; if the first move is not O, thelay an
arbitrary realx such thatp(x) > 1” is a winning strategy for player Il iG < (¢a, ¢),
so we have thapa € ®¢. The function

lﬁ'—>{ A if = ga,

@ otherwise

is a surjection frombg ontogp (R). O
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COROLLARY 2. (ZF+AD +DC(R)) If 0 < § < ¥ anda < © arbitrary, then
(I)S g P<a-

Proof. Supposeb: C p,, then there is a surjection frogp<, onto ¢, hence onto
g (R) by Proposition 4. Now Proposition 3 gives us a surjectiomfi® onto g (R),
which of course contradicts Cantor’s Theorem. O

4. Lower and upper bounds for %

LEMMA 4 (DIAGONAL LEMMA). (ZF) If A < ® is a limit ordinal andy is a norm
of lengthx, then there is a norm™ of lengthi such thaty <ppt ™.

Proof. For a functiony definep™ by

@O+ (X)) +1 if x(0) # 0, and

vy
P (X) = { e(xh) otherwise.

Note thaty™ is a norm with Ii{p*) = Ih(¢) = A. Towards a contradiction, leE
witnessy >rpt1 @ '. Letz be a code foF, i.e, F = g,. Then

p(F(172) = ¢T((1)"2
= ¢@:(1)"2)+1
p(F(1)72) +1
> ¢(F(1)72).

Contradiction. O

We say thaty is embeddedin v if there is somex such that we have (x x y) =
¢(y) forall y.

LEMMA 5. (ZF) If ¢ is embedded i, theny <gpt .

Proof. Let x witness thaty is embedded iny. Then “Playx on your even moves
and copy the moves of player | on your odd moves” is a winningtsgly for player
II'in G<(g, ¥): If player | playsy, player Il answerx * y and wins sinces(y) =
V(X *Y). O

LEMMA 6. (ZF) If A < ® is a limit ordinal ande < ©, then there is a<gpT-
increasing sequenc@, ; v < «) of norms such that for alt < «, we havdh(g,) =
A

Proof. Leta < ©, and fix a surjectiorf : R — « and a normp : R — 1. We define
normsey, by induction, beginning witlpg := ¢.
Assume thap: is defined fort < v and let

pipo(y) if f(x) <,

* .
9o (X Y) = { o(y) otherwise.
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Note that fort < v, ¢¢ is embedded ;. Thus, by Lemma 5p: <rpT ¢} .

Lety, := (¢)*. Thenforalls < v, we havep: <rpt ¢, by the Diagonal Lemma
4, O

In the following, let(A, ; @ < ®) be the strictly increasing enumeration of all limit
ordinals in® (the inverse of the Mostowski collapse).

THEOREMA4. (ZF+AD+DC(R)) Lete < © and letp be a norm of length,, + 1.
Thenjg|rpT > © - .

Proof. We prove the claim by induction an Fora = 0, the claim is trivial. Letx be
the least counterexample as witnesse@lfgf lengtha, + 1).

Case l.Leta = y + 1, and lety be a norm of length.,, + 1. By minimality
of a, |¥|rpT > © - y. Sincea was a counterexamplgy|rpt = © - y + ¢ for some
¢ < ©. We apply Lemma 6 to getarpr-increasing sequence,, ; n < ¢ + 2) such
that all ,, have lengthh,. Lemma 2 yields tha¥y <rpt v, <rpT ¢ (fOr all 5), but
[Yet1lrPT= O -y +¢+1> 0 -y + ¢ = |p|rpt. Contradiction.

Case 2.If  is alimit ordinal, ther®-« =, _, ©-y. By induction hypothesis, we
have|g|rpT > © -y forall y < «, so|¢|rpT > © -, SO Was no counterexample ]

COROLLARY 3. (ZF + AD + DC(R)) ®° < =,
THEOREMS. (ZF+AD +DC(R)) = < OT.

Proof. Towards a contradiction, suppose tliat # @ for all ¢ < ©*. Definew :
Ot - © by
w(&) = minfe; 3 € Bg (|Xylw = o))},
By the Pigeon Hole Principle 1, we firnde ®, SC ©®* andb : ® — Ssuch thabis
a bijection and for alt € S, we havew(¢) = «.
Foré € S, we define

Hs: == {Xp; ¢ € Pe & [ Xplw = a} C gq.

Then(Hy,); y € ©) is a sequence of subsetsgf as in Corollary 1, and so there
areyg # y1 such thatHp,g N Hegy # @0 Butif X, € Hpgg N Hogy, then
lplrpT = b(y0) # b(y1) = |@lFpT Which is absurd. O
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