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THE LENGTH OF THE FULL HIERARCHY OF NORMS

Abstract. We give upper and lower bounds for the length of the Full Higma of Norms.

1. Introduction

The Hierarchy of Norms goes back to Moschovakis’ proof offtirst Periodicity The-
orem and has been investigated by van Engelen, Miller anel 8tg5], and more
recently, by Chalons [1] and Duparc [2] under the name “Stesarchy”.

Duparc [2, Theorem 7] calculated the length of the hierarmhBorel norms of
lengthw - § < w; to beV,, (14 §). This should be compared to the height of the Borel
Wadge hierarchy which ¥, (2) by a theorem of William Wadge’s [7.

In the context of the Axiom of Determinacy, both the Wadgerdniehy and the
Hierarchy of Norms are wellfounded (almost) linear quasiesings. It is well known
that the length of the Wadge hierarchy is exaéily= sug« ; there is a surjection from
R ontoa}.

In this short paper, we comment on the length of the full Hignrg of Norms which
we shall callE. We can prove thab? < £ < 07,

2. Definitions & Basics

As usual in set theory, we identify the real numbRrsvith Baire spaceéVN and use
standard notation for Baire space. In particular, we wtitey for the real defined by

] x) if n= 2k,
X*ym = { y(k) ifn=2k+1,

and use the symbal"x for the concatenation of the finite sequesaeith the infinite
sequence. We also fix a listing of all continuous functiofgx : x € R}.

2.1. Set Theory without the Axiom of Choice

Since the main results of this paper will be in the contexhefAxiom of Determinacy
which contradicts the Axiom of Choice, let us briefly commentsome features of
choiceless set theory. (We will be giving the exact axiomayistem for all results in
order to avoid confusion.)

*The author would like to thank Jacques Duparc (Aachen, nousamane) for an inspiring talk and
discussion in Bonn (May 2003).
TThe functionV,, is theath Veblen function to the base; .
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Itis the Axiom of Choice that guarantees the existence gfdbfunctions between
ordinals and other sets, most notably, the real numBerthe powerset of the real
numbersp (R), and related sets. 1@F (without using the Axiom of Choice), the
following are equivalent for a seX:

1. X is wellorderablei(e., X is in bijection with some ordinal),
2. there is an ordinat and a surjectiorf : « — X, and
3. there is an ordingd and an injectiory : X — S.

The question of existence of injections from ordinals infaiteary sets and surjections
from arbitrary sets into ordinals is much more subtle. Withine Axiom of Choice,
the ordinals

Q := sup«; thereis an injectiorf : « — R} and
® := supa; thereis asurjectiod : R — «}

can very well differ.

If the set of real numbers is not wellorderable, tlien- w1 implies that there is
an uncountable set of reals without the perfect set proparyparticular,ZF + AD
implies thatQ? = w1. On the other handy can be rather large. In the literature on the

Axiom of Determinacy® plays an important rdle, and the following is known about
it: 8

PrRoPOSITIONL. (ZF) There is no surjection frorR onto®. If AD holds, thern®
is a fixed point of theX-function, i.e.,® = Rg. If in additionV = L(R), then® is
regular.

Itis not decided by’ F + AD alone whethe® is regular. It is consistent with both
AD and the strongeiDy that® is singular €f. [6]).

Without the Axiom of Choice, successor cardinals are noessarily regular. The
following is a well-known weak analogue of the pigeon holepiple for successor
cardinals inZF. We give its simple proof for the benefit of the reader who &sle
familiar with the—AC-context.

LEMMA 1 (PGEONHOLE PRINCIPLE FORSUCCESSORCARDINALS). (ZF) If «
is an infinite cardinal, them™ — («)1, i.e., for every function f «* — « there is a
set S of cardinality such that {S] = {«} for somex.

Proof. For eacha < «, define§, := {¢; f(¢§) = «}. If one of the sets], has
cardinalityx, we are done. Otherwise, for @l < «, 0.t.(§,) < k. Letmy : § — «

i . w1 — Ris aninjection, therX := {f («); o« < w1} is uncountable, but a perfect sub&tC X
would give an injection fronR into w1 making it wellorderable.
8C1.[3, p. 396sq(].
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be the Mostowski collapse &,. Clearly,«™ = |, _, S We define

t S5 ok xk

F:
& (FE) ).

ThenF is an injection ofc into « x « which is a contradiction to the definition of
k™. [l

In the following, we will call a surjectiop : R — o« anorm. We call Ih(g) := «
thelength of ¢. By Proposition 1,

O ={a; dp (pisanorm &a = Ih(p))}.
For each nornp, we can define a prewellordering, onR, defined by
X=py:= ¢(X) = oy,

and furthermore identify the norm with the sef := {xxy; X <, y} € R.

2.2. The Wadge Hierarchy
The Wadge ordering on sets of reals, defined by
A <w B : <= thereis a continuou$ such thatf ~1[B] = A

defines one of the most fundamental complexity hierarchigescriptive set theory.
From <y, we derive the Wadge degrees

[Alw:={B; A<w B& B <w A}.

If Dy denotes the set of the Wadge degrees, we call the ord@Pipg<w) theWadge
hierarchy.

The following facts about the Wadge hierarchy are well-know

PROPOSITION2 (WADGE'S LEMMA). (ZF + AD) For sets AB C R, we either
have A<w B orR\B <w A. Thus the Wadge hierarchy is almost linear (except for
antichains of length two).

THEOREM 1 (MARTIN-MONK THEOREM). (ZF + AD + DC(R)) The Wadge hi-
erarchy is wellfounded.

Now, using Theorem 1 under the assumptioZbf+ AD + DC(R), we can assign
ordinals called th&Vadge rank to sets of reals by

|Alw := height({B; B <w A}, =w)).

THEOREM2 (WADGE). The height of the Wadge hierarchyts
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For eachy < ®, we define

{A; |[Alw = a}, and
{A; |Alw < af.

Pa
P=<a

PrROPOSITION3. (ZF + AD + DC(R)) For eacha < O, there is a surjection
f:R— <.

Proof. Fix A € g. Then the functiorx — g;l[A] is a surjection fromR onto
P<a- O

COROLLARY 1. (ZF+AD+DC(R)) Leta < © be fixed. Suppose thatl, ; y <
©) is a sequence such that, < o, forall y < ©®. Then there argg # y1 such
thatA,, N Ay, # 2.

Proof. If not, the function
A min{y; Ac A}

is a surjection from a subset gk, onto®. Together with the surjection from Propo-
sition 3, this yields a surjection frofR onto ® which contradicts Proposition 1. [

3. The Hierarchy of Norms

For two normsp andy, we say that is FPT-reducible to v (for “First Periodicity
Theorem”; in symbolsy <gpt ) if there is a continuous functioR : R — R such
that for allx € R, we have

(X)) = ¥ (F(x)).

FPT-reducibility can be expressed in game terms: Look aitbeplayer perfect infor-
mation game where player | plays player Il playsy and is allowed to pass provided
he plays infinitely often, and player Il wins if and onlygf{x) < ¥ (y). We call this
gameG<(p, ¥); theng <ppt ¥ if and only if player 1l has a winning strategy in

G<(p, V).
We writep =pp1 ¢ for ¢ <ppt ¥ & ¥ <ppT ¢, define FPT-degrees by

[elrPT:={¥ 5 ¥ =FpT 0},
denote the set of FPT-degreesBypT, and call the structure
(DrpT, <FPT)
the Full Hierarchy of Norms .1

LEMMA 2. (ZF) If ¢ andy are norms andh(y) < lh(g), theny <gpt 0.

f“Full” in order to distinguish it from Duparc’s variants wibounded length and/or bounded complexity.
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Proof. Let x be such thap(x) > Ih(yr). The strategy “playx regardless of what your
opponent does” is winning for player | 8 (¢, ¥) and for player Il inG< (¢, ¢). O

LEMMA 3. (ZF) If ¢ andyr are norms andh(p) = Ih(y) = a+1, thenp =ppt V.

Proof. There arex andy such thatp(x) = ¥ (y) = «. Then “playx” is a winning
strategy for player Il inG< (¢, ¢) and “playy” is a winning strategy for player Il in
G<(o, ¥). O

The following theorem is implicitly contained in Moschovslkproof of the First
Periodicity Theoremdf. [4, 6B]):

THEOREM 3 (MOSCHOVAKIS). (ZF + AD + DC(R)) The relation<ppt is a
prewellordering. Thus{DepT, <gp7) is @ wellordering.

We write

lplept = o.t.(({¢; ¥ <rpT @}, <rpT), and
Y = ot((Drpt, <FP1).

It is the goal of this paper to give upper and lower boundsXorin analogy to the
classegy, andgp<y, we define fo < X:

®: = {¢; |lelrpT=£&},and
O = {p; lolrpT <&}

The two hierarchies are related and yet notably differeritstHet us note that the
classesbg are much larger than the clasges

PrRoOPOSITION4. (ZF + AD + DC(R)) If 0 < & < ¥, then there is a surjection
from @¢ ontop (R).

Proof. Lety € ®;. Forx € R, letx™(n) := x(n+ 1). For eachA € o (R), we define

anorm
p(xT) if x(0) =0,
eax) =1 1 if x(0) #£ 0 andx™ € A, and
0 if Xx(0) £ 0 andx™ ¢ A

We note that “play 0 and after that copy” is a winning stratégy player Il in
G< (¢, pa), and “if the first move is 0, copy; if the first move is not O, thelay an
arbitrary realx such thatp(x) > 1” is a winning strategy for player Il iG < (¢a, ¢),
so we have thapa € ®¢. The function

10'—>{ A if = ga,

@ otherwise

is a surjection frombg ontogp (R). O
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COROLLARY 2. (ZF+AD +DC(R)) If 0 < § < ¥ anda < © arbitrary, then
(DS g P<a-

Proof. Supposeb: C o, then there is a surjection frogpp<, onto ¢, hence onto
g (R) by Proposition 4. Now Proposition 3 gives us a surjectiomfi® onto g (R),
which of course contradicts Cantor’s Theorem. O

4. Lower and upper bounds for %

LEMMA 4 (DIAGONAL LEMMA). (ZF) If A < © is a limit ordinal andy is a norm
of lengthx, then there is a norm™ of lengthi such thaty <ppt ™.

Proof. For a functiony definep™ by

@O+ (X)) +1 if x(0) # 0, and

vy
P (X) = { e(xh) otherwise.

Note thaty™ is a norm with Ii{p*) = Ih(¢) = A. Towards a contradiction, lef
witnessy >rpt1 @'. Letz be a code foF, i.e, F = g,. Then

p(F(172) = ¢T(1)"2
= ¢@:(1)"2)+1
p(F(1)72) +1
> ¢(F(1)72).

Contradiction. O

We say thaty is embeddedin v if there is somex such that we have (x x y) =
o(y) forall y.

LEMMA 5. (ZF) If ¢ is embedded iy, theny <gpt .

Proof. Let x witness thaly is embedded iny. Then “Playx on your even moves
and copy the moves of player | on your odd moves” is a winningtsgly for player
Il'in G<(g, ¥): If player | playsy, player Il answerx * y and wins sincep(y) =
V(X *y). O

LEMMA 6. (ZF) If A < ® is a limit ordinal ande < ©, then there is a<gpT-
increasing sequencg, ; v < «) of norms such that for alt < «, we havdh(g,) =
A

Proof. Leta < ©, and fix a surjectiorf : R — « and a normp : R — 1. We define
normsey, by induction, beginning witlpg := ¢.
Assume thap: is defined fort < v and let

pipo(y) if f(x) <,

* .
9o (X Y) = { o(y) otherwise.
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Note that fort < v, ¢¢ is embedded ;. Thus, by Lemma 5p: <rpT ¢}.

Lety, := (¢)*. Thenforalls < v, we havep: <rpt ¢, by the Diagonal Lemma
4, O

In the following, let(A, ; @ < ®) be the strictly increasing enumeration of all limit
ordinals in® (the inverse of the Mostowski collapse).

THEOREMA4. (ZF+AD+DC(R)) Lete < © and letp be a norm of length,, + 1.
Then|p|rpr > O - .

Proof. We prove the claim by induction an Fora = 0, the claim is trivial. Letx be
the least counterexample as witnesse@lfgf lengtha, + 1).

Case l.Leta = y + 1, and lety be a norm of length.,, + 1. By minimality
of a, |¥|rpT > © - y. Sincea was a counterexamplgy|rpt = © - y + ¢ for some
¢ < ©. We apply Lemma 6 to getarpr-increasing sequence,, ; n < ¢ + 2) such
that all ,, have lengthh,. Lemma 2 yields tha¥y <rpt v, <rpT ¢ (fOr all n), but
[Yet1lrPT= O -y +¢+1> 0 -y + ¢ = |p|rpt. Contradiction.

Case 2.If  is alimit ordinal, ther®-« =, _, ©-y. By induction hypothesis, we
have|gp|rpT > © -y forall y < «, so|¢|rpT > © -, SO Was no counterexample ]

COROLLARY 3. (ZF + AD + DC(R)) ®° < .
THEOREMS. (ZF+AD +DC(R)) = < OT.

Proof. Towards a contradiction, suppose tl@at # @ for all ¢ < ©*. Definew :
Ot - © by
w(&) = minfe; 3 € Bg (|Xylw = ).
By the Pigeon Hole Principle 1, we finde ®, SC ©®* andb : ® — Ssuch thabis
a bijection and for alt € S, we havew(¢) = «.
Foré € S, we define

Hs == {Xp; ¢ € Pe & [ Xplw = a} € gq.

Then(Hy); y € ©) is a sequence of subsetsgf as in Corollary 1, and so there
areyg # y1 such thatHp,g N Hegy # @0 Butif X, € Hpgg N Hogy, then
lplrPT = b(y0) # b(y1) = |@lFpT Which is absurd. O
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