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B. Löwe∗

THE LENGTH OF THE FULL HIERARCHY OF NORMS

Abstract. We give upper and lower bounds for the length of the Full Hierarchy of Norms.

1. Introduction

The Hierarchy of Norms goes back to Moschovakis’ proof of theFirst Periodicity The-
orem and has been investigated by van Engelen, Miller and Steel in [5], and more
recently, by Chalons [1] and Duparc [2] under the name “Steelhierarchy”.

Duparc [2, Theorem 7] calculated the length of the hierarchyof Borel norms of
lengthω · δ < ω1 to beVω1(1+ δ). This should be compared to the height of the Borel
Wadge hierarchy which isVω1(2) by a theorem of William Wadge’s [7].†

In the context of the Axiom of Determinacy, both the Wadge hierarchy and the
Hierarchy of Norms are wellfounded (almost) linear quasi-orderings. It is well known
that the length of the Wadge hierarchy is exactly2 = sup{α ; there is a surjection from
R ontoα}.

In this short paper, we comment on the length of the full Hierarchy of Norms which
we shall call6. We can prove that22 ≤ 6 < 2+.

2. Definitions & Basics

As usual in set theory, we identify the real numbersR with Baire spaceNN and use
standard notation for Baire space. In particular, we writex ∗ y for the real defined by

x ∗ y(n) :=

{

x(k) if n = 2k,
y(k) if n = 2k + 1,

and use the symbolsax for the concatenation of the finite sequences with the infinite
sequencex. We also fix a listing of all continuous functions{gx : x ∈ R}.

2.1. Set Theory without the Axiom of Choice

Since the main results of this paper will be in the context of the Axiom of Determinacy
which contradicts the Axiom of Choice, let us briefly commenton some features of
choiceless set theory. (We will be giving the exact axiomatic system for all results in
order to avoid confusion.)

∗The author would like to thank Jacques Duparc (Aachen, now Lausanne) for an inspiring talk and
discussion in Bonn (May 2003).

†The functionVα is theαth Veblen function to the baseω1.
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It is the Axiom of Choice that guarantees the existence of lots of functions between
ordinals and other sets, most notably, the real numbersR, the powerset of the real
numbers℘(R), and related sets. InZF (without using the Axiom of Choice), the
following are equivalent for a setX:

1. X is wellorderable (i.e., X is in bijection with some ordinal),

2. there is an ordinalα and a surjectionf : α → X, and

3. there is an ordinalβ and an injectiong : X → β.

The question of existence of injections from ordinals into arbitrary sets and surjections
from arbitrary sets into ordinals is much more subtle. Without the Axiom of Choice,
the ordinals

� := sup{α ; there is an injectionf : α → R} and

2 := sup{α ; there is a surjectionf : R → α}

can very well differ.

If the set of real numbers is not wellorderable, then� > ω1 implies that there is
an uncountable set of reals without the perfect set property;‡ in particular,ZF + AD
implies that� = ω1. On the other hand,2 can be rather large. In the literature on the
Axiom of Determinacy,2 plays an important rôle, and the following is known about
it:§

PROPOSITION1. (ZF) There is no surjection fromR onto2. If AD holds, then2
is a fixed point of theℵ-function, i.e.,2 = ℵ2. If in addition V = L(R), then2 is
regular.

It is not decided byZF + AD alone whether2 is regular. It is consistent with both
AD and the strongerADR that2 is singular (cf. [6]).

Without the Axiom of Choice, successor cardinals are not necessarily regular. The
following is a well-known weak analogue of the pigeon hole principle for successor
cardinals inZF. We give its simple proof for the benefit of the reader who is less
familiar with the¬AC-context.

LEMMA 1 (PIGEON HOLE PRINCIPLE FORSUCCESSORCARDINALS). (ZF) If κ
is an infinite cardinal, thenκ+ → (κ)1κ , i.e., for every function f: κ+ → κ there is a
set S of cardinalityκ such that f[S] = {α} for someα.

Proof. For eachα < κ , defineSα := {ξ ; f (ξ) = α}. If one of the setsSα has
cardinalityκ , we are done. Otherwise, for allα < κ , o.t.(Sα) < κ . Let πα : Sα → κ

‡If f : ω1 → R is an injection, thenX := { f (α) ; α < ω1} is uncountable, but a perfect subsetP ⊆ X
would give an injection fromR into ω1 making it wellorderable.

§Cf. [3, p. 396sqq.].
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be the Mostowski collapse ofSα . Clearly,κ+ =
⋃

α<κ Sα . We define

F :
κ+ → κ × κ

ξ 7→ 〈 f (ξ), π f (ξ)(ξ)〉.

Then F is an injection ofκ+ into κ × κ which is a contradiction to the definition of
κ+.

In the following, we will call a surjectionϕ : R → α a norm. We call lh(ϕ) := α

the length of ϕ. By Proposition 1,

2 = {α ; ∃ϕ ( ϕ is a norm &α = lh(ϕ) )}.

For each normϕ, we can define a prewellordering≤ϕ onR, defined by

x ≤ϕ y : ⇐⇒ ϕ(x) ≤ ϕ(y),

and furthermore identify the norm with the setXϕ := {x ∗ y ; x ≤ϕ y} ⊆ R.

2.2. The Wadge Hierarchy

The Wadge ordering on sets of reals, defined by

A ≤W B : ⇐⇒ there is a continuousf such thatf −1[B] = A

defines one of the most fundamental complexity hierarchies of descriptive set theory.
From≤W, we derive the Wadge degrees

[A]W := {B ; A ≤W B & B ≤W A}.

If DW denotes the set of the Wadge degrees, we call the ordering〈DW,≤W〉 theWadge
hierarchy.

The following facts about the Wadge hierarchy are well-known:

PROPOSITION2 (WADGE’ S LEMMA ). (ZF + AD) For sets A, B ⊆ R, we either
have A≤W B or R\B ≤W A. Thus the Wadge hierarchy is almost linear (except for
antichains of length two).

THEOREM 1 (MARTIN-MONK THEOREM). (ZF + AD + DC(R)) The Wadge hi-
erarchy is wellfounded.

Now, using Theorem 1 under the assumption ofZF + AD + DC(R), we can assign
ordinals called theWadge rank to sets of reals by

|A|W := height(〈{B ; B <W A},≤W〉).

THEOREM 2 (WADGE). The height of the Wadge hierarchy is2.
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For eachα < 2, we define

℘α := {A ; |A|W = α}, and

℘≤α := {A ; |A|W ≤ α}.

PROPOSITION 3. (ZF + AD + DC(R)) For eachα < 2, there is a surjection
f : R → ℘≤α.

Proof. Fix A ∈ ℘α. Then the functionx 7→ g−1
x [A] is a surjection fromR onto

℘≤α.

COROLLARY 1. (ZF+AD+DC(R)) Letα < 2 be fixed. Suppose that〈Aγ ; γ <

2〉 is a sequence such thatAγ ⊆ ℘≤α for all γ < 2. Then there areγ0 6= γ1 such
thatAγ0 ∩ Aγ1 6= ∅.

Proof. If not, the function
A 7→ min{γ ; A ∈ Aγ }

is a surjection from a subset of℘≤α onto2. Together with the surjection from Propo-
sition 3, this yields a surjection fromR onto2 which contradicts Proposition 1.

3. The Hierarchy of Norms

For two normsϕ andψ, we say thatϕ is FPT-reducible to ψ (for “First Periodicity
Theorem”; in symbols:ϕ ≤FPT ψ) if there is a continuous functionF : R → R such
that for allx ∈ R, we have

ϕ(x) ≤ ψ(F(x)).

FPT-reducibility can be expressed in game terms: Look at thetwo-player perfect infor-
mation game where player I playsx, player II playsy and is allowed to pass provided
he plays infinitely often, and player II wins if and only ifϕ(x) ≤ ψ(y). We call this
gameG≤(ϕ,ψ); thenϕ ≤FPT ψ if and only if player II has a winning strategy in
G≤(ϕ,ψ).

We writeϕ ≡FPTψ for ϕ ≤FPTψ & ψ ≤FPT ϕ, define FPT-degrees by

[ϕ]FPT := {ψ ; ψ ≡FPT ϕ},

denote the set of FPT-degrees byDFPT, and call the structure

〈DFPT,≤FPT〉

theFull Hierarchy of Norms .¶

LEMMA 2. (ZF) If ϕ andψ are norms andlh(ψ) < lh(ϕ), thenψ <FPT ϕ.

¶“Full” in order to distinguish it from Duparc’s variants with bounded length and/or bounded complexity.
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Proof. Let x be such thatϕ(x) ≥ lh(ψ). The strategy “playx regardless of what your
opponent does” is winning for player I inG≤(ϕ,ψ) and for player II inG≤(ψ, ϕ).

LEMMA 3. (ZF) If ϕ andψ are norms andlh(ϕ) = lh(ψ) = α+1, thenϕ ≡FPTψ.

Proof. There arex and y such thatϕ(x) = ψ(y) = α. Then “playx” is a winning
strategy for player II inG≤(ψ, ϕ) and “playy” is a winning strategy for player II in
G≤(ϕ,ψ).

The following theorem is implicitly contained in Moschovakis’ proof of the First
Periodicity Theorem (cf. [4, 6B]):

THEOREM 3 (MOSCHOVAKIS). (ZF + AD + DC(R)) The relation≤FPT is a
prewellordering. Thus,〈DFPT,≤FPT〉 is a wellordering.

We write

|ϕ|FPT := o.t.(〈{ψ ; ψ <FPT ϕ},≤FPT〉), and

6 := o.t.(〈DFPT,≤FPT〉).

It is the goal of this paper to give upper and lower bounds for6. In analogy to the
classes℘α and℘≤α, we define forξ < 6:

8ξ := {ϕ ; |ϕ|FPT = ξ}, and

8≤ξ := {ϕ ; |ϕ|FPT ≤ ξ}.

The two hierarchies are related and yet notably different. First, let us note that the
classes8ξ are much larger than the classes℘α:

PROPOSITION4. (ZF + AD + DC(R)) If 0 < ξ < 6, then there is a surjection
from8ξ onto℘(R).

Proof. Let ϕ ∈ 8ξ . Forx ∈ R, let x+(n) := x(n + 1). For eachA ∈ ℘(R), we define
a norm

ϕA(x) :=







ϕ(x+) if x(0) = 0,
1 if x(0) 6= 0 andx+ ∈ A, and
0 if x(0) 6= 0 andx+ /∈ A.

We note that “play 0 and after that copy” is a winning strategyfor player II in
G≤(ϕ, ϕA), and “if the first move is 0, copy; if the first move is not 0, thenplay an
arbitrary realx such thatϕ(x) ≥ 1” is a winning strategy for player II inG≤(ϕA, ϕ),
so we have thatϕA ∈ 8ξ . The function

ψ 7→

{

A if ψ = ϕA,
∅ otherwise

is a surjection from8ξ onto℘(R).
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COROLLARY 2. (ZF + AD + DC(R)) If 0 < ξ < 6 andα < 2 arbitrary, then
8ξ 6⊆ ℘≤α.

Proof. Suppose8ξ ⊆ ℘≤α, then there is a surjection from℘≤α onto8ξ , hence onto
℘(R) by Proposition 4. Now Proposition 3 gives us a surjection from R onto℘(R),
which of course contradicts Cantor’s Theorem.

4. Lower and upper bounds for6

LEMMA 4 (DIAGONAL LEMMA ). (ZF) If λ < 2 is a limit ordinal andϕ is a norm
of lengthλ, then there is a normϕ+ of lengthλ such thatϕ <FPT ϕ

+.

Proof. For a functionϕ defineϕ+ by

ϕ+(x) :=

{

ϕ(gx+(x))+ 1 if x(0) 6= 0, and
ϕ(x+) otherwise.

Note thatϕ+ is a norm with lh(ϕ+) = lh(ϕ) = λ. Towards a contradiction, letF
witnessϕ ≥FPT ϕ

+. Let z be a code forF , i.e., F = gz. Then

ϕ(F(〈1〉az)) ≥ ϕ+(〈1〉az)

= ϕ(gz(〈1〉az))+ 1

= ϕ(F(〈1〉az))+ 1

> ϕ(F(〈1〉az)).

Contradiction.

We say thatϕ is embeddedin ψ if there is somex such that we haveψ(x ∗ y) =

ϕ(y) for all y.

LEMMA 5. (ZF) If ϕ is embedded inψ, thenϕ ≤FPTψ.

Proof. Let x witness thatϕ is embedded inψ. Then “Playx on your even moves
and copy the moves of player I on your odd moves” is a winning strategy for player
II in G≤(ϕ,ψ): If player I playsy, player II answersx ∗ y and wins sinceϕ(y) =

ψ(x ∗ y).

LEMMA 6. (ZF) If λ < 2 is a limit ordinal andα < 2, then there is a<FPT-
increasing sequence〈ϕν ; ν < α〉 of norms such that for allν < α, we havelh(ϕν) =

λ.

Proof. Let α < 2, and fix a surjectionf : R → α and a normϕ : R → λ. We define
normsϕν by induction, beginning withϕ0 := ϕ.

Assume thatϕξ is defined forξ < ν and let

ϕ∗
ν (x ∗ y) :=

{

ϕ f (x)(y) if f (x) < ν,
ϕ(y) otherwise.
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Note that forξ < ν, ϕξ is embedded inϕ∗
ν . Thus, by Lemma 5,ϕξ ≤FPT ϕ

∗
ν .

Letϕν := (ϕ∗
ν )

+. Then for allξ < ν, we haveϕξ <FPT ϕν by the Diagonal Lemma
4.

In the following, let〈λα ; α < 2〉 be the strictly increasing enumeration of all limit
ordinals in2 (the inverse of the Mostowski collapse).

THEOREM4. (ZF+AD+DC(R)) Letα < 2 and letϕ be a norm of lengthλα+1.
Then|ϕ|FPT ≥ 2 · α.

Proof. We prove the claim by induction onα. Forα = 0, the claim is trivial. Letα be
the least counterexample as witnessed byϕ (of lengthλα + 1).

Case 1. Let α = γ + 1, and letψ be a norm of lengthλγ + 1. By minimality
of α, |ψ|FPT ≥ 2 · γ . Sinceα was a counterexample,|ϕ|FPT = 2 · γ + ζ for some
ζ < 2. We apply Lemma 6 to get a<FPT-increasing sequence〈ψη ; η < ζ + 2〉 such
that allψη have lengthλα . Lemma 2 yields thatψ <FPT ψη <FPT ϕ (for all η), but
|ψζ+1|FPT ≥ 2 · γ + ζ + 1> 2 · γ + ζ = |ϕ|FPT. Contradiction.

Case 2.If α is a limit ordinal, then2·α =
⋃

γ<α2·γ . By induction hypothesis, we
have|ϕ|FPT ≥ 2 ·γ for all γ < α, so|ϕ|FPT ≥ 2 ·α, soα was no counterexample.

COROLLARY 3. (ZF + AD + DC(R)) 22 ≤ 6.

THEOREM 5. (ZF + AD + DC(R)) 6 < 2+.

Proof. Towards a contradiction, suppose that8ξ 6= ∅ for all ξ < 2+. Definew :

2+ → 2 by
w(ξ) := min{α ; ∃ϕ ∈ 8ξ (|Xϕ |W = α)}.

By the Pigeon Hole Principle 1, we findα ∈ 2, S ⊆ 2+ andb : 2 → Ssuch thatb is
a bijection and for allξ ∈ S, we havew(ξ) = α.

For ξ ∈ S, we define

Hξ := {Xϕ ; ϕ ∈ 8ξ & |Xϕ|W = α} ⊆ ℘α.

Then〈Hb(γ ) ; γ ∈ 2〉 is a sequence of subsets of℘α as in Corollary 1, and so there
are γ0 6= γ1 such thatHb(γ0) ∩ Hb(γ1) 6= ∅. But if Xϕ ∈ Hb(γ0) ∩ Hb(γ1), then
|ϕ|FPT = b(γ0) 6= b(γ1) = |ϕ|FPT which is absurd.
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