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ELASTIC STRIPS AND DIFFERENTIAL GEOMETRY

Abstract. The deformation energyS of an infinitely narrow strip cut down from the rectify-
ing developable of a space curve was defined by Sadowsky in [6]. In the paper we determine
the Euler-Lagrange equations of the functionalS .One can interpret these equations as de-
scribing the motion of a material point in a plane endowed with a linear connection forced to
satisfy a differential system of order three which recalls Newton’s equations.

Introduction.

One handles the shape of a flat elastic Moebius band through numerical computations
on the basis of a differential system of order 12 deduced fromthe equilibrium equa-
tions of an elastic rod, see [5]; we propose in what follows a system of order 6 which
represents the Euler-Lagrange equations of a functional introduced by Sadowsky in
1930, see [6]. The Euler-Lagrange system of the more simple variational problem of
Daniel Bernoulli which leads to elastic curves reduces, when length is preserved, to a
differential equation of order three one can integrate; itsgeometry is developed in [3].
For Sadowsky’s functional the geometric analysis of the corresponding Euler-Lagrange
system produces a linear connection and two tensor fields of orders 4 and 2.

1. Sadowsky’s functional

Let γ : [0, L] → E3 be a space curve of classC3 parametrised by arc-lengths. E3

denotes the oriented vector spaceR
3 endowed with its canonical euclidean scalar prod-

uct 〈, 〉 ; the corresponding euclidean norm is denoted‖.‖ and ”× ” denotes the vector
product. The mixed product〈a × b, c〉 will be denoted(a, b, c).One supposes that the
curvature ofγ , denotedκ(s) =

∥

∥d2γ /ds2
∥

∥ is never zero so that the Frenet frame
(T(s), N(s), B(s)) atγ (s) is well defined ; one has

T(s) =
dγ

ds
, N(s) = (κ(s))−1d2γ

ds2 , B(s) = T(s) × N(s).

The Frenet formulas write

dT

ds
= κ(s)N(s),

dN

ds
= −κ(s)T(s) + τ (s)B(s),

dB

ds
= −τ (s)N(s)

whereτ (s) is the torsion ofγ atγ (s). Therefore

d3γ

ds3
= −(κ(s))2T(s) +

dκ

ds
N(s) + τ (s)κ(s)B(s).

and

(
dγ

ds
,

d2γ

ds2 ,
d3γ

ds3 ) = (κ(s))2τ (s).
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We call

S(γ ) =
∫ L

0
(κ(s))2(1 + (

τ (s)

κ(s)
)2)2ds

“Sadowsky’s functional” introduced in [6] as measure of thebending energy of an
infinitely narrow strip with axisγ lying on the rectifying developable ofγ . At the
point γ (s), the non zero principal curvatureπ(s) of the rectifying developable ofγ
equals

π(s) = κ(s)(1 + (
τ (s)

κ(s)
)2)

so that one has also

S(γ ) =
∫ L

0
(π(s))2ds.

Wunderlich [9] and G.Schwarz [7] defined closed space curvesγ from the rectifying
developable of which one can cut down alongγ a Moebius strip. They have not com-
puted the bending energy of these strips but one can observe these are not in equilibrium
i.e. their bending energy is not a minimum under lengthpreserving deformation as they
do not satify the Euler-Lagrange equations corresponding to S.

2. Arclength preserving deformation.

I being an interval centered at 0∈ R, let c : [0, L] × I → E3 be a smooth family of
curves of classC3 such that

c(s, 0) = γ (s), s ∈ [0, L] .

One says thatc is an arclength- preseving deformation ofγ if along any curvect :
[0, L] → E3, t ∈ I , where

ct (s) = c(s, t), s ∈ [0, L] ,

the parameters represents arc length, i.e.
∥

∥

∥

∥

dct (s)

ds

∥

∥

∥

∥

= 1.

Curvatureκt and torsionτt of the curvect satisfy then the equations

(1) (κt )
2 =

∥

∥

∥c
′′
t

∥

∥

∥

2
=

〈

c
′′
t , c

′′
t

〉

(2) (c
′
t , c

′′
t , c

′′′
t ) = κ2

t τt

where the prime denotes derivation with respect tos. The vector field alongγ

W(s) =
∂c(s, t)

∂ t
| t = 0
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satisfies then the condition
〈

W
′
(s), T(s)

〉

= 0.

Expressed with respect to the Frenet frame, the fieldW writes

W(s) = u(s)T(s) + v(s)N(s) + w(s)B(s)

wherev(s) = (κ(s))−1u
′
(s). Successive derivatives ofW are

W
′

=
[

κu − τw + (κ−1u
′
)
′
]

N +
[

w
′
+ τκ−1u

′
]

B

W
′′

= −κ

[

κu − τw + (κ−1u
′
)
′
]

T +
[

(κu − τw + (κ−1u
′
)
′
)
′
− τ (w

′
+ τκ−1u

′
)
]

N +
[

(w
′
+ τκ−1u

′
)
′
+ τ (κu − τw + (κ−1u

′
)
′
)

]

B

and
〈

W
′′′
, B

〉

= 2τ (κu − τw + (κ−1u
′
)
′
)
′ + τ

′
(κu − τw + (κ−1u

′
)
′
)+

(w
′ + τκ−1u

′
)
′′ − τ2(w

′ + τκ−1u
′
).

We need these derivatives to get explicit expressions for the first variations ofκ andτ

i.e. forδκ = (∂κt/∂ t) |t=0, δτ = (∂τt/∂ t) |t=0 .From (1), (2) one gets

δκ =
〈

N,W
′′
〉

, δτ =
〈

B,κ−1W
′′′

− κ−2κ
′
W

′′
+ κW

′
〉

− κ−1τ

〈

N,W
′′
〉

.

It will be convenient to introduce the ratioω = κ−1τ ; its first variationδω =
(∂ωt/∂ t) |t=0 is

δω =
〈

B,κ−2W
′′′

− κ−3κ
′
W

′′
+ W

′
〉

− 2κ−1ω

〈

N,W
′′
〉

.

3. First variation of S.

Denote

δS =(
∂

∂ t
S(ct )) |t=0

the first variation ofS(γ ) under arclength preserving deformation ofγ. One gets

δS =
∫ L

0
(2κ(1 + ω2)2δκ + κ22(1 + ω2)2ωδω)ds

=
∫ L

0

{

2κ(1 + ω2)(1 − 3ω2)
〈

N, W′′〉

+4ω(1 + ω2)
〈

B,W′′′ − κ−1κ ′W′′ + κ2W′
〉}

ds.
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Replacing the above derivatives ofW one finds

δS =
∫ L

0

{

2κ(1 + ω2)2(κu − κωw + (κ−1u′)′)′+

4κ(1 + ω2)ωω′(κu − κωw + (κ−1u′)′)+
4ω(1 + ω2)(w′ + ωu′)′′+

−4ω(1 + ω2)κ−1κ ′(w′ + ωu′) + 2κ2ω(1 + ω2)2(w′ + ωu′)
}

ds.

Integration by parts gives finally

δS = − 2
∫ L

0
(wA(κ, ω) + uB(κ, ω))ds

with

A(κ, ω) = 2(ω(1 + ω2))′′′ + 2(κ−1ωκ ′(1 + ω2))′′ +
κω(1 + ω2)2κ ′ + κ2(1 + ω2)(1 + 3ω2)ω′,

B(κ, ω) = ω

[

2(ω(1 + ω2))′′′ + 2(κ−1ωκ ′(1 + ω2))′′
]

+

ω′
[

2(ω(1 + ω2))′′ + 2(κ−1ωκ ′(1 + ω2))′
]

+

(κ−1(2κω(1 + ω2)ω′ + (1 + ω2)2κ ′)′)′ + (ω2κ2(1 + ω2)2)′ +
2κ2ω(1 + ω2)ω′ + κ(1 + ω2)2κ ′.

4. Differential equations of elastic strips.

In order for the strip represented by the curveγ to be in equilibrium it is necessary that
δS =0 for any fieldW ; this condition writes

A = B = 0

a system of two differential equations of order 3 inκ andω as functions of the arclength
s. In a developped form these equations become

κ−1(1 + ω2)κ ′′′ + 2ωω′′′+
κ ′′(−κ−2(1 + ω2)κ ′ + 12κ−1ωω′) + ω′′(6κ−1ωκ ′ + 8(1 + ω2)−1(1 + 3ω2)ω′)

−8κ−2ωκ ′2ω′ + 8κ−1(1 + ω2)−1(1 + 3ω2)κ ′ω′2 + 24ω(1 + ω2)−1ω′3+
κ(1 + ω2)2κ ′ + 3κ2ω(1 + ω2)ω′ = 0

and

2κ−1ω(1 + ω2)κ ′′′ + 2(1 + 3ω2)ω′′′+
κ ′′(−6κ−2ω(1 + ω2)κ ′ + 4κ−1(1 + 3ω2)ω′) + ω′′(2κ−1(1 + 3ω2)κ ′ + 36ωω′)+

4κ−3ω(1 + ω2)κ ′3 − 4κ−2(1 + 3ω2)κ ′2ω′ + 12κ−1ωκ ′ω′2 + 12ω′3+
κω(1 + ω2)2κ ′ + κ2(1 + ω2)(1 + 3ω2)ω′ = 0.
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Solving this system with respect to the highest order derivatives one gets

κ ′′′ = κ ′′
[

1 − 3ω2

κ(1 + ω2)
κ ′ −

8ω(1 + 3ω2)

(1 + ω2)2
ω′

]

−ω′′
[

4ω(1 + 3ω2)

(1 + ω2)2 κ ′ +
4κ(2+ 3ω2 + 9ω4)

(1 + ω2)3 ω′
]

(3)

+
4ω2

κ2(1 + ω2)
κ ′3 +

4ω(1 + 3ω2)

κ(1 + ω2)2
κ ′2ω′ −

4(2 + 9ω2 + 15ω4)

(1 + ω2)3
κ ′ω′2

−
12ωκ(1 + 5ω2)

(1 + ω2)3 ω′3 − κ2(1 + 2ω2)κ ′ − 2κ3ω
1 + 3ω2

1 + ω2 ω′

and

ω′′′ = κ ′′

[

2ω

κ2
κ ′ −

2(1 − 3ω2)

κ(1 + ω2)
ω′

]

− ω′′

[

1 − 3ω2

κ(1 + ω2)
κ ′ +

2ω(5 − 3ω2)

(1 + ω2)2
ω′

]

−
2ω

κ3
κ ′ 3 +

2(1 − ω2)

κ2(1 + ω2)
κ ′2ω′ +

2ω(1 + 9ω2)

κ(1 + ω2)2
κ ′ω′2 −

6(1 − 3ω2)

(1 + ω2)2
ω′3(4)

+
ωκ

2
(1 + ω2)κ ′ −

κ2

2
(1 − 3ω2)ω′.

Circular helices, i.e. curves with constant curvature and torsion are evident solutions
of this system.

To go forward lets make two remarks.

REMARK 1. The differential system which expresses the equilibriumof an elastic
strip is of the general form

(5) x′′′ = H3(x
′′, x′) + F1(x

′).

Here s ∈ [0, L] → x(s) = (κ(s), ω(s)) is a vectorial function of the independent
variables ,H3 andF1 are homogeneous functions of the derived vectorsx′′, x′ andx′

of degrees 3 and 1 respectively with coefficients depending on x i.e.

H3(λ
2x′′, λx′) = λ3H3(x

′′, x′) , F1(λx′) = λF1.

REMARK 2. The motion of a material point in a potential fieldU is ruled by New-
ton’s equations

x′′ = H2(x
′) + F , F = gradU.

The geometry of the space where the motion is achieved is described by the
Christoffel symbols -Ŵi

j k where

H i
2(x

′) =
∑

j ,k=1...n

Ŵi
j kx j ′xk ′.

In analogy with this classical case we associate in what follows three differential ob-
jects to the third order system (5).
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5. The connection associated to the system(5).

In componentwise form the system (5) on ann−dimensional manifoldM writes

(6) xi ′′′ = Ai
j kx j ′′xk ′ + Bi

j kl x
j ′xk ′xl ′ + Ci

j x
j ′, i = 1, 2, ..., n.

where one has to sum up when repeated indices appear. The invariance of the system
(6) with respect to coordinate transformations implies thefollowing:

REMARK 3. The functions

Ŵi
j k =

1

3
Ai

j k

transform like the coefficients of a linear connectionŴ, see [8].

REMARK 4. The connectionŴ decomposes as a sumŴ = S + T whereS is a
symmetric connection ( without torsion ) andT is the torsion ofŴ. Thus

Si
j k =

1

2
(Ŵi

j k + Ŵi
k j ) , T i

j k =
1

2
(Ŵi

j k − Ŵi
k j ).

REMARK 5. Given a smooth curve,s ∈ [0, L] → c(s) ∈ M, its third order jet
j 3
c(s)(c) = (c(s), c′(s), c′′(s), c′′′(s)) at c(s) defines a vectora3(c(s)) ∈ Tc(s)M with

components

ai
3(c) = ci ′′′ − 3Ŵi

rscr ′′cs′ − (Ŵi
rs,t − (Ŵi

pr + 2T i
pr )Ŵ

p
st)c

r ′cs′ct ′.

It will be calledacceleration of third orderof c at c(s). In terms of the covariant
derivation∇ associated toŴ and of the torsionT of Ŵ, a3(c) writes

a3(c) = ∇c′ (∇c′c′) + 2T(∇c′c′, c′).

REMARK 6. System (5) can be written

a3(c(s)) = 33(c
′(s)) + C1(c

′))

where33 is a tensor field onM of type (1,3) symmetric in its three covariant indices
andC1 is a tensor field of type (1,1) i.e. a field of endomorphisms of the tangent bundle
T M .In components , the field3 expresses with the functionsAi

j k andBi
j kl from (6).

6. Differential geometric objects associated to system(3), (4).

In accord with Remark 3 , the linear conectionŴ associated to system (3), (4) has
components

Ŵκ
κκ =

1 − 3ω2

3κ(1 + ω2)
, Ŵκ

κω = −
8ω(1 + 3ω2)

3(1 + ω2)2 ,

Ŵκ
ωκ = −

4ω(1 + 3ω2)

3(1 + ω2)2
, Ŵκ

ωω = −
4κ(2 + 3ω2 + 9ω4)

3(1 + ω2)3
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Ŵω
κκ =

2ω

3κ2 , Ŵω
κω = −

2(1 − 3ω2)

3κ(1 + ω2)
, Ŵω

ωκ = −
1 − 3ω2

3κ(1+ ω2)
, Ŵω

ωω = −
2ω(5 − 3ω2)

3(1 + ω2)2 .

The components of the tensor of curvature ofŴ , denotedR ,are

Rκ
κκω = Rω

ωκω = 0 , Rκ
ωκω = −

4(1 − 3ω2)

9(1 + ω2)3
, Rω

κκω =
4

9κ2(1 + ω2)
.

The above particular form ofRsuggests to look for a volume -form invariant by parallel
transport with respect toŴ. Indeed ,one has

PROPOSITION1. The volume form

� = (1 + ω2)3dκ ∧ dω

is invariant by parallel transport with respect toŴ.

Concerning the torsion ofŴ lets determine the 1-form8 =
∑

j (
∑n

i=1 T i
i j )dx j

obtained fromT by tensorial contraction. As

Tκ
κω = −

2ω(1 + 3ω2)

3(1 + ω2)2 , Tω
κω = −

1 − 3ω2

6κ(1 + ω2)

one has

8 =
1 − 3ω2

6κ(1 + ω2)
dκ −

2ω(1 + 3ω2)

3(1 + ω2)2 dω

so that

d8 =
4ω

3κ(1 + ω2)2 dκ ∧ dω =
4τ

3π2 dκ ∧ dω.

PROPOSITION2. The exterior differential d8 of the torsion 1-form8 expresses in
terms of the torsionτ of γ and of the principal nonzero curvatureπ of the rectifying
developpable ofγ .

The components of the vectorial 1-formC1 could be read on the equations (3) , (4):

Cκ
κ = −κ2(1 + 2ω2) , Cκ

ω = − 2κ3ω 1+3ω2

1+ω2

Cω
κ = κω

2 (1 + ω2) , Cω
ω = − κ2

2 (1 − 3ω2).

The basic invariants ofC1 are

detC1 = Cκ
κ Cω

ω − Cκ
ωCω

κ =
1

2
κ3ω, TraceC1 = Cκ

κ + Cω
ω = −

1

2
(3κ2 + τ2)

and the rootsλ1, λ2 of the characteristic equation ofC1 , i.e.

λ2 − TraceC1λ + detC1 = 0

are

λ1 = −κ2, λ2 = −
κ2 + τ2

2
.
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On the other hand , the components of the tensor3 are more intricate and result after
tedious calculations. These are

3κ
κκκ = (

2(1 + 3ω2)

3κ(1 + ω2)
)2, 3ω

κκκ = −
4ω(1 + 3ω2)

9κ3(1 + ω2)

3κ
κκω =

4ω(1 + 3ω2)(5 + 21ω2)

27κ(1 + ω2)3 , 3ω
κκω =

1

3
(
9 − 38ω2 − 11ω4

9κ2(1 + ω2)2 −
8ω

κ(1 + ω2)2 )

3κ
κωω =

4(1 + 3ω2)(1 + 51ω2 + 90ω4)

27(1 + ω2)4
, 3ω

κωω = −
4ω(1 + 6ω2 + 45ω4)

27κ(1 + ω2)3

3κ
ωωω = −

4κω

9(1 + ω2)5
(89+ 261ω2 + 567ω4 + 459ω6), 3ω

ωωω = −
8ω2(7 + 9ω2)

9(1 + ω2)4
.

The operatorgradSwas already described in [2].

For the handling of arclength-preserving deformations see[4].
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L. Rempulska – Z. Walczak

THE STRONG APPROXIMATION OF DIFFERENTIABLE

FUNCTIONS BY OPERATORS OF SZÁSZ-MIRAKYAN AND

BASKAKOV TYPE

Abstract. In this note we define certain linear operators of the Szász-Mirakyan and Baskakov
type in the space of differentiable functions.

We introduce the strong differences of functions and these operators and we give the
Jackson type theorems for them. These theorems show that theorder of the strong approx-
imation depends on differential properties of functionf and it depends not on the power
q > 0 given in the formula of strong difference.

The generalized Bernstein polynomials in the space of differentiable functions were ex-
amined in [5].

1. Introduction

1.1.

The strong approximation connected with trigonometric Fourier series was investigated
in several papers published in last 50 years. This problem was examined also in the
monograph [6].

For example: letSn( f ; ·) andσn( f ; ·) be then-th sum and then-th (C, 1)-mean of
Fourier series of a 2π-periodic functionf continuous onR. Then we have

σn( f ; x) − f (x) =
1

n + 1

n
∑

k=0

(Sk( f ; x) − f (x)) , n ∈ N0 = {0, 1, 2, . . . }, x ∈ R.

Then-th strong(C, 1)-mean of this series is defined by the formula

H q
n ( f ; x) :=

{

1

n + 1

n
∑

k=0

|Sk( f ; x) − f (x)|q
}1/q

, n ∈ N0, x ∈ R,

whereq is a fixed positive number. It is obvious that

|σn( f ; x) − f (x)| ≤ H 1
n ( f ; x)

and

H q
n ( f ; x) ≤ H p

n ( f ; x), 0 < q < p < ∞,

for all x ∈ R andn ∈ N0.

187
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1.2.

In [1], [2] and [7] (also [3], [4]) were examined approximation properties of the Szász-
Mirakyan operators

Sn( f ; x) := e−nx
∞
∑

k=0

(nx)k

k!
f

(

k

n

)

and the Baskakov operators

Vn( f ; x) :=
∞
∑

k=0

(

n − 1 + k
k

)

xk(1 + x)−n−k f

(

k

n

)

,

x ∈ [0,∞], n = 1, 2, . . . , for functions f continuous on the interval[0,∞].
The results given in [2] show that for everyr -th times (r ≥ 2) differentiable func-

tion f we have

|Sn( f ; x) − f (x)| = Ox

(

n−1
)

,

|Vn( f ; x) − f (x)| = Ox

(

n−1
)

,

for n ∈ N and everyx ≥ 0, i.e. the order of approximation off by Sn( f ) andVn( f )

is independent on differential properties of functionsf if r ≥ 2.

1.3.

In this paper we shall introduce the certain class of linear operators of the Szász-
Mirakyan and Baskakov type

Ln,r ( f ; A; x) =
∞
∑

k=0

ank(x)

r
∑

j =0

f ( j )
( k

n

)

j !

(

x −
k

n

) j

,

in the space ofr -th times differentiable functionsf .

For these operators we shall define the strong differences

H q
n,r ( f ; A; x) =







∞
∑

k=0

ank(x)

∣

∣

∣

∣

∣

∣

r
∑

j =0

f ( j )
( k

n

)

j !

(

x −
k

n

) j

− f (x)

∣

∣

∣

∣

∣

∣

q





1/q

with q > 0 and we shall prove that

H q
n,r ( f ; A; x) = ox

(

n−r/2
)

asn → ∞,

at everyx ≥ 0 andq > 0.

We can verify that the formula (6) ofLn,0( f ) contains the Szász-Mirakyan and
Baskakov operatorsSn( f ) andVn( f ).
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From results given in Sections 2 and 3 we can deduce that introduced operators
Ln,r , r ≥ 2, have better approximation properties than classical Sz´asz-Mirakyan and
Baskakov operatorsSn( f ) andVn( f ). The order of approximation ofr -th times dif-
ferentiable functionf by Ln,r ( f ) improves ifr grows. Moreover we shall observe
that the order of approximation is independent onq > 0 and ifq = 1, then the result
on strong approximation implies identical result for ordinary approximation off by
Ln,r ( f ).

2. Definitions and preliminary properties

2.1.

Let CB be the space of all real-valued functionsf uniformly continuous and bounded
onR0 = [0,∞) with the norm

(1) ‖ f ‖ ≡ ‖ f (·) ‖ := sup
x∈R0

| f (x)|.

For f ∈ CB we shall consider the modulus of continuity

(2) ω( f ; t) := sup
0≤h≤t

‖1h f (·)‖, t ≥ 0,

where1h f (x) := f (x + h) − f (x). It is known ([3]) thatω( f ; λt) ≤ (1+ λ)ω( f ; t)
for λ, t ≥ 0 andlimt→0+ω( f ; t) = 0 for every f ∈ CB.

Let r ∈ N0 and letCr
B be the class of all functionsf ∈ CB having the derivatives

f ′, . . . , f (r ) ∈ CB. The norm inCr
B is given by (1)(C0

B ≡ CB).

2.2.

Denote by� the set of all infinite matricesA = [ank(x)]n∈N, k∈N0
, N ∈ {1, 2, . . . }, of

functionsank ∈ CB having the following properties:

(i) ank(x) ≥ 0 for x ∈ R0, n ∈ N, k ∈ N0,

(ii)
∑∞

k=0 ank(x) = 1 for x ∈ R0, n ∈ N,

(iii) for every p ∈ N the series
∑∞

k=0 kpank(x) is uniformly convergent onR0 and its
sum8p(·; A) is function depending onp andA such that(1 + x p)−18p(x; A)

belongs to the spaceCB.

(iv) for every p ∈ N there exists a positive constantM1(p, A) depending onp andA
such that the function

Tn,2p(x; A) :=
∞
∑

k=0

ank(x)

(

k

n
− x

)2p

, x ∈ R0, n ∈ N,
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satisfies the condition

sup
x∈R0

(1 + x2p)−1Tn,2p(x; A) ≤ M1(p, A) · n−p, n ∈ N.

DEFINITION 1. Let the matrix A∈ � and let Cr
B be a space with r∈ N0. For

f ∈ Cr
B we define the operators

(3) Ln,r ( f ; A; x) :=
∞
∑

k=0

ank(x)Fr

(

k

n
, x

)

, n ∈ N, x ∈ R0,

where

(4) Fr (t, x) :=
r

∑

j =0

f ( j )(t)

j !
(x − t) j , t, x ∈ R0.

For these operators we introduce the strong differences with the power q> 0 as fol-
lows:

(5) H q
n,r ( f ; A; x) :=

{ ∞
∑

k=0

ank(x)

∣

∣

∣

∣

Fr

(

k

n
, x

)

− f (x)

∣

∣

∣

∣

q
}1/q

, x ∈ R0, n ∈ N.

In particular we have

(6) Ln,0( f ; A; x) :=
∞
∑

k=0

ank(x) f

(

k

n

)

and

(7) H q
n,0( f ; A; x) :=

{ ∞
∑

k=0

ank(x)

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

q
}1/q

,

for every f ∈ CB, x ∈ R0 and n∈ N.

From formulas (3), (4) and (6) we deduce that

(8) Ln,r (1; A; x) = 1, n ∈ N, x ∈ R0, r ∈ N0,

and for f ∈ Cr
B

(9) Ln,r ( f ; A; x) = Ln,0 (Fr (t, x); A; x) .

The formulas (8), (9) and (5) imply that forf ∈ Cr
B we have

(10) Ln,r ( f ; A; x) − f (x) = Ln,0 (Fr (t, x) − f (x); A; x) ,
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(11) H q
n,r ( f ; A; x) =

(

Ln,0

(∣

∣

∣

∣

Fr

(

k

n
, x

)

− f (x)

∣

∣

∣

∣

q

; A; x

))1/q

,

(12)
∣

∣Ln,r ( f ; A; x) − f (x)
∣

∣ ≤ H 1
n,r ( f ; A; x),

and by the Hölder inequality and (8)

(13) H q
n,r ( f ; A; x) ≤ H p

n ( f ; A; x) if 0 < q < p < ∞,

for all x ∈ R0, n ∈ N andr ∈ N0.

2.3.

In this paper we shall denote byMk(α, β), k ∈ N, suitable positive constants depending
only on indicated parametersα, β.

Now we shall give two main lemmas.

By (6), (8) and (1) we immediately obtain

LEMMA 1. For every A∈ � and f ∈ CB we have

‖Ln,0 ( f ; A; ·)‖ ≤ ‖ f ‖, n ∈ N.

LEMMA 2. Let A∈ � and r ∈ N. Then

(14) |Ln,r ( f ; A; x) | ≤ ‖ f ‖ +
2

r !
‖ f (r )‖

(

Tn,2r (x; A)
)1/2

,

for x ∈ R0 and n∈ N, where Tn,2r (·; A) is defined in(i v). Further we have

(15) sup
x∈R0

(1 + xr )−1|Ln,r ( f ; A; x) | ≤ ‖ f ‖ + M2‖ f (r )‖n−r/2,

for n ∈ N, where M2 = M1(r, A) · 2
r ! .

The inequalities(14) and (15) and formulas(3) and (4) show that Ln,r ( f ; A)is
well defined for every f∈ Cr

B and the function(1+ xr )−1Ln,r ( f ; A; ·) belongs to the
space CB.

Proof. Similarly as in [5] we apply the following modified Taylor formula of f ∈ Cr
B

at a fixed pointt ∈ R0:

(16) f (x) =
r

∑

j =0

f ( j ) (t)

j !
(x − t) j +

(x − t)r

(r − 1)!
Ir (x, t), x ∈ R0,

where

(17) Ir (x, t) :=
∫ 1

0
(1 − u)r−1

{

f (r ) (t + u (x − t)) − f (r ) (t)
}

du.
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By (9), (4), (16) and (17) it follows that

Ln,r ( f ; A; x) = Ln,0

(

f (x) −
(x − t)r

(r − 1)!
Ir (x, t); A; x

)

, x ∈ R0, n ∈ N,

which by (6), (8) and (1) implies that

|Ln,r ( f ; A; x) | ≤ ‖ f ‖ +
1

(r − 1)!
Ln,0

(

|x − t|r |Ir (x, t)|; A; x
)

.

But for f ∈ Cr
B, r ∈ N, we have

|Ir (x, t)| ≤ 2‖ f (r )‖
∫ 1

0
(1 − u)r−1du =

2

r
‖ f (r )‖, x ∈ R0,

and further

|Ln,r ( f ; A; x) | ≤ ‖ f ‖ +
2

r !
‖ f (r )‖Ln,0

(

|x − t|r ; A; x
)

.

Applying the Hölder inequality and (8) and (iv) forA, we get

(18) Ln,0
(

|x − t|r ; A; x
)

≤
(

Ln,0

(

(x − t)2r ; A; x
))

1
2 ≡

(

Tn,2r (x; A)
)

1
2 ,

for x ∈ R0, n ∈ N andr ∈ N. From the above follows (14).

Using the inequality given in (iv) to (14), we immediately obtain (15) and we com-
plete this proof.

3. Theorems and corollaries

3.1.

First we shall consider the strong differencesH q
n,0( f ; A).

THEOREM 1. Suppose that A∈ �, q > 0 and f ∈ C1
B. Then

(19) H q
n,0( f ; A; x) ≤ ‖ f ′‖

(

Tn,2s (x; A)
)

1
2s , x ∈ R0, n ∈ N,

where

s =
{

q if q ∈ N

[q] + 1 if 0 < q /∈ N

and[q] is the integral part of q.

Proof. a) Letq ∈ N. Then for f ∈ C1
B we can write

| f (t) − f (x)|q =
∣

∣

∣

∣

∫ t

x
f ′du

∣

∣

∣

∣

q

≤ ‖ f ′‖ |t − x|q, t, x ∈ R0.
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From this and by (7), (10), (11) and (18) we get

H q
n,0( f ; A; x) ≤ ‖ f ′‖

(

Ln,0
(

|t − x|q; A; x
))

1
q ≤ ‖ f ′‖

(

Tn,2q (x; A)
)

1
2q ,

x ∈ R0, n ∈ N.

b) If 0 < q /∈ N, thens = [q] + 1 belongs to N andq < s. Then by (13) we can
write

(20) H q
n,0( f ; A; x) ≤ H s

n,0( f ; A; x), x ∈ R0, n ∈ N,

and by (19) fors ∈ N we get also (19) for 0< q /∈ N.

THEOREM 2. Suppose that A∈ � and q > 0. Then there exists M3 =
M3(q, A) = const. > 0 such that

(21) sup
x∈R0

(1 + x)−1H q
n,0( f ; A; x) ≤ M3 ω

(

f ;
1

√
n

)

, n ∈ N.

Proof. For f ∈ CB we consider the Stieklov function

fh(x) :=
1

h

∫ h

0
f (x + u)du, x ∈ R0, h > 0.

From this and by (1) and (2) we get

(22) ‖ fh − f ‖ ≤ ω ( f ; h) ,

(23) ‖ f ′
h‖ ≤ h−1ω ( f ; h) ,

for h > 0, i.e. fh ∈ C1
B if f ∈ CB.

Let q ≥ 1. By the inequality

| f (t) − f (x)| ≤ | f (t) − fh(t)| + | fh(t) − fh(x)| + | fh(x) − f (x)|

and by the Minkowski inequality and (6)-(8) we get

H q
n,0( f ; A; x) ≤

(

Ln,0
(

| f (t) − fh(t)|q; A; x
))

1
q +

+
(

Ln,0
(

| fh(t) − fh(x)|q; A; x
))

1
q + | fh(x) − f (x)| := W1(x) + W2(x) + W3(x).

Lemma 1 and (22) imply that

‖W1(·)‖ ≤ ‖ fh − f ‖ ≤ ω ( f ; h) ,

‖W3(·)‖ ≤ ω ( f ; h) , h > 0, n ∈ N.

By Theorem 1 and (23) and (iv) forA we have

W2(x) ≡ H q
n,0( fh; A; x) ≤ ‖ f ′

h‖
(

Tn,2q (x; A)
)

1
2q ≤
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≤ (M1(q, A))1/(2q) h−1ω ( f ; h)
1 + x
√

n
,

for x ∈ R0, n ∈ N andh > 0. From the above we deduce that

(24) (1 + x)−1H q
n,0( f ; A; x) ≤ M3(q; A)ω ( f ; h)

(

1 + h−1n−1/2
)

,

for x ∈ R0, n ∈ N andh > 0. Settingh = 1/
√

n in (24), we obtain the desired
estimation (21) forq ∈ N.

If 0 < q /∈ N, then we apply (20) withs = [q] + 1. By (20) and (21) for
H s

n,0( f ; A; ·) we immediately obtain (21) for 0< q /∈ N. Thus the proof is com-
pleted.

3.2.

Now we shall prove analogue of Theorem 2 forf ∈ Cr
B with r ∈ N.

THEOREM3. Let A∈ �, r ∈ N and q> 0. Then there exists M4 = M4(q, r, A) =
const. > 0 such that for every f∈ Cr

B we have

(25) sup
x∈R0

(

1 + xr+1
)−1

H q
n,r ( f ; A; x) ≤ M4n−r/2ω

(

f (r ); n−1/2
)

for all n ∈ N.

Proof. First let q ∈ N. Similarly as in the proof of Lemma 2 we apply the Taylor
formula (16) and (17) to (11). Then we get

H q
n,r ( f ; A; x) ≤

1

(r − 1)!
(

Ln,0
(

|x − t|rq |Ir (x, t)|q ; A; x
))

1
q

for x ∈ R0 andn ∈ N. By (17) and (2) and the properties ofω ( f ; ·) we can write

|Ir (x, t)| ≤
∫ 1

0
(1 − u)r−1ω

(

f (r ); u|x − t|
)

du ≤

≤ ω

(

f (r ); |x − t|
)

∫ 1

0
(1 − u)r−1du ≤

≤
1

r
ω

(

f (r );
1

√
n

)

(√
n|x − t| + 1

)

, x, t ∈ R0, n ∈ N.

Consequently,

H q
n,r ( f ; A; x) ≤

1

r !
ω

(

f (r );
1

√
n

) {√
n

(

Ln,0

(

|x − t|q(r+1); A; x
))

1
q +

+
(

Ln,0
(

|x − t|rq ; A; x
))

1
q

}
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and by (18) and the property (iv) it follows that

(26) H q
n,r ( f ; A; x) ≤

≤
1

r !
ω

(

f (r );
1

√
n

) {√
n

(

Tn,2q(r+1) (x; A)
)

1
2q +

(

Tn,2qr (x; A)
)

1
2q

}

≤

≤ M5(q, r, A)ω

(

f (r );
1

√
n

)

n−r/2
(

2 + xr + xr+1
)

for x ∈ R0 andn ∈ N. From (26) we immediately obtain (25) forq ∈ N.

If 0 < q /∈ N, then by (13) we have

(27) H q
n,r ( f ; A; x) ≤ H s

n,r ( f ; A; x), s = [q] + 1.

Now applying (25) forH [q]+1
n,r ( f ; A; ·) to (27), we obtain (25) for 0< q /∈ N.

3.3.

Theorem 2, Theorem 3 and (12) imply the following corollaries:

COROLLARY 1. For A ∈ �, q > 0 and f ∈ Cr
B with r ∈ N0 we have

lim
n→∞

nr/2H q
n,r ( f ; A; x) = 0 at everyx∈ R0.

This convergence is uniform on every interval[x1, x2], x1 ≥ 0.

COROLLARY 2. If A ∈ �, q > 0, f ∈ Cr
B with r ∈ N0 and f(r ) ∈ Li p α,

0 < α ≤ 1, then

sup
x∈R0

(

1 + xr+1
)−1

H q
n,r ( f ; A; x) = O(n−(r+α)/2).

COROLLARY 3. Let A ∈ � and r ∈ N0. Then there exists M6 = M6(r, A) =
const. > 0 such that for every f∈ Cr

B there holds inequality

sup
x∈R0

(

1 + xr+1
)−1 ∣

∣Ln,r ( f ; A; x) − f (x)
∣

∣ ≤ M6n−r/2ω

(

f (r ); n−1/2
)

, n ∈ N.

3.4.

Finally, we can state that

1) Corollary 3 shows that the operatorsLn,r ( f ), r ≥ 1, defined by (3) have better
approximation properties thanLn,0( f ). The order of approximation off ∈ Cr

B, r ≥ 1,
by Ln,r ( f ) improves ifr grows.

2) From Theorems 1-3 and Corollaries 1,2 results that the order of strong approxi-
mation of f ∈ Cr

B by Ln,r ( f ) also improves ifr grows. Moreover we can observe that
the order of strong approximation with the powerq > 0 is not dependent onq.
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3) The inequality (12) shows that introduce strong approximation of f by Ln,r ( f )

is more general than ordinary approximation.

4) The definition (6) ofLn,0( f ; A) contains the Szász-Mirakyan and Baskakov
operatorsSn( f ) and Vn( f ) ([1-4, 7]) given in Section 1.2 and associated with the
matricesAS andAV on the elements

AS : ank(x) = e−nx (nx)k

k!
,

AV : ank(x) =
(

n − 1 + k
k

)

xk(1 + x)−n−k.

It is easily verified thatAS andAV belong to the set�.

5) The definition (3) ofLn,r ( f ) with r ∈ N contains also generalized Szász-
Mirakyan and Baskakov operatorsSn,r ( f ) andVn,r ( f ) in the space ofr -th times dif-
ferentiable functions investigated in [8].
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