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ELASTIC STRIPS AND DIFFERENTIAL GEOMETRY

Abstract. The deformation energ§ of an infinitely narrow strip cut down from the rectify-
ing developable of a space curve was defined by Sadowsky.itn[@le paper we determine
the Euler-Lagrange equations of the functiosalOne can interpret these equations as de-
scribing the motion of a material point in a plane endowedhwitinear connection forced to
satisfy a differential system of order three which recalswMibn’s equations.

Introduction.

One handles the shape of a flat elastic Moebius band througkeneal computations
on the basis of a differential system of order 12 deduced fitmerequilibrium equa-
tions of an elastic rod, see [5]; we propose in what followgstesm of order 6 which
represents the Euler-Lagrange equations of a functiomadaced by Sadowsky in
1930, see [6]. The Euler-Lagrange system of the more simgoiational problem of
Daniel Bernoulli which leads to elastic curves reduces,mleagth is preserved, to a
differential equation of order three one can integrategésmetry is developed in [3].
For Sadowsky's functional the geometric analysis of theesponding Euler-Lagrange
system produces a linear connection and two tensor fielddef®4 and 2.

1. Sadowsky'’s functional

Lety : [0,L] — E2 be a space curve of clags parametrised by arc-length E3
denotes the oriented vector spa&teendowed with its canonical euclidean scalar prod-
uct(, ) ; the corresponding euclidean norm is dendtdidand ” x " denotes the vector
product. The mixed produca x b, ¢) will be denoteda, b, ¢).One supposes that the

curvature ofy, denotedk(s) = [d?y/ds?| is never zero so that the Frenet frame
(T(s), N(s), B(s)) aty(s) is well defined ; one has
d d?
T = 2. NGS) = (e(s) ™. B(S) = T(8) x N(9).

The Frenet formulas write

dT dN dB
— =k (S)N(s), — = —«k(S)T(S) + t(S)B(9), — = —1(S)N(s)

ds ds ds
wheret (s) is the torsion ofy aty (s). Therefore
d3y 2 dk
s —(k(s)°T(s) + EN(S) + 7(9)k (S)B(S).
and 5 s
dy d% dy 2
(E, a2 @) = (k(9)71(9).
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We call

Sly) = / ((8)*(L+ ( E;

“Sadowsky’s functional” introduced in [6] as measure of tiending energy of an
infinitely narrow strip with axisy lying on the rectifying developable gf. At the
point y (s), the non zero principal curvature(s) of the rectifying developable of
equals

)%)%ds

7(s) = k(s)(1+( E i) )

so that one has also .
&w=£<mw%s

Wunderlich [9] and G.Schwarz [7] defined closed space cupviem the rectifying
developable of which one can cut down alon@ Moebius strip. They have not com-
puted the bending energy of these strips but one can obserse &re not in equilibrium
i.e. their bending energy is not a minimum under lengthpresg deformation as they
do not satify the Euler-Lagrange equations correspondiy t

2. Arclength preserving deformation.

| being an interval centered atR, letc : [0, L] x | — E2 be a smooth family of
curves of clasg? such that

c(s,0) = y(s), se[0,L].

One says that is an arclength- preseving deformationofif along any curvec; :
[0,L] - E3,t e |, where

a(s) =c(s,t), se[0, L],
the parametes represents arc length, i.e.

=

Curvaturec; and torsione; of the curvec; satisfy then the equations

(1) w?= || =(d )

’ " "

(2) (€ & G ) = KT
where the prime denotes derivation with resped tdhe vector field along

ac(s,t)

W(s) = [t=0
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satisfies then the condition /
<W (s), T(s)) —0.

Expressed with respect to the Frenet frame, the éldrites
W(s) = u(s)T(s) + v(s)N(s) + w(s)B(s)

wherev(s) = («x(s))~u'(s). Successive derivatives ¥ are

W = -KU —Tw+ (Kﬁlu/)l] N + [wl + T/cflu/] B

W = —K[KU—TU)+(K71U/),]T+

(U —tw+ ()Y =t + m—lu’)] N +

'+ o W) Hreu— o+ )] B

and

<WW, B> =2t(kU—TWw + (K’lu/)/)/ + ‘L’l(KU —Ttw+ (Kﬁlu/)/)—i-
(w/ + Tlc*lu/)” — rz(w/ + tlc’lu/).

We need these derivatives to get explicit expressions fitht variations ok andt
i.e. fordx = (dxt/0t) |t=0, 8T = (d1t/0t) |t=0 .From (1), (2) one gets

Sk = (N,W”> , 5t = (B,K—lw'” — k%W + KW,> —k 1 (N,W”>.

-1

It will be convenient to introduce the rati®o = «~ 't ; its first variationdw =

(0wt /0t) lt=0is

Sw = <B,K_2WW kW + W/> B ) <N,W”>.

3. First variation of S.

Denote 3
3S =(—S8(¢ -
(3'[ (€)) lt=0

the first variation ofS(y) under arclength preserving deformationofOne gets

S

L
f 2k (L + 02?8k + K22(1 + w?)2wsw)ds
0

L
/ {2;((1 + »?)(1 - 30%) (N, W)
0

o1+ o?) <B,W/” — LW 4 KZW’>} ds.
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Replacing the above derivatives\&f one finds

L
5S = / !2/((1 + 022U — kow + (" IU))Y +
0

4k (14 0?)owo (kU — kow + () +
4o (14 (W + o)+
—do(1+ o) U (W' + o) + 220 (1 + 02w + a)u/)} ds

Integration by parts gives finally

L
88 =— 2[ (wA(k, w) + UB(x, w))ds
0

with
Ak, 0) = 2wl+0%)" + 2k o' 1+ 0?) +
ko (1+ 0% + k21 + 0?1 + 30d) o/,
Bk,w) = o [2(0)(1 + 02" + 20 Lo (1 + a)z))”] +

o [Z(w(l +0?) + 20wk’ 1+ wz))’] n
kY21 + 0?0’ + L+ 0?2 + (02621 + 0®)?) +
2K2w(1 + a)z)a)/ + 1+ wZ)ZK/_

4. Differential equations of elastic strips.

In order for the strip represented by the cupv be in equilibrium it is necessary that
8S =0 for any fieldW ; this condition writes

A=B=0

a system of two differential equations of order iandw as functions of the arclength
s. In a developped form these equations become

K71(1+a)2)K/// 1 200"+
K" (—k 2L+ 0k’ + 12 o) + " 6k Lok’ + 8(1 + 0?)~1(1 + 3wd)w’)
—8k 2wk%w + 8c 11+ 0?11 + 302K @' + 24w (1 + 0?) w3+
k(14 0?2’ + 32wl + 0o =0

and

2% 1o + k" + 2(1 + 300" +
K" (—6k 2w(1 4+ 0k’ + 411 + 302 0) + " (2 11 + 302k’ + 36ww)+
4ic 3w+ 0d)Kk"® — M 21+ 30Dk %0 + 12 Lok’ w'? + 1203+
ko(l+ 0?2 + k21 + 0?)(1+ 3w’ = 0.
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Solving this system with respect to the highest order déviea one gets

o K,,[ 1-30% , 8w(l+3w?) ,}

- cd+0d A4 w?? ©

3 L4014+ 30%) , 424+ 30% + %Y
3) - 55K 5
1+ »?) 1+ w?)
N 40 e 4a)(1+3w2)K,2w,_4(2+9a)2+15w4) 2
K2(1+ »?) k(14 w?)? 1+ »?)3
120k (1+50%) 5 ’ 3 1+ 3w?
BT " —kc(14 20" — 2c°w T a2 '
and
wo_ o oa|20, 201-30% | | 1-30? ,+2w(5—3a)2) .
w = K 2K 71 2 w w 1 2 K 1 2 w
K k(14 »?) k(14 w?) 1+ w?)
20 2(1— w?) 20 (1 + 90?) 6(1 — 3w?)
4 Y 3 AT 2 rog2 /3
“) K3K K2(1+a)2)K @ k(14 w?)?2 e 1+ w?)? @

2
wK K
+— 1+ 0Dk — —(1— 3.
2 2
Circular helices, i.e. curves with constant curvature amdion are evident solutions

of this system.
To go forward lets make two remarks.

REMARK 1. The differential system which expresses the equilibridman elastic
strip is of the general form

(5) X" = Ha(x", x") + F1(X).
Here s € [0, L] — X(S) = (x(S), w(S)) is a vectorial function of the independent

variables ,Hz and F; are homogeneous functions of the derived veckdrx’ andx’
of degrees 3 and 1 respectively with coefficients dependingice.

Ha(A2x”, AX") = A3H3(X”, X') , F1(Ax") = AF1.

REMARK 2. The motion of a material point in a potential fidldis ruled by New-
ton’s equations
X" = Ha(x)+F , F =gradu.

The geometry of the space where the motion is achieved isridedcby the
Christoffel symboIsF'jk where

. N
Hy(x") = Z Djiex) /.
j,k=1...n

In analogy with this classical case we associate in whabvialthree differential ob-
jects to the third order system (5).
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5. The connection associated to the syste(8).

In componentwise form the system (5) onranrdimensional manifold writes
6 X = Apxd XK Bl x XK Cixd =120,

where one has to sum up when repeated indices appear. Thiamoeof the system
(6) with respect to coordinate transformations impliesftiewing:

REMARK 3. The functions 1
i i

transform like the coefficients of a linear connectiorsee [8].

REMARK 4. The connection” decomposes as a sulh= S+ T whereSis a
symmetric connection ( without torsion ) afidis the torsion of". Thus

g _Lpi i i1 i
ik =50+ Tik = 5@k = Tip)-

REMARK 5. Given a smooth curves, € [0, L] — c¢(s) € M, its third order jet
jg(s)(c) = (c(9), €'(s), c’(s), c”'(s)) atc(s) defines a vectoaz(c(s)) € Tes)M with
components

al(c) = ¢ — 3I1s""c¥ — (Nfgy — (T + 2Tp)THHC e

It will be called acceleration of third ordeof ¢ at c(s). In terms of the covariant
derivationV associated td®' and of the torsio of I", ag(c) writes

ag(C) = Ve (Ve C) + 2T (Ve d, ©).
REMARK 6. System (5) can be written
az(c(s)) = A3(c'(s)) + C1(c))

whereA3 is a tensor field oM of type (1,3) symmetric in its three covariant indices
andC, is a tensor field of type (1,1) i.e. afield of endomorphism#ieftangent bundle
T M .In components,, the field expresses with the functiors;, andBjy, from (6).

6. Differential geometric objects associated to systel3), (4).

In accord with Remark 3 , the linear conectibnassociated to system (3), (4) has
components

c  1-3w? « _  8w(l+30w?
KK 3/c(l+a)2) ’ Kw 3(1+w2)2 ’
e 4o (14 30?) e _ 4 (2 4 3w? + 90

wK 3L+ w22’ e 3(1+ w?)3
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F,‘:K—Z‘” w _ 20-3w®) _,  1-3w? o _ 20(5-3w?

T 32T T Be(l+wd) T (Lt w?) T 31+wd)?
The components of the tensor of curvaturd’gfdenotedR ,are

4(1 - 3w?) 4
Riko = Rokw =0, R = — POk Reco = %21t o)

The above particular form d® suggests to look for a volume -form invariant by parallel
transport with respect tb. Indeed ,one has

ProrPoOSITION1. The volume form
Q=1+ 3k A do

is invariant by parallel transport with respect o

Concerning the torsion df lets determine the 1-forp = 3 ooy 'I','J )dx
obtained fromT by tensorial contraction. As

T _ 20(1+ 3w?) To _ 1— 32
ko 314+ w2 T T (14 w?)
one has
© 1 — 3w? 2w(1 + 3w?)
Tec(ltwd) ¢ B1+wd)2
so that oo 4
T
= PR 2)2dK A do = ?dlc A dw.

PrROPOSITION2. The exterior differential & of the torsion 1-formd expresses in
terms of the torsion of y and of the principal honzero curvature of the rectifying
developpable of .

The components of the vectorial 1-fo@ could be read on the equations (3) , (4):

2
CK = —«?(1+4 207, CE = ;2/(%)%
Cl =% (1+w?, C&=—%(1-3u?.

The basic invariants dt; are
d Ko K~ 1 3 K w 1 2 2
etC, =C.C, — C, C¢ =Ko, TraceQ:CK+Cw=—§(3;c +19
and the rootga 1, A2 of the characteristic equation 6f , i.e.
22 — TraceGx +detC; =0
are
2 K2 + Tz

A= —K°, Ap=— 5 .
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On

the other hand , the components of the temsare more intricate and result after

tedious calculations. These are

ae o AAE3D 5, et 307
KK "3k (14 w?) "’ KKK 0k3(1 4 w?)
ae 048096 +21?) ., 1(9—3&02—11a)4 8o
e 2Tc(1+ 0?3 7 T30 9?1+ 0?2 k(1+w?)?
ae 4143021+ 510 + 9007 po _ S+ 60?4+ 4507
Koo 27(1+ w?)* ’ Koo 27k (1+ 0?)3
diw . 8w?(7 + 90?)

K

A —
www 9(1+ w

= _(89+2610?+56Tw*+45%°), A®? —_— T~
2)5( + + W™ + ) ww o1 02

The operatograd Swas already described in [2].

For the handling of arclength-preserving deformationg4ke
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L. Rempulska — Z. Walczak

THE STRONG APPROXIMATION OF DIFFERENTIABLE
FUNCTIONS BY OPERATORS OF SZASZ-MIRAKYAN AND
BASKAKQV TYPE

Abstract. In this note we define certain linear operators of the Sidisakyan and Baskakov
type in the space of differentiable functions.

We introduce the strong differences of functions and theserators and we give the
Jackson type theorems for them. These theorems show thatdbeof the strong approx-
imation depends on differential properties of functibrand it depends not on the power
g > 0 given in the formula of strong difference.

The generalized Bernstein polynomials in the space ofreifféable functions were ex-
amined in [5].

1. Introduction

1.1.

The strong approximation connected with trigonometricri@nseries was investigated
in several papers published in last 50 years. This problemexamined also in the
monograph [6].

For example: le§,(f; -) ando,(f; -) be then-th sum and the-th (C, 1)-mean of
Fourier series of a2-periodic functionf continuous ofR. Then we have

1 n
on(f; %) — f(x):mZ(S((f;x)— f()),neNo=1{0,1,2,...}, xR,
k=0

Then-th strong(C, 1)-mean of this series is defined by the formula

1/q
1 n
Hal (F:20 = § == D 1S(Fi 30 — f(x)|q} ,neNo,xeR,
k=0

whereq is a fixed positive number. It is obvious that
lon(f33) = 00 < Hy(f; %)

and
Ha(f:x) < HY(f; %), 0<qg<p<oo,

forall x € R andn € Ny.

187
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1.2.

In [1], [2] and [7] (also [3], [4]) were examined approximati properties of the Szasz-

Mirakyan operators
o

k
S ()

k=0

and the Baskakov operators
> - k
Vn(f; X) = Z <n Ii—i_ k) xk(1+ x)’”*kf (—) ,
k=0 :

x €[0,00],n=1,2,...,forfunctionsf continuous on the interv@d, co].

The results given in [2] show that for everth times ¢ > 2) differentiable func-
tion f we have

IS(f:30 = f00 = Oc (n7?).
[Va(F:30 = 001 = Ox (n7),

forn € N and everyx > 0, i.e. the order of approximation df by S,(f) andV,(f)
is independent on differential properties of functiong r > 2.

1.3.

In this paper we shall introduce the certain class of lingagrators of the Szasz-
Mirakyan and Baskakov type

o0 ) (k) ~N
Ln,r(f; A, X) = Zank(X)ZTn <X_ E) ,
k=0 j=0 :

in the space of -th times differentiable functions.
For these operators we shall define the strong differences

o) (k i
> () oo
j! n

j=0

q}l/q

Har (f5 A x) = [Zank(x)
k=0

with g > 0 and we shall prove that
Hrg,r(f§ A; X) = Ox (nir/2> asn — oo,

at everyx > 0 andq > 0.

We can verify that the formula (6) df,, o(f) contains the Szasz-Mirakyan and
Baskakov operator§, (f) andV,(f).
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From results given in Sections 2 and 3 we can deduce thatintex operators
Lnr, r > 2, have better approximation properties than classicat&Mirakyan and
Baskakov operatorS,(f) andV,(f). The order of approximation af-th times dif-
ferentiable functionf by L (f) improves ifr grows. Moreover we shall observe
that the order of approximation is independenips 0 and ifqg = 1, then the result
on strong approximation implies identical result for oty approximation off by

Lo (f).

2. Definitions and preliminary properties

2.1

Let Cg be the space of all real-valued functiohsiniformly continuous and bounded
onRRg = [0, co) with the norm

) =1t 0= suplfx)l.

XeRg
For f € Cg we shall consider the modulus of continuity

(2 o(f;t) == sup [AnfCO)I, t>0,
O<h<t

whereAp f (x) := f(X+h) — f(x). Itis known ([3]) thatw (f; At) < AL+ Mw(f;1)
for A, t > 0andlim{_o;w(f;t) = 0foreveryf € Cg.

Letr € Np and letCy be the class of all function§ € Cg having the derivatives
f/,..., f e Cg. The norm inCj is given by (1)(C$ = Cg).

2.2,

Denote by the set of all infinite matrice = [ank(X)]nen, keng, N € {1, 2, ...}, of
functionsank € Cg having the following properties:

() ank(X) = 0forx € Rog, n € N, k € Np,
(i) Yogank(x) =1forx € Ro,n €N,

(iii) forevery p € Nthe series "y kPank(x) is uniformly convergent oftg and its
sum®p(-; A) is function depending op and A such that1 + xp)*lcbp(x; A)
belongs to the spadeg.

(iv) for everyp € N there exists a positive constai (p, A) depending orp andA
such that the function

o0 k 2p
Tn2p(X: A) := Y ank(X) (ﬁ —~ X> ,  XeRo, neN,
k=0
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satisfies the condition

sup(l+ x2p)*1Tn,2p(x; A) < M1(p,A)-n P, neN.
xeRg

DEFINITION 1. Let the matrix Ae  and let G; be a space with re No. For
f e Cg we define the operators

= k
€©)) Lnr(f: Arx) :=Zank(x)Fr <H’X)’ neN, xeRg,
k=0
where
; A
fD .
4 F (t, x) :=Z j'()(x—t)l, t, x € Ro.
=0

For these operators we introduce the strong differencels thié power g> 0 as fol-

lows:
K q) Y/
Fr<ﬁ,x)—f(x) ,X e Rg,n e N.

5 Har(f; Ax) = {Zankm

k=0

In particular we have

(6) Lno(f; A X) = iank(x)f (;)
k=0
and
0 " q) Y/
0 Holo(f: Ax) :=L2_;ank(x) f<ﬁ)—f(x) } :

forevery fe Cg,x e Rgandne N.

From formulas (3), (4) and (6) we deduce that
)] Lnr(1; A;x) =1, neN, XxeRg, r € Np,
and forf e Cy
9 Lnr (5 AsX) = Lno (Fr (t, X); A; X).
The formulas (8), (9) and (5) imply that fdr € C we have

(10 Lnr(f; A;x) — f(X) =Lno (R (t,x) — f(x); A; x),
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k q 1/q
F <E’X) -t s A X)) ,

(12) Lo (F5 Ax) — F0| < HE L (F5 A x),

(1D Har (5 A x) = (Ln,o(

and by the Holder inequality and (8)
(13 Hor (F; Ax) < HP(F; Aix) if 0<qg<p<oo,

forall x € Rg, n € Nandr € Np.

2.3.

In this paper we shall denote B (a, B), k € N, suitable positive constants depending
only on indicated parametess 3.

Now we shall give two main lemmas.
By (6), (8) and (1) we immediately obtain

LEMMA 1. Forevery Ac Q and f € Cg we have
ILno(fs A < Ifl, neN.

LEMMA 2. Let Ae Q andr € N. Then

2
(14) Lo (Fr A< I+ SO (To 2r 0 A2,

for x € Ropand ne N, where | o (-; A) is defined in(iv). Further we have

(15 sup(L+x)Lnr (F5 A )| < || FIl 4+ Mz £ In="/2,

XERO

for n € N, where My = My(r, A) - 2.

The inequalitieg14) and (15) and formulas(3) and (4) show that Ly, (f; A)is
well defined for every &£ Cj and the functior(1+ x")ILnr (f; A; -) belongs to the
space .

Proof. Similarly as in [5] we apply the following modified Taylor fiowula of f € C§
at a fixed point € Ro:

" W .
(16) foo=>" j'()(x—t)l—ir

j=0

(x—tf
r — 1!

II’(th)v X €R07

where

1
(17) Iy (X, t) ;=f (1—u)f—1[f“> t+ux—t)—fo (t)}du.
0
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By (9), (4), (16) and (17) it follows that

(x=tf

Ln,r (f, A, X)= Ln,0<f(x)_ (r _1),

Ir (X, 1); A;x), X e Rg,neN,

which by (6), (8) and (1) implies that

ILnr (Fs A < IFII+ Lno (Ix =t [1r (x, D)5 A; x) .

1
r —1)!

Butfor f € C,r € N, we have

1 2
|lr<x,t>|52||f“>||/ (1—u)f‘1du=;||f<”||, X € Ro,
0

and further

2
Lo (£ AT < I+ SO Lno (I — 7 A x).

Applying the Holder inequality and (8) and (iv) fe, we get

1

3 1
18 Loo(x—t" Ax) = (Lno (k=05 AX))* = (Tnar 0 A)?,
for x € Ro, n € N andr € N. From the above follows (14).

Using the inequality given in (iv) to (14), we immediatelytaim (15) and we com-
plete this proof. O

3. Theorems and corollaries

3.1

First we shall consider the strong differemtq%o( f; A).

THEOREM 1. Suppose that & @, q> Oand f € C}. Then

1
(19) Hao(f: Ax) < [/l (Thas (x: A))% ., xeRo, neN,
where
. q if qeN
“ll@l+1 if 0<q¢N

and[q] is the integral part of g.

Proof. a) Letq € N. Then forf € C% we can write

t q

/ f'du
X

1f® - fxf = < e =x|9, t, X € Ro.
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From this and by (7), (10), (11) and (18) we get

1 1
HIo(F: A0 < 11 (Lno (1t = X1% A X)) T < [/ (To.2g (x: A)) 2,

X € Rog,n € N,

b) If0 < g ¢ N, thens = [g] + 1 belongsto N and < s. Then by (13) we can
write

(20) Hoo(f:s Arx) < HY o(f: Aix), x € Ro,n €N,
and by (19) fors € N we get also (19) for 6< q ¢ N. O

THEOREM 2. Suppose that Ac Q and q > 0. Then there exists M =
Ms(qg, A) = const > 0 such that

1
(21) sup(L+x)"tHT o (f1 A x) < Mgw(f;—), neN.
xeRy ’ \/ﬁ

Proof. For f € Cg we consider the Stieklov function
1 h
fh(X) :=H/ f (X + uwdu, xeRg, h=>0.
0

From this and by (1) and (2) we get
(22 [ fh — fll =@ (f;h),

(23) I fill < h~tw (f;h)y,

forh > 0,i.e. fn e CLif f € Cs.
Letq > 1. By the inequality

W) = FOOI < 1f®) = O+ [Th®) — ThOO[+ () — F(X)I
and by the Minkowski inequality and (6)-(8) we get

1
q

Hoo(f: Arx) < (Lno (I (® — fa)]%: A;x))7 +

+(Lno (I fa®) — faO)l% A; X))% + 1 fh () — FOOI := Wi(X) + Wa(X) + Wa(X).
Lemma 1 and (22) imply that
Wil < 11— fll S (f;h),

W3l < @ (f;h), h>0 neN.
By Theorem 1 and (23) and (iv) fok we have

1

Wa(x) = Hl o(Fns A x) < [ i1l (Thzg (6 A)) 2 <
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1+x
\/ﬁ’

for x € Rg, n € Nandh > 0. From the above we deduce that

< (M1(q, A)YY @ h=1e (f; h)

(24 a+ x)‘lHﬁO(f; A; X) < M3(q; Aw (f; h) (1+ h—ln—l/z)’

for x € Rp, n € Nandh > 0. Settingh = 1/./n in (24), we obtain the desired
estimation (21) foq € N.

If0 < q ¢ N, then we apply (20) witts = [q] + 1. By (20) and (21) for
Hr?,o(ﬁ A; -) we immediately obtain (21) for < q ¢ N. Thus the proof is com-
pleted. O

3.2.

Now we shall prove analogue of Theorem 2 foe Cg withr € N.

THEOREM3. Let Ac Q,r e Nand gq> 0. Thenthere exists M= My(q,r, A) =
const > O such that for every f Ci; we have

-1

(25) sup (1+ x“rl) Ho (F3 A x) < Mgn™"20 (f(”; n_l/z)
XERO

foralln € N.

Proof. First letq € N. Similarly as in the proof of Lemma 2 we apply the Taylor
formula (16) and (17) to (11). Then we get

1 1
Har(f5 A X) = :

—y; (Lno (X =t I (x. DI%: A x))

for x € Rgandn € N. By (17) and (2) and the properties®f( f; -) we can write

1
el = [ @=u ko (FO5ux—t) du =
0

1
< w(f(”; IX —t|>/ (1-—u'tdu<
0

1 1
<o 0, — nix—t|+1), x,teRgp neN.
—r“’< Jﬁ)(fl +3) cro e

Consequently,

Q-

1 1
q LA = . _ 119+, A.
Hn,l’(fa Aa X) S r!a)<f ) ﬁ) {\/ﬁ(Ln,O (lX tl s Aa X)) +

+ (Lno (IX =% A; x))%}
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and by (18) and the property (iv) it follows that
(26) Hor (F3 A x) <
= el f N VN (Th2qar+1) (X5 A) 2+ (Tozgr (X5 A) 2 1 <

1
r). —r/2 r r+1
§M5(q,r,A)w(f ,—ﬁ)n <2+x + X )

for x € Rg andn € N. From (26) we immediately obtain (25) fgqre N.
If0 < g ¢ N, then by (13) we have

(27) Har(f: Ax) < HS (F: Ax), s=I[ql+ 1.
Now applying (25) forHr[,f‘rHl(f; A; -) to (27), we obtain (25) for G< q ¢ N. O
3.3.

Theorem 2, Theorem 3 and (12) imply the following corollarie
COROLLARY 1. For Ae ©,q > Oand f € Ci withr € No we have

lim n/2H3, (f; A;x)=0  ateveryxe Ro.

n—oo

This convergence is uniform on every interjsal, x2], X1 > 0.

COROLLARY 2. If A € 2,9 > 0, f € C§ withr € Ng and f € Lip «,
0 <« <1, then

-1
sup <1+ xr+1> Hr?,r(f; A; X) = O(n*(”ra)/Z)'

XERO

COROLLARY 3. Let A€ Q andr € Ng. Then there exists M= Mg(r, A) =
const > 0 such that for every fe Cj there holds inequality

sup <1+ xr+1)_l\Ln,r(f; A x)— f(0)] < Men™20 (f(”; n_1/2> ,neN.

XGRO

3.4,

Finally, we can state that

1) Corollary 3 shows that the operatdrs, (f), r > 1, defined by (3) have better
approximation properties thdm, o( f). The order of approximation of € CL, r > 1,
by Ln (f) improves ifr grows.

2) From Theorems 1-3 and Corollaries 1,2 results that therarfistrong approxi-
mation of f € C by L (f) also improves if grows. Moreover we can observe that
the order of strong approximation with the poveges 0 is not dependent om.
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3) The inequality (12) shows that introduce strong apprawiom of f by L (f)
is more general than ordinary approximation.

4) The definition (6) ofLn o(f; A) contains the Szasz-Mirakyan and Baskakov
operatorsS,(f) and V() ([1-4, 7]) given in Section 1.2 and associated with the
matricesAs and Ay on the elements

k
As: ank(X) = e‘”xm,
k!
Ay : ank(X) = <” - i* k) XK@+ x)~" K,

It is easily verified thatAs and Ay belong to the se®.

5) The definition (3) ofLn,(f) with r € N contains also generalized Szasz-
Mirakyan and Baskakov operato®s (f) andVn () in the space of -th times dif-
ferentiable functions investigated in [8].
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