Rend. Sem. Mat. Univ. Pol. Torino - Vol. 63, 2 (2005)

T. Hangan

ELASTIC STRIPS AND DIFFERENTIAL GEOMETRY

Abstract. The deformation energy S of an infinitely narrow strip cut down from the rectifying developable of a space curve was defined by Sadowsky in [6]. In the paper we determine the Euler-Lagrange equations of the functional S .One can interpret these equations as describing the motion of a material point in a plane endowed with a linear connection forced to satisfy a differential system of order three which recalls Newton’s equations.

Introduction.

One handles the shape of a flat elastic Moebius band through numerical computations on the basis of a differential system of order 12 deduced from the equilibrium equations of an elastic rod, see [5]; we propose in what follows a system of order 6 which represents the Euler-Lagrange equations of a functional introduced by Sadowsky in 1930, see [6]. The Euler-Lagrange system of the more simple variational problem of Daniel Bernoulli which leads to elastic curves reduces, when length is preserved, to a differential equation of order three one can integrate; its geometry is developed in [3]. For Sadowsky’s functional the geometric analysis of the corresponding Euler-Lagrange system produces a linear connection and two tensor fields of orders 4 and 2.

1. Sadowsky’s functional

Let γ : [0, L] → E^3 be a space curve of class C^3 parametrised by arc-length s. E^3 denotes the oriented vector space R^3 endowed with its canonical euclidean scalar product ⟨, ⟩ ; the corresponding euclidean norm is denoted ‖_.‖ and ” × ” denotes the vector product. The mixed product ⟨a × b, c⟩ will be denoted (a, b, c).One supposes that the curvature of γ , denoted κ(s) = fl fld^2γ /ds^2 fl fl is never zero so that the Frenet frame (T(s), N(s), B(s)) at γ (s) is well defined ; one has

T(s) = dγ ds , N(s) = (κ(s))^{−1} d^2γ ds^2

, B(s) = T(s) × N(s).

The Frenet formulas write dT ds = κ(s)N(s), dN ds = −κ(s)T(s) + τ (s)B(s), dB ds = −τ (s)N(s)

where τ (s) is the torsion of γ at γ (s). Therefore d^3γ ds^3

= −(κ(s))^2T(s) + dκ ds N(s) + τ (s)κ(s)B(s). and ( dγ ds , d^2γ ds^2 , d^3γ ds^3

) = (κ(s))^2τ (s).

We call S(γ ) =

Z_L 0 (κ(s))^2(1 + ( τ (s) κ(s)

)^2)^2ds

“Sadowsky’s functional” introduced in [6] as measure of the bending energy of an infinitely narrow strip with axis γ lying on the rectifying developable of γ . At the point γ (s), the non zero principal curvature π(s) of the rectifying developable of γ equals π(s) = κ(s)(1 + ( τ (s) κ(s)

)^2)

so that one has also S(γ ) =

Z_L 0 (π(s))^2ds.

Wunderlich [9] and G.Schwarz [7] defined closed space curves γ from the rectifying developable of which one can cut down along γ a Moebius strip. They have not computed the bending energy of these strips but one can observe these are not in equilibrium i.e. their bending energy is not a minimum under lengthpreserving deformation as they do not satify the Euler-Lagrange equations corresponding to S.

2. Arclength preserving deformation.

I being an interval centered at 0 ∈ R, let c : [0, L] × I → E^3 be a smooth family of curves of class C^3 such that

c(s, 0) = γ (s), s ∈ [0, L] .

One says that c is an arclength- preseving deformation of γ if along any curve c_t : [0, L] → E^3, t ∈ I, where

c_t (s) = c(s, t), s ∈ [0, L] ,

the parameter s represents arc length, i.e. fl fl fl dc_t (s) ds fl fl fl = 1.

Curvature κ_t and torsion τ_t of the curve c_t satisfy then the equations

(1) (κ_t )^2 = fl fl flc^{′′}_t fl fl fl^2 = D c^{′′}_t , c^{′′}_t E

(2) (c^′_t , c^{′′}_t , c^{′′′}_t ) = κ^2_t τ_t

where the prime denotes derivation with respect to s. The vector field along γ

W (s) =

∂c(s, t) ∂t | t = 0 satisfies then the condition D W^′ (s), T(s) E = 0.

Expressed with respect to the Frenet frame, the field W writes

W (s) = u(s)T(s) + v(s)N(s) + w(s)B(s)

where v(s) = (κ(s))^{−1}u^′ (s). Successive derivatives of W are

W^′ = h κu − τ w + (κ^{−1}u^′ )^′ i N + h w^′ + τ κ^{−1}u^′ i B W^{′′} = −κ h κu − τ w + (κ^{−1}u^′ )^′ i T + h (κu − τ w + (κ^{−1}u^′ )^′ )^′ − τ (w^′ + τ κ^{−1}u^′ ) i N + h (w^′ + τ κ^{−1}u^′ )^′ + τ (κu − τ w + (κ^{−1}u^′ )^′ ) i B and D W^{′′′} , B E = 2τ (κu − τ w + (κ^{−1}u^′ )^′ )^′ + τ^′ (κu − τ w + (κ^{−1}u^′ )^′ )+

(w^′ + τ κ^{−1}u^′ )^{′′} − τ^2(w^′ + τ κ^{−1}u^′ ).

We need these derivatives to get explicit expressions for the first variations of κ and τ i.e. for δκ = (∂κ_t /∂t) |_{t=0}, δτ = (∂τ_t /∂t) |_{t=0} .From (1), (2) one gets

δκ = D N,W^{′′} E , δτ = D B,κ^{−1}W^{′′′} − κ^{−2}κ^′ W^{′′} + κW^′ E − κ^{−1}τ D N,W^{′′} E . It will be convenient to introduce the ratio ω = κ^{−1}τ ; its first variation δω = (∂ω_t /∂t) |_{t=0} is

δω = D B,κ^{−2}W^{′′′} − κ^{−3}κ^′ W^{′′} + W^′ E − 2κ^{−1}ω D N,W^{′′} E .

3. First variation of S.

Denote

δS =( ∂ ∂t S(c_t )) |_{t=0}

the first variation of S(γ ) under arclength preserving deformation of γ. One gets

δS =

Z_L 0 (2κ(1 + ω^2)^2δκ + κ^22(1 + ω^2)2ωδω)ds = Z_L 0 n 2κ(1 + ω^2)(1 − 3ω^2) � N, W^{′′} ff

+4ω(1 + ω^2) D B,W^{′′′} − κ^{−1}κ^′W^{′′} + κ^2W^′ Eo ds.

Replacing the above derivatives of W one finds

δS =

Z_L 0 n 2κ(1 + ω^2)^2(κu − κωw + (κ^{−1}u^′)^′)^′+ 4κ(1 + ω^2)ωω^′(κu − κωw + (κ^{−1}u^′)^′)+ 4ω(1 + ω^2)(w^′ + ωu^′)^{′′}+ −4ω(1 + ω^2)κ^{−1}κ^′(w^′ + ωu^′) + 2κ^2ω(1 + ω^2)^2(w^′ + ωu^′) o ds. Integration by parts gives finally

δS = − 2

Z_L 0 (w A(κ, ω) + u B(κ, ω))ds

with

A(κ, ω) = 2(ω(1 + ω^2))^{′′′} + 2(κ^{−1}ωκ^′(1 + ω^2))^{′′} + κω(1 + ω^2)^2κ^′ + κ^2(1 + ω^2)(1 + 3ω^2)ω^′, B(κ, ω) = ω h 2(ω(1 + ω^2))^{′′′} + 2(κ^{−1}ωκ^′(1 + ω^2))^{′′} i + ω^′ h 2(ω(1 + ω^2))^{′′} + 2(κ^{−1}ωκ^′(1 + ω^2))^′ i + (κ^{−1}(2κω(1 + ω^2)ω^′ + (1 + ω^2)^2κ^′)^′)^′ + (ω^2κ^2(1 + ω^2)^2)^′ + 2κ^2ω(1 + ω^2)ω^′ + κ(1 + ω^2)^2κ^′.

4. Differential equations of elastic strips.

In order for the strip represented by the curve γ to be in equilibrium it is necessary that δS =0 for any field W ; this condition writes A = B = 0 a system of two differential equations of order 3 in κ and ω as functions of the arclength s. In a developped form these equations become κ^{−1}(1 + ω^2)κ^{′′′} + 2ωω^{′′′}+ κ^{′′}(−κ^{−2}(1 + ω^2)κ^′ + 12κ^{−1}ωω^′) + ω^{′′}(6κ^{−1}ωκ^′ + 8(1 + ω^2)^{−1}(1 + 3ω^2)ω^′) −8κ^{−2}ωκ^{′2}ω^′ + 8κ^{−1}(1 + ω^2)^{−1}(1 + 3ω^2)κ^′ω^{′2} + 24ω(1 + ω^2)^{−1}ω^{′3}+ κ(1 + ω^2)^2κ^′ + 3κ^2ω(1 + ω^2)ω^′ = 0 and 2κ^{−1}ω(1 + ω^2)κ^{′′′} + 2(1 + 3ω^2)ω^{′′′}+ κ^{′′}(−6κ^{−2}ω(1 + ω^2)κ^′ + 4κ^{−1}(1 + 3ω^2)ω^′) + ω^{′′}(2κ^{−1}(1 + 3ω^2)κ^′ + 36ωω^′)+ 4κ^{−3}ω(1 + ω^2)κ^{′3} − 4κ^{−2}(1 + 3ω^2)κ^{′2}ω^′ + 12κ^{−1}ωκ^′ω^{′2} + 12ω^{′3}+ κω(1 + ω^2)^2κ^′ + κ^2(1 + ω^2)(1 + 3ω^2)ω^′ = 0.

Solving this system with respect to the highest order derivatives one gets

κ^{′′′} = κ^{′′} ” 1 − 3ω^2 κ(1 + ω^2) κ^′ −

8ω(1 + 3ω^2) (1 + ω^2)^2 ω^′ #

−ω^{′′} ” 4ω(1 + 3ω^2) (1 + ω^2)^2 κ^′ +

4κ(2 + 3ω^2 + 9ω^4) (1 + ω^2)^3 ω^′ # (3)

+ 4ω^2 κ^2(1 + ω^2) κ^{′3} +

4ω(1 + 3ω^2) κ(1 + ω^2)^2 κ^{′2}ω^′ −

4(2 + 9ω^2 + 15ω^4) (1 + ω^2)^3 κ^′ω^{′2} − 12ωκ(1 + 5ω^2)

(1 + ω^2)^3 ω^{′3} − κ^2(1 + 2ω^2)κ^′ − 2κ^3ω

1 + 3ω^2 1 + ω^2 ω^′ and ω^{′′′} = κ^{′′} ” 2ω κ^2 κ^′ −

2(1 − 3ω^2) κ(1 + ω^2) ω^′ # − ω^{′′} ” 1 − 3ω^2 κ(1 + ω^2) κ^′ +

2ω(5 − 3ω^2) (1 + ω^2)^2 ω^′ #

− 2ω κ^3 κ^{′ 3} +

2(1 − ω^2) κ^2(1 + ω^2) κ^{′2}ω^′ +

2ω(1 + 9ω^2) κ(1 + ω^2)^2 κ^′ω^{′2} −

6(1 − 3ω^2) (1 + ω^2)^2 ω^{′3} (4) + ωκ 2 (1 + ω^2)κ^′ − κ^2 2 (1 − 3ω^2)ω^′.

Circular helices, i.e. curves with constant curvature and torsion are evident solutions of this system.

To go forward lets make two remarks.

REMARK 1. The differential system which expresses the equilibrium of an elastic strip is of the general form (5) x^{′′′} = H_3(x^{′′}, x^′) + F_1(x^′).

Here s ∈ [0, L] → x(s) = (κ(s), ω(s)) is a vectorial function of the independent variable s ,H_3 and F_1 are homogeneous functions of the derived vectors x^{′′}, x^′ and x^′ of degrees 3 and 1 respectively with coefficients depending on x i.e. H_3(λ^2x^{′′}, λx^′) = λ^3 H_3(x^{′′}, x^′) , F_1(λx^′) = λF_1.

REMARK 2. The motion of a material point in a potential field U is ruled by Newton’s equations x^{′′} = H_2(x^′) + F , F = gradU.

The geometry of the space where the motion is achieved is described by the Christoffel symbols -�^i_{jk} where

H^i_2(x^′) = X j,k=1...n

�^i_{jk} x^{j ′}x^{k ′}.

In analogy with this classical case we associate in what follows three differential objects to the third order system (5).

5. The connection associated to the system (5).

In componentwise form the system (5) on an n−dimensional manifold M writes (6) x^{i ′′′} = A^i_{jk} x^{j ′′}x^{k ′} + B^i_{jkl} x^{j ′}x^{k ′}x^{l ′} + C^i_j x^{j ′}, i = 1, 2, ..., n. where one has to sum up when repeated indices appear. The invariance of the system (6) with respect to coordinate transformations implies the following:

REMARK 3. The functions �^i_{jk} = 1 3 A^i_{jk} transform like the coefficients of a linear connection �, see [8].

REMARK 4. The connection � decomposes as a sum � = S + T where S is a symmetric connection ( without torsion ) and T is the torsion of �. Thus

S^i_{jk} = 1 2 (�^i_{jk} + �^i_{kj} ) , T^i_{jk} = 1 2 (�^i_{jk} − �^i_{kj} ).

REMARK 5. Given a smooth curve, s ∈ [0, L] → c(s) ∈ M, its third order jet j^3_{c(s)}(c) = (c(s), c^′(s), c^{′′}(s), c^{′′′}(s)) at c(s) defines a vector a_3(c(s)) ∈ T_{c(s)} M with components

a^i_3(c) = c^{i′′′} − 3�^i_{rs}c^{r′′}c^{s′} − (�^i_{rs,t} − (�^i_{pr} + 2T^i_{pr} )�^p_{st} )c^{r′}c^{s′}c^{t′}. It will be called acceleration of third order of c at c(s). In terms of the covariant derivation ∇ associated to � and of the torsion T of �, a_3(c) writes a_3(c) = ∇_c′ (∇_c′ c^′) + 2T (∇_c′ c^′, c^′).

REMARK 6. System (5) can be written a_3(c(s)) = �_3(c^′(s)) + C_1(c^′)) where �_3 is a tensor field on M of type (1,3) symmetric in its three covariant indices and C_1 is a tensor field of type (1,1) i.e. a field of endomorphisms of the tangent bundle T M .In components , the field � expresses with the functions A^i_{jk} and B^i_{jkl} from (6).

6. Differential geometric objects associated to system (3), (4). In accord with Remark 3 , the linear conection � associated to system (3), (4) has components �^κ_κ =

1 − 3ω^2 3κ(1 + ω^2)

, �^κ_ω = −

8ω(1 + 3ω^2) 3(1 + ω^2)^2 , �^κ_{ωκ} = −

4ω(1 + 3ω^2) 3(1 + ω^2)^2

, �^κ_{ωω} = −

4κ(2 + 3ω^2 + 9ω^4) 3(1 + ω^2)^3

�^ω_{κκ} = 2ω 3κ^2

, �^ω_{κω} = −

2(1 − 3ω^2) 3κ(1 + ω^2)

, �^ω_κ = −

1 − 3ω^2 3κ(1 + ω^2)

, �^ω_ω = −

2ω(5 − 3ω^2) 3(1 + ω^2)^2 . The components of the tensor of curvature of � , denoted R ,are

R^κ_{κω} = R^ω_{κω} = 0 , R^κ_{ωκω} = −

4(1 − 3ω^2) 9(1 + ω^2)^3

, R^ω_{κκω} = 4 9κ^2(1 + ω^2) . The above particular form of R suggests to look for a volume -form invariant by parallel transport with respect to �. Indeed ,one has

PROPOSITION 1. The volume form � = (1 + ω^2)^3dκ ∧ dω is invariant by parallel transport with respect to �.

Concerning the torsion of � lets determine the 1-form � = P j ( P_n

i=1 T^i_{ij} )dx^j obtained from T by tensorial contraction. As

T^κ_{κω} = −

2ω(1 + 3ω^2) 3(1 + ω^2)^2

, T^ω_{κω} = −

1 − 3ω^2 6κ(1 + ω^2) one has � = 1 − 3ω^2 6κ(1 + ω^2) dκ −

2ω(1 + 3ω^2) 3(1 + ω^2)^2 dω so that d� = 4ω 3κ(1 + ω^2)^2 dκ ∧ dω = 4τ 3π^2 dκ ∧ dω.

PROPOSITION 2. The exterior differential d� of the torsion 1-form � expresses in terms of the torsion τ of γ and of the principal nonzero curvature π of the rectifying developpable of γ .

The components of the vectorial 1-form C_1 could be read on the equations (3) , (4):

C^κ = −κ^2(1 + 2ω^2) , C^κ_ω = − 2κ^3ω^{1+3ω2}_{1+ω2} C^ω_κ =^{κω}_2 (1 + ω^2) , C^ω = −^{κ2}_2 (1 − 3ω^2).

The basic invariants of C_1 are

det C_1 = C^κ C^ω − C^κ_ωC^ω_κ = 1 2 κ^3ω, T raceC_1 = C^κ + C^ω = − 1 2 (3κ^2 + τ^2)

and the roots λ_1, λ_2 of the characteristic equation of C_1 , i.e. λ^2 − T raceC_1λ + det C_1 = 0 are λ_1 = −κ^2, λ_2 = − κ^2 + τ^2 2 .

On the other hand , the components of the tensor � are more intricate and result after tedious calculations. These are

�^κ_{κκ} = (

2(1 + 3ω^2) 3κ(1 + ω^2)

)^2, �^ω_{κκκ} = −

4ω(1 + 3ω^2) 9κ^3(1 + ω^2)

�^κ_{κω} =

4ω(1 + 3ω^2)(5 + 21ω^2) 27κ(1 + ω^2)^3

, �^ω_{κκω} = 1 3 ( 9 − 38ω^2 − 11ω^4 9κ^2(1 + ω^2)^2 − 8ω κ(1 + ω^2)^2 ) �^κ_{ωω} =

4(1 + 3ω^2)(1 + 51ω^2 + 90ω^4)

27(1 + ω^2)^4

, �^ω_{κωω} = −

4ω(1 + 6ω^2 + 45ω^4) 27κ(1 + ω^2)^3

�^κ_{ωωω} = − 4κω 9(1 + ω^2)^5

(89 + 261ω^2 + 567ω^4 + 459ω^6), �^ω_{ωω} = −

8ω^2(7 + 9ω^2) 9(1 + ω^2)^4 . The operator gradS was already described in [2].

For the handling of arclength-preserving deformations see [4].

References

[1] DZIUK G., KUVERT E. AND SCHAETZLE R., Evolution of elastic curves in Rn , SIAM J. of Math.

Anal. 33 (2002), 1228–1245.

[2] HANGAN TH., Elastic strips, Proc. of the Workshop of Differential Geometry, September 2003, Cluj (Romania).

[3] GRIFFITHS PH., Exterior differential systems and the calculus of variations, Birkhauser, 1983. [4] IVEY T.A., Integrable geometric evolution equations for curves, Contemporary Mathematics 285, 2001.

[5] MAHADEVAN L. AND KELLER J., The shape of a Moebius band, Proc. R. Soc. London A (1993) 440. [6] SADOWSKY M., Ein elementarer Beweis fur die Existenz eines abwickelbaren Moebiusschen Bandes und Zuruckfuhrung des geometrischen Problem auf ein Variationsproblem , Sitzungsber. Preuss Akad. Wiss. 22 (1930), 412–415.

[7] SCHWARTZ G., A pretender to the title “Canonical Moebius Strip”, Pacific J. of Math. 143 1 (1991), 195–200.

[8] VRANCEANU G., Leçons de Géométrie Différentielle, Ed. Acad. Roum., 1957. [9] WUNDERLICH W., Uber ein abwickelbares Moebius Band, Monatshefte fur Math. 66 (1962), 276– 289.

AMS Subject Classification: 53B04,530B05.

Theodor HANGAN, Laboratoire de Mathématiques, Université de Haute Alsace, 4, rue des Frères Lumière, 68093 Mulhouse Cedex, FRANCE e-mail: t.hangan@uha.fr Lavoro pervenuto in redazione il 08.10.2004.

Rend. Sem. Mat. Univ. Pol. Torino - Vol. 63, 2 (2005)

L. Rempulska – Z. Walczak

THE STRONG APPROXIMATION OF DIFFERENTIABLE FUNCTIONS BY OPERATORS OF SZÁSZ-MIRAKYAN AND BASKAKOV TYPE

Abstract. In this note we define certain linear operators of the Szász-Mirakyan and Baskakov type in the space of differentiable functions.

We introduce the strong differences of functions and these operators and we give the Jackson type theorems for them. These theorems show that the order of the strong approximation depends on differential properties of function f and it depends not on the power q > 0 given in the formula of strong difference.

The generalized Bernstein polynomials in the space of differentiable functions were examined in [5].

1. Introduction

1.1.

The strong approximation connected with trigonometric Fourier series was investigated in several papers published in last 50 years. This problem was examined also in the monograph [6].

For example: let S_n( f ; ·) and σ_n( f ; ·) be the n-th sum and the n-th (C, 1)-mean of Fourier series of a 2π-periodic function f continuous on R. Then we have

σ_n( f ; x) − f (x) = 1 n + 1 nX k=0 (S_k ( f ; x) − f (x)) , n ∈ N_0 = {0, 1, 2, . . . }, x ∈ R.

The n-th strong (C, 1)-mean of this series is defined by the formula

H^q_n ( f ; x) := ( 1 n + 1 nX k=0 |S_k ( f ; x) − f (x)|^q

)_{1/q} , n ∈ N_0, x ∈ R,

where q is a fixed positive number. It is obvious that

|σ_n( f ; x) − f (x)| ≤ H^1_n ( f ; x) and H^q_n ( f ; x) ≤ H^p_n ( f ; x), 0 < q < p < ∞,

for all x ∈ R and n ∈ N_0.

1.2.

In [1], [2] and [7] (also [3], [4]) were examined approximation properties of the Szász- Mirakyan operators

S_n( f ; x) := e^{−nx} ∞X k=0 (nx)^k k! f ` k n ´

and the Baskakov operators

V_n( f ; x) := ∞X k=0 ` n − 1 + k k ´ x^k(1 + x)^{−n−k} f ` k n ´ , x ∈ [0, ∞], n = 1, 2, . . . , for functions f continuous on the interval [0, ∞].

The results given in [2] show that for every r-th times (r ≥ 2) differentiable function f we have |S_n( f ; x) − f (x)| = O_x ı n^{−1} ȷ , |V_n( f ; x) − f (x)| = O_x ı n^{−1} ȷ , for n ∈ N and every x ≥ 0, i.e. the order of approximation of f by S_n( f ) and V_n( f ) is independent on differential properties of functions f if r ≥ 2.

1.3.

In this paper we shall introduce the certain class of linear operators of the Szász- Mirakyan and Baskakov type

L_{n,r} ( f ; A; x) = ∞X k=0 a_{nk} (x) rX j=0 f^{( j)}

�_k n � j! ` x − k n ´_j ,

in the space of r-th times differentiable functions f .

For these operators we shall define the strong differences

H^q_{n,r} ( f ; A; x) = 8 ¡ : ∞X k=0 a_{nk} (x) fi fi fi fi fi rX j=0 f^{( j)}

�_k n � j! ` x − k n ´_j

− f (x) fi fi fi fi fi q 9 = ; 1/q

with q > 0 and we shall prove that

H^q_{n,r} ( f ; A; x) = o_x ı n^{−r/2} ȷ as n → ∞,

at every x ≥ 0 and q > 0.

We can verify that the formula (6) of L_{n,0}( f ) contains the Szász-Mirakyan and Baskakov operators S_n( f ) and V_n( f ).

From results given in Sections 2 and 3 we can deduce that introduced operators L_{n,r} , r ≥ 2, have better approximation properties than classical Szász-Mirakyan and Baskakov operators S_n( f ) and V_n( f ). The order of approximation of r-th times differentiable function f by L_{n,r} ( f ) improves if r grows. Moreover we shall observe that the order of approximation is independent on q > 0 and if q = 1, then the result on strong approximation implies identical result for ordinary approximation of f by L_{n,r} ( f ).

2. Definitions and preliminary properties

2.1.

Let C_B be the space of all real-valued functions f uniformly continuous and bounded on R_0 = [0, ∞) with the norm

(1) ‖ f ‖ ≡ ‖ f (·) ‖ := sup_{x∈R} 0 | f (x)|.

For f ∈ C_B we shall consider the modulus of continuity

(2) ω( f ; t) := sup_{0≤h≤t} ‖�_h f (·)‖, t ≥ 0,

where �_h f (x) := f (x + h) − f (x). It is known ([3]) that ω( f ; λt) ≤ (1 + λ)ω( f ; t) for λ, t ≥ 0 and lim_{t→0+}ω( f ; t) = 0 for every f ∈ C_B.

Let r ∈ N_0 and let C^r_B be the class of all functions f ∈ C_B having the derivatives f^′, . . . , f^{(r)} ∈ C_B. The norm in C^r_B is given by (1) (C^0_B ≡ C_B ).

2.2.

Denote by � the set of all infinite matrices A = [a_{nk} (x)]_{n∈N, k∈N0} , N ∈ {1, 2, . . . }, of functions a_{nk} ∈ C_B having the following properties:

(i) a_{nk} (x) ≥ 0 for x ∈ R_0, n ∈ N, k ∈ N_0,

(ii)

P_∞

k=0 a_{nk} (x) = 1 for x ∈ R_0, n ∈ N,

(iii) for every p ∈ N the series

P_∞ k=0 k^pa_{nk} (x) is uniformly convergent on R_0 and its sum �_p(·; A) is function depending on p and A such that (1 + x^p)^{−1}�_p(x; A) belongs to the space C_B.

(iv) for every p ∈ N there exists a positive constant M_1( p, A) depending on p and A such that the function

T_{n,2p}(x; A) := ∞X k=0 a_{nk} (x) ` k n − x ´_{2p} , x ∈ R_0, n ∈ N, satisfies the condition

sup_{x∈R} 0 (1 + x^{2p})^{−1}T_{n,2p}(x; A) ≤ M_1( p, A) · n^{−p}, n ∈ N.

DEFINITION 1. Let the matrix A ∈ � and let C^r_B be a space with r ∈ N_0. For f ∈ C^r_B we define the operators

(3) L_{n,r} ( f ; A; x) := ∞X k=0 a_{nk} (x)F_r ` k n , x ´ , n ∈ N, x ∈ R_0,

where

(4) F_r (t, x) := rX j=0 f^{( j)}(t) j! (x − t)^j , t, x ∈ R_0.

For these operators we introduce the strong differences with the power q > 0 as follows:

(5) H^q_{n,r} ( f ; A; x) :=

(_∞ X k=0 a_{nk} (x) fi fi fiF_r ` k n , x ´ − f (x) fi fi fi^q

)_{1/q} , x ∈ R_0, n ∈ N.

In particular we have

(6) L_{n,0}( f ; A; x) := ∞X k=0 a_{nk} (x) f ` k n ´

and (7) H^q_{n,0}( f ; A; x) :=

(_∞ X k=0 a_{nk} (x) fi fi fi f ` k n ´ − f (x) fi fi fi^q

)_{1/q} ,

for every f ∈ C_B , x ∈ R_0 and n ∈ N.

From formulas (3), (4) and (6) we deduce that

(8) L_{n,r} (1; A; x) = 1, n ∈ N, x ∈ R_0, r ∈ N_0,

and for f ∈ C^r_B

(9) L_{n,r} ( f ; A; x) = L_{n,0} (F_r (t, x); A; x) .

The formulas (8), (9) and (5) imply that for f ∈ C^r_B we have

(10) L_{n,r} ( f ; A; x) − f (x) = L_{n,0} (F_r (t, x) − f (x); A; x) ,

(11) H^q_{n,r} ( f ; A; x) = ` L_{n,0} `fi fi fiF^r ` k n , x ´ − f (x) fi fi fi fi q ; A; x

´´_{1/q} ,

(12) fi fiL_{n,r} ( f ; A; x) − f (x) fi fi ≤ H^1_{n,r} ( f ; A; x),

and by the Hölder inequality and (8)

(13) H^q_{n,r} ( f ; A; x) ≤ H^p_n ( f ; A; x) if 0 < q < p < ∞,

for all x ∈ R_0, n ∈ N and r ∈ N_0.

2.3.

In this paper we shall denote by M_k (α, β), k ∈ N, suitable positive constants depending only on indicated parameters α, β.

Now we shall give two main lemmas. By (6), (8) and (1) we immediately obtain

LEMMA 1. For every A ∈ � and f ∈ C_B we have

‖L_{n,0} ( f ; A; ·) ‖ ≤ ‖ f ‖, n ∈ N.

LEMMA 2. Let A ∈ � and r ∈ N. Then

(14) |L_{n,r} ( f ; A; x) | ≤ ‖ f ‖ + 2 r! ‖ f^{(r)}‖ � T_{n,2r} (x; A)

�_{1/2} , for x ∈ R_0 and n ∈ N, where T_{n,2r} (·; A) is defined in (iv). Further we have

(15) sup_{x∈R} 0 (1 + x^r )^{−1}|L_{n,r} ( f ; A; x) | ≤ ‖ f ‖ + M_2‖ f^{(r)}‖n^{−r/2},

for n ∈ N, where M_2 = M_1(r, A) ·^2_{r!} .

The inequalities (14) and (15) and formulas (3) and (4) show that L_{n,r} ( f ; A)is well defined for every f ∈ C^r_B and the function (1 + x^r )^{−1} L_{n,r} ( f ; A; ·) belongs to the space C_B .

Proof. Similarly as in [5] we apply the following modified Taylor formula of f ∈ C^r_B at a fixed point t ∈ R_0:

(16) f (x) = rX j=0 f^{( j)} (t) j! (x − t)^j +

(x − t)^r (r − 1)!

I_r (x, t), x ∈ R_0,

where

(17) I_r (x, t) :=

Z_1 0 (1 − u)^{r−1} n f^{(r)} (t + u (x − t)) − f^{(r)} (t) o du.

By (9), (4), (16) and (17) it follows that

L_{n,r} ( f ; A; x) = L_{n,0} ` f (x) −

(x − t)^r (r − 1)!

I_r (x, t); A; x ´ , x ∈ R_0, n ∈ N,

which by (6), (8) and (1) implies that

|L_{n,r} ( f ; A; x) | ≤ ‖ f ‖ + 1 (r − 1)!

L_{n,0} � |x − t|^r |I_r (x, t)|; A; x � . But for f ∈ C^r_B, r ∈ N, we have

|I_r (x, t)| ≤ 2‖ f^{(r)}‖

Z_1 0 (1 − u)^{r−1}du = 2 r ‖ f^{(r)}‖, x ∈ R_0,

and further

|L_{n,r} ( f ; A; x) | ≤ ‖ f ‖ + 2 r! ‖ f^{(r)}‖L_{n,0} � |x − t|^r ; A; x � . Applying the Hölder inequality and (8) and (iv) for A, we get

(18) L_{n,0} � |x − t|^r ; A; x � ≤ ı L_{n,0} ı (x − t)^{2r} ; A; x ȷȷ 1_2 ≡ � T_{n,2r} (x; A)

� 1_2 , for x ∈ R_0, n ∈ N and r ∈ N. From the above follows (14).

Using the inequality given in (iv) to (14), we immediately obtain (15) and we complete this proof.

3. Theorems and corollaries

3.1.

First we shall consider the strong differences H^q_{n,0}( f ; A).

THEOREM 1. Suppose that A ∈ �, q > 0 and f ∈ C^1_B. Then

(19) H^q_{n,0}( f ; A; x) ≤ ‖ f^′‖ � T_{n,2s} (x; A)

� 1_{2s} , x ∈ R_0, n ∈ N,

where s = æ q if q ∈ N [q] + 1 if 0 < q /∈ N and [q] is the integral part of q.

Proof. a) Let q ∈ N. Then for f ∈ C^1_B we can write

| f (t) − f (x)|^q = fi fi fi fi Z_t x f^′du fi fi fi fi q ≤ ‖ f^′‖ |t − x|^q, t, x ∈ R_0.

From this and by (7), (10), (11) and (18) we get

H^q_{n,0}( f ; A; x) ≤ ‖ f^′‖ � L_{n,0} � |t − x|^q ; A; x

� 1_q ≤ ‖ f^′‖ � T_{n,2q} (x; A)

� 1_{2q} , x ∈ R_0, n ∈ N.

b) If 0 < q /∈ N, then s = [q] + 1 belongs to N and q < s. Then by (13) we can write

(20) H^q_{n,0}( f ; A; x) ≤ H^s_{n,0}( f ; A; x), x ∈ R_0, n ∈ N,

and by (19) for s ∈ N we get also (19) for 0 < q /∈ N.

THEOREM 2. Suppose that A ∈ � and q > 0. Then there exists M_3 = M_3(q, A) = const. > 0 such that

(21) sup_{x∈R} 0 (1 + x)^{−1} H^q_{n,0}( f ; A; x) ≤ M_3 ω ` f ; 1 √ n ´ , n ∈ N.

Proof. For f ∈ C_B we consider the Stieklov function

f_h (x) := 1 h Z_h 0 f (x + u)du, x ∈ R_0, h > 0.

From this and by (1) and (2) we get

(22) ‖ f_h − f ‖ ≤ ω ( f ; h) ,

(23) ‖ f^′_h ‖ ≤ h^{−1}ω ( f ; h) ,

for h > 0, i.e. f_h ∈ C^1_B if f ∈ C_B .

Let q ≥ 1. By the inequality

| f (t) − f (x)| ≤ | f (t) − f_h (t)| + | f_h (t) − f_h (x)| + | f_h (x) − f (x)| and by the Minkowski inequality and (6)-(8) we get

H^q_{n,0}( f ; A; x) ≤ � L_{n,0} � | f (t) − f_h(t)|^q ; A; x

� 1_q + + � L_{n,0} � | f_h (t) − f_h (x)|^q; A; x

� 1_q

+ | f_h (x) − f (x)| := W_1(x) + W_2(x) + W_3(x). Lemma 1 and (22) imply that

‖W_1(·)‖ ≤ ‖ f_h − f ‖ ≤ ω ( f ; h) ,

‖W_3(·)‖ ≤ ω ( f ; h) , h > 0, n ∈ N. By Theorem 1 and (23) and (iv) for A we have

W_2(x) ≡ H^q_{n,0}( f_h ; A; x) ≤ ‖ f^′_h ‖ � T_{n,2q} (x; A)

� 1_{2q} ≤

≤ (M_1(q, A))^{1/(2q)} h^{−1}ω ( f ; h)

1 + x √ n , for x ∈ R_0, n ∈ N and h > 0. From the above we deduce that

(24) (1 + x)^{−1} H^q_{n,0}( f ; A; x) ≤ M_3(q; A)ω ( f ; h) ı 1 + h^{−1}n^{−1/2} ȷ , for x ∈ R_0, n ∈ N and h > 0. Setting h = 1/ √ n in (24), we obtain the desired estimation (21) for q ∈ N.

If 0 < q /∈ N, then we apply (20) with s = [q] + 1. By (20) and (21) for H^s_{n,0}( f ; A; ·) we immediately obtain (21) for 0 < q /∈ N. Thus the proof is completed.

3.2.

Now we shall prove analogue of Theorem 2 for f ∈ C^r_B with r ∈ N.

THEOREM 3. Let A ∈ �, r ∈ N and q > 0. Then there exists M_4 = M_4(q, r, A) = const. > 0 such that for every f ∈ C^r_B we have

(25) sup_{x∈R} 0 ı 1 + x^{r+1} ȷ_{−1} H^q_{n,r} ( f ; A; x) ≤ M_4n^{−r/2}ω ı f^{(r)}; n^{−1/2} ȷ

for all n ∈ N.

Proof. First let q ∈ N. Similarly as in the proof of Lemma 2 we apply the Taylor formula (16) and (17) to (11). Then we get

H^q_{n,r} ( f ; A; x) ≤ 1 (r − 1)! � L_{n,0} � |x − t|^{rq} |I_r (x, t)|^q ; A; x

� 1_q

for x ∈ R_0 and n ∈ N. By (17) and (2) and the properties of ω ( f ; ·) we can write

|I_r (x, t)| ≤

Z_1 0 (1 − u)^{r−1}ω ı f^{(r)}; u|x − t| ȷ du ≤

≤ ω ı f^{(r)}; |x − t| ȷ Z 1 0 (1 − u)^{r−1}du ≤ ≤ 1 r ω ` f^{(r)}; 1 √ n ´ �√ n|x − t| + 1 � , x, t ∈ R_0, n ∈ N.

Consequently,

H^q_{n,r} ( f ; A; x) ≤ 1 r! ω ` f^{(r)}; 1 √ n ´ æ √ n ı L_{n,0} ı |x − t|^{q(r+1)}; A; x ȷȷ 1_q +

+ � L_{n,0} � |x − t|^{rq} ; A; x

� 1_q œ and by (18) and the property (iv) it follows that

(26) H^q_{n,r} ( f ; A; x) ≤ ≤ 1 r! ω ` f^{(r)}; 1 √ n ´ æ √ n � T_{n,2q(r+1)} (x; A)

� 1_{2q} + � T_{n,2qr} (x; A)

� 1_{2q} œ ≤ ≤ M_5(q, r, A)ω ` f^{(r)}; 1 √ n ´ n^{−r/2} ı 2 + x^r + x^{r+1} ȷ

for x ∈ R_0 and n ∈ N. From (26) we immediately obtain (25) for q ∈ N.

If 0 < q /∈ N, then by (13) we have

(27) H^q_{n,r} ( f ; A; x) ≤ H^s_{n,r} ( f ; A; x), s = [q] + 1.

Now applying (25) for H^{[q]+1}_{n,r} ( f ; A; ·) to (27), we obtain (25) for 0 < q /∈ N.

3.3.

Theorem 2, Theorem 3 and (12) imply the following corollaries:

COROLLARY 1. For A ∈ �, q > 0 and f ∈ C^r_B with r ∈ N_0 we have

lim_{n→∞} n^{r/2} H^q_{n,r} ( f ; A; x) = 0 at everyx ∈ R_0.

This convergence is uniform on every interval [x_1, x_2], x_1 ≥ 0.

COROLLARY 2. If A ∈ �, q > 0, f ∈ C^r_B with r ∈ N_0 and f^{(r)} ∈ Li p α, 0 < α ≤ 1, then

sup_{x∈R} 0 ı 1 + x^{r+1} ȷ_{−1} H^q_{n,r} ( f ; A; x) = O(n^{−(r+α)/2}).

COROLLARY 3. Let A ∈ � and r ∈ N_0. Then there exists M_6 = M_6(r, A) = const. > 0 such that for every f ∈ C^r_B there holds inequality

sup_{x∈R} 0 ı 1 + x^{r+1} ȷ_{−1} fi

fiL_{n,r} ( f ; A; x) − f (x) fi fi ≤ M_6n^{−r/2}ω ı f^{(r)}; n^{−1/2} ȷ , n ∈ N.

3.4.

Finally, we can state that

1) Corollary 3 shows that the operators L_{n,r} ( f ), r ≥ 1, defined by (3) have better approximation properties than L_{n,0}( f ). The order of approximation of f ∈ C^r_B , r ≥ 1, by L_{n,r} ( f ) improves if r grows.

2) From Theorems 1-3 and Corollaries 1,2 results that the order of strong approximation of f ∈ C^r_B by L_{n,r} ( f ) also improves if r grows. Moreover we can observe that the order of strong approximation with the power q > 0 is not dependent on q.

3) The inequality (12) shows that introduce strong approximation of f by L_{n,r} ( f ) is more general than ordinary approximation.

4) The definition (6) of L_{n,0}( f ; A) contains the Szász-Mirakyan and Baskakov operators S_n( f ) and V_n( f ) ([1-4, 7]) given in Section 1.2 and associated with the matrices A_S and A_V on the elements

A_S : a_{nk} (x) = e^{−nx}

(nx)^k k! ,

A_V : a_{nk} (x) = ` n − 1 + k k ´ x^k(1 + x)^{−n−k} .

It is easily verified that A_S and A_V belong to the set �.

5) The definition (3) of L_{n,r} ( f ) with r ∈ N contains also generalized Szász- Mirakyan and Baskakov operators S_{n,r} ( f ) and V_{n,r} ( f ) in the space of r-th times differentiable functions investigated in [8].

References

[1] BASKAKOV V., An example of sequence of linear operators in the space of continuous functions, Dokl.

Akad. Nauk SSSR 113(1957), 249–251.

[2] BECKER M., Global approximation theorems for Szasz - Mirakjan and Baskakov operators in polynomial weight spaces, Indiana Univ. Math. J. 27 1 (1978), 127–142.

[3] DE VORE R.A. AND LORENTZ G.G., Constructive Approximation, Springer-Verlag, Berlin, 1993. [4] DITZIAN Z. AND TOTIK V., Moduli of Smoothness, Springer-Verlag, New York 1987. [5] KIROV G.H., A generalization of the Bernstein polynomials, Math. Balkanica 6 2 (1992), 147–153. [6] LEINDLER L., Strong approximation by Fourier Series, Akad. Kiado, Budapest 1985. [7] SZASZ O., Generalizations of S. Bernstein’s polynomials to the infinite interval, J. Res. Nat. Bur.

Standards Sect. B. 45 (1950), 239–245.

[8] REMPULSKA L. AND WALCZAK Z., On modified Szasz-Mirakyan operators in the space of differentiable functions, Grant: PB-71-31/03 BW, 2003.

AMS Subject Classification: 41A25.

Lucyna REMPULSKA, Zbigniew WALCZAK, Institute of Mathematics, Poznań University of Technology, Piotrowo 3A, 60-965 Poznań, POLAND e-mail: lrempuls@math.put.poznan.pl e-mail: zwalczak@math.put.poznan.pl[2ex] Lavoro pervenuto in redazione il 28.01.2004 e, in forma definitiva, il 03.03.2005.