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A. Sandovici

A SMOOTH GAUGE MODEL ON TANGENT BUNDLE

Abstract. The tangent manifold T M of a smooth, paracompact manifold M, fibered over M
by the natural projection z, carries an integrable distribution kerz, called vertical distrib-
ution. If one takes a supplementary distribution of it, called horizontal, an almost complex
structure Fg appears. One endowes the vertical distribution with a Riemmanian metric y .
Then y can be prolonged to a Riemannian metric Gg on T M such that the pair (Fg, Gg)
becomes an almost Hermitian structure.

In this paper some deformations of Fg and G g are proposed and new almost Hermitian
structures are determined. With respect to some gauge objects, some properties of these
structures are pointed out. For a smooth gauge geometrical model determined by one of
these almost Hermitian structures, the general form of the corresponding Einstein-Yang Mills
equations is obtained.

1. Introduction

In the last century, a lot of geometrical models for gravitational and electromagnetic
theories have been proposed. Especially, there are some Riemannian, Finslerian or,
more general, Lagrangian geometrical models which live on the tangent manifold TM
of a smooth, finite-dimensional and paracompact manifold M [1, 4, 10, 13, 14, 22].
The differential geometry of the Lagrange spaces is now considerable developed and
used in various fields to study the natural processes where the dependence of position,
velocity or momentum are involved. The geometry of Lagrange spaces gives few mod-
els for both the gravitational and electromagnetic fields in a very natural blending of
the geometrical structure of the space with the characteristic properties of the physical
fields [15, 18, 19, 22, 23].

In this paper a new gauge geometrical model on the total space of the tangent
bundle is proposed. This model appears in a natural way from the study of some almost
Hermitian structures on T M.

The paper is organized as follows. In section 2 some natural geometrical ob-
jects, as the vertical distribution, almost tangent structure, nonlinear connection, La-
grange metric, d-connection and almost Hermitian structure are presented. The next
section deals with some gauge objects on T M. The set of all gauge d-connections is
caracterized in Theorem 2. In Lagrangian approach, the EYM equations are some ten-
sorial equations which are obtained from a variational problem associated to a complete
Lagrangian. A first form of these equations is obtained in Section 4. In the next two
sections a class of locally conformal Kihler structures on tangent manifold is pointed
out. This class is found in a study of a deformed Sasaki metric. Also, the problem
of d-connections compatible with this class of almost Hermitian structures is solved.
Moreover, from these investigations two remarcable geometrical models on T M ap-
pear. One of them, called the homegeneous model has been intensively studied in [20].
The other is used in the last section in order to obtain a general form of EYM equations.
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2. Preliminaries

As the Lagrange geometry is a part of the geometry of the tangent bundle of a man-
ifold M, some natural geometrical objects, as the vertical distribution and the almost
tangent structure, that live in T M will be presented first. Also, an important tool in the
geometry of the tangent bundle is the nonlinear connection.

2.1. Nonlinear connection on tangent manifold

Let M be a real n—dimensional manifold of C>*—class. Denote by (T M, z, M)
the tangent bundle of the base manifold M and by (ToM, =, M), the tangent bundle
with the null cross-section removed. For every point p € M, there exist local charts
(U,(p = (Xi)) on p € M and (n_l V),¢= (Xi,yi)) onu e 7' (p) € TM such
that with respect to these, the canonical submersion 7 has the equation 7 : (xi , yi) €
7 'U) - (Xi) € U. The local charts on T M of the form (n_l W),¢= (Xi , yi))

are called induced local charts, (yi ) are coordinates of vectors yi %ﬂ p from TpM, and

&| p is the natural basis of TpM.

Denote by 7, the linear map induced by the canonical submersionz : TM —
M. Asforeveryu € TM, myy : TuTM — T M is an epimorphism, then the
kernel determines a n—dimensional distributionV : u € TM — V,TM =Kkerz,  C
TuT M. This distribution will be called the vertical distribution of the tangent bundle.
In fact this is the tangent space to the natural foliation induced by the submersion

7. Consequently, the vertical distribution is integrable. The natural basis of TyTM
induced by a local chart (z~! (U), ¢ = (x', y')) at u is denoted by {%ﬂu, £|—|u}. It

follows that {% |u} is a basis of V T M.

For every u € TM there exists the linear map Jy : Ty«TM — T,TM, Jy =
%,— lu ® dx'|y. Itis called the almost tangent structure of the tangent bundle or the ver-

tical endomorphism and it has two important properties J& = 0 and KerJ, = ImJ, =
VT M. Let F(TM) and X (T M) be the ring of C>*—functions over TM and the
F (T M) —module of vector field over T M, respectively. With respect to the usual
Poisson brackets, X (T M) is a real Lie algebra. Having this aspect in mind, the almost
tangent structure J may be taught as an I (T M) — linear map J : X(T M) — X(T M)
with the local expresion J = %,— ®dx'.

A nonlinear connection on T M is a n—dimensional distribution HTM : u €
TM — HyTM C TyTM that is supplementary to the vertical distribution, which
means that the direct sum

)] TWTM=H,TM®V,TM, VYueTM,

holds. As wyy : TyTM — T; (T M is an epimorphism for every U € T M, then the
restriction of it to HyT M determines an isomorphism between HyT M and T, M.
The inverse map of this isomorphism is denoted by lpy : T;(yM — HyTM and
it is called the horizontal lift induced by the given nonlinear connection HT M. If
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an induced local chart (7 ~!(U), ¢ = (x', y')) atu € TM is fixed, then because of
Tsu © I,y = Idn,Tm it follows that

0 0 i 0 0
— J _.
|h,u (axi |7r(u)) = 6Xi lu — Ni (U)Whj = 57|u

The functions N! are defined over 7 ! (U) and are called the local coefficients of the
nonlinear connection HT M.

For every U € TM and a local chart (ﬂ_l(U), ¢ = (Xi , yi)) at U there exists

now a basis {5_25(" lus %,— |u} of TyT M adapted to the decomposition (1). This basis will

be called the adapted basis of the given nonlinear connection. If a change of induced
local charts from

(rwa= () o (= ()

is performed

@ X = x1 !, x™, rank(g—i;) =n,

i o]
y — oxJ y ’

then the corresponding adapted basis and the local coefficients of the nonlinear con-

nection are related as follows

5 ax o

oxl T oxl gy’

o oxl oo ox'!
— = ———, rankl — | =n,
oy ox' oy’ ox!

_pax’j _ ax’.p N/ ay""
PoxP — oxi P axi

Atevery point U € TM, T;T M stands for the cotangent space at U to T M, that is the
dual space of TyT M over the field of real numbers R. Then

o' 1us o' = dy'lu + N} a1

3

is a basis of T T M, that is called the adapted cobasis of the nonlinear connection (in
fact it is the dual of the adapted basis).

An important geometrical object for a nonlinear connection HT M is the map
6 : X(TM) — X(T M), locally given by

5 .
0 = — 5 I.
ox! ®y
The linear map @ is globally defined and it has the properties 82 = 0, Kerf = Imf =
HT M. The maps hy = 6, o Jy and vy = Jy o Gy are the horizontal and the vertical
projectors that correspond to the Whitney sum (1).
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2.2. Generalized Lagrange metrics

A generalized Lagrange metric (or a GL-metric for short) is a metric g on the vertical
subbundle VT M of the tangent space T M This means that for every u € TM, gy :
VuTM x VyTM — R is bilinear, symmetric, of rank n and of constant signature. A
pair GL" = (M, g), with a GL-metric is called a generalized Lagrange space, or a
GL-space for short.

If (ﬂ_l(U), ¢ = (Xi , yi)) is an induced local chart at U = (X, y) € T M, then
the notation gjj(u) = gu (%Iu, %ﬂu) will be used from now on. Therefore a GL-

metric may be given by a set of functions gjj (X, y) such that the following three prop-
erties are verified

1. rank (gij) =n,0ij(X,y) =9gji(X,y);

2. The quadratic form g;j (X, y)& ¢l has constant signature on T M

3. If another local chart (n_l(V), v = (X’i , y’i)) atu € TM is given and
kX, ¥) =au (6—3,‘;|u, 5_3(;)"7'“) then gjj and @'y, are related by

ox’® ax/M
R /
“) gij = oxi ox 9 kh-

A tensor field of (r, s)-type on T M whose components transform under a change of
local coordinates on T M like the components of a tensor field of the same type on the
base manifold M is called a distinguished tensor field, or for short a d-tensor field. For
instance, from (4) it follows that a GL-metric is a d-tensor field of (0, 2)-type.

Two important particular cases of GL-metrics will be mentioned bellow, namely
Finsler and Lagrange metrics. A Finsler metric on TM is a function F : TM — R
with the folowing properties

1. F is a positive function of C*°-class on ToM and only continuous on the null
cross-section of the tangent bundle;

2. F is positively homogeneous of degree one on ToM with respect to the velocity
yi .
3. The matrix with the entries
) 1 8%F?
gij = 20yiayl’

has rank n on ToM and the quadratic form gjj (X, y)fifj has constant signature
on TO M.

A Finsler space is a pair F" = (M, F) with F a Finsler metric. The tensor field with
the components given by (5) is called the metric tensor of the Finsler space F". Denote
by g/ K the local components of the inverse matrix of gjj (that means gj;g’ K= 6ik).
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If the homogeneity condition 2° is not asked, then L := F? is called a Lagrange
metric and the pair (M, L) is called a Lagrange space. The geometry of these spaces
was intensively studied by R. Miron and M. Anastasiei in [17].

2.3. Almost Hermitian structureson T M

Let | be the identity tensor field of (1, 1)-type on T M. An almost complex structure
is a tensor field F of (1, 1)-type on TM such that F2 = —1. In the geometry of the
tangent bundle there exists a special almost complex structure, which in the adapted

. S5 Pl .
basis (W’ W)’ is given by

6) Fs(5) = a7 Fs(a) = -
Let G be a metrical structure and F be an almost complex structure on T M,

respectively. A pair (G, F) on T M is said to be an almost Hermitian structure if the
2-form Q(X,Y) := G(F X, Y) is closed and the following identity holds

@) G(FX,FY)=G(X,Y), VX,Y € x(TM).
For any almost complex structure F its Nijenhuis tensor field is given by
Ne(X,Y)=[FX,FY]=F[FX,Y]=F[X,FY]—=[X,Y], X,Y € x(TM).

An almost Hermitian structure is called locally conformal almost Kihler structure if
there exists a 1-form @ such that dQ = Q A 6 and it is called almost Kihler structure
if dQ = 0. A locally conformal almost Kihler structure F is called locally conformal
Kihler structure if its Nijenhuis tensor field Ng is zero.

2.4. d-connections

A distinguished linear connection on T M (a d-connection for short) is a linear connec-
tion D on T M which preserves by parallelism the horizontal distribution H and the

vertical distribution V, respectively. Working in the adapted basis (a‘_i"’ %,—), the local
W@ W
coefficients DI' = (F ji, F jx. C jx, C ji) of a d-connection on T M are as follows

(H) T
; 9 — F . 9 9 _Cc. 9
Do = Fige Piasg=C i
%) %)
2 a a 2
Doy = Fikaye Pgar = Ciay
(H)'
Every d-connection on T M is caracterized by its local coefficients DI' = (F j,

W H W)
ko C ik C jk)- With respect to (2), these local coefficients are some real functions
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on T M such that the following laws of transformations

M ax axd ox’ (H)P a2xT ax9 ox'
K™ axpoxiox’® 9 5x9ax" ox'1 ax’k’

W ax1 axd ax’ (V)P 2x T ox9 ox'
K™ axpoxiox’k 9 axdax’ ox'i ox'k’

M ax axd ox’ (H)P
k= oxPoxT oxk ~ar

W ax axd ox" WP
K™ axP ox'T ox'k A"
hold. Every vector field X € X(T M) can be decomposed as X = hX + v X such

that, in local adapted coordinates (5‘5, '3 ,) the identities hX = X' 2 5 VX = XI a‘;"
hold. Every d-connection D on T M determines an algorithm of h-covariant derivative
and an algorithm of v-covariant derivative in the algebra of d-tensor fields on M. Con-
versely, having two algorithms of h- and v- covariant derivatives, there exists a unique
d-connection on T M which generates exactly these derivative algorithms. The theory
of such covariant derivatives has been developed in [17]. For instance, if K |qu (x,y)is
a d-tensor field for which the first indices are of horizontality and the last indices are of
verticality, then its h-covariant derivative is given by

i 0Ky @ I
palk — X k + FthPq+ Fthpq_ F pkth_ I:quph’

and its v-covariant derivative is as folows

aK H) (WP W

Kpg lk= K by + C th — C wKpg— C

i
akKph

As usual, the torsion of a d-connection D on T M is determined by the formula

T(X,Y)=DxY —DyX —[X,Y], VX, Y € X(TM).

12
ox'? ay'

5 9 Y R
T ((sx—k cSX_J) = Tikg T Rikgyr
o 5 (O I\ U
oYX’ x| X oxi X ayi

0 0 .0
T(—=,—)=s —
(6y"’6y1) Koy~

Moreover, in the adapted basis (
as

) the torsion tensor field T can be expressed
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where i i
. (H) (H) ) ON! SNi
Th=Fik— Fu> Rjx=50 = 5
H)' (H)! (\FQ' oNi (W)

ik=Cik Pjk=75¢—Fu
W W
ik=Cijk— Cy-

Furthermore, the curvature of a d-connection D on TM is determined by the usual
formula

R(X,Y)Z =DxDyZ —DyDxZ — Dixy1Z, VYX,Y,Z € x(TM).

In the adapted basis (5—)5(,—, %,—) the curvature R has 16 local components but only 6 are
essential, namely

§ 6\ o G 5 5§ 6\ o v
R{(—., — )= =R,,—. R{—., =)= =Rp,—
(5xk’ 5xl) oxh hik sxi” (5xk’ 5xl) ayh hikayi”

o o\ s M g o\ o M 5
R(E. 2 )2 s .2 R(EZ. 2 ) 2 =%, 2.
(6y"’ 8y') oxh Nk oxi” (6yk’ 8yJ) oyh hikayi

The essential local components of the curvature tensor field of a d-connection D on
T M are given by
_ (H)! (H)l _ _ _
' OF g dF e OTE @& H) o (D
hik = 5k~ oxl + Fhj Fok— FrkFmj +RjkChm

_ W) W) _ _ _
V) OFh  0Fp WM™ ™MW %)

hik = 53k~ o + Frj Frok— Frk Fmj + R C e

[ (1) H) m i m i

(H) 0Fh  o0Cp  ®MH) ()™ (H)
hik = o — o+ FnjCmk— Chk F mj
oy ox ! L

™ W™ H)
+ P+ Fuij ) Chme

i W' W' m i m i
) oFp 6Ch OMW W™ m
Phik =

3y Sy + FhjCmk— CriF mj

A LAY
T P ikt Fii ) Chm
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i ' H)' m i PN
(H) 0Ch oC (H)" (H) (H)™ (H)

hik ==k — =%+ Chi C ok — C i C mj>

. (V)i (V)i . .
W' 8CH  aCp WM T

hik = 59k~ oy + ChjCmk— ChkC -

2.5. Metrical structureon TM

Let N be a fixed nonlinear connection on T M. A h-metrical structure on T M is a d-
tensor field hG = gij (x, y)dx' ® dxJ with gij (X, ¥) = gji (X, y), det (gij (X, y)) # 0
and such that the quadratic form gjj X' XJ has constant signature. Furthermore, a v-
metrical structure on T M is a d-tensor field vG = hjj(x, y)dy' ® dy' with hjj(x,y) =
hji (x, y), det (hij(x, y)) # 0 and such that the quadratic form h;jj X' X! has constant
signature. A (h,v)-metrical structure on T M is a tensor field G = hG + G such that
hG is a h-metrical structure and v G is a v-metrical structure on T M, respectively. Thus
G can be written as

G = gij(x, y)dx' @ dx! + hij(x, y)dy' @ oyl
A d-connection D on T M is calleed compatible with the metrical structure G if DxG =
0, VX € X(T M). The next result can be found in [17]. It is mentioned here because it
will be used in the next section.
THEOREM 1. The d-connection D on T M having the local coefficients DT'(N) =

H W W
F ik F ik Cjk Cy asfollows

(HF,C)II 1gip (5gpj ogpk 5gjk)

=25 oxk " oxd oxp
(v#c)i _ N Lpf(ohjp  ONg N
KT Gyr T2 ok Tyl T e e

i
('?jc)_k _ 1 ip%ip
k=2 oyk eyl ayr )’

is compatible with the metrical structure G and depends only on the nonlinear connec-
tion N and on the metrical structure G.

The d-connection which has been determined in Theorem 1 will be called the
canonical connection of the metrical structure G and will be denoted by CT'(N). The
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structures hG and v G generate two operators (called the Obata operators) which have
the following local coefficients

. 1/ . . 1/, .
o =2 (o] —arig™). 0l =3 (o] —hiyh™).

COROLLARY 1. The set of all d-connections compatible with metrical structure
G is given as follows

H' (Ho o W v o
Fik=F x+QiXp,  Fj= F jk+06Yn

N L A 2} o
Cik= C jkx+QjUp. Cik= C jx+6,Vpe
where X[, Yf.. U and V|, are arbitrary d-tensor fields.

3. Gauge objectson TM

The basic ideas for a geometrical point of view concerning the gauge theories on T M
can be found in the papers of Asanov [3, 4]. After that many authors used this approach
for the developement of some physical theories having T M as geometrical model (see
for instance [1, 12, 13, 19]). This section is devoted to a Lagrangian gauge theory on
the total space of the tangent bundle.

3.1. Gauge transformations

Let ¢ = (TM,n, M) be the tangent bundle of a finite-dimensional (dimM = n),
paracompact, smooth real manifold M. A gauge transformation on ¢ is a pair of dif-
feomorphisms (fi, f3), fy : TM — TM, f, : M — M such that the following
diagram

fy
™ ————> TM
T N T
M —— > M
f>
is commutative. Using the local coordinates, a gauge transformation can be given as
~ . i
®) X =X, .., x", rank(g—;(k—) =n,
~ . i
y =Y, oxn oyl Ly, rank(‘;—;fg)zn,

Since f; and f; are globaly defined, the next compatibility condition follows from (2)
and (8)

i

X (X"(x‘, x”)) = X (x¥ (xl, ...,x”)),
ax/k
oxi

ZLX/; (Xk(xl, s x”)) Yix,y) =Y (x*x),

yh,
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where X! s Y1 are the local coordinates of (fy, f2) in a local chart

(= ). ()

and X, Y/ are the local coordinates of the same gauge transformation but with respect

to the local chart o
(7177] (U/) , (X” , y/l)) ,
S R

such that U NU’ # ¢. Let X be and Y be . The notations X, Y stand for

the entrles of the inverse of the matrlces havmg the entrles X' and YI , respectively. Let
R

oxi? ayl

(x' Y ) Concerning (2), the local components of the natural basis are tranformed as

2. be the natural basis of T,TM, u € TM with respect to the local coordinates

/
axk

o _ d a2k i o
(9) ax — ox ox'k + ox'ox] y ay/k’

o _ o

oyl T oyt ay'l”

Clearly, (8) and (2) lead to the following law of transformation

k5
=X+
(10) fa i o fa o
oy =Y,/ (X,¥) =5,

which shows the link between the natural bases ( < o ) and ( <, < ).
ox'” oy 3; 0?

A d-tensor field on T M is completely determined by a set of real functions
W ' - defined on 7z ! (U) which with respect to (2) have the following law of trans-
formatlon

ox’h ox’c ox| oxP
oxi T axa U axk v axd T O

Wl (L y) =

Moreover, a d-tensor field given by its local components (W i ) is called a gauge
d-tensor field if with respect to (8), the folowing law of transfomatlon

~ohece | ,
W o g GGy =Xy X Y W g (6, Y),

holds. It follows from (9) and (10) that ( ,) are gauge d-vector fields. A scalar
function L : TM — R is called a gauge scalar if the following identities L' (x’, y') =
L(x,y), L()?, 7) = L(X, y) hold true. It is important to remark that

1. ay' is a gauge d-tensor field of (0,1)-type;



A smooth Gauge model 265

%L

2. In general 3yToyl

is a d-tensor field but is not a gauge d-tensor field,;

3. In general % is a d-vector field but is not a gauge d-vector field.

The above remarks lead to the necessity of some gauge covariant derivative operators.
Before they will be introduced, some important gauge transformations - which are used
in physics - are presented below.

X =X
(1 0% i
J =Yiey), rank(gp) =n.
(12) ; =X,
y =Yyl
(13) X =X, _
y =Yyl
~l i
(14) X=X,
y =¢0)-d) -y,

where ¢ is a real function on M. Also, the homotheties of ¢ are gauge transformations

Ni_ i
(15) o
y =4-yl, 4€(0,00).

REMARK 1. The set of all gauge transformations on T M together with the
usual law of composition form a group structure.

3.2. Gauge covariant derivatives

As have seen before, if the tangent bundle is endowed with a nonlinear connection, then
two operators can be defined, namely h- and v- covariant derivatives, which transform
every tensor field of (p,q)-type in a tensor field of (p,q+1)-type. More precisely, the
algebra of d-tensor fields is closed with respect to these two operators. The aim of
this subsection is to obtain some conditions concerning these operators such that their
actions preserve the gauge character of d-tensor fields.

Let N be a nonlinear connection in ¢ which is given by its local coefficients

(N} (x, y)). With respect to (2) these coefficients verify (3). Let L be a gauge scalar.
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It is easy to see that %,— este un d-covector field which have gauge character if and only
if

0 0
(16) — =X —,
oxi ~K
X
where 5 j
0 ~ o~ o~ 0
o= Ny
OX oxX oy

~j . o~ o~
Here N; is just NiJ calculated in the point (X, y). Moreover, it follows that the next
identity

oY (x,y)
oxXK

El

~ . _ .
(17) NGOG Y) - Xp 00 = Y] 06 y) - N (x, y) —

must be satisfied. A nonlinear connection generated by a set of functions (Nij (x, y))
which satisfy (3) and (17) is called a gauge nonlinear connection on T M.
H» W
. Let DI' = (F ko F ko C ko C j'?) be a d- connection on T M. Denoting
~ . ~ ~ i ~
(H) (H)' v H M

Fik=F jk(;a 37) and so on for F j, C i, C i, respectively, the following laws

of transformations will be imposed with respect to (8)

~

(H) i | _m (H)h m _| aXII
~ _
) cochoom v _p _a oY}
(19) ijthYJXk Flm_YJXszX_q>
~
(H) . P (H
(20) =X X, Yy C o
~ -
V) v I L L BCA 48

W W
A d-connection DT" = (F ., F ji., C j, C ) for which the laws (18)-(21) hold is
called a gauge d-connection on T M.

REMARK 2. 1. Using a direct computation, it is easy to see that the torsion
and curvature tensor fields associated to a gauge d-connection have gauge char-
acter, too;
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2. With respect to the gauge transformation (12), the Liouville vector field I' =

y' - %,— is a gauge d-vector field. Therefore, the corresponding deflection tensor

fields have a gauge character, too;

3. The notations de,'f,'Ji::gffﬁ and DkW".'.'}:::g:: stand for h- and v- covariant deriva-
tives of a gauge d-tensor field W; ~B-, respectively.

3.3. Gauge d-metrical connections

Assume that the nonlinear connection N = (N} (X, y)) lives on T M. All gauge ob-
jects in this subsection are with respect to the gauge transformation (12). A gauge
d-tensor field gjj (X, y) symmetric, nondegenerate (detgi; (X, y) # 0) and such that the
quadratic form gjj (X, y)¢'¢! has constant signature is called a gauge h-metrical struc-
ture on T M. A gauge d-tensor field hjj(x, y) having similar properties with those of
gij (X, y) is called a gauge v-metrical structure on T M. A pair (gij (X, ¥), hij (X, ¥)),
where @ij (X, Y) is a gauge h-metrical structure and hjj(X, y) is a gauge v-metrical
structure is called a gauge (h,v)-metrical structure on T M.
N U DU (%L

A gauge d-connection DI" = ( F ks F ko C ko C jk) is called (h,v)-metrical,

or simply metric if the following relations

dkGij =0, Dkgij =0, dkhjj =0, Dghjj=0,

hold true. Moreover, there exist some remarcable gauge d-connections on T M. Indeed,

(B) Ho'  oni (VO (H.0) (V,0)
the d-connection DI" = ( F ko ﬁ—yﬂ—,O, C jk)’ where F ik and C jk are given

by Theorem 1 is a gauge one. This gauge d-conection has some "regular" properties

(B) (B) Ho  Ho  vo Vo
dkgij =0, Dkhij=0, F jy= Fy, k= C -

The d-connection which appear in Theorem 1 is a gauge d-connection and depends
only on the nonlinear connection N and on the metrical structures g;j (X, ¥), hij (X, y).
Its h(hh)- and v(vv)— torsions are zero. Concerning the general form of the gauge
d-connections, a result will be proved below

W
THEOREM 2. The set of all gauge d-connections DI' = (F j, F i, C i,

W) o
C i) on T M are those from Corollary 1 such that the gauge d-tensor fields (X'J-k, Yj!k,

Uiy V], ) verify the following identities

| m

~Iip ~r R
(22) Q- Xpe=Xbh- X - X, -QfP- X!

rl pm>

~Ip AT

| m
VY h
(23) er'UkaXh'Xj'Yk'Qp'U,r;ma

rl
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~Ip AT | m

VR, h
(24) O Y =YY X -0 p.y{)m,

rl

~Ip AT |

m
i v h
(25) O Vi =Yh-Y, Yy -0 Vi

rj i

W W
Proof. It follows from Theorem 1 that (F ji, F i, C ji, C ) are the local coeffi-
cients of a metrical d-connection. It is remains to prove the gauge character of these

~ |

(H,0)
coefficients. Applying (18) for F ;. it follows that

(H.0) Coch oM et oMo
The identity (18) follows by adding (22) and (26). In the same manner the proof of
MW
gauge character for F j, C j, C j can be done. This final remark completes the
proof. O

4. Einstein - Yang Mills equations

In Lagrangian approach, the Einstein - Yang Mills equations (brifly EYM equations)
are some tensorial equations which are obtained from a variational problem associated
to a complete Lagrangian determined by torsion and curvature tensors fields of a gauge
d-connection D on T M.

As usual, the tangent bundle is endowed with a gauge nonlinear connection
N. Furthermore, assume that on T M live a gauge (h,v)-metric structure and a gauge
d-connection. The next partial Lagrangians are defined by

- - H) K
Li=Tij T, Ly=Rijk-RY, Li= Pijk- P ,
V) ik -
L4= PI]kP , L5=Sijk'slj,
i V) (Wi H K
Lu=Rj, Lo=Riju-R ., L3z=Piju-P ,
V) Wik H ik ij
Liy=Pijw-P . Lis=Siw-S , Lis=5j,

H) @i V) ik

Lor= Rijw-R , Lxn= Sijju- S

By definition, a complete Lagrangian is given as

L=>nc L. nkeR, ke{l,2,3,4,511,12,13,14,15,16,21,22}.
kel
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Since this Lagrangian L is a gauge scalar, a Lagrangian density L = L - G (G =

1 1
[det (gij (x, y))]? - [det (hij (X, ¥))]?) can be associated with it. This £ depends on a
set of gauge fields

() (VS B[S I\
(27) (NS gija hijn NJ) F jk) F jk’ jk’ jk

>From now on the gauge transformation (12) is implied. With respect to the gauge
fields (27), the solutions of the variational problem & f Ld"xd"y = 0 are as follows

oL 0 oL 0 oL oL
28) —_—=—— |+ — — ] - —==0.
0 ox! oD oy el oD
0 0
ox! oy
Moreover, the Lagrangian derivatives % have gauge character.
REMARK 3. 1. For an arbitrary gauge d-connection, the form of EYM equa-

tions has been obtained by Balan in [5];

(H)'
2. The particular case C ik = 0, N1 = Ny = N3 = njs = 0 has been studied in
(8];

3. In [4] Asanov has solved EYM equations for the Finslerian gauge approach of
the gravitational field having spherical symmetries;

4. The case of the generalized Lagrange metric gjj (X, y) = @20 (%Y Ly, j (X) has
been studied in [6] from a gauge point of view.

5. Some almost Hermitian structures on TM

A set of locally conformal Kéhler structures on tangent manifold TM of a smooth,
finite-dimensional manifold M is pointed out. This is found in a study of Sasaki metric
whose the terms are special deformations of a Riemannian metric on M. Introducing
an adequate almost complex structure, a large class of locally conformal almost Kéhler
structures on T M is obtained. When M is a space form, a subset of it determines a
locally conformal Kahler structure. Some classes of d-connections compatible with
these structures are obtained.

5.1. The geometrical framework

Let (M, y) be a finite-dimensional Riemannian manifold and let v be its Levi - Civita

connection. In a local chart (U, (x')) on M, 7ij stands for y (a_i"’ a_il') and yjik(x)

stands for the Christoffel symbols of the Levi - Civita connection. On T M the functions
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N} x,y):=vy jik(x)yk are the local coefficients of a nonlinear connection. This one will
be used throughout this section. The Sasaki metric on T M is as follows

(29) Gs = 7ij(x)dx' ® dxI + yij (x)dy' ® dyl.

Let L2 be Vi )Yyl let yi be Vi (x)yl and leta,b,c,d : Im(L2) € R, — R,
be some real, differentiable functions such thata > 0,b > 0,¢ > 0,d > 0. If yij(x)
is now replaced by the local components gjj (X, ¥) and hjj(X, y) of some generalized
Lagrange metrics, respectively, a new Sasaki type metric is obtained

(30) G(x,y) = gij(x, Y)dx' @ dxJ + hij(x, y)oy' @ oy’
When

31) gij (X, ¥) = a(L?)ij (x) +b(L>)yiyj,

and

(32) hij(x, y) = c(LH)yij(x) + d(L)yiyj,

the metrical structure (30) will be studied in this section.

REMARK 4. Itis easy to see that the reciprocal entries of gjj (X, y) and hjj (X, y)
are given by

. 1/ . b .
o0 y) = (y“‘ - a+bL2nyk),

and
. 1 . d .
hik = ik = _yiyk).
X, y) C(V c+dL2y y

Forb=d=0,a=1,c= f—i with a nonzero real number, the metrical structure
given by (30), (31) and(32) has been introduced by Miron in [16] as “the homogeneous
lift of a Riemannian metric”. For a = 1, b = 0, the above defined metrical structure
has been studied by Anastasiei in [2].

5.2. Locally conformal almost Kéhler structures on T M

The pair (G, Fs), where the metrical structure G is defined by (30), (31) and (32) is
not an almost Hermitian structure on T M. The first aim of this section is to find a
new almost complex structure F which paired with G to provide an almost Hermitian
structure. The clasical almost structure Fs is modified to a linear map F given in the
adapted basis (5—)5(,—, %,—) as follows

0

0
k -k
oy )= d +dyiy )(Sx_k’

0 0
(33) F<§>=(a5ik+ﬂyiyk>a—yk, F(
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where a, 5, y, 0 are differentiable functions on T M to be determined. The condition
for F to be an almost complex structure, that is F> = —1, is given by

(34) ay =—1, ad+fy +poL?=0.

The compatitibility condition (7) can be written as

35) a’c=a, Qaf+ LY (Cc+dL?) +ad =h,
yla=c, @yo+d6°L>)@+bL?) +by?=d.

The solution of the system (34) and (35) is given by

B = Ja(c+dL2)+/c(atbL?)
- L2./c(c+dL2)
a(c+dF2)+./c(a+bL?
) = \/g o os= Y Ve(atbl?)

L2 /a(a+bL2)

a
o = — <o

(36)

If b = d = 0, the solution given in (36) can be written as

— _ /a — 2 . /a
37) =t p=Et

— c _ 2 [
V—\/;’ 0=—77"ya

When b = d = 0, the system (34), (35) admits one more solution different from (37).
This new solution is given by

a C
38 =— /= = /= =0, 6=0.
(38) a o 7 3’ B =0,
2 2

Making the substitutions a — %, b — b L‘f‘z, c — 5—22, d — dzL_cz then it is
easy to see that (36) and (37) are unified to
o = - a s ﬂ = ad+gc’
(39) [+ ¢ daC +bc
V=an 0=~ abL? *
The solution (38) takes the form
a C
40 =" =0, = 7> 6=0.
(40) o c B v =3
In this new setting, the metrical structure G can be written as
2 2 2
a b-—a ; ;
Gabcd(X,y) = (pm(X) t— Y yj)dX' ® dx!

c2 dZz —¢2 - -
+ (pyij (x) + — Vi yj)éy' ® dyl,

such thatb >a > 0,d >c¢ > 0.
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Let Fab,c,d be the almost complex structure defined by (33) and (39), and let
Fa,c be given by (33) and (40), respectively. Then the pairs (Gab,c,d> Fa,b,c,d) and
(Ga,ac.c, Fa,c) are almost Hermitian structures on the tangent bundle, respectively. In
fact, the new almost complex structures are as follows

ay ad+bc |\ 0 i
Fabcd = (_Eéi + doL2 Yiy 6_yk®dXI
Cyg ad+bc \ ¢ i
and
“2) Fac= 22 gdx*+ 2 @ sk
NPV aoxk @Y

REMARK 5. Some particular cases are given below. All of these have important
applications in some physical theories.

l.Fora=L,b=1L,ct= HI:ZLZ, d? = L2, the Cheeger - Gromoll metrical is
obtained
. . 1 . .
Goa(x, ) = 7ij ()dx' @ dx! + 1 i+ yj)oy' ® oyl

2. Ifa=L,b=1L,c* =¢'L% d> = L% +2¢"L?,where p : R, — R,
is a real differentiable function with ¢’(t) # 0,t € Im(L?), one obtains the
Antonelli - Hrimiuc metrical structure:

Gan (X, y) = 7ij0)dx| @ dx) + (9'7i; (%) + 20" yiy})dy' @ dy!.

3. Fora = L, b = L one obtains the Anastasiei metrical structure

_ 2 42— 2 , _
Galx,y) =yij(x)dx' @ dx! + (2700 + — 7V yj)oy' ®@ oy’

4. Ifa=L,b=L,c=d =Kk, k € R one obtains the Miron metrical structure
(o) i K2 i )
G(x,y) = 7ij()dx' @dx) + 371 009y ®dy’.

THEOREM 3. The almost Hermitian structures (Ga,c,d, Fa,b,c,d) are locally
conformal almost Kahlerian structures.

Proof. The relation (33) can be rewritten as

ANV o\ k0
@ F(W)_A‘ﬁy"’ F(ﬁyi)_B‘ oxk’
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where
k_ ag  ad+bc Kk Cg ad+bc
(44) A= 5| + doL? Yiyt, B _gél ~ a2z MY
By a direct calculation one gets
12 J ) _ 0 0\ — .
(45) Q(a_XT:(S_X]F —07 Q a_Xr’ﬁJ— __Qlja
(i S =i, oL, 2)=0
oy e oxT ) = S aycayi) =Y
where
2 2 2 2
ya b-—a b
(46) Qjj = e }’|J+( L—+5 )Y|y] Qji.
The essential components of dQ can be written as
47) dQ(aXM&X]a_F)ZQikH _ij|i’
and
6 o 09 0Qij
(48) dQ(JX”—U— _(;,F) a_yljk_a_ykla

where by ”|” the h- covariant derivative with respect to Berwald connection BI'(N) =
(N} =y j'k(x)yk, y j'k(x), 0) is denoted. The following formulas can be verified by a
direct computation

i 50 (L?)
S ] _ A —
(4’9) }’k||1 - O, y‘k - 05 y]|k - 03 5Xk — Y%
and
50 o _ . oooL2 00 o/(L2

for any real differentiable function © : Im(L2) - R+ — R.. Using (49) and (50) it

immediately results Qjjj = 0, so that dQ (S 3T (Sx 7 W) = 0. Consequently, dQ is
completely determined by
(G

s o o ya?) b2 a2 b2
Q(W’a_yi’a_yk) - [2(F) _(VTMﬁ - (iYi = 7ii¥i)

Defining 1-form 6y = d L2 = 2Yi 5yi and evaluand Q A 6y on the basis (ﬁ,—, %) one
finds the essential component

o 0 ya?

(52) (QAGO)( X oyl yk) ZZF(ViKYJ = 7ijYk)-
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Comparing (51) with (52) one obtains

dQ=QAn0,
where -
2(ac)'L- — (ac —bd
g — 2@0) ( 4L
acL
The last two identities complete the proof. O

The next result follows from the proof of Theorem 3.

COROLLARY 2. The almost Hermitian structures (Ga,p.c.d, Fa,b.c,d) are al-
most Kahler structures if and only if the identity

(53) 2(ac)’L? = ac — bd,
holds.

REMARK 6. 1. The almost Hermitian structure (Ga,a,a,a, Fa,a,a,a) is an al-
most Kihler structure if and only if a(t) = k (k = const), where t = L2.

2. The relation (53) can be written in the following form

Vi ( d(t)b(t) )
(54) c(t) a® ao / A
with the following restrictions
(55) ap > 0, /d(ztt)\b/g)dt <ag, d>=c>0,

and with the same meaning for t, thatist = L2

Using similar arguments as in the proof of Theorem 3, the next two results can
be proved.

THEOREM 4. The almost Hermitian structures (Ga,a.c,c, Fa,c) are locally con-
formal almost Kahlerian structures. More precisely, the following identity

dQ=Q A0,
holds with o
L —
g, @OL —ac,
acL

COROLLARY 3. The almost Hermitian structure (Ga,a,c,c, Fa,c) is an almost
Kéhler structure, if and only if the next identity

C()-L2

2y _
o) = i3y

co>0

holds.
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5.3. Locally conformal Ké&hler structures on TM

Let r:ojk(x) be the local components of the curvature tensor field of the Riemannian

9
ox!?

space (M, y). The Lie brackets corresponding to the adapted basis (
follows

%,—) are as

o 0 )_qi .0 o 07_gi . 0 o 27_,
oxI”oxk | T Uik gyt [ oxi ayk | T TIk ayit |yl ayk | T
where,
Rik=Tpik Y™ B =7k
Evaluating Ng on the adapted basis the next result is obtained.

LEMMA 1. The almost Hermitian structures (Ga b,c,d, Fa,b.c.d) are locally con-
formal Kéahler structures if and only if

(56) Rik= - (¥ - o — Yk 9)),
where
f =2aa’ —af +2d' L.
Obviously, the relation (56) can be rewritten as
(57) ric YS = (yj -0 — Y- o).

The equation (57) looks like the condition that (M, y) is of constant curvature. Now it
is easy to see that

1. In the case of the almost Hermitian structures (Ga,a,a,a, Fa,a,a,a) the condition

f =k (k = const.) gives L = \/z, that means the associated Finsler function
of the Riemannian space (M, y) is a constant;

2. For the almost Hermitian structures (Ga,a,a.a, Fa,a), the condition f =k (k =
const.) is verified if and only if the Riemannian space (M, y) is an Euclidean
space;

3. Inthe case of the almost Hermitian structures (Ga a.c,c, Fa,c), the folowing result
holds.

THEOREM 5. If the Riemannian manifild (M, y) is of constant curvature k €
R, then for c(t) = ——L—— with X a real constant such that K_dt < xo, the
O =25 ey 0 J 0

at(t)
almost Hermitian structures (Ga,a,c.c, Fa,c) are locally conformal Kahler structures
onTM.
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6. d-connections compatible with some almost Hermitian structures

Every linear connection on T M can be expressed by means of some local coefficients
as follows

5. 9 H s O 5 5. 0 @ 5 o 5
oo T kg TRk Pk g T T Tkt T kg

s s o 5 o @ s o 3
D T Cikga T Sy Piayi T Cikga S iy

The next formulas follow from the theory of linear connections on tangent manifold

S R S s
DiRdX :—ijdx — ijéy N Dﬁp&)/ :_ijdx - ijéy 5

V- U S R o
Dﬁdx = —C jdx! — Cyjay’, Dﬁ@’ = —Cjdx! = C jdy’.

The Levi - Civita connection is an important tool in every physical theory on T M. In
fact, the Levi - Civita connection of Ga p,c,d is a linear connection D on T M such that
the next two identities

(58) XGa,b,c,d(Ys Z) - Ga,b,c,d(DXY, Z) - Ga,b,c,d(Y, DXY) =0,
%59) DxY —DyX —[X,Y]=0
hold true in y (T M).

THEOREM 6. The local coefficients of the Levi -Civita connection of the metri-
cal structure G p,c,g are as follows

(1 _1gim,(5g,—m+6gmk_5g,-k)’

k=9 oxk U oxi T oxm
i
(|1:). Zl. Ri._hip.%
k= \ T oyl )’
NG
k= C>
Y T - Ohg -
ij=§'(3’j'k+hls' 5Xskj —hjm'Van'hs'),

H)! 1 . 09k
o . Lgdi L RM _ qai  Z¥IK
C]k_ ) (hmk g RJq g ayq)a
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m .(h‘S- Shek

Cik=3 ox] _ka—hkm'VsT'hs'>’

Q1 (g, iq . m iq 9Nk
jk=§'(gq'3’kh'hmj+9q'qu~hkm—gq'(5X—q),
(é)l. _ L pim (Ohim | ohmk  ohik
k=3 oyk oyl oym )

Proof. The above formulas follow by expressing in local coordinates the relations (58)
and (59) and solving the tensorial system which appears. [

In what follows all d-connections compatible with the metrical structure G g p,c,d
are determined. More precisely, using some clasical methods of Lagrange geometry the
following three results hold.

THEOREM 7. Let a, b, ¢c and d arbitrarily chosen. Then there exist d-connec-
tions compatible with the metrical structure Gapc,d. One of them has the folowing
coefficients

Ho' (ol
k= F k=7
(H,0) . . . .
Cik=A0 YktA G Yj+AY pik+Asy ¥ Yk

v,0) . . :
C k=B - Aj+Bi-y yjk+B2y -y ¥
where s
Aje =3} Y+ -y =Y - 7iks A=2a:fz_a’
A = b2 — a2 Ay — b2 — a2 . a* — b* + 4ab(ab’ — ba’)L?
2a2L2”’ h2L2 ’ 2a%ph2L4 ’
B 2¢'L? —¢ . 2¢’ (d* —¢?) B, = 2 (c*c’ + cdd’ — 2d%c’)
cLz2 cd2 7’ cd? '

COROLLARY 4. The set of all d-connections compatible with the metrical struc-
ture Ga,b,c,d IS given by the following coefficients

M (Ho g om W v 6 om
(60) Fik= F x+Qm - Xae Fjx=F jk+07n Ye
@ owHe W vet
(61) Cik= C k+Qm Vg, Cjc= C jx+ 07, Vg

where X0, Y, UZ, VI are arbitrary d-tensor fields and Q¢ _, @%  are the Obata
operators corresponding to the GL-metrics gjj (x, y) and hjj (x, y), respectively.
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COROLLARY 5. The set of all d-connections compatible with the metrical struc-
ture Ga a,c,c is given by the following coefficients

(H) e em W i Lo L ym

(62) Fik=7jk+Qm Xao  Fjk=7jc+Qm- Yao
(H)i i i m (V)i i ei m
(63) CJk:A5JYk+QJmUek, Cjk:BAjk+Q]mVek’

where Xg . Ya » Ugg » Ve are arbitrary d-tensor field and Q‘J?‘m is the Obata operator
of the Riemannian structure y .

The aim of the next investigations is to find some conditions such that the almost
Hermitian structure (G a b,c,d» Fa,b,c,d) admits compatible d-connections. The first step
consists in the study of the linear connections compatible with the almost complex
structure Fa b cd. Let D be an arbitrary linear connection on T M. In the adapted
basis, the compatibility condition DFa b c.d = O can be written as

o W oA, W @)
) A]F =Ry Fi=0. g+ A7 Cyo— Ag- C =0,
o @ L b, @ o)
(65) AJFpk_Bqij:O’ AJCpk—BqCszo

Investigating now d-connections compatible with Fa p ¢ d then only (64) must be stud-
ied. Since the final aim is to obtain d-connections compatible with almost Hermitian

oW e W
structure (Gab,c,d> Fa,b,c,d), the local coefficients (F j, Fji, Cji,C jc ) from
Corollary 4 are used. Therefore, the first identity of (64) can be written as

(66) Ay Q- XG — AP 08, YR =B8-yP yq- Efy
where
(67) Ejok =91 - 7pk = 9p - Vjko B = —gor7

The lefthand side of the relation (66) has a d-tensorial character. Since E?lpk is not
a d-tensor field it follows that the relation (66) is not true. Therefore do not exist d-
connections compatible with the almost Hermitian structure (Ga b,c,d, Fa,b,c,d). For-
tunately, for the almost Hermitian structure (Ga a.c,c, Fa.c) there exist compatible d-
connections. Repeating the above considerations and after some computations in local
coordinates, one obtains the following result

THEOREM 8. The set of all d-connections compatible with the almost Her-
mitian structure (Ga,a,c,c, Fa.c) is given by the following local coefficients
(H)i i ei m (V)i i el m
Fik=7ikTQm Xek:  Fijk=7jk T Qfm - Xek:
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(H)i i e m (V)i i e m
CJKZA'éj'yk‘i‘Qjm'Uek, Cjszéjyk‘i‘QJmUek,
where X, UL are arbitrary d-tensor fields and Q?‘m are the local components of the

Obata operator of the Riemannian structure y .

In the case X = UZ = 0 one obtains a d-conection compatible with the
almost Hermitian structure (Ga,a,c,c. Fa,c), which depends only on the Riemannian
structure y and on the functions @ and c. The local coefficients of this d-connection are
as follows

H W ) i % :

This one will be called the canonical d-connection of the space (ToM, Ga a,cc, Fac)-

Ifa = L, ¢ =k, k € R\{0}, one obtains the so called homogeneous almost

© (© (0
Hermitian structure (G , F). Here, the metrical structure G is the Miron metrical

©
structure and the almost complex structure F is defined by

© L o ik
F=—— —®dX'+E

: Sy’
3y ® dy

oxi

0 ()
Furthermore, the canonical d-conection of the space (ToM, G , F) is given by

N\ L (0l W) 1
ij: ij:yjk’ Cjk=0, C]kz_péjyk
© © . . L o
The space(ToM, G, F) has been intensively studied in [20]. Its generalization,
(@)™"
namely the space M = (ToM, Ga,a,c,c, Pa.c) Will be the subject of the next section.

(a)™"

7. EYM equationson M

>From now on the metrical structure of the model is given by
(68) Gas(x. ) = A-7ij(0dx' @ dx) +B i (x)3y' @ dy’,

where A, B : R, — R, are real differentiable functions in the variable t = L2. With
this notations assumed, the canonical connection of the model is expressed by

w W
(69) Fike= Fie= 7,
(E). =A .5 . (E/;). =B .4 .
ik — j Yk ik = i Yk.

such that A’(t) # 0, B/(t) # 0, Vt € R,. Some calculations in local coordinates lead
to the next result.
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LEMMA 2. The local components of the torsion of the canonical connection of

(ac)2n )
the space M are given by

i i
Tik=0, Rjx=roje

(H) o V) i e i

. . (ac)zn
The local components of the curvature of the canonical connection of the space M
are given by

(H)i i m i (V)i i o.m i
Rhik = Mhjk T Tojk 7hms  Rohjk = hjk B - Tojk - h - Ym

(H)' W) H)' W)

Having a complete imagine of the geometrical objects of this space it is now
possible to determine the EYM equations of the model. These equations will be con-
sidered with respect to @1 = ya and @, = 4 as generalized gauge fields. Supposing
that all the geometrical objects have gauge character it is easy to see that the EYM
equations for the complete Lagrangian L can be written in the following form

oL s aL oNj oL o oL

o0 X a(%) oy’ 6(;’%) oy’ a(g_;?.)|§_)‘(’j_=const
L6 ekt 166G, oL =0
G o 5(5—3) G oy a(g_;)i_)@_(’i,:const_ .

Let I' be det(yij). The identities

G =+vA".B".T2=(AB)"?.T,
1 oG 1 oI
G ox' T oxi’
1 4G 1 /
— .= = 2.yi.——_.T.|(aBYV2
_ 3-AB)!-2.y - (ABY
- (AB)n/2
n-yi-(AB)

AB ’
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show that for the model which is now studied, the EYM equations have now an equiv-
alent form

oL s [ oL T 0 oL
op  ox! 50 im B oyl DY | 9D _
0 (g,—) 0 (W) Y \o (W) | &% = const
0 1 er AL n-yi-(ABY oL o
r ox 5P AB o0\ | 60 _ -
) (W) ) (W) | 92 — const

The geometrical expressions of EYM equations can be now obtained from the general
form (70).

8. Conclusions

In this paper a new smooth gauge geometrical model is proposed. This one is defined
at the end of Section 6 and it is studied in the last section of the paper. Its construc-
tion is based on a new class of Hermitian structure on the tangent bundle of a smooth,
finite-dimensional differentiable manifold. This Hermitian structure can be viewed as a
“deformation” of the clasical Hermitian structure of the tangent bundle of a Riemannian
manifold. Moreover, this model is a generalization of the so called “homogeneous geo-
metrical model of a Riemannian space”, which was studied in [20]. The equation of
fields, namely (70), is written in the adapted basis. This fact is very useful in applica-
tions, cf. [17, 14, 12, 19, 13]. Mention that the study in detail of the field equation (70)
will be done elsewhere.
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