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O. Kowalski* and M. Sekizawa'

ON CURVATURES OF LINEAR FRAME BUNDLESWITH
NATURALLY LIFTED METRICS

Abstract. We study some simple natural metrics on the linear frame bundle LM over a
Riemannian manifold (M, g) which generalize the so-called diagonal metric introduced by
K. P. Mok in 1978. We derive the basic formulas for the Levi-Civita connection and the
curvature tensor. Next, we limit ourselves to the base manifold (M, g) with constant sectional
curvature and calculate all types of curvatures on LM in this case. Finally, we add a new
result to those published in 1986 by L. A. Cordero and M. de Ledn for the diagonal metric,
but now in a more general situation.

1. Introduction

Let (M, g) be a Riemannian manifold, and T M its tangent bundle. Then the Sasaki
metric g% of T M is known as an “extremely rigid” Riemannian metric on T M. In fact,
E. Musso and F. Tricerri [7] have proved that the scalar curvature Sc(g®) is constant if
and only if (M, g) is flat, and hence Sc(g®) = 0. Now, let

LM = {(x,u) | x € M, u is alinear frame at X}

be the linear frame bundle over M. K. P. Mok [6] has defined so-called the diagonal lift
g% of g to LM, which is a Riemannian metric resembles the Sasaki metric g5 of T M.
It seems that phenomenon similar to geometry of (T M, g%) happens about geometry of
(LM, g%). L. A. Cordero and M. de Le6n [2] have shown this metric g9 is also “rigid”
in some sense. Namely, they have proved

THEOREM 1. The Riemannian manifold (LM, g9) is never locally symmetric
unless (M, g) is locally Euclidean.

THEOREM 2. If (LM, g9) is an Einstein manifold, then (M, g) is flat.

THEOREM 3. The Riemannian manifolds (LM, g9) and (M, g) have the same
constant scalar curvature if and only if both are flat.

It should be interesting to find “non-rigid” metrics on TM and also on L M.
An example of such metrics on T M has been given by V. Oproiu [9]. He has proved
that if (M, g), dim M > 2, is a space of negative constant sectional curvature, then
T M equipped with any Oproiu metric is a Kaehler Einstein manifold with positive
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constant scalar curvature. The metrics studied by V. Oproiu belong to the list of full
classification of “naturally lifted” metrics given by the present authors [5].

The present authors have also given in [4] full classification of naturally lifted
(possibly degenerate) pseudo-Riemannian metrics on L M which come from a second
order natural transformation of a Riemannian metric g on M. We study in this paper
specific Riemannian metrics from our list, which are a bit more general ones than the
diagonal lift g9. The horizontal and vertical distributions are no more orthogonal in
general with respect to the metrics treated in this paper.

Usually, calculations for getting geometric objects of L M are not short. They
are complicated sometimes. We shall give some simpler procedure in order to calculate
them. It is hard in general to obtain explicit expressions of the inverse matrix of the
lifted metric. Yet, it is not our case. So, contractions of tensors are easily calculated.
We shall prove that metrics which we pick in this paper are still rigid when the base
manifold is of constant curvature.

2. Preliminaries

We shall summarize briefly the basic definitions and results which will be used later.
Let M be an n-dimensional smooth manifold. Then the linear frame bundle

LM over M consists of all pairs (X, U), where X is a point of M and U is a basis for

the tangent space My of M at Xx. We denote by p the natural projection of LM to M

defined by p(x,u) = x. If (U; x',x2,...,x") is a system of local coordinates in M,
then a basis U = (U, Uy, ..., Up) for My can be expressed uniquely in the form
n ) a
1 u; = u'(—.) A=1,2,...,n),
( ) A Z ! axi /x ( )
and hence
(p7'U; x X%, x™ulud, ol

is a system of local coordinates in L M.

Let V be a linear connection on M. Then the tangent space (L M) u) of LM
at (X, u) € LM splits into the horizontal and vertical subspace with respect to V:

(LM)(x,u) = H(x,u) @ V(x,u)-

If a point (X,U) € LM and a vector X € My are given, then there exists a
unique vector X" € H(x,u) such that p.(XM) = X. We call Xh the horizontal lift of
X to LM at (x,u). In terms of local coordinates, if X = > & (8/0x')x, then X" is
expressed as

/B ; 0
xh — |(_) _ i yagh _) ,
2 G 22T )

where Fijk’s are local components of V (cf., [1]).
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We define naturally n different vertical lifts of X € My. If w is a 1-form on M,
then 1,0 (1 = 1,2,...,n) are functions on L M defined by (1,®)(X, U) = w(u,) for
all (x,u) = (X,U,Us,...,Un) € LM. The vertical lifts X>* (1 = 1,2,...,n) of
X € My to LM at (x, u) are the n vectors such that X”’}'(z#w) = w(X)éi; A,p =

1,2,...,n) hold for all 1-forms w on M, where (5,’3 denotes the Kronecker’s delta. The
n vertical lifts are always uniquely determined, and they are linearly independent if
X # 0. They are expressed in a local coordinate system as

i/ 0
Xl),i — 1 (_) ,
Zé oul, / (x.u)
where A =1,2,...,n(cf, [2]).

The vertical lift of a smooth function f on M is a function f? on LM defined
by f? = f o p. We have
2) XNy = Xf

for all vectors X € My and functions f on M.

~ Let X be a vector field on M. Then its horizontal lift XM and n vertical lifts
X?* are vector fields on LM which assi§n to each point (x,U) € LM the horizontal

lift X?x,u) of Xy and n vertical lifts Xl())’(,u) of Xy, respectively. The Lie-bracket are

expressed at (X, U) € LM in the form

n

XM Y Mo = 16 Y I = D (Ru(X, Y)ug)™?,

a=1
3) XM, YO o = (VxY )",
[X"4, Y P ey = 0

for all vector fields X and Y on M, where 4, u = 1,2,...,n and R is the curvature
tensor field of V defined by

R(X,Y)Z =VxVyZ — VWVxZ — Vix.y1Z

for all vector fields X, Y and Z on M (cf,, [2]).

We shall use later the following formulas for differentiation of the coordinate
functions U, with respect to the lifts X" and X% of a vector field X = 3¢ a/ox' e
X(M):

) XMl == Thuae®,
a,b

©) X (ul,) =&,

wherei, A, u =1,2,...,n.
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3. Naturally lifted metrics of constant type

The present authors have given in [4, Theorem 3.2] the list of (possibly degener-
ate) pseudo-Riemannian metrics G on LM which come from a second order natural
transformation of g on M. Let {a)l, w?, ..., "} be the dual frame to a linear frame
{ur, Uz, ..., un} on M. The list of metrics is expressed in the following form:

n
Gy (X", YN = D" pupa (X)af (Y),
a,f=1

n
GuuX™, Y7 = D ghof (X)af(Y),
a,f=1

n
G ooy (XU, YO = > gt (X)wf (¥)
a,f=1

for all X,Y € My, where gqz, (paz and go;;;f (a, B, A, 0 = 1,2,...,n) are arbitrary

smooth functions of n(n + 1)/2 variables w,, = g(U,,U,) (1 < p <o <n).
We take a considerably simpler case:

A
Pap = Wap, (/Jag = C#waﬂ and (0(15 = CK'M Wep,

where ¢# and c*# = c#* are constants. We denote such a metric by . That is, § is
given by

Gy (XM, YM) = gy (X, V),
(6) Gy (XN, Y1) = chgy (X, Y),
Goouy (X4, Y1) = ¢t gy (X, Y)

forall X,Y € My, where 4, u =1,2,...,n.

REMARK 1. If ¢4 = 0 and ¢** = §** in (6), where 0*# is the Kronecker’s
delta, then the metric § is the diagonal lift g9 of g defined by K. P. Mok.

Let{Ej |i =1, 2,...,n} be an orthonormal basis of a tangent space My at X to
the base manifold (M, g). Then

@) (E" ELE2, L EYM]i=1,2,...,,n)

is a basis of (LM),u) (ordered in a specific way). The components of J(x,uy with
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respect to this basis are given by
6ij =9(E" E;" =4,
6if = G(E" Ej"") = ¢di),
6'f = G(E"" Ej™) = cayj,

where i, j, A, 4 = 1,2,...,n. This implies that the matrix of §x u) with respect to the
basis (7) (which is of degree n2 + n) consists of n identical blocks of the form

1 ¢! ¢ ch
ol ool ¢l2 cln
C=|c2 2 c2n
Cn Cnl an Cnn

along the principal diagonal. Hence § is positive definite if and only if all principal
minor determinants of C are positive. In particular, the matrix [c*#] is positive definite.

From now on we assume that § is positive definite. The components of the
inverse matrix §~! of § are

T
Gl — — gl
g - ké 1)
®) gl = —%6” > Cuoc,
o
6; 1 =01 (cr + (301 (D cuoc?)),
p o
wherei, j, A, u=1,2,...,n,
detC P
= JeqoiA = chc cH

and [, ] is the inverse matrix of [ci/‘].

PROPOSITION 1. Let V be the Levi-Civita connection of (LM, ). If X,Y €
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X(M), then we have

TV = x5+ i D {Rea, X)) + (R (U, Y)X)")
_ % Z C“CpoC”{(Rx(Ua, X)Y)n,ﬂ + (Rx(Ua,Y)X)”’/’}

a,p,0

1
= 5 2 (Rx(X. )ug)™,

B} 1
(VoY "oy = 3¢ D Rl Y)X)"
a
1
+ (VXY = 5 D ¢C)rc” (Rx(Ug, Y)X)7,
a,p,o
B} 1
(qu,iYh)(xju) - ﬂ cha(RX(ua: X)Y)h
a

1 )
e 0" (RulUas OV,

o,p,0

(6XD,ZYD’#)(X,u) = O,

where 4, 4 = 1,2,...,n.

Proof. We use the standard Koszul formula for the covariant differentiation applied
now to the connection V and to the vector fields on L M. ]

Finally we get the formulas for the Riemannian curvature in full general form.

PROPOSITION 2. Let R be the Riemannian curvature tensor field of (LM, §).
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If X,Y, Z € My, then we have
Ry (X1, YMzh
= (Rx(X,Y)Z)"
1
+ 3 2 S xR N2 = (YR)x, 020"
+ (VxR)x(Uas 2)Y)N — (V¥ R)x(Ug, Z)X)M
1
+ 2 gc“cﬁ{(wﬂ, X) R (U, Y)Z)" = (Ry(Up, Y)Rx (Ug, X)Z)"
+ (Rx(Ug, X) R (U, Z)Y)M — (Ru(Up, Y) R (Uq, Z)X)M)

1
+ %jc“ﬂ{(Rx(uﬁ, Rx(X, Z)Ue)Y)" — (Rx(Ug, Rx(Y, Z)us) X)"

+2(Rx(Ug, Rx(X, Y)Ua) 2)"}
o S0t (xR, V)Z) — (WY R, X)2)"7
(TR DV — (TRt X))
cr X S ((Ralg, XORe(Ua, Y)2)
a,/},p,g — (Rx(Up, V)Rx(Ug, X))
T (Rx(Ug, X)Re(Ug, 2)Y)""

— (Ru(Ug. Y)Rx(Ug, Z)X)""}
1
= 2 2 CHRx(X, Rx(Ua, Y)Z)up)" — (Rx(Y, Rx(U, X)Z)up)"”
ap
+ (Rx(X, Rx (U, 2)Y)up)*# — (Rx(Y, Rx(Uq, Z)X)up)*#}
S D e (Ralp, Ru(X, 2V
o,p,p,0
— (Rx(ug, Rx(Y, Z)ug)X)"”

+ 2(Rx(ug, Rx(X, Y)ue)Z)""}

1
— 5 2 VxR, 2)ua)"* = (W Rx(X, Z)u0)" ),
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ﬁ(x,u)(xh’ Yh)zl),ﬂ
1
= 3¢ 2 S HUTXR)x(Uas 2)Y)" = (VY R)x(Ua 2)X)")

+ oo %c“cﬁ{(Rxwﬁ, X)Ry (Uss Z)Y)" — (Re(Uig Y )Ry (U ) X))
+ (Rx(X, Y)Z)"*

1
— 5 2 ¢ U(Vx RaxUas Y)Y = (T R)x(Ua: 2)X)"7)

a,p,0

1

— gz 2 e {(Rxlug, X)Ru(Ua, Z)Y)"

o,f,p,0
— (Rx(ug, Y)Rx(Uq, Z)X)""}

1
— 21 2 U {(Rx(X, Rl )Y )up)" = (Re(Y, R(Ua, 2)X)up)" ),
a,p

Rocu (X", Y74 Z"

1
= 2 2 (VxR V)2

RO+ (Re(Z, 1))
+ ﬁ Zﬂc*“cﬁ{(Rxwﬁ, X)Rx(Uq, Y)Z)" = (Rx(Uq, Y)Rx(Ug, X)Z)M
— (Rx(Ug, Y)Rx(ug, Z)X)M)

1
— 5 2o © e 0T (VxR)x(Ua, Y)2)"

a,p,o

1
+m Z CiacﬂCpaC”{(Rx(Ua,Y)Rx(uﬁ’X)Z)n,p
a,ﬁ,/),o’
+ (Rx(Ua, Y)Rx(Ug, 2)X)"

~ (Re(Ups X)Rx(Ug, Y)2)")
1
— 2 22 ¢ (Rx(X, Ru(a, V) Z)up)™”
a.p
S 00 ((Ru(X, Y)Z2) + (Re(Z, Y)X)™)

1
+ 5 (Rx(X, 2)V)",
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F\_’(x,u) (X h’ Y v,/l)zn,,u

= —Lc“‘(R(Y, Z)X)"

2k
1
— m Zcﬂ.acﬂﬂ(Rx(ua’ Y)Rx(Uﬁ, Z)X)h
ap

1 .,
+ 5 e > et (R(Y, Z)X)"”
p,0

1 )
+ 0 > et ee,ee” (Rx(Ua, Y)Rx(Ug, Z)X)7,

a,p,p,0
Roqu (X™7, Y2 Z"

= L RX, V)2)"

1 Ao h
T ae %C (R, X)Ro(Up, V)2)

— (Rx(Ug, Y)Rx(ug, X)2)M

— &c’“‘ D et (Rx(X, Y)Z)""
p,0

1
- 13 > M e,e e {(Ru(Uq, X)Rx(Ug, Y)Z) "
a,p.p,0
— (Rx(Uq, Y)Rx(ug, X)Z)*},

Roxuy (XU4, Y2#)Z0Y = 0,

where 4, u,v=1,2,...,n.

Proof. We use Proposition 1, (4), (5) and a formula
Vx((R(ua, Y)2)")

= > XU)(R@/ox',Y)Z)" + > ul, Vx((R(@/0x',Y)Z)")

291

forall X € X(LM) and Y, Z € X(M), where L stands for the horizontal or vertical

lift.

4. The case of base manifold with constant sectional curvature

O

We assume that the base manifold (M, g) is a space of constant curvature K. Then we

have

) Re(X,Y)Z = K{{Y, Z) X — (X, Z) Y}
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for all X,Y, Z € My, where (-, -) stands for the scalar product gx at X € M. We shall
calculate the Ricci tensor and the scalar curvature of (LM, §).

First, substituting (9) into the formulas of Proposition 2, and taking scalar prod-
uct, we have

PROPOSITION 3. If X, Y, Z € My, then we have

Gy (R (XM, YMZN, vy

= K{Y, Z) (X, V) = (X, Z)(Y,V)}

KZ
+ 20 azﬁ:c“cﬂ{S((ua, X) (Y, Z) — (Uq, Y) (X, Z)) (ug, V)
= 5({Ug, X) (Y, V) = (Uq, Y) (X, V)) (ug, Z)

—4{uq, up) (Y, Z) (X, V) = (X, Z) (Y, V))}
+3—K22c“ﬁ{(<u Y) (X, Z) = (U, X) (Y, Z)) (ug, V)
4 aﬂ a>s ’ a>s ’ ﬁ)

= ((ug, Y) (X, V) = {ug, X) (Y, V) (ug, Z)},

Gocuy (Rocuy (X, YMZM, vosy

= Kc“{(Y, Z) (X, V) — (X, Z) (Y, V)}

- Z—kz %c“cﬂﬁ{z((uﬂ, Y) (X, Z) = (ug, X)(Y, Z)) (Uq, V)
| —2({ug, Y) (X, V) = (ug, X)(Y, V) (Uq, Z)
— (U, Y) (X, V) = (Uq, X) (Y, V) (ug, Z)
+2(ug, ug) (Y, Z) (X, V) = (X, Z) (Y, V)
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Gocw Roxuy (X", YMZA, vor
= Kc’“‘{(Y, Z) (X, V)y—=(X,Z){Y,V)}
- f—;%c“cﬂﬁ{«uw)(x, Z) —{up. X){Y, 2)) (U, V)
| + ({Uas X) (Y, V) = (Ug, Y) (X, V) (ug, Z)
+ (U ug) (Y, Z) (X, V) = (X, Z) (Y, V)
— (U X) {up, Y) = (e, Y) {ug, XD (Z, V),

Gocuy (Rocuy (X1, Y2A) Z0# vy

K ,
K? .
= 2 (up )X, Z) = {ug, X)OY, 2)) (g, V)
a.p

— (Ug, up) (X, Z) = (Ug, Z) {up, X)) (Y, V)1,
G Rocy (X", Y2HZ0H, VoY) =0,
G (Rocuy (X2, Y Z0Y, VPP = 0,
where 4, u,v,p=1,2,...,n.

Let Ric be the Ricci tensor of (LM, §). Then, by (8), we have

N 1 _
Ric(X,Y) = - > G(R(Ea", )Y, Ea")
a

1 SR v,u
— i 2 CurC?G(R(E" . X)Y, Ea")

au.o

1 S(D v
— i 2 CusCG(R(E", X)Y, Ea"")

au.o

+ 3 cGRES, X)Y, B
a,A,u

1
+

© D ot GRE" XY, Ea)

a,A,p,u,0
forall X,Y € X(LM). Thus, by Proposition 3, we obtain

PROPOSITION 4. If X, Y, Z € My, then we have

293
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Rice,uy (XM, YM

_ (- 1)(ik —- DK X.Y)

K? .
+ 33 aZﬁ)c P {ua, ug) (X, Y) = (Ug, X) (up, Y )

K2
= o 227l ug) O Y) + (0 = 2) (g, X) {ug, Y)),
(l,/),

Ricu) (X, Y24

_ (h=DK
_—Tc” (X,Y)

K2 .
+ W%“ P {{ug, ug) (X, Y) — (e, Y) {ug, X)),

E(x,u)(xu’i, Y o1
K2 :
=23 D e e (g, up) (X, Y) = (Ug, Y) (ug, X)),
(l’ﬂ

where A, u =1,2,...,n.

Let Sc(@) be the scalar curvature of (LM, ). Then, by (8), we have

(A 1 R~ 2 R~ v
Sc(g) = EZRlc(Eah, E.") — . > CuoCRic(Ea"", Ea")
a

a,u,o

+ D ciuRic(Ea"", Ea”*)

a,l,pu

1 __
+ > el CuC Ric(Ea"", Ea"")
a,4,p, 1,0

forall X,Y € X(LM). Thus, by Proposition 4, we obtain

PROPOSITION 5. The scalar curvature of the frame bundle (L M, @) is given by

— nn—1HK (n—1K?
(10) Se@n = S OIS ).
a,p
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As consequence of the Proposition 5, we have

THEOREM 4. Let (M, g) be a space of constant sectional curvature. If the
scalar curvature Sc(g) of the frame bundle (LM, §) is constant then both manifolds
are flat.

Proof. Since the matrix [c*#] is positive definite, the second term of the right-hand
side of (10) is constant if and only if K = 0. O]

REMARK 2. This can be applied to the diagonal metric and hence we obtain a
new result in the spirit of Theorem 1-3 from the paper by Cordero-de Ledn.
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