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ON LOCAL STATE OPTIMALITY OF BANG-BANG
EXTREMAL

Abstract. Free horizon Optimal Control Problems are studied where the cost functional is
given by

T
C(T.¢, v =Co(§(0))+cf(§(T))+/0 O, uw) dt

Sufficient second order conditions are given for the trajectory Zofa bang-bang regular Pon-
tryagin extremal (f, g, 0) to be state locally optimal.

The control system is control-affine and the controls take values in a polyhedron. The state
space and the end points constraints are smooth finite-dimensional manifolds. The hypothe-
ses made concern the positivity of the second variation of the finite-dimensional sub-problem
obtained by perturbation of the switching times only and the injectivity of the reference tra-
jectory &.

1. Introduction

We consider an optimal control problem on a n-dimensional manifold M. The cost
to be minimized is in the general Bolza form i.e. it depends on the end-points of the
trajectory and on the integral of a running cost depending both on the state () and on
the control u(-):

T
€)) minimize C(T, &, u) = ¢co(£(0)) + ¢ (&(T)) +/0 fo(é‘(t), u(t))dt.

subject to
. m
) E(t) = Xo€t) + D Uk(Xk(E(t), ae.te(0,T),
k=1
3) &(0) € Noand &(T) € Nt
) ueL®(0,T1,A),

where Ng and N are two given sub-manifolds of M, Cg and Ct are given regular
functions defined on the initial manifold N and on the final manifold N ¢, respectively,
while

m
O (x,u)eM x A — Fo(x)—i-Zuka(x) eR

k=1
is a control affine regular function where Fj: M — R, i =0, ..., m are given regular
(at least C?) functions. Xo, X1, ..., Xm € Vec(M) arem + 1 given regular (at least

C?) vector fields and A is a polyhedron of R™. We explicitly remark that the horizon
T is free i.e. it is not a priori given but it is an unknown of the problem.
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In this paper we assume we are given an admissible bang-bang trajectory Z_?
defined on a time interval [0, T ] and give sufficient conditions forc tobea strong local
minimizer. Since the problem is a free horizon one, we must be more precise on the
meaning of the expression “local optimality”, namely we can distinguish between two
kinds of such optimality:

° 2 is optimal with respect to a neighborhood of its graph { (t,g(t)): t € [0, :I:]}
in R x M and hence local with respect to both state and final time. We call this
type of local optimality (state, time)-local.

° 2 is optimal with respect to the trajectories ¢: [0, T] — M whose range is
contained in a neighborhood of the range = = {E(t): t € [0, 'f]} of 2 in M,
whose initial point £(0) is contained in a neighborhood of E(O) in No and whose
final point &(T) is contained in a neighborhood of E(f) in N ¢ and hence locally
only with respect to the state. We call this type of local optimality state-local.

Of course (state, time)-local optimality is a weaker condition and in fact it could be
proved in less strong hypotheses, namely with a suitable time-reparametrization the
problem fits with the results of [1]. An example of a (state, time)-locally optimal
trajectory for the minimum time problem (Co = 0, ¢t = 0, % = 1 in (1)) with fixed
end-points (Ng = {Xo}, Nt = {X¢}), associated to a Van der Pool oscillator which is
not state-locally optimal was provided in [4].

Another kind of local optimality was studied in [3]. Here the author studies
(control, time)-local optimality for the minimum time problem with fixed end-points.
Namely the author proves that given a reference control U which steers the initial point
to the final point in time f, then, under certain assumptions, there exists a positive do
such that no control in a L![0, '/I'\]—neighborhood of U can steer one point to another
in time T — 0, for any 0 € (0, dp). In [2] the authors address the same problem and
prove state-local optimality. The hypotheses in [2] are the same we make here for our
more general problem. Namely our sufficient optimality conditions involve Pontryagin
Maximum Principle, regularity of the maximized Hamiltonian and the positivity of
the second variation of a finite-dimensional sub-problem of the given one. Moreover
injectivity of the reference trajectory Cis required.

The choice of our cost functional (1) being so general allows us to recover the
minimum time problem (as we already said it suffices to choose ¢y = 0, ¢t = 0,
f0 = 1) and the Mayer problem, for which it suffices to choose % = 0.

2. Notation and statement of the problem

Let the reference trajectory be defined on the interval [0, f] (to which, henceforth, we
shall refer to as to the reference interval) and let U: [0, T] — A be the control asso-
ciated to £. We assume U to be bang-bang i.e. there exists a partition of the reference
interval

O=7<T1 < <71 <7 =T
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such that
Ut) =0 € Vertexes(A), Vte F_1,7), i=1,...,r.
Foreachi =1, ..., r let us define the vector field h; and the function fio associated to
—~j
u:

m
hi:xeM — Xo(x)+ D Ty Xk(x) € TxM
k=1 .
m i=1,...,r.
2 xeM— f0x,0') = Fo(x) + > T} Fk(x) € R,
k=1

Moreover we define the time-dependent reference vector field h and the function f in
the following way

h:(t,x) €0, T1x M = hi(x) = hj(x) € TxM

~ ~ ~ 0 te(@o,1) i=1,...,r.
f:t,x)el0,TIxM— fi(x)= f°’(X) e R

With such notation the reference trajectory satisfies the differential equation
&) (B =he€t), aetel0,T].

Foreacht € [0, f] we denote by §t : M — M the flow of (5) at time t.

To each vector field h; and to each function fio we associate an Hamiltonian
function Hj, depending on a parameter pp € {0, 1}. If welet z: T*M — M be the
canonical projection, H; is defined as

Hi: e T*M — (¢, hi(zl)) — pofl(zl) e R.

We call reference Hamiltonian H the time-dependent Hamiltonian function associated
to ht and to f;

H: (t,6) €[0,T1 x T*M = H(6) = (¢, hi(z&)) — pofi(z) € R.

We are now able to state the first part of our assumptions

ASSUMPTION 1. (/f\, 0) is a Pontryagin extremal: there exists a lift //I\(t) of the
reference trajectory &(t) to the cotangent bundle T*M such that 2 is a Lipschitz solu-
tion of the Hamiltonian system

: =
(6) A) = He(A4(1).
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Moreover

Hi(2(0) =0 :gleag[@(t), Xo€) + > ukXkE(®))
k=1
@

—po(Fo@(t)) + Zuka(E(t»)} te@-1,@), i=1..,r,

k=1
®)  po+ A0 #0,
9 7(0) = podcy(Xo) on Tx,No,
(10)  Z(T) = —podct (X¢) on Tz N,

where Xy = ¢(0) and X7 = EM).

REMARK 1. If, in coordinates, we let E(t) = (ﬁ(t),g(t)), equation (6) means
that P(t) is a Lipschitz solution to the adjoint equation

—oH ~ ~ P -
an p) = W(p(t)’ ¢(t) = pod ft(C(t)) — (p(t), Dhe((t))) ae. tel0,T]
and we can write P(t) explicitly:

t
pt) = (ﬁ(o) + Po /Od(fs o Ss)(Xo) dS) St -

ASSUMPTION 2. The extremal is regular:

. (At), Xo€M®)+ D ukXkE®)) — po(Fo(Ea)) + zuka@a») <0
k=1

k=1
YueA, u#T, t#£7,...,7.

ASSUMPTION 3. All the switching points Xj = E(’ﬁ), i=1,...,r — 1, are
simple:
m
03 (@), Xo®) + D ukXk(X)) — po f(%i, u) <0
k=1

Vu e Vertexes(A), U #Ti, U1.

Ifweletl; = A(T),i =1,...,r, from equation (7) in Pontryagin Maximum
Principle one easily gets

—> ~ .
(d(Hix1 —Hi), Hiz)(¢i) =0 i=1,...,r—1.

We strengthen this inequality
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ASSUMPTION 4 (Strong bang-bang Legendre condition).
14 o (Hi Hin) = @Hin —H), Hipd@ >0 i=1..r-1.
REMARK 2. In coordinates, inequality (14) reads
(PG, [hi, hi411(X0))
— po ((AF% R hi®)) = (@R hisa(%))) > 0
i=1,...,r—1.

ASSUMPTION 5. The reference trajectory & has no self-intersection.

3. Afinite-dimensional sub-problem

In order to introduce our last assumption, we now consider the finite-dimensional sub-
problem that one gets allowing only piece-wise constant controls having exactly the
same number of switches of the reference control U

O<ti<m<---<rmug_1<t7=T

and whose value in the i-th interval of this partition of [0, T] is U', the value of the
reference control in the i-th interval of the reference partition 0 < 7] < 75 < -+ <
Tr—1 < 7r = T of the reference interval [0, T ] i.e.

_ i
u|(Ti—laTi) =u.

The initial point of the trajectory is still allowed to be any point of Ny.

The unknowns of this sub-problem are the initial point of the trajectory £(0) €
No and the lengths 6; = 7j — 7j_1, 1 = 1, ..., r of each interval of the partition. We
calld = (0y,...,6;) € Rﬂr the vector of such lengths.

We have therefore restricted ourselves to consider only state equations of the
following kind

(15) EO=hi€M), teG@-m) i=1...,r
while the minimization problem becomes
r T
min [co@((») +erE@)+ Y, [ fPEw) dt: 0 e R, £(0) € No,
=101
(16) i
Ea)eNg, =0, i=1,...r

i=1

The reference trajectory is identified by the couple (£(0),0) = (Xo, @) where 8 =
(Q],...,@r) and 6, E’ﬁ—’ﬁq, i = 1,...,r.
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ASSUMPTION 6. The second variation of the finite-dimensional sub-problem
(which we shall call second variation at the switching points) at (Xp, 8) is positive
definite on the linearization of the constraints

a17) N ={(6x, &) € TgyNg x R": S, (dx, &) € Tz Nt } .
We can now state our main result

THEOREM 1. Assume that the given bang-bang trajectory is not self-intersect-
ing (Assumption 5), it is a regular Pontryagin extremal (Assumptions 1 and 2), it has
simple switching points (Assumption 3) and that the strict bang-bang Legendre condi-
tion (Assumption 4) holds. Finally assume that the second variation at the switching
points is positive definite (Assumption 6). Then & is a state-local strict minimizer of the
optimal control problem (1) - (2). If it is an abnormal extremal, this implies that the
reference trajectory is isolated among the solution of (2) with constraints (3) - (4).

4. The second variation

In order to write the second variation at the switching points, it is better to consider
both the original problem (1) - (2) and the sub-problem (15) - (16) as equivalent Mayer
problems in the state space R x M. Let us denote by X = (x°, x) the elements of R x M
and by £ = (9, %) = (—p°, p, x, x) the elements of its cotangent bundle T*(R x M).
Consider the vector fields

ﬁi:YGRxMe(E?((;)))eTy(Rx M) i=1,...,r.

To each vector field ﬁi an Hamiltonian function I:I. is associated. In coordinates:
(18) Hi: €= (=p° p,x°,x) e T*R x M) > (£, hij(z0)) e R
PROPOSITION 1. The minimization problem (1) - (2) is equivalent to

minimize co(&(0)) + ¢ (E(T)) + &9(T)

subject to
. . Fo(€(®) + 2 ukF(&(®))
E(t) = (@}ét))) = =l ,aetel0,T],
Xo(E() + D~ ukt)Xk(& (1))
(19) k=1
Zon - (00
<) = ( éZ(O)) € {0} x No,
zry - (€°T)
ET) = (5(T)) € R x Nj,

while the minimization sub-problem (15) - (16) is equivalent to
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minimize co(&(0)) + ¢ (E(zr)) + E0(zr)

subject to
dn=hEw). aete(m_r.m),
£(0) (if((oo))) € {0} x N,
(20) F) = (if((rrrr))) €R x N .
0eR,, =iei, i=1,....r.

The extended reference trajectory ?(l) = (@0(t), &(t)) is the one associated to the
initial point (0, Xo) and to the vector 6.

We can restate Assumptlon 1 as follows:

Assumption 1’ (é, U) is a Pontryagin extremal: there exists a lift /l(t) to the
cotangent bundle T *(R x M) of the reference extended trajectory g“(t) such that /1 isa

Lipschitz solution of the Hamiltonian system
~ = - - .
A =H@®M®) te@-1,7)

such that

(i) =0 = max [ (F(t). XoE(M) + Z ukXk (1))

o k=1

—po(Fo(E(t)) + Zum@(t»)] teG@-1,7), i=1...,r.

k=1
22) 7O #0
(23)  7(0) = po(0, dco(R0)) on T,z ({0} x No)
@4)  AT)=—po(1, dor (%)) on Tz (R x N)

$
where | = / ft (£ (1)) dt is the integral cost on the reference trajectory. Let us denote
0

St (-, 8) the flow of (15) at time t and §t(7, 0) = (Sto(xo, X, ), St(X, 9)) the extended
flow of the state equation in (20), and let

5.0 = (S0 0, 8:0) = (800 x,0). Su(x. D))

be the extended reference flow associated to the reference vector 6.
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Following [1] and [2] let us deil\ine the pull back of the vector fields h; and ﬁi
through the reference flows ’S\?if . and S _, respectively:

() =[DS 0] " hi s, )
& _ giO(X) _ R _]'"_ s
gi(x) = (gi (X)) = [DSTi_.(x)] hi (Sz_, (X))

_ ((fio © §?i—l) (x) — Lgiggil(x))
B gi (x).

i
‘[j_]

=l ~
REMARK 3. §O?_I &) =x+ Z/ f]-O(St (X)) dt depends on x?, but its Lie
j=1""
derivative, L §%_1 (X), does not depend on x° hence G actually depends only on X.

If we define ¢j = 6, — 9} i = 1,...,r the variation of the length of the i-th
interval of the partition and we let ¢ = (e1, ..., &) be the vector of such variations,
it is a straightforward calculation to prove the following proposition (the proof of an
analoguous result can be found in section 3 of [1]):

PROPOSITION 2. The minimization sub-problem is equivalent to
(25) mininimize co(¢(0)) + (¢t o S)(¢(T)) + S2E(T))

subject to

ct) = 5 GCM), teG 7).
(26) Z(0) € {0} x No,
C(T) e R x SZ'Ny.

Callit(x, ¢) the flow of the state equation in (26). Then the extended reference trajec-
tory £(t) corresponds to the constant trajectory ¢ (t) = (0, Xp) associated to (X, ¢) =
(x%, x, &) = (0, X0, 0).

Moreover the linearization of the constraint A/, defined in (17), can be expressed
through the vector fields g;:

r
N = [(5x,8) € TeNo x R : 0 + D i Gi (Ro) € Ty0§T:1Nf] .

i=l1

We must write the first and the second variation at the switching points. Inspired
by (23) and (24), leta: R x M — R be a C* extension of pyCy: Ng — R such that

oo
(md“)

= (—po, P(0)) on Tpz)RxM)~Rx Tg,M.
(0,%o)
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We choose a of the following form
a(X) = —pox’ + a(x)

where a: M — R itis a C® extension of pyCy to the state space manifold M and it is
such that
da(Xp) = p(0) on Tx,M .

Analogously let ,E: R x M — R be a C* extension of pgy (x0+cf) :Rx Nf - R
such that
o = -
m,dﬁ . = (po, p(T)) on T(T,Yf)(R xM) >R x TgM.
SXT

‘We choose B
BE) = pox” + B(x)

where f: M — R is a C® extension of poCt to M such that
dpRs) = —p(T) on Tg- M.
Let us define J: R x M x R'Jr — R as follows

J(x%, x,0) = a(x) + B(St(X, 0)) + po (x° +> ! fO(St(x, 6))dt)

i=1 771
i
and J: (x,0) € M xR — J(0, x,0) € R where, as usual, 7 :Z@j,i =1,...,r.
j=1

PROPOSITION 3. If the reference trajectory is a normal extremal (i.e. po = 1)
then J INo xRY, coincides with the cost in (16). If the reference trajectory is an abnormal
extremal (i.e. pp = 0) then J is identically 0.

With ﬁ =fo §f, we can write

J(x,0) = a(x) + B7 (X, £)) + poSEEF(0, X, 2)) .

Finally let us define

-
Bo:x e M —>/(ftoSt)(x)dteR.
0

From (9) and (10) in Assum/gtion 1 (or, equivalently, from (23) and (24) in Assumption
1’) and the choice of a, £, By we get

d(a + B + poBo) (%) = 0.

Let us define 7°(X) = a(X)+ B(X)+ poBo(X) so that D27(Xp) is a well defined bilinear
functional on Tg, M.
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PROPOSITION 4. For any de = (X, ¢) € N the second variation at the switch-
ing points is

1
J'[6e]* = EDZ)?‘(&X, 5X)

+Z‘91 [Lﬁxl-g; (ﬂ+ Po (§0 ~-S2

]
=

1)) o) + Pold(Ff 085 )%, 1))

PSS [ o (74 m (8- 52) G

] =li=I
[
+pold(f00 8 (R0, 0] (5(‘0))] +3 > > eiej [Lig.g1 (B+ poBo) (Ro)
j=1i=1
+ po (ng Lgi§%71 (o) — Lg nglsx%fl (X0)

HA( 0 85 )%, 6i(0) — A(F0 S5 ) (Ro), 60 ] -

REMARK 4. In the particular case ¢ = fO(u) (which includes the two model
cases: the Mayer problem f° = 0 and the minimum time problem f? = 1), both By
and /S\% do not depend on X so the expression of J” simplifies to

J"[6e)? = —D2 (ox, 5X)+Z€1 LoxLg; B(Ro)
j=1

r

-1
+ 5 ZZ&SJLg, o BR0) + = ZZEiejL[gi,gjlﬁ(?o)

jlll jli:l

LEMMA 1. The bilinear quadratic form associated to the second variation at
the switching points (and which we still denote J”) is

J"(de, 6f) = D*7(6x, dy)

+ ZrZSi [Langi (EJF Po (§0 — §%71)) (Ro) + Po(d(f 0 Sz_)(R0) 5y)]
i—1

+ rZ’?j [Léxl—gj (E‘i‘ Po (§0 — §%4)

=1

+ Zr:igini [ng Ly (ﬂA+ Po (§o - §%71)) X0)

i=1i=1

) (o) + potd(f{ o S5 (o), o]

roj—1

+Pold(F0 0 S5 )F0), 95 R0 | + > D" ainj [Lig g1 (B + PoBo) o)

j=1i=1
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+po (LgLgS2, (%) — LgLg S, (%)
+{d(F 0§D (o), 6 (%)) —(d(F0 S5 ) (o), 9 %o)) | -
for any de = (Jx, ¢), 6f = (dy, ) € N.
If we define the linear Hamiltonian functions
G/: (w, 6x) eTgM x TxyM —
— (@, Gi0) +Loxkg (B+po (Bo—S2_,)) o)
+ Pold(f” 0 §5_) (%), dx) € R,
to each G{’ a constant Hamiltonian vector field 8,” is associated, namely
G/ =(-LoLg (B+po(Bo—52,)) o) — pod(F” 0 S5 )(R0). 6 (K0)) -
We define the subspaces of the initial and final transversality conditions as
[ = {55 = (—DZyA(io)(ax, )+ o, (Sx) £ X € Ty, No.,
o e (TiNo) " and 6(6¢, G1) =0},
-~ L ~
L4 = (T%S%I(Nf)) x Tz, 8= (N1).
For any de = (dX, ) € N let wp be such that 6 = (wp, 6x) € L{j, and let
r
503 (w0, 9€) = (07 (0, d8), Ox 7 (38) = 6L + > & G .
i=1

PROPOSITION 5. With the notation established above

r
3"(de, ) = D*5(0X, 3y) — (@3 (w0, €) , Oy + > 19§ (Ro)) + (@0, Iy)
j=1

r j—1
+> 6 (ot +> &Gy Ve = (o, ¢), of = By, n) € N.
j=1 i=1

We want to gain some piece of information from the positivity of J” on N
(Assumption 6). To do so we study its meaning on an increasing sequence of subspaces
of NV. Let us define

r
VE[(5X,8)EN:&X—FZSigi(Yo):O],

i=1
Vk={(x,e) eV:g=0 Vi=k+1,...,r} k=1,...,r.

If W is any subspace of A/, we denote by W the orthogonal sub-space to W with
respect to J”.
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LEMMA 2. de = (6, ¢) € VicN V-, if and only if
1. ox € Tg,No;
2. X+ 25 sigi(Ro)=0ande =0 Vi=k+1,...,r;
3. forany w € (Tg,No)*, 6¢ = (—D?7(X0) (5X, -) + wo, 6X) is in L{ and,
j—1
7) GIG+> 6G)=0, Vj=2... k-1
i=1
k-1
In this case J"[de]* = exGy (o€ + Zei 6){’).
i=1
LEMMA 3. de e NNV ifand only if
1. ox € Tg,No;
2. 0x + X, €91 (%) € Tz, S='N;

3. 6 = (=D?*5(X0)(dX, ) + w,x) € L{ and G (ot + Zij:_ll giE;f) = 0, for
every j=2,...,r.

In this case

3'0ef =~ (w0 — > & (Lokg (B+ po (Bo—S2_,)) %)

1

r
i=

+ Pod(f0 82 )(R0)) X+ D 20;(%0))-

j=1

For a proof of Lemma 2 and Lemma 3 see Lemma 3.1 in [1].
5. Discrete Jacobi system

For (dp, 0x) € T?’; M x Tg,M we recursively define

Go (9p, 9x) = (9p, 9x),
~a (6,6p.50. B,
«(8.81,)

j (0p, OX) =
i+1

G/ (0p, 0x) = G (9P, %) + wi (0P, )G, i=1,....r—1.
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REMARK 5. From the very definition the following equality follows:
o (g{’(ap, o), 6’;;1) —0.

PROPOSITION 6. (dp,dx) € Lg and equations (27), j = 2,...,k — I, are
satisfied if and only if

o ((5p,5x),8’{) —0 and & =wi©Op,ox) Yi=1,... . k—2.
More precisely we have

1. de € Vy if and only if

5X+8191(§(\0)=O, =0, Vi=2,...,r1,
S € Tz, No,
36p suchthat (dp,dx) € L.

In this case

(28) J"[0e)* = G/ (6¢)

2. Fork=2,...,r,de € Vg NVt ifand only if

k
5X+Zeigi(')?o)=0, e =0, Vi=k+1,...,r,
i=1
5X€T§0N0,
30p suchthat (dp,dx) € Ly, & =wi(0p,ox), Vi=1,...,k—2,

and in this case

k
@9, ) + > & G = G, (69, %) + (et — k1 (0P, X)) G j_y + ek G |
i=1

(29) 37166 = ex (ex_1 — wk_1(5p, OX)) & (8;_18;’) .

3. de € VNV, if and only if

k
X+ D &0i(R) =0, & =0, Vi=k+1,...r,
i=1
x € Tz, No,
3p suchthat (6p,dx) € Ly, & =wi(p,ox), Vi=1,...,k—1.

In this case

K
(dp, ox) + Zei 8{’ = Gi_,(p, 6x) + skg/k’
i=1
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4. oe e N nV+ifand only if

r
ox € Tg,No € oX+ D &0i(Ro) € TYO§T:1Nf
i=1

30p suchthat (dp,ox) € Ly, & = wi(dp,ox), Vi=1,...,r—1.

In this case

r
0P, %)+ 6 Gf =G/, (0p,0x) + & G
i=1

~ 1
and, for any o+ € (Ty0 S='N f)
(30) 310 =0 ((0F, 7.(G/_1@p, ) +a G)) G/, (0P, 5)+& G )

PROPOSITION 7. If J”|y > 0, then J”|y\nye > O if and only if for any
(Jp,ox) € L7, any 6t € R such that =, (gr”_l(ép,éx) +5t8§/) is different from
zero and is in z,LZ and for any (dps, oX3) € LZ such that oxg = 7.(dp7, oX7)
= Ty (g;’_l (0p, oX) + 5t8;’) we have

31) o ((5pf, %), Gi1 (9p, %) +5t8?/) > 0.

Prqof. 1. Assume J”| v > 0 and let (Op, 0x) € Lg, (dps, oX7) € L%L_ and ot € R
satisfy the hypotheses.

Then de = (74(Ip, 9X), w1 (P, OX), ..., wr—1(dp, OX), dt) is in "NV + and J"[de]?
is strictly positive. Moreover & ((5pf, 0x5), G/, (0p, ox) + 5t8§’) =J"[oe]* > 0
2. Vice versa: assume o ((5pf, 0X7), G/, (0p, ox) + 5t8§/) > 0 for any (Jp, 6X)
€ Lg, ot € Rand (dps, oX7) € % satisfying our hypotheses.

Let de = (0X, €1, ..., &) € NNVL. Since J”|y > 0, there exists (5p, 6x) € L such
that 7. (Jp, 0X) = ox and de = (dX, w1(dp, OX), ..., wr—1(dp, O0X), & ). We now use

(30) with w7 such that (wf, s (g;’fl(ép, oX) + 3,8;/)) = (Jp7, OXs) and we are
done.

6. Hamiltonian methods

Let

S0 = {t’: (p,x)eT*M:x e Ny, Hi(©)=0, p eda(x)+(TXN0)L}

and R
Q={(t,0):te[-6,T+05], (eZo}.
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We want to define an one-to-one map from a neighborhood of [0, f] X {?0} in Qtoa
neighborhood of Z in M. Itis evident that Q may not be “big” enough. More precisely
its dimension may be lower than the dimension of M if N is a proper sub-manifold of
M. To overcome this difficulty we define an equivalent problem with free initial point.

Let Q: Tg,M x TgyM — R be a positive semi-definite quadratic form whose
kernel is Tg, No. Since, by assumption, J” is positive definite on N, there exists p > 0
such that J”[0x, £]* + p Q[dx]? is positive definite on

N, ={(dx, &) € Tg;yM x R : S7,(%, €) € Tnyf} .
Leta,: M — R be a C* function such that
1. &), = a on Ng;
2. da, = da on Ty, M;
3. D%a, (X)) = D?a (%) + pQ

and study the minimization problem

)
minimize &, (£(0)) + BET1) + Po /0 FO(E(h), u(t)) dt

with the constraints

&) = Xo(E(M) + D UkMXk(&(), ae.te(0,T),

k=1
(M) eNg, uelL™(0,T],A).

If we prove that the reference trajectory E is optimal for this new problem then it is
also optimal for problem (1) - (2) since it satisfies the additional constraint £(0) € Ny.
Therefore, without loss of generality, we can assume Ng = M, a = a, and N =N, o
Also X must be redefined accordingly, so from now on

So={teT*M: ¢ =(da(x),x), xe M, Hi(¢) =0},
T30 = {x eM: (tha - poflo) x) :o}
From the positivity of J” on V| we immediately get:

PROPOSITION 8. X and its projection = X, on the manifold M are (n — 1)-di-
mensional. More precisely

T7,%0 = {dadx € Ty, (T*M) : Loc (Lnja = po ) o) =0},
Tgym Zo = {5X € Tg,M: Lsx (tha — Po flo) (Xo) = 0}

and h;(Xo) = 91(Xo) ¢ Tx,7 Zo-
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Proof. X is defined as the intersection of the Lagrangian sub-manifold
O, ={cT*M: ¢ = (da(x),x), x € M}

with the manifold
O ={£eT*M: Hi{(£) =0}.

We have to prove that they intersect transversally in Zo. Their tangent spaces are given,
respectively, by

T7, Qo = {da.ox: ox € Tg,M},

T @ = (00: (96, hi(Ro)) + (da(io)Dhl(S?o) _ podflo(Yo)) 7206 =0} .
Hence

T7,0 N T, @1 = (60 = daox: ox € M, Lox (Lnja = poP) (%) = 0)
Equation (28) yields
0 < 3"[@1 (%), ~DI* = Ly, (Lgix — po ) (o)
so, since h| = g1, we have that 17, 0aNT7 @y is (n—1)-dimensional and its projection
7(T7, @, N T7 ®1) = (0% € Tg,M: Ly (tha - poflo) (Ro) = 0}

is also (n — 1)-dimensional i.e. 7 X is a (N — 1)-dimensional sub-manifold of M. [

6.1. The maximized flow

For any ¢ in a sufficiently small neighborhood 7 of ?0 in¥pandk =1,...,r — 1, let
us recursively define

po(l) =
Ok(Co) = Ok
—
Hict (exp (KO HK) or-10)) =0:

o(O) = exp (6O Hic) g1 (0

(32) Ok (€): [

and let )
w(0) =D 6.
i=l1

Therefore the maximized Hamiltonian flow 7 can be defined on a neighborhood O of
[0, T] x {€o} in R x Z¢ by the recursive rule

exp (tﬁ k) (0) t € (z0(0), 71(0)),

exp ((t — Tk_1 (f))ﬁk) ok—1(0) tki(zri(_l(f)r: W),

(33) H () =
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where, by definition 7o(£) = —9, 7y (£) = T + ¢ for some sufficiently small positive .
Fork=1,...,r,let

Tk ={(w(0), 0): € € I},
Qu={(t,0:CeT, w1 <t<w®).

In order to link the results of the previous section to the maximized Hamiltonian flow
H we define an isomorphism from TgZ M x Tg, M to Tz, (T*M).

DEFINITION 1. Definei: TX\’;M x Tg,M — T (T *M) as the linear application
i: (0p, 6X) — —3p + d(—poBy — B)+ox.
PROPERTY 1. 1. i is an antisymplectic isomorphism;
2 i@ =T Hi@) =R Hi@),
3.1 |L6’ is an isomorphism from L onto Tz, Zo-

Differentiating (32) and (33) and recalling Property 1 we get the following
proposition:

PROPOSITION 9. For any o¢ € T2, %0 andk = 1,...,r — 1, the following
equalities hold

(dk (o) , 9b) = wx(i™100),

k—1

d - . SN
—ka(g)({’)‘A 0l = Hzwdl + ) i (i~'60) exp (ek H k) o...
d¢ 5 ~ x

~ = - o~ . - o~
croexp (B Hi) Hi@) +oi™o0Hi@),

and
k—1

To H(ZK) = {ﬁ?k*(% +> wi(i7160) exp (é‘kﬁk) o...
i=1 *

croexp (B Hin) Hi@) +oci 160 @, ot e T o)
PROPOSITION 10. dim Tg,zH(Zk) =n—1foranyk=1,...,r — 1.
Proof. 1) k = 1: The elements of Tg, 7 H(Z1) can be written as
o1 = SeudX + o1 (7100 (RY), G eT; T, OX =it

therefore dy; = 0 if and only if x + w; (i ~10)g; (Xo) = 0. From Proposition 8 we
know that g; (Xp) is not in Tx, ™ Zo, while X is, so we must have

ox =0, wi (i7'60) = 0.
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Therefore dim Ty, 7 H(Z1) = ding0 o=n—1.
2)k=2,...,r — 1: The elements of Tg, 7 H(Xk) can be written as

Ok = Saxdx + k(i ~160)hk(X)
k—1

+ " w700y exp (Gkh), - .- exp (Gio1hif), hi(R).
i=1

k
So dyk = 0if and only if(5x+z wi (i7160)0i (Xo) = 0. i.e. if and only if . Gp(i~160) =
i=l1
0. But J” > 0 implies Vk N V- = {0} hence dx = 0 and wj (i~ (5¢)) = 0. O

PROPOSITION 11. Letk =1,...,r —1. Then hx(Xk), hk+1(Xk) are notin the
tangent space Tx, 7 H(Zk) , moreover there exist oyx € Ty, 7 H(Zk) and Cx > 0 such
that hy, 1 (Xk) = dyk + Ckhk(Xk).

Proof. hy(Xk) € Tg w H(Zk) if and only if there exists J¢ € Tz, (Zo) such that

hi(®i) =i~ 90K (Ri) + Saew ot

(34) = . - -
+ D @i (i7'60) exp@hi)« o - - 0 exp@i 4 1hi1)4hi (%) .
i=1

If we let X = 7,i ~10¢ = 7,.0¢, equation (34) is equivalent to

k—1
X+ X 07608 o) + [ 7100 — 1] g(Ko) =0
i=1

i.e.
(5x, w1(7160), ..., o1 (i7160), (i1 6) — 1) e VN V2.

Since J” > 0, Vi N V- = {0} and we should have
ox =0, wi '60)=0 i=1,....k—1, ax(i~160) =1
which is of course impossible.
hi+1(Xk) € T, w H(Zk) if and only if there exists ¢ € Tgo 2o such that
M1 (Ri0) =k (i~ 50)Nk(Ri) + SgeoC

(35) = A A _
+ D" i (i7'60) exp@hi)s o -+ 0 exp(@ 1 hi41)«hi (%) .

i=l

If we let 6X = m,i 166 = m,.6¢ equation (35) is equivalent to

K
X + D i (760G (R0) + (—1)gkt1(Ro) =0
i=1
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i.e.
((Sx, w1(7160), ..., w(i7100), —1) € Vi1 VL.

Since J” > 0, Vir1 NV | = {0}, this is impossible.

Since dim Tg,z H(Zk) = n — 1 and hx(Xk) ¢ Tg.w H(Zk), Tgw H(Zk) and hg(Xk)
generate the whole tangent space Tg, M hence there exists Ck € R, dx € Ty, L( such
that

i1 (%0 = Cichi(K0) + | S50% + 1~ 5001 (R

(36) k—1 R _

+> @i (i7106) exp@khi)s o - - 0 exp(@ 4 1hi1)4hi (%) | -

i=1
Equation (36) is equivalent to
Ok+1 (%) = Ckgk(Xic) + G (1~ 6¢)
ie. (0%, w1(i7100), ..., ox-1(i7'60), w(i™'66) + Ck, —1) € Viep1 N V.
Since J” |Vk+lkaL > 0, from equation (29) we get
—CkGi (8{(’) >0

ie.Ck > 0. O

6.2. Themapz o' H

THEOREM 2. (1) #H(Zk) is an hyper-surface in M and the convex hull of
{hk(Xk) , hky1(Xk)} does not intersect its tangent hyper-plane Tg, = H(Zk),
(2) #H(O) is a neighborhood U/ of E, #H: O — U is one-to-one.

Proof. (1) comes directly from Propositions 10 and 11, possibly restricting O@. To
prove (2) we first point out that Propositions 10 and 11 imply (see [1] for analogous
techniques) that

(37) D(zH)(t, {p) isonto  Vt e [—6, T +4].

This leads to 7H: Qi — mH (€2i) to be a diffeomorphism, for a possibly smaller O.
Possibly restricting again O we may assume also

L. mH Q) NaH(Qi+1) = xH (Zi), by (37) att = 7 and Assumption 5;
2. tTHQ)NaH (Qj) =@ for|j —i| > 2, by Assumption 5.

Therefore #H: O — U is one-to-one. ]
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We shall denote 7 o H by y.

REMARK 6. Theorem 2 states that through y we can cover a neighborhood of
the reference trajectory £ on M with a field of extremals.

6.3. Reduction to a finite-dimensional problem

We shall use the exactness of the 1-form s= pdq on H(Q) C T*M.

Let¢: [0, T] > M be a trajectory of the control system whose range is in the neigh-
borhood U of E. Call xg = £(0) and xT = £(T). Apply w1 to & and & and close the
path.

Osz*pdqz/ H*pdq+/ H*pdq
p=1(©) w1 )y =1 (%)

—/ _H*pdg + H*pdq .
y1©) y 1Ry~ (%)

-
The first integral is less than or equal to / po F2(&(s), u(s)) ds, while the third one is
0

=
/ po T2 (Z(s)) ds, hence
0

/H*pdq > /H*pdq
w1 (Ro) w1 (%) w1 &)y~ (xT)

(38) - ’
+ Po [/0 fOE(s)) ds — /0 fO((s, X0), u(s)) ds] .

By definition of the function

y &) = (0.0), w'®p) = (T.0) .
Let us define
(to, L0) = w ' (X0), Qo = Lo, (tr, 1) =y '(x1), ar =7 l1,

th€(—d,71), tre@_1,T +0).
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If X is in a small neighborhood of Xo, then X9 = exp toh1(qg), so if we consider the
difference a(Xg) — a(Xp) of the costs on the initial point, we have:

a(Xo) — a(Xo) =a(xo) — a(qo) + a(qo) — a(Xo)

to
= [a (exp (toh1)dlo) — @(do) — Po /0 fP(£(r.q0)) dr}
_ . _
9 +ata —ai)+po [ HEC

t _
~to [Ln #(@0) = po1P@0)] + LLn, (Lma = pof’) @

1

to T
1 a(go) — a(®o) + po /O FO(E(r, qo)) dr

for a certain ( in a neighborhood of qg.
The coefficient of ty is null because (o € & Xy while the coefficient of tg is strictly
positive by continuity and the positivity of J” on V. From equation (38) we now get

to
a(xo) — (%) > a(@o) — (%) + Po /O FOE(r, g0)) dr
= [ H'pdq
“0 v o)y (%)
T T
= [ wepdgm| [ PEEEs - [ 6. uen | .
y = &)y~ xT) 0 0
Let us now evaluate the difference of the costs C(T, Xg, U) and C (/T\, Xo, 0):
T
C(T, xo,u) = C(T, X, U) = (a(Xo) + BXT) + po/ fO(&(s, o), u(S))dS)
0
T o
—(w0) + 5 + o /0 ) ds)

> H*pdg + p(x1) — f(XF)
y 1 &)y~ (xT)
. tov()*'(-) .
={aomoy™ +B+po A fW—l(‘)(f(” oy (1),rn)dr J(xT)
~1 toyf)il(') —1 -
—faomoy  +p+ po/o fw,l(.)(f(ﬂ' oy (), r)dr )(X3)

Let F: Nt — R be defined as

toy ! ()
(1) F:X—>(a0ﬂow_l+ﬁ+po/0 f;i1<.><é(now—lc),r))dr)(x).
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To prove that E is a state-local minimum it now suffices to prove that F has a strict
local minimum in X3.

THEOREM 3. F has a strict local minimum in X3.

Proof. It suffices to prove that

(42) dF (%3) = 0,
(43) D*F(%3) > 0.

Equation (42) is an immediate consequence of the transversality conditions (9) - (10).
Sinced(aon ) 1//’1) =Homoy™!

D2F@R)IoxT I = ((H o w1 + DX (B + poBo) ) (Rp)[ox7T?

= (Mo y™")ox7, d(— — PoBo)uixr )

where By is the integral appearing in formula (41). Since !'is a diffeomorpism of
Txz M and R x Tz, Zo, let (J8, €) = wo loxT. We get

D?F (R5)[0XT1* = 0 (H4 (3, 3€), d(—B — PoBo)s«w«(J5, L))

(44)
= 0 (H«(05, 60), d(=f — PoBo)x7xHx (08, 60)) .

Apply ’ﬁf* o i to each argument of ¢ in inequality (31) of proposition 7. With 6f =
i(dp, 0x) we obtain

r—1
0<o (ﬁf*i (((5p, oX) + > @i (op, )G + 5t8?) ,

i=l1

r—1
Hz,i (5pf, X + D @i (9p, x)Gi (Ro) + Jtgr (?o)))

i=1
=0 (H« (ot + (dzr—1, d(), da,oXx),
— 0ps +d(=B — poBo)«mi Hy(dt + (dzr—1, 0C))

for any (dp, 0x) € L and any ot € R such that 7, ( /1 (0p, ox) + 5t8§’) # 0 and
is in 7, L% and for any (dps, 5X_f)) € LZ such that

OXF = Ty (gr”_ 1(0p, 0x) + ot GY ) This is exactly the expression in equation (44)
with 8s = 6t + (dzr_,, 80). O

Proof of Theorem 1. To conclude the proof of Theorem 1 we have to prove that Zisa
strict minimizer and that in the abnormal case pp = 0 it is isolated.

Assume that (T, &, u) is another triplet which achieves the minimum or that py = 0.
Since X7 is a strict minimum for F, we must have £(T) = X3 and equality must hold



On local state optimality of bang-bang extremal 23

in equations (38) and (40). Let us denote y ~!(£(s)) = (t(s), £(s)), s € [0, T] and let
u=(,&): s = His)(€(s)). Equality in equation (38) implies

(45) (2(3), E(5)) — po FU(E(s), u(s)) = H(A(s), E(5))  ae.

and by Assumption 2 we obtain & (s) = hi (¢(s)) if £(s) in in the interior of  (€2;).
Since g“(T) = X7 we have &(s) = é(s T+ T) By (45) and Assumption 3 the limit
pomts of f(s) fors - 7,1 —T+ T must belong to the convex hull of {hy _(&(7r—1 —
T+ T)) h(CGro =T + T))} therefore Theorem 2 implies that & crosses w(Zr-1)
and it enters the interior of t//(Qr_ 1). By induction we get £(S) = f s—-T+ T)
whenever $ > max{0, T — T} This also means that &(0) = exp(T — T)hl(xo) so that
in equation (39) we have qp = Xpand ty = T — T so since equality must hold in (40)
we must have typ = 0 in (39). This completes the proof. ]
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