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ON LOCAL STATE OPTIMALITY OF BANG-BANG

EXTREMAL

Abstract. Free horizon Optimal Control Problems are studied where the cost functional is
given by

C(T, ξ, u) = c0(ξ(0))+ c f (ξ(T ))+
∫ T

0
f 0(ξ(t), u(t)) dt

Sufficient second order conditions are given for the trajectory ξ̂ of a bang-bang regular Pon-
tryagin extremal (T̂ , ξ̂ , û) to be state locally optimal.
The control system is control-affine and the controls take values in a polyhedron. The state
space and the end points constraints are smooth finite-dimensional manifolds. The hypothe-
ses made concern the positivity of the second variation of the finite-dimensional sub-problem
obtained by perturbation of the switching times only and the injectivity of the reference tra-
jectory ξ̂ .

1. Introduction

We consider an optimal control problem on a n-dimensional manifold M . The cost
to be minimized is in the general Bolza form i.e. it depends on the end-points of the
trajectory and on the integral of a running cost depending both on the state ξ(·) and on
the control u(·):

(1) minimize C(T, ξ, u) = c0(ξ(0))+ c f (ξ(T ))+
∫ T

0
f 0(ξ(t), u(t)) dt .

subject to

ξ̇ (t) = X0(ξ(t))+
m∑

k=1
uk(t)Xk(ξ(t)) , a.e. t ∈ (0, T ) ,(2)

ξ(0) ∈ N0 and ξ(T ) ∈ N f ,(3)
u ∈ L∞([0, T ],1) ,(4)

where N0 and N f are two given sub-manifolds of M , c0 and c f are given regular
functions defined on the initial manifold N0 and on the final manifold N f , respectively,
while

f 0 : (x, u) ∈ M ×1 → F0(x)+
m∑

k=1
uk Fk(x) ∈ R

is a control affine regular function where Fi : M → R, i = 0, . . . ,m are given regular
(at least C2) functions. X0, X1, . . . , Xm ∈ V ec(M) are m + 1 given regular (at least
C2) vector fields and 1 is a polyhedron of R

m . We explicitly remark that the horizon
T is free i.e. it is not a priori given but it is an unknown of the problem.
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In this paper we assume we are given an admissible bang-bang trajectory ξ̂
defined on a time interval [0, T̂ ] and give sufficient conditions for ξ̂ to be a strong local
minimizer. Since the problem is a free horizon one, we must be more precise on the
meaning of the expression “local optimality”, namely we can distinguish between two
kinds of such optimality:

• ξ̂ is optimal with respect to a neighborhood of its graph {(t, ξ̂ (t)) : t ∈ [0, T̂ ]}
in R × M and hence local with respect to both state and final time. We call this
type of local optimality (state, time)-local.

• ξ̂ is optimal with respect to the trajectories ξ : [0, T ] → M whose range is
contained in a neighborhood of the range 4̂ = {̂ξ(t) : t ∈ [0, T̂ ]} of ξ̂ in M ,
whose initial point ξ(0) is contained in a neighborhood of ξ̂ (0) in N0 and whose
final point ξ(T ) is contained in a neighborhood of ξ̂ (T̂ ) in N f and hence locally
only with respect to the state. We call this type of local optimality state-local.

Of course (state, time)-local optimality is a weaker condition and in fact it could be
proved in less strong hypotheses, namely with a suitable time-reparametrization the
problem fits with the results of [1]. An example of a (state, time)-locally optimal
trajectory for the minimum time problem (c0 ≡ 0, c f ≡ 0, f 0 ≡ 1 in (1)) with fixed
end-points (N0 = {x0}, N f = {x f }), associated to a Van der Pool oscillator which is
not state-locally optimal was provided in [4].

Another kind of local optimality was studied in [3]. Here the author studies
(control, time)-local optimality for the minimum time problem with fixed end-points.
Namely the author proves that given a reference control û which steers the initial point
to the final point in time T̂ , then, under certain assumptions, there exists a positive δ0
such that no control in a L1[0, T̂ ]-neighborhood of û can steer one point to another
in time T̂ − δ, for any δ ∈ (0, δ0). In [2] the authors address the same problem and
prove state-local optimality. The hypotheses in [2] are the same we make here for our
more general problem. Namely our sufficient optimality conditions involve Pontryagin
Maximum Principle, regularity of the maximized Hamiltonian and the positivity of
the second variation of a finite-dimensional sub-problem of the given one. Moreover
injectivity of the reference trajectory ξ̂ is required.

The choice of our cost functional (1) being so general allows us to recover the
minimum time problem (as we already said it suffices to choose c0 ≡ 0, c f ≡ 0,
f 0 ≡ 1) and the Mayer problem, for which it suffices to choose f 0 ≡ 0.

2. Notation and statement of the problem

Let the reference trajectory be defined on the interval [0, T̂ ] (to which, henceforth, we
shall refer to as to the reference interval) and let û : [0, T̂ ] → 1 be the control asso-
ciated to ξ̂ . We assume û to be bang-bang i.e. there exists a partition of the reference
interval

0 = τ̂0 < τ̂1 < · · · < τ̂r−1 < τ̂r = T̂
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such that

û(t) = ûi ∈ Vertexes(1) , ∀ t ∈ (̂τi−1, τ̂i ) , i = 1, . . . , r .

For each i = 1, . . . , r let us define the vector field h i and the function f 0
i associated to

ûi :

hi : x ∈ M → X0(x)+
m∑

k=1
ûi

k Xk(x) ∈ Tx M

f 0
i : x ∈ M → f 0(x, ûi ) = F0(x)+

m∑

k=1
ûi

k Fk(x) ∈ R ,

i = 1, . . . , r.

Moreover we define the time-dependent reference vector field ĥ and the function f̂ in
the following way

ĥ : (t, x) ∈ [0, T̂ ] × M → ĥt (x) ≡ hi (x) ∈ Tx M

f̂ : (t, x) ∈ [0, T̂ ] × M → f̂t (x) ≡ f 0
i (x) ∈ R

t ∈ (̂τi−1, τ̂i ) i = 1, . . . , r .

With such notation the reference trajectory satisfies the differential equation

(5) ξ̇ (t) = ĥt (ξ(t)) , a.e. t ∈ [0, T̂ ] .

For each t ∈ [0, T̂ ] we denote by Ŝt : M → M the flow of (5) at time t .
To each vector field hi and to each function f 0

i we associate an Hamiltonian
function Hi , depending on a parameter p0 ∈ {0, 1}. If we let π : T ∗M → M be the
canonical projection, Hi is defined as

Hi : ` ∈ T ∗M → 〈` , hi (π`)〉 − p0 f 0
i (π`) ∈ R.

We call reference Hamiltonian Ĥ the time-dependent Hamiltonian function associated
to ĥt and to f̂t

Ĥ : (t, `) ∈ [0, T̂ ] × T ∗M → Ĥt (`) ≡ 〈` , ĥt (π`)〉 − p0 f̂t (π`) ∈ R .

We are now able to state the first part of our assumptions

ASSUMPTION 1. (̂ξ , û) is a Pontryagin extremal: there exists a lift λ̂(t) of the
reference trajectory ξ̂ (t) to the cotangent bundle T ∗M such that λ̂ is a Lipschitz solu-
tion of the Hamiltonian system

(6) λ̇(t) =
−→̂
H t (λ(t)) .
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Moreover

Hi (̂λ(t)) = 0 = max
u∈1

{
〈̂λ(t) , X0(̂ξ (t))+

m∑

k=1
uk Xk (̂ξ (t))〉

−p0

(
F0(̂ξ (t))+

m∑

k=1
uk Fk (̂ξ (t))

)}
t ∈ (̂τi−1, τ̂i ) , i = 1, . . . , r ,

(7)

p0 + ‖̂λ(0)‖ 6= 0 ,(8)
λ̂(0) = p0 dc0(̂x0) on Tx̂0 N0 ,(9)
λ̂(T̂ ) = −p0 dc f (̂xT̂ ) on Tx̂T̂

N f ,(10)

where x̂0 = ξ̂ (0) and x̂T̂ = ξ̂ (T̂ ).

REMARK 1. If, in coordinates, we let λ̂(t) =
(

p̂(t), ξ̂ (t)
)
, equation (6) means

that p̂(t) is a Lipschitz solution to the adjoint equation

(11) ṗ(t) = −∂ Ĥ

∂x
(p(t), ξ̂ (t)) = p0d f̂t (̂ξ (t))−〈p(t) , Dĥt (̂ξ (t))〉 a.e. t ∈ [0, T̂ ].

and we can write p̂(t) explicitly:

p̂(t) =
(

p̂(0)+ p0

∫ t

0
d( f̂s ◦ Ŝs)(̂x0) ds

)
Ŝ−1

t∗ .

ASSUMPTION 2. The extremal is regular:

〈̂λ(t) , X0(̂ξ (t))+
m∑

k=1
uk Xk (̂ξ (t))〉 − p0

(
F0(̂ξ (t))+

m∑

k=1
uk Fk (̂ξ (t))

)
< 0

∀ u ∈ 1, u 6= û , t 6= τ̂1, . . . , τ̂r .

(12)

ASSUMPTION 3. All the switching points x̂i ≡ ξ̂ (̂τi ), i = 1, . . . , r − 1, are
simple:

〈̂λ(̂τi ) , X0(̂xi )+
m∑

k=1
uk Xk (̂xi )〉 − p0 f 0(̂xi , u) < 0

∀ u ∈ Vertexes(1) , u 6= ûi , ûi+1 .

(13)

If we let ̂̀i ≡ λ̂(̂τi ), i = 1, . . . , r , from equation (7) in Pontryagin Maximum
Principle one easily gets

〈 d (Hi+1 − Hi ) ,
−→
H i+1〉(̂̀i ) ≥ 0 i = 1, . . . , r − 1 .

We strengthen this inequality
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ASSUMPTION 4 (Strong bang-bang Legendre condition).

(14) σ

(−→
H i ,

−→
H i+1

)
= 〈d(Hi+1 − Hi ) ,

−→
H i+1〉(̂̀i ) > 0 i = 1, . . . , r − 1.

REMARK 2. In coordinates, inequality (14) reads

〈 p̂(̂τi ) , [hi , hi+1](̂xi )〉

− p0
(
〈d f 0

i+1(̂xi ) , hi (̂xi )〉 − 〈d f 0
i (̂xi ) , hi+1(̂xi )〉

)
> 0

i = 1, . . . , r − 1 .

ASSUMPTION 5. The reference trajectory ξ̂ has no self-intersection.

3. A finite-dimensional sub-problem

In order to introduce our last assumption, we now consider the finite-dimensional sub-
problem that one gets allowing only piece-wise constant controls having exactly the
same number of switches of the reference control û

0 < τ1 < τ2 < · · · < τr−1 < τr = T

and whose value in the i-th interval of this partition of [0, T ] is û i , the value of the
reference control in the i-th interval of the reference partition 0 < τ̂1 < τ̂2 < · · · <
τ̂r−1 < τ̂r = T̂ of the reference interval [0, T̂ ] i.e.

u|(τi−1,τi ) = ûi .

The initial point of the trajectory is still allowed to be any point of N0.
The unknowns of this sub-problem are the initial point of the trajectory ξ(0) ∈

N0 and the lengths θi ≡ τi − τi−1, i = 1, . . . , r of each interval of the partition. We
call θ ≡ (θ1, . . . , θr ) ∈ R

r
+ the vector of such lengths.

We have therefore restricted ourselves to consider only state equations of the
following kind

(15) ξ̇ (t) = hi (ξ(t)) , t ∈ (τi−1, τi ) i = 1, . . . , r

while the minimization problem becomes

min
{

c0(ξ(0))+ c f (ξ(τr ))+
r∑

i=1

∫ τi

τi−1
f 0
i (ξ(t)) dt : θ ∈ R

r
+ , ξ(0) ∈ N0 ,

ξ(τr ) ∈ N f , τi =
i∑

j=1
θ j , i = 1, . . . , r



 .

(16)

The reference trajectory is identified by the couple (ξ(0), θ) = (̂x0, θ̂ ) where θ̂ =(
θ̂1, . . . , θ̂r

)
and θ̂i ≡ τ̂i − τ̂i−1 , i = 1, . . . , r .
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ASSUMPTION 6. The second variation of the finite-dimensional sub-problem
(which we shall call second variation at the switching points) at (̂x0, θ̂ ) is positive
definite on the linearization of the constraints

(17) N ≡
{
(δx, ε) ∈ Tx̂0 N0 × R

r : ŜT̂ ∗(δx, ε) ∈ Tx̂T̂
N f

}
.

We can now state our main result

THEOREM 1. Assume that the given bang-bang trajectory is not self-intersect-
ing (Assumption 5), it is a regular Pontryagin extremal (Assumptions 1 and 2), it has
simple switching points (Assumption 3) and that the strict bang-bang Legendre condi-
tion (Assumption 4) holds. Finally assume that the second variation at the switching
points is positive definite (Assumption 6). Then ξ̂ is a state-local strict minimizer of the
optimal control problem (1) - (2). If it is an abnormal extremal, this implies that the
reference trajectory is isolated among the solution of (2) with constraints (3) - (4).

4. The second variation

In order to write the second variation at the switching points, it is better to consider
both the original problem (1) - (2) and the sub-problem (15) - (16) as equivalent Mayer
problems in the state space R×M . Let us denote by x̃ = (x 0, x) the elements of R×M
and by ˜̀= ( p̃, x̃) = (−p0, p, x0, x) the elements of its cotangent bundle T ∗(R× M).
Consider the vector fields

h̃i : x̃ ∈ R × M →
(

f 0
i (x)

hi (x)

)
∈ Tx̃ (R × M) i = 1, . . . , r .

To each vector field h̃i an Hamiltonian function H̃i is associated. In coordinates:

(18) H̃i : ˜̀= (−p0, p, x0, x) ∈ T ∗(R × M) → 〈˜̀, h̃i (π˜̀)〉 ∈ R

PROPOSITION 1. The minimization problem (1) - (2) is equivalent to

minimize c0(ξ(0))+ c f (ξ(T ))+ ξ0(T )

subject to

˙̃ξ(t) =
(
ξ̇0(t)
ξ̇ (t)

)
=




F0(ξ(t))+
m∑

k=1
uk Fk(ξ(t))

X0(ξ(t))+
m∑

k=1
uk(t)Xk(ξ(t))



, a.e. t ∈ [0, T ],

ξ̃ (0) =
(
ξ0(0)
ξ(0)

)
∈ {0} × N0,

ξ̃ (T ) =
(
ξ0(T )
ξ(T )

)
∈ R × N f ,

(19)

while the minimization sub-problem (15) - (16) is equivalent to
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minimize c0(ξ(0))+ c f (ξ(τr ))+ ξ0(τr )

subject to

˙̃ξ(t) = h̃i (̃ξ (t)) , a.e. t ∈ (τi−1, τi ) ,

ξ̃ (0) =
(
ξ0(0)
ξ(0)

)
∈ {0} × N0 ,

ξ̃ (τr ) =
(
ξ0(τr )

ξ(τr )

)
∈ R × N f ,

θ ∈ R
r
+, τi =

i∑

j=1
θi , i = 1, . . . , r .

(20)

The extended reference trajectory ̂̃ξ(t) = (̂ξ0(t), ξ̂ (t)) is the one associated to the
initial point (0, x̂0) and to the vector θ̂ .

We can restate Assumption 1 as follows:
Assumption 1’ (̂̃ξ , û) is a Pontryagin extremal: there exists a lift ̂̃λ(t) to the

cotangent bundle T ∗(R × M) of the reference extended trajectory ̂̃ξ(t) such that ̂̃λ is a
Lipschitz solution of the Hamiltonian system

˙̃λ(t) =
−→̃
Hi (̃λ(t)) t ∈ (̂τi−1, τ̂i )

such that

H̃i (̂̃λ(t)) = 0 = max
u∈1

{
〈 p̂(t) , X0(̂ξ (t))+

m∑

k=1
uk Xk (̂ξ (t))〉

−p0

(
F0(̂ξ (t))+

m∑

k=1
uk Fk (̂ξ (t))

)}
t ∈ (̂τi−1, τ̂i ) , i = 1, . . . , r .

(21)

‖̂̃λ(0)‖ 6= 0(22)
̂̃λ(0) = p0(0 , dc0(̂x0)) on T(0,̂x0)({0} × N0)(23)
̂̃λ(T̂ ) = −p0(1 , dc f (̂xT̂ )) on T( Î ,̂xT̂ )

(R × N f )(24)

where Î ≡
∫ T̂

0
f̂t (̂ξ (t)) dt is the integral cost on the reference trajectory. Let us denote

St (·, θ) the flow of (15) at time t and S̃t (̃x, θ) =
(
S0

t (x
0, x, θ), St (x, θ)

)
the extended

flow of the state equation in (20), and let

̂̃St (̃x) =
(

Ŝ0
t (x

0, x), Ŝt (x)
)

=
(

S0
t (x

0, x, θ̂ ), St (x, θ̂ )
)

be the extended reference flow associated to the reference vector θ̂ .
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Following [1] and [2] let us define the pull back of the vector fields h i and h̃i

through the reference flows Ŝτ̂i−1 and ̂̃Sτ̂i−1 , respectively:

gi (x) ≡
[
DŜτ̂i−1(x)

]−1
hi (Ŝτ̂i−1(x)) ;

g̃i (x) =
(

g0
i (x)

gi (x)

)
≡
[

D̂̃Sτ̂i−1(x)
]−1

h̃i (̂S̃τ̂i−1(x))

=
((

f 0
i ◦ Ŝτ̂i−1

)
(x)− Lgi Ŝ0

τ̂i−1
(x)

gi (x) .

)

REMARK 3. Ŝ0
τ̂i−1

(̃x) = x0 +
i−1∑

j=1

∫ τ̂ j

τ̂ j−1
f 0

j (Ŝt (x)) dt depends on x0, but its Lie

derivative, Lgi Ŝ0
τ̂i−1

(x), does not depend on x0 hence g̃i actually depends only on x .

If we define εi = θi − θ̂i , i = 1, . . . , r the variation of the length of the i-th
interval of the partition and we let ε = (ε1, . . . , εr ) be the vector of such variations,
it is a straightforward calculation to prove the following proposition (the proof of an
analoguous result can be found in section 3 of [1]):

PROPOSITION 2. The minimization sub-problem is equivalent to

(25) mininimize c0(ζ(0))+ (c f ◦ ŜT̂ )(ζ(T̂ ))+ Ŝ0
T̂
(̃ζ (T̂ ))

subject to

˙̃ζ (t) = εi

θ̂i
g̃i (ζ(t)) , t ∈ (̂τi−1, τ̂i ),

ζ̃ (0) ∈ {0} × N0 ,

ζ̃ (T̂ ) ∈ R × Ŝ−1
T̂

N f .

(26)

Call ζ̃t (x, ε) the flow of the state equation in (26). Then the extended reference trajec-
tory ̂̃ξ(t) corresponds to the constant trajectory ̂̃ζ (t) = (0, x̂0) associated to (̃x, ε) =
(x0, x, ε) = (0, x̂0, 0).

Moreover the linearization of the constraint N , defined in (17), can be expressed
through the vector fields gi :

N =
{
(δx, ε) ∈ Tx̂0 N0 × R

r : δx +
r∑

i=1
εi gi (̂x0) ∈ Tx̂0 Ŝ−1

T̂
N f

}
.

We must write the first and the second variation at the switching points. Inspired
by (23) and (24), let α̃ : R × M → R be a C∞ extension of p0c0 : N0 → R such that

(
∂α̃

∂x0 , dα̃
)∣∣∣∣
(0,̂x0)

= (−p0, p̂(0)) on T(0,̂x0)(R × M) ' R × Tx̂0 M .
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We choose α̃ of the following form

α̃(̃x) = −p0x0 + α(x)

where α : M → R it is a C∞ extension of p0c0 to the state space manifold M and it is
such that

dα(̂x0) = p̂(0) on Tx̂0 M .

Analogously let β̃ : R × M → R be a C∞ extension of p0
(
x0 + c f

)
: R × N f → R

such that
(
∂β̃

∂x0 , dβ̃
)∣∣∣∣
( Î ,̂xT̂ )

=
(

p0, p̂(T̂ )
)

on T( Î ,̂xT̂ )
(R × M) ' R × Tx̂T̂

M .

We choose
β̃ (̃x) = p0x0 + β(x)

where β : M → R is a C∞ extension of p0c f to M such that

dβ(̂xT̂ ) = − p̂(T̂ ) on Tx̂T̂
M .

Let us define J̃ : R × M × R
r
+ → R as follows

J̃ (x0, x, θ) = α(x)+ β(St (x, θ))+ p0

(
x0 +

r∑

i=1

∫ τi

τi−1
f 0
i (St (x, θ)) dt

)

and J : (x, θ) ∈ M ×R
r
+ → J̃ (0, x, θ) ∈ R where, as usual, τi =

i∑

j=1
θ j , i = 1, . . . , r .

PROPOSITION 3. If the reference trajectory is a normal extremal (i.e. p0 = 1)
then J |N0×Rr

+ coincides with the cost in (16). If the reference trajectory is an abnormal
extremal (i.e. p0 = 0) then J is identically 0.

With β̂ ≡ β ◦ ŜT̂ , we can write

J (x, θ) = α(x)+ β̂(ζT̂ (x, ε))+ p0 Ŝ0
T̂
(̃ζT̂ (0, x, ε)) .

Finally let us define

B̂0 : x ∈ M →
∫ T̂

0

(
f̂t ◦ Ŝt

)
(x) dt ∈ R.

From (9) and (10) in Assumption 1 (or, equivalently, from (23) and (24) in Assumption
1’) and the choice of α, β̂, B̂0 we get

d(α + β̂ + p0 B̂0)(̂x0) = 0.

Let us define γ̂ (x) ≡ α(x)+ β̂(x)+ p0 B̂0(x) so that D2γ̂ (̂x0) is a well defined bilinear
functional on Tx̂0 M .
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PROPOSITION 4. For any δe = (δx, ε) ∈ N the second variation at the switch-
ing points is

J ′′[δe]2 = 1
2

D2γ̂ (δx, δx)

+
r∑

j=1
ε j

[
Lδx Lg j

(
β̂ + p0

(
B̂0 − Ŝ0

τ̂ j−1

))
(̂x0)+ p0〈d( f 0

j ◦ Ŝτ̂ j−1)(̂x0) , δx〉
]

+ 1
2

r∑

j=1

r∑

i=1
εiε j

[
Lg j Lgi

(
β̂ + p0

(
B̂0 − Ŝ0

τ̂i−1

))
(̂x0)

+p0〈d( f 0
i ◦ Ŝτ̂i−1)(̂x0) , g j (̂x0)〉

]
+ 1

2

r∑

j=1

j−1∑

i=1
εiε j

[
L [gi , g j ]

(
β̂ + p0 B̂0

)
(̂x0)

+ p0
(

Lg j Lgi Ŝ0
τ̂i−1 (̂x0)− Lgi Lg j Ŝ0

τ̂ j−1 (̂x0)

+〈d( f 0
j ◦ Ŝτ̂ j−1)(̂x0) , gi (̂x0)〉 − 〈d( f 0

i ◦ Ŝτ̂i−1)(̂x0) , g j (̂x0)〉
)]
.

REMARK 4. In the particular case f 0 = f 0(u) (which includes the two model
cases: the Mayer problem f 0 ≡ 0 and the minimum time problem f 0 ≡ 1), both B̂0
and Ŝ0

τ̂i
do not depend on x so the expression of J ′′ simplifies to

J ′′[δe]2 = 1
2

D2γ̂ (δx, δx)+
r∑

j=1
ε j Lδx Lg j β̂(̂x0)

+ 1
2

r∑

j=1

r∑

i=1
εiε j Lg j Lgi β̂ (̂x0)+ 1

2

r∑

j=1

j−1∑

i=1
εiε j L [gi , g j ]β̂ (̂x0)

LEMMA 1. The bilinear quadratic form associated to the second variation at
the switching points (and which we still denote J ′′) is

J ′′(δe , δ f ) = D2γ̂ (δx, δy)

+
r∑

i=1
εi

[
Lδy Lgi

(
β̂ + p0

(
B̂0 − Ŝ0

τ̂i−1

))
(̂x0)+ p0〈d( f 0

i ◦ Ŝτ̂i−1)(̂x0) , δy〉
]

+
r∑

j=1
η j

[
Lδx Lg j

(
β̂ + p0

(
B̂0 − Ŝ0

τ̂ j−1

))
(̂x0)+ p0〈d( f 0

j ◦ Ŝτ̂ j−1)(̂x0) , δx〉
]

+
r∑

j=1

r∑

i=1
εiη j

[
Lg j Lgi

(
β̂ + p0

(
B̂0 − Ŝ0

τ̂i−1

))
(̂x0)

+p0〈d( f 0
i ◦ Ŝτ̂i−1)(̂x0) , g j (̂x0)〉

]
+

r∑

j=1

j−1∑

i=1
εiη j

[
L [gi , g j ]

(
β̂ + p0 B̂0

)
(̂x0)
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+ p0
(

Lg j Lgi Ŝ0
τ̂i−1 (̂x0) − Lgi Lg j Ŝ0

τ̂ j−1 (̂x0)

+ 〈d( f 0
j ◦ Ŝτ̂ j−1)(̂x0) , gi (̂x0)〉 −〈d( f 0

i ◦ Ŝτ̂i−1)(̂x0) , g j (̂x0)〉
)]
.

for any δe = (δx, ε), δ f = (δy, η) ∈ N .

If we define the linear Hamiltonian functions
G ′′

i : (ω, δx) ∈T ∗
x̂0 M × Tx̂0 M →

→ 〈ω , gi (̂x0)〉 + Lδx Lgi

(
β̂ + p0

(
B̂0 − Ŝ0

τ̂i−1

))
(̂x0)

+ p0〈d( f 0
i ◦ Ŝτ̂i−1)(̂x0) , δx〉 ∈ R,

to each G ′′
i a constant Hamiltonian vector field −→

G ′′
i is associated, namely

−→
G ′′

i =
(
−L(·)Lgi

(
β̂ + p0

(
B̂0 − Ŝ0

τ̂i−1

))
(̂x0)− p0d( f 0

i ◦ Ŝτ̂i−1)(̂x0), gi (̂x0)
)
.

We define the subspaces of the initial and final transversality conditions as

L ′′
0 ≡

{
δ` =

(
−D2γ̂ (̂x0)(δx, ·)+ ω, δx

)
: δx ∈ Tx̂0 N0 ,

ω ∈
(
T̂x0 N0

)⊥ and σ (δ`,
−→
G ′′

1) = 0
}
,

L ′′
T̂

≡
(

T̂x0 Ŝ−1
T̂
(N f )

)⊥
× T̂x0 Ŝ−1

T̂
(N f ).

For any δe = (δx, ε) ∈ N let ω0 be such that δ` = (ω0, δx) ∈ L ′′
0 , and let

δ`T̂ (ω0, δe) = (ωT̂ (ω0, δe), δx T̂ (δe)) = δ`+
r∑

i=1
εi

−→
G ′′

i .

PROPOSITION 5. With the notation established above

J ′′(δe , δ f ) = D2γ̂ (δx, δy)− 〈ωT̂ (ω0, δe) , δy +
r∑

j=1
η j g j (̂x0)〉 + 〈ω0 , δy〉

+
r∑

j=1
η j G

′′
j


δ`+

j−1∑

i=1
εi

−→
G ′′

i


 ∀ δe = (δx, ε) , δ f = (δy, η) ∈ N .

We want to gain some piece of information from the positivity of J ′′ on N

(Assumption 6). To do so we study its meaning on an increasing sequence of subspaces
of N . Let us define

V ≡
{
(δx, ε) ∈ N : δx +

r∑

i=1
εi gi (̂x0) = 0

}
,

Vk ≡ {(δx, ε) ∈ V : εi = 0 ∀ i = k + 1, . . . , r} k = 1, . . . , r .

If W is any subspace of N , we denote by W ⊥ the orthogonal sub-space to W with
respect to J ′′.
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LEMMA 2. δe = (δx, ε) ∈ Vk ∩ V ⊥
k−1 if and only if

1. δx ∈ Tx̂0 N0;

2. δx +
∑k

i=1 εi gi (̂x0) = 0 and εi = 0 ∀ i = k + 1, . . . , r;

3. for any ω0 ∈ (Tx̂0 N0)⊥, δ` = (−D2γ̂ (̂x0)(δx, ·)+ ω0, δx) is in L ′′
0 and,

(27) G ′′
j (δ`+

j−1∑

i=1
εi

−→
G ′′

i ) = 0 , ∀ j = 2, . . . , k − 1.

In this case J ′′[δe]2 = εk G ′′
k (δ`+

k−1∑

i=1
εi

−→
G ′′

i ).

LEMMA 3. δe ∈ N ∩ V ⊥ if and only if

1. δx ∈ Tx̂0 N0;

2. δx +
∑r

i=1 εi gi (̂x0) ∈ Tx̂0 Ŝ−1
T̂

N f ;

3. δ` = (−D2γ̂ (̂x0)(δx, ·) + ω, δx) ∈ L ′′
0 and G ′′

j (δ` +
∑ j−1

i=1 εi
−→
G ′′

i ) = 0, for
every j = 2, . . . , r .

In this case

J ′′[δe]2 = −
〈
ω0 −

r∑

i=1
εi

(
L(·)Lgi

(
β̂ + p0

(
B̂0 − Ŝ0

τ̂i−1

))
(̂x0)

+ p0d( f 0
i ◦ Ŝ0

τ̂i−1)(̂x0)
)
, δx +

r∑

j=1
ε j g j (̂x0)

〉
.

For a proof of Lemma 2 and Lemma 3 see Lemma 3.1 in [1].

5. Discrete Jacobi system

For (δp, δx) ∈ T ∗
x̂0

M × Tx̂0 M we recursively define

G′′
0 (δp, δx) = (δp, δx),

ωi (δp, δx) =
−σ

(
G′′

i−1(δp, δx),
−→
G ′′

i+1

)

σ

(−→
G ′′

i ,
−→
G ′′

i+1

) , i = 1, . . . , r − 1,

G′′
i (δp, δx) = G ′′

i−1(δp, δx)+ ωi (δp, δx)
−→
G ′′

i , i = 1, . . . , r − 1 .
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REMARK 5. From the very definition the following equality follows:

σ

(
G′′

i (δp, δx),
−→
G ′′

i+1

)
= 0 .

PROPOSITION 6. (δp, δx) ∈ L ′′
0 and equations (27), j = 2, . . . , k − 1, are

satisfied if and only if

σ

(
(δp, δx),

−→
G ′′

1

)
= 0 and εi = ωi (δp, δx) ∀ i = 1, . . . , k − 2 .

More precisely we have

1. δe ∈ V1 if and only if

δx + ε1g1(̂x0) = 0 , εi = 0 , ∀ i = 2, . . . , r,
δx ∈ Tx̂0 N0,

∃ δp such that (δp, δx) ∈ L ′′
0 .

In this case

(28) J ′′[δe]2 = ε1G ′′
1(δ`)

2. For k = 2, . . . , r , δe ∈ Vk ∩ V ⊥
k−1 if and only if

δx +
k∑

i=1
εi gi (̂x0) = 0 , εi = 0 , ∀ i = k + 1, . . . , r,

δx ∈ Tx̂0 N0,

∃ δp such that (δp, δx) ∈ L ′′
0 , εi = ωi (δp, δx) , ∀ i = 1, . . . , k − 2,

and in this case

(δp, δx)+
k∑

i=1
εi

−→
G ′′

i = G′′
k−1(δp, δx)+ (εk−1 − ωk−1(δp, δx))

−→
G ′′

k−1 + εk
−→
G ′′

k

(29) J ′′[δe]2 = εk (εk−1 − ωk−1(δp, δx)) σ
(−→

G ′′
k−1

−→
G ′′

k

)
.

3. δe ∈ Vk ∩ V ⊥
k if and only if

δx +
k∑

i=1
εi gi (̂x0) = 0 , εi = 0 , ∀ i = k + 1, . . . , r,

δx ∈ Tx̂0 N0,

∃ δp such that (δp, δx) ∈ L ′′
0 , εi = ωi (δp, δx) , ∀ i = 1, . . . , k − 1 .

In this case

(δp, δx)+
k∑

i=1
εi

−→
G ′′

i = G′′
k−1(δp, δx)+ εk

−→
G ′′

k
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4. δe ∈ N ∩ V ⊥ if and only if

δx ∈ Tx̂0 N0 e δx +
r∑

i=1
εi gi (̂x0) ∈ Tx̂0 Ŝ−1

T̂
N f

∃ δp such that (δp, δx) ∈ L ′′
0 , εi = ωi (δp, δx) , ∀ i = 1, . . . , r − 1 .

In this case

(δp, δx)+
r∑

i=1
εi

−→
G ′′

i = G′′
r−1(δp, δx)+ εr

−→
G ′′

r

and, for any ωT̂ ∈
(

T̂x0 Ŝ−1
T̂

N f

)⊥

(30) J ′′[δe]2 = σ

((
ωT̂ , π∗

(
G′′

r−1(δp, δx)+εr
−→
G ′′

r

))
,G′′

r−1(δp, δx)+εr
−→
G ′′

r

)

PROPOSITION 7. If J ′′|V > 0, then J ′′|N∩V ⊥ > 0 if and only if for any

(δp, δx) ∈ L ′′
0 , any δt ∈ R such that π∗

(
G′′

r−1(δp, δx)+ δt
−→
G ′′

r

)
is different from

zero and is in π∗L ′′
T̂

and for any (δpT̂ , δxT̂ ) ∈ L ′′
T̂

such that δx T̂ ≡ π∗(δpT̂ , δxT̂ )

= π∗
(
G′′

r−1(δp, δx)+ δt
−→
G ′′

r

)
we have

(31) σ

(
(δpT̂ , δxT̂ ),G

′′
r−1(δp, δx)+ δt

−→
G ′′

r

)
> 0 .

Proof. 1. Assume J ′′|N∩V ⊥ > 0 and let (δp, δx) ∈ L ′′
0 , (δpT̂ , δxT̂ ) ∈ L ′′

T̂
and δt ∈ R

satisfy the hypotheses.
Then δe ≡ (π∗(δp, δx), ω1(δp, δx), . . . , ωr−1(δp, δx), δt) is in N ∩ V ⊥ and J ′′[δe]2

is strictly positive. Moreover σ

(
(δpT̂ , δxT̂ ),G

′′
r−1(δp, δx)+ δt

−→
G ′′

r

)
= J ′′[δe]2 > 0

2. Vice versa: assume σ

(
(δpT̂ , δxT̂ ),G

′′
r−1(δp, δx)+ δt

−→
G ′′

r

)
> 0 for any (δp, δx)

∈ L ′′
0 , δt ∈ R and (δpT̂ , δxT̂ ) ∈ L ′′

T̂
satisfying our hypotheses.

Let δe = (δx, ε1, . . . , εr ) ∈ N ∩ V ⊥. Since J ′′|V > 0, there exists (δp, δx) ∈ L ′′
0 such

that π∗(δp, δx) = δx and δe = (δx, ω1(δp, δx), . . . , ωr−1(δp, δx), εr ). We now use
(30) with ωT̂ such that

(
ωT̂ , π∗

(
G′′

r−1(δp, δx)+ εr
−→
G ′′

r

))
= (δpT̂ , δxT̂ ) and we are

done.

6. Hamiltonian methods

Let

60 ≡
{
` = (p, x) ∈ T ∗M : x ∈ N0 , H1(`) = 0 , p ∈ dα(x)+ (Tx N0)

⊥
}

and
� ≡

{
(t, `) : t ∈ [−δ, T̂ + δ] , ` ∈ 60

}
.
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We want to define an one-to-one map from a neighborhood of [0, T̂ ] × {̂̀0} in � to a
neighborhood of 4̂ in M . It is evident that�may not be “big” enough. More precisely
its dimension may be lower than the dimension of M if N0 is a proper sub-manifold of
M . To overcome this difficulty we define an equivalent problem with free initial point.

Let Q : Tx̂0 M × Tx̂0 M → R be a positive semi-definite quadratic form whose
kernel is Tx̂0 N0. Since, by assumption, J ′′ is positive definite on N , there exists ρ > 0
such that J ′′[δx, ε]2 + ρQ[δx]2 is positive definite on

Nρ ≡
{
(δx, ε) ∈ Tx̂0 M × R

r : ST̂ ∗(δx, ε) ∈ Tx̂T̂
N f
}
.

Let αρ : M → R be a C∞ function such that

1. αρ = α on N0;

2. dαρ = dα on Tx̂0 M ;

3. D2αρ (̂x0) = D2α(̂x0)+ ρQ

and study the minimization problem

minimize αρ(ξ(0))+ β(ξ(T f ))+ p0

∫ T

0
f 0(ξ(t), u(t)) dt

with the constraints

ξ̇ (t) = X0(ξ(t))+
m∑

k=1
uk(t)Xk(ξ(t)) , a.e. t ∈ (0, T ) ,

ξ(T ) ∈ N f , u ∈ L∞([0, T ],1) .

If we prove that the reference trajectory ξ̂ is optimal for this new problem then it is
also optimal for problem (1) - (2) since it satisfies the additional constraint ξ(0) ∈ N0.
Therefore, without loss of generality, we can assume N0 = M , α = αρ and N = Nρ .
Also 60 must be redefined accordingly, so from now on

60 ≡
{
` ∈ T ∗M : ` = (dα(x), x) , x ∈ M , H1(`) = 0

}
,

π60 ≡
{

x ∈ M :
(

Lh1α − p0 f 0
1

)
(x) = 0

}

From the positivity of J ′′ on V1 we immediately get:

PROPOSITION 8. 60 and its projection π60 on the manifold M are (n − 1)-di-
mensional. More precisely

T̂̀0
60 =

{
dα∗δx ∈ T̂̀0

(
T ∗M

)
: Lδx

(
Lh1α − p0 f 0

1

)
(̂x0) = 0

}
,

T̂x0π60 =
{
δx ∈ Tx̂0 M : Lδx

(
Lh1α − p0 f 0

1

)
(̂x0) = 0

}

and h1(̂x0) = g1(̂x0) /∈ Tx̂0π60.
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Proof. 60 is defined as the intersection of the Lagrangian sub-manifold

8α ≡ {` ∈ T ∗M : ` = (dα(x), x) , x ∈ M}

with the manifold
81 = {` ∈ T ∗M : H1(`) = 0}.

We have to prove that they intersect transversally in ̂̀0. Their tangent spaces are given,
respectively, by

T̂̀0
8α = {dα∗δx : δx ∈ Tx̂0 M} ,

T̂̀0
81 = {δ` : 〈δ` , h1(̂x0)〉 +

(
dα(̂x0)Dh1(̂x0)− p0d f 0

1 (̂x0)
)
π∗δ` = 0} .

Hence

T̂̀0
8α ∩ T̂̀0

81 = {δ` = dα∗δx : δx ∈ Tx̂0 M , Lδx

(
Lh1α − p0 f 0

1

)
(̂x0) = 0}

Equation (28) yields

0 < J ′′[(g1(̂x0),−1)]2 = Lg1

(
Lg1α − p0 f 0

1

)
(̂x0)

so, since h1 = g1, we have that T̂̀0
8α∩T̂̀0

81 is (n−1)-dimensional and its projection

π∗(T̂̀0
8α ∩ T̂̀0

81) = {δx ∈ Tx̂0 M : Lδx

(
Lh1α − p0 f 0

1

)
(̂x0) = 0}

is also (n − 1)-dimensional i.e. π60 is a (n − 1)-dimensional sub-manifold of M .

6.1. The maximized flow

For any ` in a sufficiently small neighborhood I of ̂̀0 in 60 and k = 1, . . . , r − 1, let
us recursively define

ϕ0(`) = ` ;

θk(`) :
{
θk(̂̀0) = θ̂k ;
Hk+1

(
exp

(
θk(`)

−→
H k

)
ϕk−1(`)

)
= 0 ;(32)

ϕk(`) = exp
(
θk(`)

−→
H k

)
ϕk−1(`)

and let

τk(`) =
k∑

i=1
θi (`).

Therefore the maximized Hamiltonian flow H can be defined on a neighborhood O of
[0, T̂ ] × {̂̀0} in R ×60 by the recursive rule

(33) Ht (`) =





exp
(

t
−→
H k

)
(`) t ∈ (τ0(`), τ1(`)),

exp
(
(t − τk−1(`))

−→
H k

)
ϕk−1(`)

t ∈ (τk−1(`), τk(`)) ,

k = 2, . . . , r,
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where, by definition τ0(`) = −δ, τr (`) = T̂ + δ for some sufficiently small positive δ.
For k = 1, . . . , r , let

6k ≡ {(τk(`), `) : ` ∈ I} ,
�k ≡ {(t, `) : ` ∈ I , τk−1(`) < t < τk(`)} .

In order to link the results of the previous section to the maximized Hamiltonian flow
H we define an isomorphism from T ∗

x̂0
M × Tx̂0 M to T̂̀0

(T ∗M).

DEFINITION 1. Define i : T ∗
x̂0

M × Tx̂0 M → T (T ∗M) as the linear application

i : (δp, δx) → −δp + d(−p0 B̂0 − β̂)∗δx .

PROPERTY 1. 1. i is an antisymplectic isomorphism;

2. i(
−→
G ′′

i ) = Ĥ−1
τ̂i ∗

−→
H i (̂̀i ) = Ĥ−1

τ̂i−1∗
−→
H i (̂̀i−1),

3. i |L ′′
0

is an isomorphism from L ′′
0 onto T̂̀0

60.

Differentiating (32) and (33) and recalling Property 1 we get the following
proposition:

PROPOSITION 9. For any δ` ∈ T̂̀0
60 and k = 1, . . . , r − 1, the following

equalities hold

〈dθk(̂̀0) , δ`〉 = ωk(i
−1δ`) ,

d
d`

Hτk (`)(`)

∣∣∣∣̂̀0

δ` = Ĥτ̂k∗δ`+
k−1∑

i=1
ωi (i

−1δ`) exp
(
θ̂k

−→
H k

)
∗

◦ . . .

· · · ◦ exp
(
θ̂i+1

−→
H i+1

)
∗
−→
H i (̂̀i )+ ωk(i

−1δ`)
−→
H k(̂̀k) ,

and

T`kH(6k) =
{
Ĥτ̂k∗δ`+

k−1∑

i=1
ωi (i

−1δ`) exp
(
θ̂k

−→
H k

)
∗

◦ . . .

· · · ◦ exp
(
θ̂i+1

−→
H i+1

)
∗
−→
H i (̂̀i )+ ωk(i

−1δ`)
−→
H k(̂̀k) , δ` ∈ T̂̀0

60
}
.

PROPOSITION 10. dim Tx̂kπH(6k) = n − 1 for any k = 1, . . . , r − 1.

Proof. 1) k = 1: The elements of Tx̂1πH(61) can be written as

δy1 ≡ Ŝτ̂1∗δx + ω1(i
−1δ`)h1(̂x1) , δ` ∈ T̂̀0

60 , δx = π∗δ`

therefore δy1 = 0 if and only if δx + ω1(i−1δ`)g1(̂x0) = 0. From Proposition 8 we
know that g1(̂x0) is not in Tx̂0π60, while δx is, so we must have

δx = 0 , ω1(i
−1δ`) = 0.
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Therefore dim Tx̂1πH(61) = dim T̂̀0
60 = n − 1.

2) k = 2, . . . , r − 1: The elements of Tx̂kπH(6k) can be written as

δyk ≡ Ŝτ̂k∗δx + ωk(i
−1δ`)hk (̂xk)

+
k−1∑

i=1
ωi (i

−1δ`) exp
(
θ̂khk

)
∗ . . . exp

(
θ̂i+1hi+1

)
∗ hi (̂xi ) .

So δyk = 0 if and only if δx+
k∑

i=1
ωi (i

−1δ`)gi (̂x0) = 0. i.e. if and only if π∗G′′
k (i

−1δ`) =

0. But J ′′ > 0 implies Vk ∩ V ⊥
k = {0} hence δx = 0 and ωi (i−1(δ`)) = 0.

PROPOSITION 11. Let k = 1, . . . , r − 1. Then hk (̂xk) , hk+1(̂xk) are not in the
tangent space Tx̂kπH(6k) , moreover there exist δyk ∈ Tx̂kπH(6k) and Ck > 0 such
that hk+1(̂xk) = δyk + Ckhk (̂xk).

Proof. hk (̂xk) ∈ Tx̂kπH(6k) if and only if there exists δ` ∈ T̂̀0
(60) such that

hk (̂xk) =ωk(i
−1δ`)hk (̂xk)+ Ŝτ̂k∗π∗δ`

+
k−1∑

i=1
ωi (i

−1δ`) exp(θ̂khk)∗ ◦ · · · ◦ exp(θ̂i+1hi+1)∗hi (̂xi ) .
(34)

If we let δx ≡ π∗i−1δ` = π∗δ`, equation (34) is equivalent to

δx +
k−1∑

i=1
ωi (i

−1δ`)gi (̂x0)+
[
ωk(i

−1δ`)− 1
]

gk (̂x0) = 0

i.e. (
δx, ω1(i

−1δ`), . . . , ωk−1(i
−1δ`), ωk(i

−1δ`)− 1
)

∈ Vk ∩ V ⊥
k .

Since J ′′ > 0, Vk ∩ V ⊥
k = {0} and we should have

δx = 0 , ωi (i
−1δ`) = 0 i = 1, . . . , k − 1 , ωk(i

−1δ`) = 1

which is of course impossible.
hk+1(̂xk) ∈ Tx̂kπH(6k) if and only if there exists δ` ∈ T̂̀0

60 such that

hk+1(̂xk) =ωk(i
−1δ`)hk (̂xk)+ Ŝτ̂k∗π∗δ`

+
k−1∑

i=1
ωi (i

−1δ`) exp(θ̂khk)∗ ◦ · · · ◦ exp(θ̂i+1hi+1)∗hi (̂xi ) .
(35)

If we let δx ≡ π∗i−1δ` = π∗δ` equation (35) is equivalent to

δx +
k∑

i=1
ωi (i

−1δ`)gi (̂x0)+ (−1)gk+1(̂x0) = 0
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i.e. (
δx, ω1(i

−1δ`), . . . , ωk(i
−1δ`),−1

)
∈ Vk+1 ∩ V ⊥

k+1.

Since J ′′ > 0, Vk+1 ∩ V ⊥
k+1 = {0}, this is impossible.

Since dim Tx̂kπH(6k) = n − 1 and hk (̂xk) /∈ Tx̂kπH(6k), Tx̂kπH(6k) and hk (̂xk)

generate the whole tangent space Tx̂k M hence there exists Ck ∈ R, δx ∈ Tx0 L ′′
0 such

that

hk+1(̂xk) = Ckhk (̂xk)+
[

Ŝτ̂k∗δx + ωk(i
−1δ`)h1(̂xk)

+
k−1∑

i=1
ωi (i

−1δ`) exp(θ̂khk)∗ ◦ · · · ◦ exp(θ̂i+1hi+1)∗hi (̂xi )

]
.

(36)

Equation (36) is equivalent to

gk+1(̂xk) = Ck gk (̂xk)+ π∗G
′′
k (i

−1δ`)

i.e.
(
δx, ω1(i−1δ`), . . . , ωk−1(i−1δ`), ωk(i−1δ`)+ Ck,−1

)
∈ Vk+1 ∩ V ⊥

k .
Since J ′′|Vk+1∩V ⊥

k
> 0, from equation (29) we get

−Ck G ′′
k+1

(−→
G ′′

k

)
> 0

i.e. Ck > 0.

6.2. The map π ◦ H

THEOREM 2. (1) πH(6k) is an hyper-surface in M and the convex hull of
{hk (̂xk) , hk+1(̂xk)} does not intersect its tangent hyper-plane Tx̂kπH(6k),
(2) πH(O) is a neighborhood U of 4̂, πH : O → U is one-to-one.

Proof. (1) comes directly from Propositions 10 and 11, possibly restricting O. To
prove (2) we first point out that Propositions 10 and 11 imply (see [1] for analogous
techniques) that

(37) D(πH)(t, ̂̀0) is onto ∀ t ∈ [−δ, T̂ + δ].

This leads to πH : �i → πH (�i ) to be a diffeomorphism, for a possibly smaller O.
Possibly restricting again O we may assume also

1. πH (�i ) ∩ πH (�i+1) = πH (6i ), by (37) at t = τ̂i and Assumption 5;

2. πH (�i ) ∩ πH
(
� j
)

= ∅ for | j − i | ≥ 2, by Assumption 5.

Therefore πH : O → U is one-to-one.
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We shall denote π ◦ H by ψ .

REMARK 6. Theorem 2 states that through ψ we can cover a neighborhood of
the reference trajectory ξ̂ on M with a field of extremals.

6.3. Reduction to a finite-dimensional problem

We shall use the exactness of the 1-form s = p dq on H(�) ⊂ T ∗M .
Let ξ : [0, T ] → M be a trajectory of the control system whose range is in the neigh-
borhood U of 4̂. Call x0 = ξ(0) and xT = ξ(T ). Apply ψ−1 to ξ and ξ̂ and close the
path.

0 =
∮

H∗ p dq =
∫

ψ−1(ξ)
H∗ p dq +

∫

ψ−1(xT )ψ−1 (̂xT̂ )

H∗ p dq

−
∫

ψ−1 (̂ξ )
H∗ p dq +

∫

ψ−1 (̂x0)ψ−1(x0)
H∗ p dq .

The first integral is less than or equal to
∫ T

0
p0 f 0(ξ(s), u(s)) ds, while the third one is

∫ T̂

0
p0 f̂ 0(̂ξ (s)) ds, hence

∫

ψ−1 (̂x0)ψ−1(x0)
H∗ p dq ≥

∫

ψ−1 (̂xT̂ )ψ
−1(xT )

H∗ p dq

+ p0

[∫ T̂

0
f̂ 0(̂ξ (s)) ds −

∫ T

0
f 0(ξ(s, x0), u(s)) ds

]
.

(38)

By definition of the function ψ

ψ−1(̂x0) =
(
0, ̂̀0

)
, ψ−1(̂xT̂ ) =

(
T̂ , ̂̀0

)
.

Let us define

(t0, `0) ≡ ψ−1(x0) , q0 ≡ π`0 , (tT , `T ) ≡ ψ−1(xT ) , qT ≡ π`T ,

t0 ∈ (−δ, τ̂1) , tT ∈ (̂τr−1, T̂ + δ) .
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If x0 is in a small neighborhood of x̂0, then x0 = exp t0h1(q0), so if we consider the
difference α(x0)− α(̂x0) of the costs on the initial point, we have:

α(x0)− α(̂x0) =α(x0)− α(q0)+ α(q0)− α(̂x0)

=
[
α (exp (t0h1)q0)− α(q0)− p0

∫ t0

0
f 0
1 (ξ(r, q0)) dr

]

+
[
α(q0)− α(̂x0)+ p0

∫ t0

0
f 0
1 (ξ(r, q0)) dr

]

=t0
[

Lh1α(q0)− p0 f 0
1 (q0)

]
+

t2
0
2

Lh1

(
Lh1α − p0 f 0

1

)
(q̄)

+
[
α(q0)− α(̂x0)+ p0

∫ t0

0
f 0
1 (ξ(r, q0)) dr

]

(39)

for a certain q̄ in a neighborhood of q0.
The coefficient of t0 is null because q0 ∈ π60 while the coefficient of t2

0 is strictly
positive by continuity and the positivity of J ′′ on V1. From equation (38) we now get

α(x0)− α(̂x0) ≥ α(q0)− α(̂x0)+ p0

∫ t0

0
f 0
1 (ξ(r, q0)) dr

=
∫

ψ−1 (̂x0)ψ−1(x0)
H∗ p dq

≥
∫

ψ−1 (̂xT̂ )ψ
−1(xT )

H∗ p dq + p0

[∫ T̂

0
f̂ 0(̂ξ (s)) ds −

∫ T

0
f 0(ξ(s, x0), u(s)) ds

]
.

(40)

Let us now evaluate the difference of the costs C(T, x0, u) and C(T̂ , x̂0, û):

C(T, x0, u)− C(T̂ , x̂0, û) =
(
α(x0)+ β(xT )+ p0

∫ T

0
f 0(ξ(s, x0), u(s)) ds

)

−
(
α(̂x0)+ β(̂xT̂ )+ p0

∫ T̂

0
f̂ 0(̂ξ (s)) ds

)

≥
∫

ψ−1 (̂xT̂ )ψ
−1(xT )

H∗ p dq + β(xT )− β(̂xT̂ )

=
(
α ◦ π ◦ ψ−1 + β + p0

∫ t◦ψ−1(·)

0
f 0
ψ−1(·)(ξ(π ◦ ψ−1(·), r)) dr

)
(xT )

−
(
α ◦ π ◦ ψ−1 + β + p0

∫ t◦ψ−1(·)

0
f 0
ψ−1(·)(ξ(π ◦ ψ−1(·), r)) dr

)
(̂xT̂ )

Let F : N f → R be defined as

(41) F : x →
(
α ◦ π ◦ ψ−1 + β + p0

∫ t◦ψ−1(·)

0
f 0
ψ−1(·)(ξ(π ◦ ψ−1(·), r)) dr

)
(x).
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To prove that ξ̂ is a state-local minimum it now suffices to prove that F has a strict
local minimum in x̂T̂ .

THEOREM 3. F has a strict local minimum in x̂ T̂ .

Proof. It suffices to prove that

dF (̂xT̂ ) = 0,(42)
D2 F (̂xT̂ ) > 0 .(43)

Equation (42) is an immediate consequence of the transversality conditions (9) - (10).
Since d

(
α ◦ π ◦ ψ−1) = H ◦ π ◦ ψ−1

D2 F (̂xT̂ )[δxT ]2 =
(
(H ◦ ψ−1)∗ + D2(β + p0 B0)

)
(̂xT̂ )[δxT ]2

= σ

(
(H ◦ ψ−1)∗δxT , d(−β − p0 B0)∗δxT

)

where B0 is the integral appearing in formula (41). Since ψ−1
∗ is a diffeomorpism of

TxT̂
M and R × T̂̀0

60, let (δs, δ`) ≡ ψ−1
∗ δxT . We get

D2 F (̂xT̂ )[δxT ]2 = σ (H∗(δs, δ`), d(−β − p0 B0)∗ψ∗(δs, δ`))

= σ (H∗(δs, δ`), d(−β − p0 B0)∗π∗H∗(δs, δ`)) .
(44)

Apply ĤT̂ ∗ ◦ i to each argument of σ in inequality (31) of proposition 7. With δ` ≡
i(δp, δx) we obtain

0 < σ

(
ĤT̂ ∗i

(
(δp, δx)+

r−1∑

i=1
ωi (δp, δx)

−→
G ′′

i + δt
−→
G ′′

r

)
,

ĤT̂ ∗i

(
δpT̂ , δx +

r−1∑

i=1
ωi (δp, δx)gi (̂x0)+ δtgr (̂x0)

))

=σ (H∗(δt + 〈dτr−1 , δ`〉, dα∗δx),

− δpT̂ + d(−β − p0 B0)∗π∗H∗(δt + 〈dτr−1 , δ`〉)

for any (δp, δx) ∈ L ′′
0 and any δt ∈ R such that π∗

(
G′′

r−1(δp, δx)+ δt
−→
G ′′

r

)
6= 0 and

is in π∗L ′′
T̂

and for any (δpT̂ , δxT̂ ) ∈ L ′′
T̂

such that

δx T̂ = π∗
(
G′′

r−1(δp, δx)+ δt
−→
G ′′

r

)
. This is exactly the expression in equation (44)

with δs = δt + 〈dτr−1 , δ`〉.

Proof of Theorem 1. To conclude the proof of Theorem 1 we have to prove that ξ̂ is a
strict minimizer and that in the abnormal case p0 = 0 it is isolated.
Assume that (T, ξ, u) is another triplet which achieves the minimum or that p0 = 0.
Since x̂T̂ is a strict minimum for F , we must have ξ(T ) = x̂ T̂ and equality must hold
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in equations (38) and (40). Let us denote ψ−1(ξ(s)) = (t (s), `(s)), s ∈ [0, T ] and let
µ = (λ, ξ) : s → Ht (s)(`(s)). Equality in equation (38) implies

(45) 〈λ(s) , ξ̇ (s)〉 − p0 f 0(ξ(s), u(s)) = H(λ(s), ξ(s)) a.e.

and by Assumption 2 we obtain ξ̇ (s) = hi (ξ(s)) if ξ(s) in in the interior of ψ(�i ).
Since ξ(T ) = x̂T̂ we have ξ(s) = ξ̂ (s − T + T̂ ). By (45) and Assumption 3 the limit
points of ξ̇ (s) for s → τ̂r−1 − T + T̂ must belong to the convex hull of {hr−1(ξ(̂τr−1 −
T + T̂ )), hr (ξ(̂τr−1 − T + T̂ ))} therefore Theorem 2 implies that ξ crosses ψ(6r−1)
and it enters the interior of ψ(�r−1). By induction we get ξ(s) = ξ̂ (s − T + T̂ ),
whenever s ≥ max{0, T − T̂ }. This also means that ξ(0) = exp(T − T̂ )h1(̂x0) so that
in equation (39) we have q0 = x̂0 and t0 = T − T̂ , so since equality must hold in (40)
we must have t0 = 0 in (39). This completes the proof.
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