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NUMERICAL SOLUTION OF LARGE MARKOV CHAINS *

Abstract. Markov chains model a wide variety of problems of the real warttere a given
system evolves in time and can assume different states angdalthe occurrence of some
random events. Solving large Markov chains is often a chgifey problem for the large
complexity encountered by the available algorithms. Thistigp&al case where the techno-
logical advances of the computer hardware are not enoughideiding a solution in almost
real time unless very specific and highly specialized algorit are designed. The advances
of the mathematical technology is the key tool for solving spi¥blems.

In this paper we rely on two examples, the Google problem aadliortest queue prob-
lem, used as paradigms in order to show the main techniques endtthnematical tools for
the solution of large Markov chains. The emphasis is set ordleeof the mathematical
structures which characterize the problem and on theiyaissdnd exploitation. We present
an algebraic version of the Ramaswami formula for solving itéiMarkov chains associ-
ated with queueing problems. Then we revisit it from a funwigoint of view in terms of
canonical Wiener-Hopf factorization of a matrix valued ftios of complex variable. We
show that computing this factorization is reduced to sohdamgatrix equation or to inverting
a matrix Laurent power series. Classical and more recent addaagorithms for the latter
two computations are presented.

1. Introduction

Markov chains model a wide variety of problems of the realld@rhere a given sys-
tem evolves in time and can assume different states aceptdithe occurrence of
some random events. There are many examples of Markov civaiex® for the huge
dimensions encountered in practice the solution of theegydeads to challenging
computational problems in linear algebra. Besides thesidakexamples of thean-
dom walkproblems, a great interest is addressed to a large papiedeing models
which are encountered in telecommunications and are cetatéhe web technology.
In particular, a special attention has recently receiveg#ge rank problencarried to
the attention of researchers by the Goolflesearch engine where the dominant eigen-
vector of a matrix of size aboutBx 10° must be computed in almost real time.

In this paper we address the attention on computationallgmbrelated to
the solution of large Markov chains by pointing out the fumeatal importance of
the theoretical and algorithmic tools at the basis of theintson. These tools make
solvable, in almost real time, complex problems which wdndduntreatable with a
classical numerical approach even with the fastest cormpatailable nowadays.

The paper is organized as follows. In Section 1.1 we infolyrralcall the ele-
mentary concepts at the basis of Markov chains; in Sectidmvé.present two impor-
tant examples: the page rank (Google) problem and the sihopgeue problem mod-
eled by huge and infinite Markov chains, respectively. Ini®a@ some computational
issues are introduced: here the attention is addressee tolh of structure analysis
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for the design of highly efficient algorithms. Section 3 dealth computational tools
used for solving infinite Markov chains, in particular thenReswami formula and its
relationships with certain factorizations of matrix vaduinctions in the Wiener al-
gebra. It is shown that solving an infinite Markov chain of M&5/1 type is reduced
to computing a Wiener-Hopf factorization of a suitable mxatalued function defined
on the complex unit circle. The algorithmic aspects of thiglkof factorizations are
considered in Section 4. It is pointed out that a Wiener-Hapforization is readily
available if the solution with minimum spectral radius ofidtable matrix equation
is computed, or if the matrix inverse of a matrix Laurent poweries defined on the
unit circle is computed. Sections 5, 6 and 7 deal with thegelatter computations.
In particular, in Section 7 we describe the algorithmic ambes obtained in solving
matrix equations by relying on the cyclic reduction aldumitwhich is revisited from a
functional point of view. Conclusions and open problemsthessubject of Section 8.

A particular emphasis is set on the analysis of the matheaiatiructures which
characterize the problem and on the importance of lookirtbeaproblem itself from
different point of view. In fact, the latter approach enabbee to have a more com-
plete understanding of all the theoretical and computatifegatures encountered in the
analysis.

1.1. Markov chains

Informally speaking a Markov chain is a sequerie&}ket Of random variables in-
dexed on a discrete s&étrepresenting time, where each varialflecan take values in

a setE of statesthis value represents the status of the system atkifti6]. Usually it

is assumed thal = N. The fundamental property of a Markov chain is that the state
occupied by the system at tinkeonly depends on the state occupied by the system at
timek — 1. That is, the value 0Ky only depends on the value taken By_1 and is
independent athe past history of the system.

This property can be formalized by the following equation
P[Xk = ik|Xo =10, ..., Xk—1 = ik-1] = P[Xk = ik|Xk-1 = ik-1]

for anyip, ...,k € E, whereP[X = a|Y = b] denotes the conditional probability
that the random variabl¥ takes the valua given that the random variabletakes the
valueb.

The evolution of a Markov chain is determined by the prob@bibi(ﬁ) that at
each timek the system moves from stdtéo statej. If this array of probabilities is in-
dependent of the timie, say, pi(,k-) = [i,j, then the chain is calledomogeneousThus,
a homogeneous Markov chain is characterized bytthesition probability matrix
P = (pi,j)i,jcE. Observe thaP is row stochasticthatis,p;j j > 0 andzjeE pi,j=1
for anyi € E. In matrix form one ha®e = ewhereeis the vector indexed oE with
components equal to 1.

The status of the system at tinkeis described by grobability state vector
xK = (xi(k))ieE wherexi(k) denotes the probability[ X = i|Xo] that the system is in
the staté € E at timek.



Numerical solution of large Markov chains 123

Indeed, by the lows of probability one has
(1) (X(kJrl))T — (X(k))T P

and) ;g xi(k) =1

Equation (1) describes the evolution of the Markov chainedte initial prob-
ability state vectok© has been assigned.

Observe that, if the system has an asymptotic behaviorifithere exists the
limit lim , x® = 7 then from (1) one has

' =xz"P

that is,z T is a nonnegative left eigenvector Bf corresponding to the eigenvalue 1
normalized so that Te = 1.

The vectorr if it exists is calledinvariant probability vectoror steady state
vector.

One of the the main computational issues in the solution afkiblachains is
the computation of.

1.2. Some examples

A classical example of Markov chain is thendom walkproblem. Consider a system
made up by a single particle which may occupy positions inségmen{l, n] given

by the integer coordinatés= 1, 2, ..., n. The particle can move to the right or to the
left with probability p and 1— p, respectively, of a unit step unless it occupies one edge
of the segment. In this case the particle moves with protbahibf one step toward the
center of the segment. The system, known as random walksisited by a Markov

chain where the set of the stateds= {1, 2, ..., n} and
0 1 0O --- 07
1-p O p
P= 0 .0
: . 1-p 0 p
. 0 0 1 0 |
If the set{l, 2, ..., n} is replaced byN, the particle moves along a half-line, afd
turns into the semi-infinite matrix
0 1 0

If E = Z, the particle moves along a line, aRdis a bi-infinite matrix.



124 D. A. Bini

The page rank problenfil, 14, 29, 36, 40, 44] consists in sorting a set of web
pages according to their relevance. This problem is crdotakearch engines like
Googld M widely used by people surfing on the web. Google treats thiblpm by
means of a Markov chain simulating a virtual user who rangosulrfs on the web
moving from one page to another one according to the follgwirtes:

— Number the pages available in the web from hiohat is, sett = {1,2,...,n};
divide the time into intervals of length 1.

— At the end of each time interval the virtual surfer, whilsitihg the pagé decides
to change page and has two different choices

a) with probability® he/she randomly chooses a link available in the current
page and moves there;

b) with probability 1— 0 he/she randomly chooses a new available page in the
web, i.e., a page from the sEt

Assume that in his/her random choice the virtual surfer seeavith uniform proba-
bility among the links of the current page (case a) and amoa@vailable pages (case
b). Then the probability transition matrR is given by

1
P=60DH + ﬁ(1—9)eeT

whereH = (hj j), called theconnectivity matrixs such thah; ; = 1 if in the page

i there is a link to the pagg, D =Diag(d_1, ., drb with d = ZjeE hi,j, where
we assume thal; # 0 for anyi. Indeed, the matrid DH describes the case a) while
%(1 — 0)ee’ describes the case b).

For 0 < 8 < 1 the invariant probability vectat = (zj)i—=1.n Of this Markov
chain exists and is unique in view of the Perron-Frobenig®tbm sinceP is irre-
ducible [47]. Moreoverg; is the limiting probability that the surfer visits thth page.
The higher is the probability of a page to be visited the higheghe importance of
the page. Computing the vectorprovides a reliable way of ranking the web pages.
Google makes this computation once in a month. At any qubgy/list of selected
pages is sorted according to the order provided by

It is interesting to point out that at the date of DecembeB2B@re are roughly
n = 8.5- 10° pages available in the web. The matfixalso called Google matrix, has
sizen andn® = 7.2 - 10'° elements. This matrix is probably the largest finite matrix
ever encountered in applications.

There are important applications where the Markov chainescdbed by an
infinite matrix This is the case of queueing problems. Consider for instéme fol-
lowing simple model problem describing the queues whichdxiwer encounters at the
highway exits (see figure 1).

In the shortest queue problethere aram servers which provide some service
to customers upon their arrival. Time is discretized inteivals of length one, during
each intervab customers arrive and each of them joins the shortest lirtbgagnd of
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Figure 1: The shortest queue problemservers provide a service bocustomers who
leave the lines; new customers arrive and join the shortesiie}

each interval each server provides the serviceramdistomers, if there are any, leave
the system. We assume that the distribution of the randorablar: is known, i.e., the
probabilitiesqy = Pla = i], fori = 0, 1, ... are known. Denoting by, the overall
number of customers waiting to be served at timtholds

Xny1 = max{0, Xn — N+ a}
and the probability transition matrix is readily available

Qo+0gr+---+0mi if j=0, 0<i<m-1
Pi.,i =1 9j-i+m if j—i+m=>0
0 if j—i+m<0

Since we assume no upper bound to the length of the queuesstthef states
coincides withN and the matrixP is semi-infinite

[ bm Om+1 Omt+2 Om+3

by a3 G -

(2) P= . . )
o 01 02 gz IR

do 01 02 Q3

O

whereby =go+ 1 +---+ G, 1<i <m.

For this problem, as well as in any other queueing model, kmgwhe com-
ponents ofr provides information about the expected length of the gsieugince
Yicem = landz > 0, the valuesr; decay to zero and the computation of a finite
number of components af, sayk, provides global information about the remainder
sinced . i =1— Z!‘zon.

Observe that, by partitioning the matikinto m x m blocks, one can represent
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P in block Hessenberg form as

A A1 A
Al A AL
3 P=
A1 Ag
o )

where Ay = (Om+j—i) and Ao is obtained by replacing the first column 8§ with
(bm, ..., b1)T.

Observe also that except for the block in positi@nl), the blocks along each
diagonal coincide. Matrices having constant blocks aldredrtblock diagonals are
calledblock Toeplitz The fact thatAg # Ao, which expresses the “boundary condi-
tion” of the Markov chain, is needed to maintain the stodbagtof the matrix P.

Infinite block Toeplitz matrices, except for the boundarndition, in block
upper Hessenberg form describe a much more general clasarbichains called
M/G/1 [37, 38]. Infinite block Toeplitz matrices, except fitre boundary condition,
in lower Hessenberg form, describe the class of G/M/1 Martmins. Infinite block
tridiagonal block Toeplitz matrices, except for the bourydandition, describe Quasi-
Birth-Death processes also known as QBD. The more genasd of stochastic matri-
ces obtained by replacing the entries of (2) with matrix kéodescribedlon-Skip-Free
Markov chains [20]. By means of the reblocking techniqueldtier apparently wider
class can be reduced to an M/G/1 with blocks of larger size.

We refer the reader to the books [37], [38], [33] for a moreadet! treatment
of this kind of stochastic processes and to the book [5] foystesnatic treatment of
the algorithmic and computational aspects of these prabldiere we point out that
M/G/1/, G/M/1 and QBD stochastic processes model a very wadiety of problems
ranging from telecommunications, computer networks, heot@lephones, decision
processes, medical sciences, risk analysis, etc.

For a more detailed description on recent applicationshatktlogies, design
and analysis of algorithms we refer the reader to the volutheith the proceedings of
the conference "Matrix Analytic Methods for Stochastic €&sses”, Pisa, June 22-26
2005.

2. Computational problems

Solving a Markov chain, i.e., computing the veciorseems, at first glance, a trivial
problem at least for finite matrices. In fact, the conditiohP = z T can be rewrit-
ten in the form of a homogeneous singular linear system P)Tz = 0 which can
be solved by means of general linear algebra tools as the ¢idrfaation of| — PT
[46, 23]. The theory of M-matrices [47], [3] guarantees tlestence of the LU fac-
torization, moreover, the computation ofandU such that(l — P) = LU by means
of Gaussian elimination becomes a numerically stable céatipn if complemented
with the GTH trick for removing possible cancellation [24].
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Once the factotJ has been computed, the triangular systém = 0 can be
easily solved by means of back substitution. The overallisaominated by Gaussian
elimination and amounts t§>n3 + O(n?) arithmetic operations.

Actually, Gaussian elimination is a very effective tool ffrdied to moderately
large matrices. If one tries to apply this method to the pagé problem some (ex-
pected) difficulty is encountered. For= 8.5 - 10° the overall number of operations
required by Gaussian elimination is roughlyL & 10%°. Let us try to estimate the CPU
time needed to solve the page rank problem with Gaussiatngliion by using a fast
computer.

The fastest computer available nowadays is the Blue Gen®By It has a
speed of 360 teraflops, that is, it can execu 3 10'* arithmetic operations per
second. In order to executeldx 107° arithmetic operations it would need about &
10'% seconds corresponding to more than 36 million years. Ind@edgle cannot rely
on Gaussian elimination in order to sort the web pages atwptd their rank.

In the case where the Markov chain is infinite the computaitioeven more
complicated and different techniques based on the peitul@rthe problem must be
used in order to design highly efficient solution algorithms

In the next sections we will deal with infinite problems enctawed in queueing
models and show the main ideas and techniques used for ttefios. Concerning
the methods designed for solving the page rank problem ves thé reader to the
recent papers [1, 14, 29, 36, 40, 44]. Here we just want totmeinhthat this problem
is currently receiving a great interest from researchergkiwg in numerical linear
algebra for the importance of its applications and for theresting numeric tools that
are used for its solution.

A crucial property is that the connectivity matrbt is a highly sparse matrix.
In fact, the number of nonzero elements in each line, i.e. niimber of links which
are listed in a web page, is greatly inferior to the numbef pages available in the
web. Therefore, multiplying the matrild as well as the matriP by a vector has a
cost which is bounded from above by a small multiplena$o that the matrix vector
multiplication can be performed in less than a second of G even with a PC de-
spite the huge size of the matrix. This is the basis for thé@desf efficient algorithms
for approximatingz in few hours of CPU time based on the elementary operations of
matrix-vector multiplication.

The semi-infinite matrices encountered in queuing model® e block Toeplitz
block Hessenberg structure. Exploiting the specific prigeiof this structure is the
key idea for designing very efficient solution algorithms.

In general, in order to solve large scale scientific problé@rssnot convenient
to use general methods. As in the case of the page rank prptilentarge CPU ex-
ecution time makes the problem practically unsolvable.y@mtough the analysis of
the peculiarity of the problem, which can be better undetio terms of mathemat-
ical (matrix) structures, it is possible to design effegtsolution algorithms despite
the large size of the problem. The analysis of mathemattoattsires is not only the
way for designing highly efficient algorithms, but is alse thain source of enjoyment
and motivation of the research in mathematics. In this gdis worth citing the
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following comment by Alexander Grothendieck, Fields meadd966:

If there is one thing in mathematics that fascinates me nt@®e anything else
(and doubtless always has), it is neither number nor sizeabvays form. And among
the thousand-and-one faces whereby form chooses to rageHlto us, the one that
fascinates me more than any other and continues to fascimate is the structure
hidden in mathematical things.

3. M/G/1 Markov chains: Wiener-Hopf factorizations and the Ramaswami for-
mula

The aim of this section is to give the flavor of the mathematiwals used in solving
M/G/1 stochastic processes without delving into techrilesihils. Throughout the sec-
tion we follow [5] to which we refer the readers who wish to &amore information on
this topic.

Let us recall that our main goal is to compute a finite numbeoofponents of
the infinite vectorr = (r;) € RY such that

4 (1 -P)=0, 7 >0, > m=1
ieN

where, assuming more general boundary conditions, we set

A A A
Al A AL A
(5) P=
Al Ao A
(@)

where the blocks amm x m matrices.

3.1. The Ramaswami formula

A classical tool for solving the infinite system (4) is the Reswami formula which has
been proved in [38] by using probabilistic arguments. Heeed&scribe it by relying
only on elementary linear algebra tools.

Denote byP the submatrix of® obtained by removing the first block row and
the first block column oP. The matrixP is purely block Toeplitz and in upper Hes-
senberg form. Assume that the following UL factorizatiohdso

Up Up Uy
Uo U1 -G |
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where the left factol) is a block upper triangular block Toeplitz matrix and théehtig
factor L is a block lower triangular block Toeplitz matrix having griilvo nonzero
block diagonals.

The system (4), rewritten as

| —A | —A1 A
~T =T A1
[z7 7" ]| o UL =0
forz € R™ 7 € RY, yields
FTUL=7T[ AL Ay ...] R
A
7T —A—[ AL A ... ]L Ut )=0

so that it can be reduced to the finite system

o
@) 7' [| Y (Z A Gi—l) uo—l/i_l] =0
i=1
and to the two block triangular (infinite) block Toeplitz sss
(8) 7U=c', c'L=7"[A1As...]

Let|| - || be any matrix norm. If|G'|| is uniformly bounded from above for amy N
then the above systems are solvable and the sequih¢edecays to zero [5]. This
makes easily solvable the infinite triangular systems (8).

Under weak assumptions on the Markov chain, such a m@texists and can
be computed as the solution of the matrix equation

too
9) X=> XA
i=—1
of minimal spectral radius [5]. Partitioning the vectorinto subvectorsz; of sizem

fori = 0,1,..., we find thatt = #p and the solution of (7) and (8) provides the
equations

7g (I — Ao — AtUS1A_1) =0

mp=mg AU -

il = (g A =3 g Ui-pUp -, §22

A=Y A4C

known as Ramaswami formula. By means of these expressigrmissible to compute
as many components @fas needed. The complexity of the straightforward appbcati

(10)
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of (10) can be substantially decreased by using the Toephtrzix technology with the
FFT [34].

Sometimes changing the point of view helps to better undedsthe problems
of the world. If we look at the problem from a functional pooftview we have more
insights of the Ramaswami formula; this enables one to ddaigter and numerically
stable algorithms for its computation.

3.2. Wiener-Hopf factorizations

Let us associate with the matrix— P the matrix Laurent series

S(z)=1— ZziAi

SinceA; > 0and f;"fl A is finite, thenS(z) belongs to th&Viener algebrgd21]

oo +oo
W={F@= > ZF: FeC™™ > [[R|l <+oo}.

i=—00 i=—00
Matrix valued functiond= (z) which are analytic in the annulus
(11) A={zeC: r<|zl<R}, r<1<R

clearly belong to the Wiener algebra and have an exponetgcaly to zero of the norm
||Fi|| of their coefficients foi — +oo.

The following definition plays an important role [13], [21%].

DeFINITION 1. A factorization ofF (z) € W of the kind
+00 ] +00 ]
FO=U@L@, U@=D 72U, L@=> 7z"'Li, l2=1,
i=0 i=0

whereU (2), L(2) € W, detU (2), detL(z™Y) # 0 for |z| < 1, is calledcanonical
(Wiener-Hopf) factorization The factorization isveakif U (z) and L(z"1) are non-
singular for|z] < 1, and there exists sonzof modulus 1 such that det(z) = O or
detL(z) = 0.

Non-canonical factorizations have the folh(z)D(z)L(z) where D(z) =
diag(z, ..., Z“m), and the integers; are calledpartial indices A canonical fac-
torization is a Wiener-Hopf factorization with null paitiadices.

Observe that if- (2) is analytic on the annulugd, the exponential decay of its
coefficients implies the exponential decay to zero of thdfmdents ofU (z) andL (2).
Moreover, a canonical factorization provides a splittifighe zeros of deF (z) with
respect to the unit circle. In fact, dét{z) = detU (z) detL (z) and detJ (z) has zeros
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inside the unit disk, ddt(z) has zeros outside the unit disk. In the case wigi® is
a Laurent polynomial, the canonical Wiener Hopf factoiiaaof F (z) is obtained by
splitting F (z) as a product of a polynomial imwith zeros of modulus less than 1 and
a polynomial inz~1 with zeros of modulus greater than 1.

A canonical factorizatior (z) = U (2)L(2) can be rewritten in matrix form as
a UL factorization of semi-infinite block Toeplitz matrices

Fo F F R
Fi1 Fo F1 R

=UL =
Fo F1 Fo F1
U U U ... Lo o
] L1 Lo
Up Up Lo L_.1 Lo

0]

Observe that the Ramaswami formula (10) which relies on thé&ctorization
(6) of the matrixl — P is ultimately reduced to computing a weak canonical fazeori
tion of S(z) = | — >;7°°, Z'Ai. In fact, from the stochasticity oh = >;*>°, A one
hasAe = e, which yields

+0o0
She=( - > A)e=0,

that is, the matrixS(z) is singular forz = 1 and the factorization (6) leads to a weak
canonical factorization 0§(z). Under very mild conditions on the queueing problem
one has thar = 1 is the only singular point of modulus 1 for the mat&z) [5].
Without loss of generality we may assume this conditiondviiiroughout the paper.

Wiener-Hopf factorizations always exist provided tit&z) € W is such that
detF(z) # 0 for |z| = 1. But canonical factorizations not always exist. Conditior
their existence are widely studied and there is a conselitiéterature on this subject,
we refer the reader to [21] for a general treatment. Morentgdhe interest has been
addressed to the design of algorithms for computing caabféctorizations [5]. A
part which is less investigated concerns weak factorinatio

From the computational point of view the main effort in salyian M/G/1
Markov chain is the computation of a weak canonical factdiin. This motivates
the interest on the design of algorithms for its computation

In the next section we report the main results concerningctiveputational
issues of (weak) canonical factorizations, for more detai refer the reader to the
book [5].
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4. Algorithmic approaches

There are two main approaches for computing canonicalriaetoons of matrix func-

tion of the kindF (z) = f’:"fN Z'F; for a positive integeN. A first approach reduces
the problem to solving a matrix equation, a second approaakists in inverting a
matrix Laurent series and solving a finite block Toeplitzteys[5].

Without loss of generality we may assuNe= 1. Otherwise, by applying the
reblocking technique, we may reduce (2) to (3) with an insirggaof the block size by
a factor ofN.

For notational consistency with the problems in Markov nbaive assume that

o0
(12) S@=1- Y 7ZA.
i=—1
THEOREM 1. If the matrix valued function @) = | — >7° ,Z Aj € W has
the canonical factorization
(13) S(2 =U@( —z1G)

then G is the unique solution of the the matrix equation

o0
(14) X=> AXT
i=—1

of minimum spectral radiug(G) < 1. Conversely, if there exists a solution G (%)
such thatp(G) < 1 and the power seriedet(zSz)) has exactly m roots of modulus
less than 1 and is nonzero fa] = 1, then $2z) has the canonical factorizatiofi3).

The solutionG of (14) with minimal spectral radius is calledinimal solution

A similar result [5] relates the weak canonical factoriaatiof S(z) and the
existence of a minimal solutio® such thap (G) = 1 and| |GX|| is uniformly bounded,
provided that bott8(z) and its first derivativeS'(z) belong to the Wiener algebra. The
latter condition clearly holds i6(z) is analytic in the annulugl of (11).

The following result relates a canonical factorization e toefficients of a
suitable matrix Laurent series [5, 7].

THEOREM2. Let F(2) = 3,/ Z'Fi € W, N > 1, assume that there exists
a canonical factorization

F2=U@L(@),

where without loss of generality we may assurge=LI. Then H(z) = Fo~tew,
moreover if Hz) = 3t _ 7 H;, Tg = (Hj=i)i,j=1,q- 0 > N, one has

|=—00

[LoO...]=Ug[L_gt1 ... LolTy.
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From the above theorem it follows that computing a canoriaabrization can
be reduced to

1. computing the central coefficients of the matrix LauremtesH (z) = F~1;
2. solving aq x q finite block Toeplitz system fogq > N.

If the matrix Laurent serieB (z) is analytic and nonsingular fare A, then also
H(2) = F(2)~1is analytic forz € A. The analyticity ofH (z) implies the exponential
decay ofH; fori — +oo. Numerically, one may look atl (z) as to a matrix Laurent
polynomial of sufficiently large degree. Therefore, itsficents can be approximated
by means of an evaluation/interpolation technique desdrib the following algorithm.

Algorithm: Evaluation/interpolation

1. Choose an integM > O;
2. evaluate (2) at theMth roots of 1 and obtain matric®% = F(wj),i = 1: M;

3. computeVi =W i=1:M

4. interpolate to the pain®;, Vi) and get approximations to the matrix coefficients
Hi,i =1:M;

5. if the approximations are satisfactory, then outplgti = 1 : M and stop;
otherwise seM = 2M and repeat from step 2.

Observe that this approach cannot be applied ifFdg} = 0 for somez of
modulus 1. Unfortunately, this is the case of problems cgnfiiom Markov chains
since forF (z) = S(z) one has deB(1) = 0. In the next section it is shown how this
drawback can be overcome.

5. Removing singularities

We describe a suitable transformation for turning a wealkoeal factorization of the
function S(z) of (12) such thatS(1)e = 0 into a canonical factorization. The idea,
originally introduced in [28] but already contained in @ifént form in the previous
paper [17] has been developed and perfected in [8, 12, 5pniists in constructing a
new matrix valued functiorS(z) € W which is nonsingular foz = 1 and such that
detS(z) = 0 if detS(z) = 0,z # 1.

Assume thatz = 1 is the only value of modulus 1 such that &) = 0 and
assume that this root is also simple. Lebe any vector such that e = 1 and set

S(z) =S(2)( —z7'Q), Q=eu.

In [5] it is shown that ifS(z), S'(z) € W then alsoS(z) € W, moreover, de§(z) # 0
for |zl = 1andS(z) = | — Zf;"fl Z' Aj for suitablem x m blocks A;. Moreover, if
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S(2) = U(2)L(2) is a weak canonical factorization &{z), then§(z) = U(z)[(z) isa
canonical factorization 08(z) whereU (z) = U (z) andL(z) = L(2)(1 — 27 1Q).

With this technique the computation of a weak canonicalofazation of S(z)
is reduced to computing a canonical factorizatior5af). The latter computation can
be carried out by means of the evaluation/interpolatiohnépie complemented by
Theorem 2.

6. Solving a matrix equation: traditional algorithms

The most direct way for solving the matrix equation (14) imgdixed point iterations.
A very natural way is to consider sequences generated by

+00
(15) X k+D Z A (X®0yi+1
i=—1

given an initial approximatiorX(©. Other iterations can be generated with similar
formulas like

+00
(16) XED = (1 = A AL+ D AXI)H
i=1
or like
+00 )
(17) XED = (1 =" AXIH) A
i=0

For the sequences generated by all the above iterationgergamce is linear
as long as the Markov chain is positive recurrent, it is sigar if the Markov chain is
null recurrent. Choosing© = 0 provides a monotonic convergence to the minimal
solutionG. ChoosingX(©@ stochastic, sa)X© = I, provides a higher convergence
rate, moreover the iteration (17) is faster than (16) whicfaster than (15) [35]. For
more information, we refer the reader to the books [37, 38abil to the papers [42,
31], a very accurate analysis for Non-Skip-Free problensatiged out in the paper by
Gail, Hantler and Taylor [20], a systematic and ultimatatmeent is performed in [35].

The main drawback of fixed-point iterations is the excessleesdown that is
encountered by these methods for problems which are clasadalarity. In fact, for
positive recurrent Markov chains having a “drift” close &ra the convergence slows
down and the number of iteration is so large that the CPU tioeschot allow one to
provide a solution in real time.

This drawback is overcome by using quadratically convergkgorithms which
have been designed starting from the '90s, and rely on thHdedand conquer tech-
nigue. In [32], Latouche and Ramaswami introduce the algariof Logarithmic
Reduction (LR) for QBDs, which is an adjustment of the Cyétieduction (CR) al-
gorithm introduced in the early '70s by Buzbee, Golub andgdie [15] for solving
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elliptic boundary value problems. In [30] Li and Sheng idinge the folding algorithm

for QBDs which is essentially the same as LR. In [9] the CyRleduction algorithm is

revisited and adapted for solving more general M/G/1 prokleA systematic analysis
and great improvements of CR are carried out in the papeld[&8, 7, 8, 25, 26, 27];

less efficient divide and conquer techniques are introducgtb].

The very nice feature of this class of algorithm is the quicli@nvergence to
the minimal solution for positive recurrent Markov chair@@onvergence is still valid
for null recurrent Markov chains; in this case, even thoughdonvergence is linear,
the “shift” strategies of Section 5 can be applied for makinguadratic [5, 12]. The
basic concepts of CR are introduced in the next section.

7. Solving a matrix equation: advanced algorithms
Formally, thenonlinearmatrix equation
A+ (I = AX — ALX2— ApX3—...=0

can be rewritten aslaear system defined by a block Toeplitz matrix in block Hessen-
berg form:

| — —A A —Asz ...
Ao 1 2 3 X AL
—AL 1 —Ay A —A . X2 0
3 =
0 —Aq |1 —Ay —A; X 0

The tax that we have to pay for this linearization is the indisize of the linear system.
Observe that any algorithm for solving the above systemigesva solver for the
matrix equation (9).

For the sake of simplicity let us consider the case of a QBDratige system
turns into

D C o) )><(2 -B
0]
withB=—-A_1,D=1—- Ap,C=—A1.

The Cyclic Reduction algorithm is a natural and powerfulmetfor the above
system. It was introduced in [15] for solving finite systeraailetizing partial differen-
tial equations of elliptic type. Its effectiveness stillti®for infinite systems. By means
of an even/odd permutation of block rows and columns, thiegy$18) is transformed
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into
D B C Tr x2 -
D B X4
C D X3
B C D X

~ X

D1 Ci (@) X3 —B
Bi D1 Ci NG — 0
O

whereD; = D — BD'C —CD™!B, B = —-BD !B, C; = —CD"!C, D; =
D-CD™!B.

Surprisingly, the original structure of the system is altnosintained. The
same procedure can be recursively applied to the new blatikdonal system. This
provides the following sequence of block tridiagonal Tazgike systems

X

6k Ck (@] X2k+l —-B
B« Dk Ck x2241 | = 0
O

where

Di+1 = Dk — B(D"Cik — CkDy *Bi,  Dicr1 = Dk — CiDy *B,
Bit1 = —BkDy *Bx, Cic1 = —CiDy 'Cic

In the finite case, the size of the system is halved at eachsigelstep of the
algorithm. In this way, once axd.1 system is obtained after a finite number of recursive
steps, the back substitution technique allows one to coergdlithe components of the
solution. In the infinite case we obtain an infinite sequerfdafmite systems so that
the back-substitution stage in principle can never be agplHowever, we may prove
nice properties of this matrix sequence which enable onentpaite the solutios in
a very effective way.

A first observation is that the unknowfiof our matrix equatiol© X2 + DX +
B = 0 occupies the first position of the unknown vector of the blmicliagonal system
at all the recursive stages. As a consequence, the firstiequdthekth system of the
sequence provides the expression

(19) X = D H(B + CXZ 1)
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provided thatDy is nonsingular.
A second and crucial property is that, under weak conditibasnatrixCy con-

verges to zero double Aexponentially, moreoMé«Zk“H is uniformly bounded from
above by a constant arig} * has a finite limit.

This is the basis to prove that lim- 5ng = G and the convergence is quadratic.
Thus the expression ﬁk‘lB provides an efficient approximation to the minimal solu-
tion G. We refer the reader to the book [5] for a systematic treatrokthese conver-
gence properties.

A better understanding of CR is provided by the functionairfolation of this
method.

7.1. Functional formulation of CR

Let us change once again our point of view and associate hétlseéquence of triples
(Ck, Dk, By) generated by CR the sequence of Laurent matrix polynomials

ok(2) = 27 B¢ + Dk + 2Gk
with po(2) = S(z) = —z *A_1 + | — Ag — zA.. Then one can easily prove that
ok+1(Z%) = —p(2) Dy to(—2)

It is surprising to find out that the above functional relatis nothing else but
the Graeffe iteration [39] adjusted to matrix Laurent palgmals with three terms.

Observe also that looking at the matrix inversgz) = ¢k(2)~*, one deduces
the equation

1
(20) W@ = S (@) + yi(=2)

which makes substantially change the perspective. Indaciptingyo(z) = b0~ =
+oo 7 Hi, then from (20) one finds that

i=—o00

+00

wk(2) = z z H; .

i=—o00

The analyticity ofyo(z) implies the exponential decay of the coefficientsgfz) and
consequently, the double exponential decay to zero of tbfficients of y(z) with
respect tk. This is the key property at the basis of convergence of CReb\er, the
wider is the width of the domain of analyticity of w(z) the faster is the convergence
of the method.

Conditions of applicability of CR can be easily proved. lotfebreak-down is
possible only if deDy = 0 for somek. The functional formulation allows one to state
very mild conditions under which the nonsingularity is enesl12].

The functional formulation allows one to generalize CR te tase of M/G/1
Markov chains where the matrix equation has the more gefaral(14).
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7.2. Extension to the M/G/1 case

Consider the equation (14) and the matrix Laurent series
po(@ =—21A1+ (I — Ag) —zA — ZPAp— -+
Define recursively the following sequence of matrix Laurgsries

(21) Pk11(Z%) = —ok(2) [k (D] g n ok (—2)

with
[ok(D)]even = %[(ﬁk(z) + ok(=2)]
[0k(@D)]odd = 2[0k(2) — pk(—2)]

where we assume thfpy(2)]e,en IS invertible for|z] = 1 for anyk. Define also the
auxiliary sequence of matrix Laurent series

22) A2 = [AY(2)]oad + [A® (D)]evenlok(@]ain(l — [9% (2)]odd)
with AQ(z) = 4% Z-1A. Then,

+00
X:(l A(k) l(A Z )XI2+1
=1

whereA®W (z) = 3%, 7 A¥.
Under mild conditions generally satisfied in the applicasioone may prove that the
sequence is well defined, the summatpejiy A A(")Xi‘2k+1 converges quadratically to
zero, the matrix sequencé — K(Ok)) 1is bounded and quadratically convergent. This
implies that

lim (1 - A IA =G

and that convergence is quadratic.

This property is the basis for extending the algorithm of GRatrix equations
of the kind (14) defined by means of a matrix Laurent seriespradides an effective
tool for their solution. In matrix form, CR provides also awmful technique for
solving block Toeplitz systems in block Hessenberg form.c&®again, we refer the
reader to the book [5] for more information.

7.3. Computational aspects of CR

The convergence of CR depends on the witR of the annulus4 of (11). In [5] it

is proved that the approximatid®k to the solutionG obtained aftek steps of CR is
such that |Gk — G|| = O((r/R)Zk). This shows that the wider is the width df the
faster is the convergence. Since the values afid R are given by the moduli of the
largest zero of deip(z) in the unit disk, and the smallest zero outside the unit disk,
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respectively, for positive recurrent Markov chains we have 1 andR > 1. The shift
technique of Section 5 allows one to remove the zere 1 and replace it with the
modulus of the largest zero of modulus strictly less thandk.rfell recurrent Markov
chains where = R = 1 the annulusd is the empty set and convergence of CR turns to
linear. However, applying once again the shift techniqu8ettion 5 we obtain a new
matrix equation where the analyticity domain of the funeti®a nonempty annulus so
that convergence is still quadratic.

Concerning the computational cost of CR, it is interestimgliserve that for a
guadratic matrix equation, which model a QBD process, osg at CR costs just one
m x m matrix inversion and sixn x m matrix multiplications. For a general M/G/1
problem the cost depends on the decay to zero of the coetiaény(z). In fact, the
equations (21) and (22) can be implemented by means of theatiom/interpolation
technique where the number of interpolation knots is dejmgnoin thenumerical de-
gree of the matrix Laurent series which in turn depends on the yiepged of the
coefficients. From the practice of computations it resuits thepoint-wiseimple-
mentation of CR of [10] is much more effective than the impdetation based on the
matrix formulation [6].

8. Conclusions and open problems

We have shown that the analysis of structured matriceshegetith a blended com-
bination of different tools from linear algebra, complexabsis and operator theory
allows one to design effective algorithms for solving coexdlarkov chains. The lion
role is played by the canonical Wiener-Hopf factorizatidmmatrix valued functions
of a complex variable. The computation of the latter facation is reduced to solving
a matrix equation or to inverting a matrix Laurent power agriA known tool from
numerical linear algebra, the cyclic reduction algorittmas been used and interpreted
in a functional form. This interpretation has led to its gatization to M/G/1 prob-
lems. A shift technique has been described for removingguanity and for reducing
a weak canonical factorization to a canonical factorizatid@his technique enables
one to widen the domain of analyticity of a matrix functionpraving in this way the
convergence speed of cyclic reduction.

There are several open problems which deserve some attentio certain
queueing models functions of the kirk(z) = ﬁ;‘foo Z' Ay are encountered. Effi-
cient algorithms for dealing with this kind of functions aret known.

Another interesting situation is the case where the siza@btocksA; is infi-
nite. Attempts to deal with this case of “operator valuedctions” have been tried in
[8, 11], but much has to be done especially from the algoiittpoint of view. Blocks
of infinite size are encountered in certain models, moreawé4 3] it is proved that an
M/G/1 problem with finite blocks can be reduced to a QBD witfiniite blocks.

The theory of (canonical) Wiener-Hopf factorization is inetderstood. There
is a wide literature on matrix polynomials [22] and matrixwer series with many
theoretical results concerning Wiener-Hopf factorizasif21]. On the other hand very
few results concerning weak factorizations are availablg[17] and much has still to
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be done.

tion

Another interesting theoretical issue concerns the agipllity of cyclic reduc-

. Sufficient conditions for the applicability of CR aradwn [12] but a complete

characterization is still missing.

Great interest has been recently addressed to the problestvofg fluid queues

where the set of states is continuous [41], [2]. Certain &iocequations are encoun-
tered in the solution of these models and their reductiomitateral quadratic matrix
equations seems to be an effective approach where quadsationvergent algorithms

like

CR can be applied.
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