
Rend. Sem. Mat. Univ. Pol. Torino - Vol. 64, 2 (2006)

M.G. Cimoroni - E. Santi

SOME NEW CONVERGENCE RESULTS AND APPLICATIONS

OF A CLASS OF INTERPOLATING-DERIVATIVE SPLINES

Abstract. In this paper we construct quadrature rules for the numericalevaluation of some
singular integrals by using the interpolating-derivativesplines. Convergence properties and
numerical results are given.

1. Introduction

A problem that arises in many physical applications is the evaluation of the integral

(1) I
(
u f (p)

)
:=

∫ b

a
u(x) f (p)(x)dx,

or the CPV integral ([11], [5])

(2) J
(
w f (p); λ

)
:=

∫ b

a
− w(x)

f (p)(x)

x − λ
dx, λ ∈ (a, b),

whereu, w ∈ L1[a, b] and f ∈ Ck[a, b] (with k a positive integer andp ≤ k) is a
function such thatJ(w f (p); λ) exists for the case (2).

In this paper, we first generalize the results obtained in [10] (where a uniform
partition is considered) and we construct the spline of 4th degree minimizing the func-
tional

(3) F(sf ) :=
∫

I
[s(3)

f (x)]2dx, I = [a, b].

After, we construct quadrature rules for numerical evaluation of the integral (1) and
(2) by using the class of splines named interpolating-derivative splines. These splines,
of 4th degree, have been constructed in [10] by minimizing the functional (3) and by
considering a uniform partition. Now we shall consider a quasi-uniform partition onI
giving, in a such way, more generality to the class of interpolating-derivative splines.
Moreover, we shall prove the convergence of the interpolating-derivative splines to-
wards f , f ∈ Ck(I ), k = 1, 2. These results will be useful in studying the conver-
gence of quadrature rules here considered. We notice that the generalization for the
quasi-uniform partition is not immediate.

The paper is organized as follows: in Section 2 we construct the 4th degree
interpolating-derivative spline considering a quasi-uniform partition. In Section 3 we
give some convergence results consideringf ∈ C2(I ). In Section 4 some applications
on quadrature rules of Cauchy singular integrals with relative convergence results are
given. Finally, in Section 5, some numerical results and comparisons with available
rules are reported.
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2. Construction and properties of interpolating-derivative splines

Firstly we recall the definition of interpolating-derivative splines.

Let n, m (with m > 1 andn > m) two given positive integers and consider the
partition of I ≡ [a, b]

1n := {a = x0 < x1 < . . . < xn < xn+1 = b}

in n + 1 subintervals[xk, xk+1), with hk = xk+1 − xk, k = 0, 1, ..., n.

We assume
hmax = max

0≤k≤n
hk, hmin = min

0≤k≤n
hk.

We say that the sequence of partitions{1n, n = n1, n2, . . .} of I is quasi-uniform
(q.u.) if there exists a positive constantR such that

hmax

hmin
≤ R, ∀n.

From now on we shall consider quasi-uniform partitions and we shall assume that
hmax → 0 asn → ∞.

We denote byIPl the set of polynomials of degree≤ l . The space of polynomial
splines of degree 2m with simple knotsx1, x2, ..., xn and

S2m(1n) ⊂ C2m−1(I ) is defined by:

(4) S2m(1n):=





s : s(x) = sk(x) ∈ IP2m, x ∈ [xk, xk+1), k = 0, 1, ..., n;

D j sk−1(xk)=D j sk(xk), j = 0, 1, ..., 2m − 1, k = 1, 2, ..., n



 .

A functionsf ∈ S2m(1n) is calledinterpolating-derivativeif considering

(5) Y:=
{
y∗, y′

1, ..., y′
n

}
, Y∈ IRn+1,

a given vector such thaty∗ = f (x∗), y′
k = f ′(xk), k = 1, . . . , n there results:

(6)
sf (x∗) = y∗, x∗ ∈ [a, b] ,

s
′
f (xk) = y′

k, k = 1, 2, ..., n.

We remark that now the pointx∗ of interpolation is an arbitrary point belonging toI ,
differently from the case considered in [10] wherex∗ is fixed and coincides witha, the
left extreme of the intervalI . The effect of such generalization shall be evident in the
recurrence formula ofck in (8) below. Assumingm = 2, if we set

Mk = s(3)
f (xk), k = 0, 1, ..., n + 1,

by successive integrations, we obtain

(7)
sf (x)|Ik = [Mk+1(x − xk)

4 − Mk(x − xk+1)
4]/(4!hk)

+ak(x − xk)
2/2 + bk(x − xk) + ck, k = 0, 1, ..., n.
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By imposing the conditions (4) and (6), we obtain

(8)





ak = y′
k+1−y′

k
hk

− hk
6 (Mk+1 − Mk), k = 1, ..., n − 1,

b0 = y′
1 − h2

0
6 M1 − a0h0,

bk = y′
k − h2

k
6 Mk, k = 1, ..., n,

ci = y∗ − [ Mi +1(x∗−xi )
4−Mi (x∗−xi +1)

4

4!hi
+

ai (x∗−xi )
2

2 + bi (x∗ − xi )],
i : x∗ ∈ [xi , xi+1),

i = n if x∗ = xn+1,

ck =





ck+1−
[
bkhk+

akh2
k

2 +Mk+1
4!

(
h3

k+1+h3
k

)]
,

k = i − 1, ..., 0,

i 6= 0,

ck−1+
[
bk−1hk−1+

ak−1h2
k−1

2 +Mk
4!

(
h3

k+h3
k−1

)]
,

k = i+1, ..., n,

i 6= n,

and

(9) Mk (hk−1 + hk) /2 = ak − ak−1, k = 1, ..., n.

Following the procedure of [10] we obtain the linear system

(10) ÂM̃ = b̂
∗
(a0, an)

where

Â =




3h0 + 2h1 h1
. . .

. . .
. . .

hi−1 2(hi−1 + hi ) hi
. . .

. . .
. . .

hn−1 2hn−1 + 3hn




,

M̃ =




M1
M2
.

.

.

Mn−1
Mn




, b̂
∗
(a0, an) = 6




f
′
[x1, x2] − a0

f
′
[x2, x3] − f

′
[x1, x2]

...

f
′ [

xi , xi+1
]
− f

′ [
xi−1, xi

]
...

f
′ [

xn−1, xn
]
− f

′ [
xn−2, xn−1

]

− f
′ [

xn−1, xn
]
+ an




.
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If we denoter i = hi /(hi + hi+1), i = 1, ..., n − 2 and we consider

H =




h0 0
h1 + h2

. . .

hn−2 + hn−1
0 hn




,

the solution of (10) reduces to the solution of the system

(11) ÃM̃ = b∗(a0, an)

since:

Ã =




3 + 2h1/h0 h1/h0
r1 2 1− r1

. . .
. . .

. . .

r i−1 2 1− r i−1
. . .

. . .
. . .

rn−2 2 1− rn−2
hn−1/hn 3 + 2hn−1/hn




= H−1 Â,

b∗(a0, an) = 6




f
′
[x1, x2] /h0 − a0/h0

f
′
[x1, x2, x3]

...

f
′ [

xi−1, xi , xi+1
]

...

f
′ [

xn−2, xn−1, xn
]

− f
′ [

xn−1, xn
]
/hn + an/hn




= H−1̂b
∗
(a0, an).

The spline functionsf (x) will be determined by solving the following problem

(12)





min MT ĀM

ÃM̃ = b∗(a0, an)

with M = [M0,...,Mn+1]T ,

(13) Ā =




2h0 h0eT
1 0

h0e1 A hnen
0 hneT

n 2hn


 ,
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where

(14) A =




2(h0 + h1) h1
. . .

. . .
. . .

hi−1 2(hi−1 + hi ) hi
. . .

. . .
. . .

hn−1 2(hn−1 + hn)




ande1, en are the first and the last basis vectors forIRn, respectively.

If we denotẽa0 = 6
h0

a0, ãn = 6
hn

an and

(15) b=6

[
f

′
[x1, x2]

h0
, f

′
[x1, x2, x3] , ..., f

′ [
xn−2, xn−1, xn

]
,−

f
′ [

xn−1, xn
]

hn

]T

considering that̃A is a non singular matrix because is diagonally dominant withdiag-
onal elements> 0, from (11) we get

(16) M̃ = Ã−1(b − e1̃a0 + enãn)

and

(17)

min MT ĀM =

min





[
M0M̃T Mn+1

]



2h0 h0eT
1 0

h0e1 A hnen
0 hneT

n 2hn







M0

M̃T

Mn+1






 .

With some algebraic manipulations we can conclude that we need to determine
the vector

N = [̃a0,−ãn,−M0,−Mn+1]T ,

solution of the linear system

(18) BN = P

where

(19) B=
[

(I2 − B2)B2 B2
B2 2I2

]
, B2=

[
eT

1 Ã−1e1 eT
1 Ã−1en

eT
n Ã−1e1 eT

n Ã−1en

]
,

I2 is the second order identity matrix and

(20) P =
[

(I2 − B2)

I2

]
q, q =

[
eT

1 Ã−1

eT
n Ã−1

]
b.

WhenN is determined, we can solve the system (11).

We report here some properties useful for proving the convergence of a se-
quence of interpolating-derivative splines.
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PROPOSITION1. The infinitive norm of̃A−1 satisfies the following relation

(21)
1

3(1 + R)
≤

∥∥∥Ã−1
∥∥∥

∞
≤ 1.

Proof. It is easy to obtain the left inequality in (21) because
∥∥Ã

∥∥
∞ ≤ 3(1 + R) and∥∥Ã−1

∥∥
∞

∥∥Ã
∥∥

∞ ≥ 1. For proving the right inequality we consider that [1]

∥∥∥Ã−1
∥∥∥

∞
≤



min

i


|̃ai i | −

∑

j 6=i

∣∣̃ai j
∣∣







−1

=
[
2 − (r i−1 + 1 − r i−1)

]−1 = 1.

COROLLARY 1. For the condition number K∞( Ã) the following inequality
holds:

K∞(Ã) ≤ 3(1 + R).

PROPOSITION2. For the entries eTi Ã−1ej , i, j = 1, n of Ã−1, n ≥ 3 the fol-
lowing inequalities:

(22)





1
3(1+R)

≤ eT
i Ã−1ei < 1

3, eT
i Ã−1ei > 2n−1

∣∣∣eT
j Ã−1ei

∣∣∣ ,
∣∣∣eT

i Ã−1ej

∣∣∣ < 1
12 and eTi Ã−1ej → 0 as n→ ∞,

i = 1, n

j = n − i + 1

hold.

Proof. See the Appendix.

Now we prove the following:

THEOREM 1. The unique solution of system (18) is, for n≥ 3,

(23) N =
[
(B−1

2 q)T , 0, 0
]T

.

Proof. We have det(B) = 2 det(B2) det(I2 − 3
2 B2) ([10]). In order to show that (23)

holds, we only need to prove that det(B) 6= 0. This relation follows immediately
by using the propositions 1 and 2, from wich we deduce that det(B2) 6= 0 and that∥∥∥3

2 B2

∥∥∥
∞

< 1; but, if
∥∥∥3

2 B2

∥∥∥
∞

< 1 then det(I2 − 3
2 B2) 6= 0 [2].

COROLLARY 2 (See [10]).For the spline sf (x) the following property holds

(24) M1 = s(3)
f (x1) = Mn = s(3)

f (xn) = 0.

From Theorem 1 and Corollary 2 we can deduce that, the splinesf reduces to a
polynomial of second degree in the subintervalsI0 and In.
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PROPOSITION3. For the condition number K∞ (B) the following inequality
holds

(25) K∞ (B) ≤ 29

(
1 +

8

9
R

)
, if n ≥ 3.

Proof. The proof follows [10] with some modifications owing to the use of q.u. parti-
tion.

We recall the property of polynomial reproducibility of thesplines here consid-
ered.

PROPOSITION4. [Polynomial reproducibility] The 4th degree interpolating de-
rivative spline sf reproduces any f∈ IP2 for any sequences of partitions on I .

Proof. See [10].

3. Convergence of interpolating-derivative splines

We give now some results necessary for proving the convergence of a quasi-uniform
sequence of interpolating-derivative splines.
For all g ∈ C(k) (I ) , k = 1, 2, we denote by

ω
(

g(p); h; I
)

= max
x,x+δ∈I , 0<δ≤h

∣∣∣g(p) (x + δ) − g(p) (x)
∣∣∣ , p = 0, 1, k

the modulus of continuity ofg(p).

PROPOSITION5. Assume that1n is a q.u. partition of [a, b]. Then

(26) ‖M‖∞ =
∥∥M̃

∥∥
∞ ≤





6R2ω
(

f
′; hmax; I

)
/h2

max, i f f ∈ C1 (I ) ,

6Rω
(

f
′′; hmax; I

)
/hmax, i f f ∈ C2 (I ) .

Proof. We can consider the system (11) without the first and the last equation. Since
M1 = Mn = 0 in virtue of corollary 2, we can consider‖M‖∞ =

∥∥M̃
∥∥

∞ = ‖M◦‖∞ ≤
‖A◦‖∞

∥∥b◦∥∥
∞ whereM◦, A◦, b◦ are obtained from̃M, Ã, b∗ in (11) getting rid

the first and the last component or the first and the last row andcolumn. For allx :∥∥x
∥∥

∞ = 1, there results
∥∥A◦x

∥∥
∞ ≥

∥∥2x
∥∥

∞ −
∥∥H◦x

∥∥
∞ ≥ 2 − 1 = 1,

with A◦ = 2I + H◦, where

H◦ =




0 1− r1
. . .

. . .
. . .

r i−1 0 1− r i−1
. . .

. . .
. . .

rn−2 0



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and then [9],
∥∥∥A◦−1

∥∥∥
∞

≤ 1.

Considering that

∥∥b◦∥∥
∞ ≤





6 · 2ω
(

f
′; hmax; I

)
/(2h2

min), i f f ∈ C1(I )

6 · 2ω
(

f
′′; hmax; I

)
/(2hmin), i f f ∈ C2(I )

the thesis follows.

THEOREM 2. Let f ∈ Ck (I ) , k = 1, 2 and sf the interpolating-derivative
spline quoted in Section 2 for a given q.u. partition 1n of I. Then

(27) ω
(
s(p)

f ; hmax; I
)

≤ Cpω
(

f (p); hmax; I
)

, p = 1, k

where Cp, p = 1, k, are constants independent of the norm of partition.

Proof. It suffices to show that for∀u, v ∈ I , u < v :

∣∣∣s(p)
f (v) − s(p)

f (u)
∣∣∣ ≤ Cpω

(
f (p); v − u; I

)
, p = 1, k.

If p = 1 andk = 1, 2 the proof is similar to that one in [10] considering that now, from
(8), (23) and (26), we have

(28)
‖a‖∞ = ‖(a1, ..., an−1)‖∞ ≤ R(1 + 2R)ω

(
f ′; hmax; I

)
/hmax

‖(a0, an)‖∞ ≤ 4(1 + R)R2ω
(

f ′; hmax; I
)
/hmax

and thatC1 ≤ 4C1 + 1 where

C1 ≤ max
{
4R2(1 + R), R(1 + 8R)

}
.

If p = 2 andk = 2, consideringu, v ∈
[
xi , xi+1

]
for any ξ ∈ (u, v), from (7) and

(26), there results:
∣∣∣s(3)

f (ξ)
∣∣∣ ≤ C2ω

(
f (2); hmax; I

)
/hmax, whereC2 ≤ 12R and

(29)
∣∣∣s(2)

f (v) − s(2)
f (u)

∣∣∣ ≤ C2ω
(

f (2); |v − u| ; I
)

, C2 = 2C2.

When u ∈
[
xi , xi+1

]
, v ∈

[
x j , x j +1

]
and j = i + 1, we have

∣∣∣s′′
f (v) − s

′′
f (u)

∣∣∣ ≤∣∣∣s′′
f (v) − s

′′
f

(
x j

)∣∣∣+
∣∣∣s′′

f (xi+1) − s
′′
f (u)

∣∣∣ ≤ C2ω
(

f
′′; |v − u| ; I

)
with C2 = 4C2. If

j = i + l , l > 1 andn ≥ 3, recalling (6), for Rolle’s theorem∃ n − 1 points
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ξk ∈ [xk, xk+1], k = 1, ..., n − 1, such thatf
′′
(ξk) − s

′′
f (ξk) = 0. Then

∣∣∣s′′
f (v) − s

′′
f (u)

∣∣∣ ≤

≤
∣∣∣s′′

f (v) − s
′′
f (xi+l )

∣∣∣+
∣∣∣s′′

f (xi+l ) − s
′′
f

(
ξi+(l−1)

)∣∣∣+
∣∣∣s′′

f

(
ξi+(l−1)

)
− s

′′
f (ξi+1)

∣∣∣

+
∣∣∣s′′

f (ξi+1) − s
′′
f (xi+1)

∣∣∣+
∣∣∣s′′

f (xi+1) − s
′′
f (u)

∣∣∣ =

=
∣∣∣s′′

f (v) − s
′′
f (xi+l )

∣∣∣+
∣∣∣s′′

f (xi+l ) − s
′′
f

(
ξi+(l−1)

)∣∣∣+
∣∣∣ f

′′ (
ξi+(l−1)

)
− f

′′
(ξi+1)

∣∣∣

+
∣∣∣s′′

f (ξi+1) − s
′′
f (xi+1)

∣∣∣+
∣∣∣s′′

f (xi+1) − s
′′
f (u)

∣∣∣ ≤

≤ C2ω
(

f
′′
; |v − u| ; I

)
,

whereC2 ≤ 8C2 + 1. This proves the theorem whenp = 2.

Supposingf ∈ Ck (I ) , k = 1, 2, we definer (p) (x) = f (p) (x) − s(p)
f (x) ,

p = 0, 1, k wheresf is the interpolating-derivative spline quoted in Section 2. We are
ready to prove the following convergence result:

THEOREM 3. Let f ∈ Ck (I ) , k = 1, 2 and sf the interpolating-derivative
spline based on a given q.u. partition 1n on I . There results

(30)
∥∥∥r (p)

n

∥∥∥
∞

≤





Ckoω
(

f (k); hmax; I
)

hk−1
max, i f p = 0,

Ckpω
(

f (k); hmax; I
)

hk−p
max, i f p = 1, k

where Ck0 and Ckp, k = 1, 2, p = 0, ..., k are constants independent of the norm of
partition.

Proof. If k = 1, the proof is similar to [10] and we have:
∣∣r ′

n (x)
∣∣
[xi ,xi +1]

≤ (1 + C1) ω
(

f ′; hmax; I
)
, i = 0, 1, . . . , n,

|rn (x)| ≤ (b − a) (C1 + 1) ω
(

f ′; hmax; I
)

with C10 = (b − a) (C1 + 1) andC11 = (1 + C1).

If k = 2 we have
∣∣r ′′

n (x)
∣∣
[xi −1,xi +1] =

∣∣r ′′
n (x) − r ′′

n (ξi )
∣∣ ≤

∣∣ f ′′ (x) − f ′′ (ξi )
∣∣+

∣∣∣s′′
f (x) − s′′

f (ξi )
∣∣∣ ≤

≤ (1 + C2) ω
(

f ′′; 2hmax; I
)

≤ 2(1 + C2) ω
(

f ′′; hmax; I
)
,

i = 1, ..., n, whereξi ∈ [xi , xi+1], i = 1, . . . , n − 1 andξi exists for Rolle’s theorem
because (6) holds.

∣∣r ′
n (x)

∣∣ =
∣∣∣∣
∫ x

xi

r ′′
n (t) dt

∣∣∣∣ ≤ max
x∈I

∣∣r ′′
n (x)

∣∣ hmax ≤ 2(C2 + 1) ω
(

f ′′; hmax; I
)

hmax
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and so
|rn (x)| ≤ 2(b − a) (C2 + 1) ω

(
f ′′; hmax; I

)
hmax

and (30) is proved withC21 = 2(b − a) (C2 + 1) , C22 = 2(C2 + 1).

4. Quadrature rules based on interpolating-derivative splines

We make use of the quoted splines for constructing quadrature rules suitable for nu-
merically evaluating the integrals:

(31) I
(
u f (p)

)
:=

∫ b

a
u(x) f (p)(x)dx

whereu ∈ L1[a, b], f ∈ Ck[a, b], k = 1, 2, p = 0, ..., k and the CPV integrals

(32) J
(
w f (p); λ

)
:=

∫ b

a
− w(x)

f (p)(x)

x − λ
dx, λ ∈ (a, b),

with w ∈ L1[a, b] such thatJ(w; λ) exists, f ∈ Ck[a, b], k = 1, 2, p = 0, k − 1.

We consider product integration rules for (31) defined by

I
(
u f (p)

)
= I

(
us(p)

f

)
+ En(u f (p))

where

(33) I
(
us(p)

f

)
=

∫ b

a
u(x)s(p)

f (x)dx =
n∑

i=0

4−p∑

j =0

ηi j p I i j p

and

En(u f (p)) =
∫ b

a
u(x)r (p)

n (x)dx

where, fori = 0, ..., n, j = 0, ..., 4 − p, p = 0, ..., k, I i j p =
∫ xi +1

xi
u(x)x4−p− j dx,

(34) ηi j p = t (4− j )
i (0)/(4 − p − j )!,

whereti (x) := sf |[xi ,xi +1](x), x ∈ [a, b], is the 4th degree polynomial obtained by the
polynomial piecesf |[xi ,xi +1](x) defined on all[a, b].
We consider for (32)

J
(
w f (p); λ

)
= J∗

(
ws(p)

f ; λ
)

+ E∗
n(w f (p); λ)

where

J∗
(
ws(p)

f ; λ
)

=
∫ b

a
− w(x)

s(p)
f (x) − s(p)

f (λ)

x − λ
dx + f (p)(λ)

∫ b

a
−

w(x)

x − λ
dx(35)

=
n∑

i=0

4−p−1∑

j =0

νi j p (λ) Ĩ i j (p−1) +
n∑

i=0

(
νi (4−p)p(λ) + F(λ)

)
Ji (λ)
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and

E∗
n(w f (p); λ) =

∫ b

a
− w(x)

r (p)
n (x) − r (p)

n (λ)

x − λ
dx

where, fori=0, ..., n, j=0, ..., 4− p, p=0, ..., k, Ĩ i j (p−1) =
∫ xi +1

xi
w(x)x4−p−1− j dx,

(36) νi j p (λ) =
{

ηi 0p, j = 0,

λνi ( j −1)p(λ) + ηi j p , j = 1, ...4 − p,

Ji (λ) =
∫ xi +1

xi
− w(x)

x−λ
dx andF(λ) = f (p)(λ) − s(p)

f (λ).

We observe that from (36), we can writeηi j p = νi j p (0) and by induction onj and by
(34),the following equalities hold:

(37) νi j p (λ) =
j∑

k=0

λ j −kηikp =
j∑

k=0

λ j −kt (p)(4−p−k)
i (0)/(4 − p − k)!.

In particular, whenj = 4 − p, (37) represents the Taylor expansion oft (p)
i (λ) at zero

and so we have:νi (4−p)p(λ) = t (p)
i (λ).

Now, it is easy to prove the following convergence results:

THEOREM 4. Let 1n a q.u. partition of [a, b], u ∈ L1[a, b], f ∈ Ck[a, b],
k = 1, 2, p = 0, ..., k and sf the interpolating-derivative spline. Then

I
(
us(p)

f

)
→ I

(
u f (p)

)
uni f ormly as n→ ∞

with convergence order coinciding with the convergence order of s(p)
f → f (p).

Proof.
∣∣∣I

(
u f (p)

)
− I

(
us(p)

f

)∣∣∣ =
∣∣En(u f (p))

∣∣ =
∣∣∣
∫ b

a u(x)r (p)
n (x)dx

∣∣∣

≤
∥∥∥r (p)

n

∥∥∥
∞

∫ b
a |u(x)| dx. The thesis follows becauseu ∈ L1[a, b].

THEOREM5. Let1n a q.u. partition of[a, b], w ∈ L1[a, b] such that J(w; λ)

exists, f ∈ Ck[a, b], k = 1, 2, p = 0, ..., k − 1 and sf the interpolating-derivative
spline. Then

J∗
(
ws(p)

f

)
→ J

(
w f (p)

)
uni f ormly as n→ ∞

with convergence order coinciding with the convergence order of s(p+1)
f → f (p+1).
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Proof. We have

∣∣∣J
(
w f (p); λ

)
− J∗

(
ws(p)

f ; λ
)∣∣∣ =

∣∣∣E∗
n(w f (p); λ)

∣∣∣

=

∣∣∣∣∣

∫ b

a
− w(x)

r (p)
n (x) − r (p)

n (λ)

x − λ
dx

∣∣∣∣∣

=
∣∣∣∣
∫ b

a
− w(x)r (p+1)

n (ξ(x))dx

∣∣∣∣

≤
∥∥∥r (p+1)

n

∥∥∥
∞

∫ b

a
− |w(x)| dx,

whereξ(x) ∈ (x, λ). The thesis follows becausew ∈ L1[a, b] andJ(w; λ) exists.

5. Numerical results

Numerical results obtained by approximating some test functions and some CPV inte-
grals by interpolating-derivative splines on a non uniformpartition are considered. We
consider a non uniform partition of the interval[−1, 1] in n + 1 subintervals.

The results in tables 1 and 2 are relative to the convergence of the interpolating-
derivative splines to the functions:

f (x) = 1/(x2 + 25), f (x) ∈ C∞[−1, 1],
f (x) = sign(x)x2/2 + ex, f (x) ∈ C1[−1, 1]
equal to the functions considered in [10] for comparing the results: analyzing the re-
spectives tables we can see as a non uniform partition produces better results. We
considern = 2, 17, 32. In both of the functions, the interpolation pointx∗ coincides
with the left bound of the interval.

Table 1
f (x) = 1/(x2 + 25)

x |r2 (x)| |r17 (x)| |r32 (x)|
-1 0.0 ( 0) 0.0 ( 0) 0.0 ( 0)
-0.6 3.3 (-5) 9.7 (-10) 1.6 (-11)
-0.2 3.1 (-5) 5.5 (-10) 3.6 (-12)
0.2 3.1 (-5) 5.5 (-10) 3.6 (-12)
0.6 3.3 (-5) 9.7 (-10) 1.6 (-11)
1 0.0 ( 0) 2.1 (-17) 6.9 (-18)

Table 2
f (x) = sign(x)x2/2 + ex

x |r2 (x)| |r17 (x)| |r32 (x)|
-1 0.0 ( 0) 0.0 ( 0) 0.0 ( 0)
-0.6 1.8 (-1) 1.2 (-6) 5.1 (-8)
-0.2 1.3 (-1) 5.6 (-4) 2.4 (-6)
0.2 7.9 (-2) 5.6 (-3) 7.5 (-4)
0.6 1.4 (-1) 5.1 (-3) 7.6 (-4)
1 9.5 (-2) 5.1 (-3) 7.6 (-4)

Tables 3, 4, 5 and 6 report the absolute errors, evaluated fordifferent values of
n andλ,

∣∣E∗
n

∣∣ =
∣∣E∗

n (w f ; λ)
∣∣ in evaluating the CPV integrals:

J (w f ; λ) =
∫ 1
−1− 1/[

√
25− x2(x − λ)]dx, λ = 0.25, 0.99,

J (w f ; λ) =
∫ 1
−1− 1/[

√
1 − x2(25+ x2)(x − λ)]dx, λ = 0.25, 0.99.



Some new convergence results and applications... 155

Table 3
J (w f ; λ) = −0.1002688603

λ = 0.25
n

∣∣E∗
n
∣∣

2 6.2 (-5)
8 1.4 (-7)
14 2.2 (-9)
20 4.0 (-10)
32 8.9 (-11)

Table 4
J (w f ; λ) = −1.0717993352

λ = 0.99
n

∣∣E∗
n
∣∣

2 2.0 (-4)
8 6.2 (-7)
14 1.8 (-8)
20 9.5 (-9)
32 3.9 (-10)

Table 5
J (w f ; λ) = −0.0012291611

λ = 0.25
n

∣∣E∗
n
∣∣

2 2.7 (-6)
8 7.9 (-8)
14 9.4 (-10)
26 8.9 (-11)

Table 6
J (w f ; λ) = −0.0046955619

λ = 0.99
n

∣∣E∗
n
∣∣

2 1.8 (-4)
8 1.5 (-6)
14 6.3 (-8)
20 9.1 (-10)

By observing this tables we deduce that we can obtain good error bound by
using only very few knots.

Tables 7 and 8 report some comparisons with the errorsEQI
n obtained by utiliz-

ing 4th degree quasi-interpolating splines in evaluating the CPV integrals:

J (w f ; λ) =
∫ 1
−1− ex

x−λ
dx, λ = 0.1, 0.9. The errors obtained are comparable with the

errors of quasi-interpolating splines.

Table 7
J (w f ; λ) = 1.99903605021

λ = 0.1

n
∣∣E∗

n
∣∣

∣∣∣EQI
n

∣∣∣
20 1.2 (-6) 7.6 (-6)
36 1.0 (-7) 1.1 (-7)

Table 8
J (w f ; λ) = −3.85323498264

λ = 0.9

n
∣∣E∗

n
∣∣

∣∣∣EQI
n

∣∣∣
20 1.8 (-6) 4.6 (-6)
36 6.0 (-8) 4.4 (-7)

6. Appendix.

We now prove the following result:

PROPOSITION 2. For the entries eTi Ã−1ej , i, j = 1, n of Ã−1, n ≥ 3 the
following inequalities:

(38)





1
3(1+R)

≤ eT
i Ã−1ei < 1

3, eT
i Ã−1ei > 2n−1

∣∣∣eT
j Ã−1ei

∣∣∣ ,
∣∣∣eT

i Ã−1ej

∣∣∣ < 1
12 and eTi Ã−1ej → 0 as n→ ∞,

i = 1, n

j = n − i + 1
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hold.

Proof. We can writeÂ := H Ã whereÂ = A + h0e1eT
1 + hneneT

n that is a tridiagonal
symmetric matrix. Using the results in [3], for the evaluation of the inverse matrix of
a tridiagonal symmetric matrix, we can writêA−1 = L + uvT and then,eT

i Â−1ej =
l i j + ui v j wherel i j = 0 for i ≤ j .

In our case there results

(39)

u1 = 1, u2 = −
(
2 + 3h0

h1

)
,

ui+1 = −
[
2
(
1 + hi −1

hi

)
ui + hi −1

hi
ui−1

]
, i = 2, ..., n − 1

(40)

vn = 1, vn−1 = −(2 + 3 hn
hn−1

)

v i−1 = −
[
2
(
1 + hi

hi −1

)
v i + hi

hi −1
v i+1

]
, i = n − 1, ..., 2

with v = αv andα = (2hn−1+3hn)un+hn−1un−1 = (2h1+3h0)v1+h1v2. Moreover,
after some logic consideration on (39) and (40) we deduce that eT

1 Â−1e1 = α−1v1 > 0
andeT

n Â−1en = α−1un > 0 becauseα has the same sign ofv1 and ofun. Moreover
eT

1 Â−1en = eT
n Â−1e1 = u1vn = α−1. Then, considering that̂A := H Ã, we have

eT
n Ã−1en =

∣∣∣α−1un

∣∣∣ hn =
hn

(2hn−1 + 3hn) − hn−1
|un−1|
|un|

and
∣∣∣eT

1 Ã−1en

∣∣∣ =
∣∣∣eT

1 Â−1en

∣∣∣ hn =
∣∣∣α−1

∣∣∣ hn =
hn

(2hn−1 + 3hn) |un| − hn−1 |un−1|
.

It is not difficult to prove that

1

3(1 + R)
<

hn

(2hn−1 + 3hn) − hn−1
|un−1|
|un|

<
1

3

and that
hn

(2hn−1 + 3hn) |un| − hn−1 |un−1|
<

1

12
.

Moreover

eT
n Ã−1en =

∣∣∣α−1un

∣∣∣ hn ≥ 2n−1
∣∣∣α−1

∣∣∣ hn = 2n−1
∣∣∣eT

1 Ã−1en

∣∣∣ .

In similar way we can prove the thesis for

eT
1 Ã−1e1 and eT

n Ã−1e1.
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