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SOME NEW CONVERGENCE RESULTS AND APPLICATIONS
OF A CLASS OF INTERPOLATING-DERIVATIVE SPLINES

Abstract. In this paper we construct quadrature rules for the numegiealliation of some
singular integrals by using the interpolating-derivathggines. Convergence properties and
numerical results are given.

1. Introduction
A problem that arises in many physical applications is treuation of the integral

1) I (uf(p)) = /b u(x) f P x)dx,
a

or the CPV integral ([11], [5])

b (p)
) J (wf<P>; z) ;=][w(x) fxp_(:)dx, 1€ (ab),

whereu, w € Li[a,b] and f € CK[a, b] (with k a positive integer angh < k) is a
function such thatl (wf (P; 1) exists for the case (2).

In this paper, we first generalize the results obtained if (dere a uniform
partition is considered) and we construct the spline of 4tiree minimizing the func-
tional

3) F(st) = / s (x)1%dx, | = [a,bl.
|

After, we construct quadrature rules for numerical evadumabf the integral (1) and
(2) by using the class of splines named interpolating-aékig splines. These splines,
of 4th degree, have been constructed in [10] by minimizirggftinctional (3) and by
considering a uniform partition. Now we shall consider asiumiform partition onl
giving, in a such way, more generality to the class of int&fiog-derivative splines.
Moreover, we shall prove the convergence of the interpadatierivative splines to-
wards f, f € CK(1), k = 1, 2. These results will be useful in studying the conver-
gence of quadrature rules here considered. We notice teajaheralization for the
quasi-uniform partition is not immediate.

The paper is organized as follows: in Section 2 we consthetdth degree
interpolating-derivative spline considering a quasifomm partition. In Section 3 we
give some convergence results considering C2(1). In Section 4 some applications
on quadrature rules of Cauchy singular integrals with redatonvergence results are
given. Finally, in Section 5, some numerical results and gamsons with available
rules are reported.
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2. Construction and properties of interpolating-derivative splines

Firstly we recall the definition of interpolating-derivegisplines.
Letn, m (with m > 1 andn > m) two given positive integers and consider the
partition of | = [a, b]
Apn:={@a=Xg < X1 <...<Xp < Xpnt1=Db}

in n + 1 subintervalgxy, Xk+1), with hy = X1 — X, k=0,1,...,n.
We assume

O<k<n O<k=<n

We say that the sequence of partitiofys,, n =nq, ny, ...} of | is quasi-uniform
(g.u.) if there exists a positive constaRtsuch that

hmax

<R, vn.

hmin
From now on we shall consider quasi-uniform partitions arel shall assume that
hmax — 0 asn — .

We denote bylP, the set of polynomials of degreel. The space of polynomial
splines of degreerfl with simple knots«y, xo, ..., Xy and

Sm(An) € C2™1(1) is defined by:

S:S(X) = %(X) € IPom, X € [Xk, X+1), kK=0,1,...,n;

(4) Sm(An):= . ,
Dlsc_1(x)=D'sx(xx), j =0,1,....,.2m—-1, k=1,2,...,n

A functionss € Sn(Ap) is calledinterpolating-derivativef considering
(5) Yi={y*, Vi, . Yo} » YEIR™L
a given vector such that* = f(x*), y, = f'(xk), k=1,..., nthere results:

st (X*) = y*, x* € [a,b],

(6) ,
Si(Xk) =Y k=1,2,...,n.

We remark that now the point* of interpolation is an arbitrary point belonging ko
differently from the case considered in [10] whereis fixed and coincides with, the

left extreme of the interval. The effect of such generalization shall be evident in the
recurrence formula afy in (8) below. Assumingn = 2, if we set

Mk = s (), k=0,1,...,n+1,
by successive integrations, we obtain

St = [Mit1(X — )% — Mi(X — Xk1)*1/(4!hy)
©)
+a(X — X)2/2+ (X — X)) + e, k=0,1,..,n.



Some new convergence results and applications... 145

By imposing the conditions (4) and (6), we obtain

ak:w_h_g(MkH_Mk), k=1 ..,n—-1,

h2

h2 _
bk=y|/(—§kMk, k=1,..,n,

. *_ v VA M (x* 4 )
(8) G = y* — [MnaC20) !h:VII sty X e [Xi, Xi41),
30?4y (x* — ), i=n if X=X,
h2 k=i-1,..,0,
k+1_|:bkhk+a%+M+!+l (hE+1+h§)] i £0
Ck = ’
_1h2 k=i+1,...,n,

k1+[bk1hk1+a%+% (h§+h§_1)} i,
and
C)) Mg (hk—1+he) /2 =a —ak-1, k=1,...,n.

Following the procedure of [10] we obtain the linear system
(10) AN = Db’ (20, an)
where

3ho+2h;y hp

>)
Il

hi—1 2thi—e+hi) ,

hn—l 2hn—1 + 3hn

_ : f'[x1, X2] — a0
My f' X2, Xa] — f' [X1, %2
M, .
~ —~k !’ : ’
M= . b(a,an) =6 f [x,xi41]—f [xi—1,%]
M._ ’ : ’
|\?|n:L f [/Xn—l, Xn] — f [Xn—2, Xn—l]
B | —f [Xn—1. Xn] + an |
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If we denoter; = hj/(hj + hjt1), i =1,...,n— 2 and we consider
ho 0
hy1+hy
H= ,
hn—2 + hn_1
0 hn

the solution of (10) reduces to the solution of the system

(11) AM = b*(ao, an)
since:

34+ 2hi/hg hi/hg 7]

r 2 1-r
A = ri_1 2 1-—riq
rn_2 2 1_ rn_2
L hn—l/ hn 3+ 2hn—l/ hn_
= HA

f: [X1, X2] / ho — a@g/ho
f [X1, X2, X3]

b*(ao.an) =6 f'[Xi—1,%,%i41] = H™b" (a0, an).

f’ [/Xn—z, Xn-1, Xn]
| —f [Xn—la Xn] /hn+an/hn |
The spline functiorss (x) will be determined by solving the following problem

minMT AM
(12)

AM = b*(ao, an)

with M = [Mg

.....

2h0 hog}_— 0
(13) A= hog; | A hng, |,

0 hnel | 2hn
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where
2(ho+h1) hg

(14) A= . hi;l 2(i’1i,1+hi) h;

hn-1 2(hn—1+ hp)

ande;, e, are the first and the last basis vectorsIR¥, respectively.
If we denotedy = h%ao, A= %an and

' [x1, x2]

’ ’
ho 5 f [Xla X2, X3] 9 ey f [Xn72» Xn—1, Xn] s

f/ [Xn_l, Xn] :|T

(15) b=6[ ~

considering thaf is a non singular matrix because is diagonally dominant diig-
onal elements- 0, from (11) we get

(16) M = A~1(b— &3 + &,3n)
and
minMT AM =
17) _ 2hy | hee] | O Mo
min § [MoMTMny1] | hoe, | A hne, MT
0 hn§;1r 2hy Mn41

With some algebraic manipulations we can conclude that wee tedetermine
the vector
N = [507 _é}]y _MO’ _Mn+l]T,
solution of the linear system

(18) BN=P
where
_[ 02—-ByB; B, _[e[Ale eAle,
49 B_[ B2 2, | 27| el Aty elAle, |
I, is the second order identity matrix and
[ (2—By) _[ g A

WhenN is determined, we can solve the system (11).

We report here some properties useful for proving the cgareze of a se-
guence of interpolating-derivative splines.
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PROPOSITIONL. The infinitive norm ofA—* satisfies the following relation

1

(21) 31+R) -

e

Proof. It is easy to obtain the left inequality in (21) becays&| < 3(1 + R) and
|A=2| . IIA]l., = 1. For proving the right inequality we consider that [1]

Hﬂ_lHoo = lmii{ﬁi i @ l =[2-ia+1-r 9] =1

j#i
O
COROLLARY 1. For the condition number k& ( K) the following inequality

holds: _
Keo(A) <31+ R).

PROPOSITION2. For the entries_éﬂ—lgj,i,j = 1,nof A1 n > 3the fol-
lowing inequalities:

wm =g Al <4 gAlg >t A | jo1n
(22)
‘ngﬂ‘lgj‘<llz and ¢ A~'e; —» 0asn— oo, J=n-i+1
hold.
Proof. See the Appendix. O
Now we prove the following:
THEOREM 1. The unique solution of system (18) is, forr3,
T
(23) N = [(Bz_lq)T, 0, o] .

Proof. We have dgiB) = 2 detBy) def(l; — %Bz) ([20]). In order to show that (23)
holds, we only need to prove that dB) # 0. This relation follows immediately
by using the propositions 1 and 2, from wich we deduce thatBigt# 0 and that

HgBZHOO < 1 but, if H%BZHM < 1then detl, — 2B,) # 0[2]. O
COROLLARY 2 (See [10]). For the spline $(x) the following property holds
(24) M1 =5 (1) = M =57 (%) = 0.

From Theorem 1 and Corollary 2 we can deduce that, the spjineduces to a
polynomial of second degree in the subintervaland .
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PrRoOPOSITION3. For the condition number i (B) the following inequality
holds

(25) KOO(B)§29(1+§R), ifn > 3.

Proof. The proof follows [10] with some modifications owing to thesusf g.u. parti-
tion. O

We recall the property of polynomial reproducibility of thplines here consid-
ered.

PrRopPoOsSITION4. [Polynomial reproducibility] The 4th degree interpolatjde-
rivative spline $ reproduces any f 1P, for any sequences of partitions on 1.

Proof. See [10]. O

3. Convergence of interpolating-derivative splines

We give now some results necessary for proving the conveegeha quasi-uniform
sequence of interpolating-derivative splines.
Forallge C® (1), k = 1, 2, we denote by

(R (V) —_gP -
a)(g s I) _x,x+(5renlja())(<(5§h‘g (X+5) 9 (X)" p_O, Lk

the modulus of continuity o(P).
PROPOSITIONS. Assume that\, is a g.u. partition of [a, b]. Then
N 6R20 (f'; hmax | ) /h2,,. if f eCL(l),
(26) Ml =[], = (7P 1) /T ,

Proof. We can consider the system (11) without the first and the tasatéeon. Since
M1 = M, = Oinvirtue of corollary 2, we can considgM ||, = | M | =Ml <
1Al [[0°] ., whereM®, A°, b° are obtained fronM, A, b* in (11) getting rid
the first and the last component or the first and the last rowcahdmn. For allx :
Ix| ., = 1, there results

[ A% = 2] = [H%[ = 2-1=1,
with A° = 2| + H°, where
0 1—I’1

H°® = ri—1 0O 1-rj_1
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and then [9],” A°‘1H <1

o
Considering that

6-2w(f/;hmax;l)/(2h2 ), if fecl

min

620 (1" hmax 1) /@hmin), i € C2(1)

5] =

the thesis follows. O

THEOREM 2. Let f € CK(1), k = 1,2 and 5 the interpolating-derivative
spline quoted in Section 2 for a giverugpartition Ay, of I. Then

(27) w (S(fp)§ hmax; |) < Cpow (f(p)§ Pmax: |) , p=1L1k

where G,, p = 1, k, are constants independent of the norm of partition.

Proof. It suffices to show that fovu,» € I, u < v :
P (v) — stP (u)‘ < Cpo (f(p); v — U I) , p=1k.

If p=1andk = 1, 2 the proof is similar to that one in [10] considering that ntnam
(8), (23) and (26), we have

lallee = (@, ..., an-1)lloc < R(A+ ZR)a)(f/; Pmax; |) / Nmax
(28)

(0, @n)lloo < 4(1+ RYR2e (f'; hmax: 1) / Nmax
and thatC; < 4C; + 1 where

Ci< max{4R2(1+ R), R(L+ 8R)} .

If p=2andk = 2, consideringi,v € [xi, Xi;+1] for any& € (u,v), from (7) and
(26), there results“s(f) (5)‘ < Co0 (f@; hmax; 1) /hmax, whereC, < 12R and

29 [P -sPW|=Co(iPp-u;l), C=2Cp

Whenu € [xi, Xi+1], v € [xj, Xj+1] andj = i + 1, we have‘s']ﬁ () —s¢ ()] <
‘s/; (v) — s¢ (xj)‘—i—’s}/ (Xi+1) — Sf (u)’ < Cow (f"; o —ul; 1) with C; = 4Co. If
j =i+, > 1landn > 3, recalling (6), for Rolle’s theorem@ n — 1 points
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& € Xk, Xki1l, k=1, ...,n — 1, such thatf " (&) — s (&) = 0. Then

i () =S¢ ()] <
< st (0) —s¢ (Xi+|)‘+’5/f/ (Xi41) — S (§i+(|—1))‘+’5¥ (&+0-1) — Sy (fi+1))
+ ‘Sﬁi (&i41) — Sy (Xi+1)]+’s}' (Xi+1) — S (u)‘ -
= [st @) = st 04 H[st 04 = St (Gva-n)[H £ G ron) = 17 G|
+ ‘3; (&+1) — S (Xi+1)’+’s/; (Xi+1) — Sy (u)‘ <
< czw(f”; b —ul; |),
whereC, < 8C» + 1. This proves the theorem when= 2. O

Supposingf € CK(1), k = 1,2, we definer (P (x) = P (x) — sgf’) (X),
p = 0, 1, k wheres; is the interpolating-derivative spline quoted in SectioWM& are
ready to prove the following convergence result:

THEOREM 3. Let f € CK(1), k = 1,2 and 5 the interpolating-derivative
spline based on a givenuy partition A, on |. There results

CkOw (f (k)7 hmax; | ) hh]_a:)l'(, if p= 0’
o el
- Ckpw(f(k)§ Pmax; |) hkm_af(), if p=1k

where Go and Gp, k = 1,2, p = 0, ..., k are constants independent of the norm of
partition.

Proof. If k = 1, the proof is similar to [10] and we have:
’rlq (X)’[Xist»l] 5 (1+ Cl)w (f/a hmax§ I) s I = 0: 19 ] n)
I (01 < (b—2a)(C1+ Do (5 hmax 1)

with C10 = (b —a) (C1 + 1) andCy1 = (14 Cy).
If Kk =2 we have

0 Ol = 00— @] = [1700 = 7 @l]s7 00— 57 )] <
1+Co(f";2hmax 1) <21+ C) o (" hmax 1),

A

i =1,..,n,where € [x,X+1l,1 =1,...,n—1and exists for Rolle’s theorem
because (6) holds

Irh ()] = ‘/ rl/ (t)dt

< me}x|r({ (X)| hmax < 2(C2+ 1) a)(f”; Pmax: |) Nmax
xe
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and so
I <2b-a)C2+o (f//§ Nmax: |) Nmax

and (30) is proved witlCy; = 2(b—a) (Co + 1), Co2 =2(Co + 1). O

4. Quadrature rules based on interpolating-derivative spihes

We make use of the quoted splines for constructing quadratues suitable for nu-
merically evaluating the integrals:

(31) | (uf<P>) - /bu(x)f(p)(x)dx

whereu € L1[a,b], f € CK[a,b], k=1, 2, p=0,..., kandthe CPV integrals

b )
(32) J (wf<P>; /1) :=][w(x) fxp_(z)dx, 1€ (ab),

with w € L1[a, b] such that) (w; 1) exists f € CK[a,b], k=1,2, p=0,k — 1.
We consider product integration rules for (31) defined by

I (uf(p)) = (us(fp)) + En(uf®)

where
n 4-p

(33) | (us(fp)) _/ ueo)siP (x)dx = Zzn.,pl.m
i=0 j=0

and

b
En(uf(p))z/ uoOr P (x)dx
a
where, fori = 0,..,n, j =0,..,4—p, p=0,...K lijp = [+ u@x*=P-idx,

(34) nip =t 0)/@G-p— ),

wheret; (X) := St |[x,x1](X), X € [, b], is the 4h degree polynomial obtained by the
polynomial piecest |(x,x;.,1(X) defined on alla, b].
We consider for (32)

3 (wf®:2) = 3% (ws; 2) + Ex(wf ®; 2)

where

b S(p)(X) (p)( )
(35) 3* (ws{™: 2) = wio 070 ————dx+ fﬂm)][ “)(X)

4—p-1
= vijp (D Tij (p-1) + Z (via—pyp(2) + F(1)) J(2)

i=0 j=0 i=0

P
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and

b (P) (P
E:(wf(p);/l) 2][ (X)de
a _

where, fori=0, ..., n, j=0, ...,4— p, p=0, ..., k, Iij (p-1) = St woxA-P-1-ldx,

(36) i) = | 1% =9

Ai(j-1p(A) + 7ijp, ~4-p,

3() =+ 2 dxandF(2) = FP(2) - sPP (7).
We observe that from (36)ve can writerijp = vijp(0) and by induction orj and by
(34),the following equalities hold:

i j
B0 wip() = > A i = > AP AP0y /4 - p— .

k=0 k=0

In particular, whenj = 4 — p, (37) represents the Taylor expansiorti%? (1) at zero
and so we havey 4_p)p(2) =t (1).
Now, it is easy to prove the following convergence results:

THEOREM4. Let Ay a g.u. partition of[a,b], u € Li[a,b], f € CKa, by,
k=1,2, p=0,..., kand g the interpolating-derivative spline. Then

I (us(fp)) — | (uf(p)) uniformly as n— oo

with convergence order coinciding with the convergencepat s(fp) — £,

Proof. ‘I (uf®) — | (usf;p))‘ = [En(ufP)| = fa u)riP (x)dx

< Hrrﬁp) H f; [u(x)| dx. The thesis follows becausec L1[a, b]. O
o

THEOREMS. LetAp aqg.u. partition of[a, b], w € Li[a, b] such that Jw; 1)
exists f € CX[a,b], k = 1, 2, p=0,..k—1ands the interpolating-derivative
spline. Then

J* (ws(fp)) - J (wf(p)) uniformly as n— oo

with convergence order coinciding with the convergenceoat s(pr) — f(P+D,
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Proof. We have

‘J (wf(p); /1) - J* (ws(fp); /1)‘ =

=<

b
][ wOOrP Y (E(x))dx

b
P f weorax
®Ja
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E;(wf(p);/l)‘

b (p) (P
Luo'® 0 -1 (A)dx‘

whereé(x) € (x, 4). The thesis follows because € L1[a, b] andJ(w; A) exists. [

5. Numerical results

Numerical results obtained by approximating some testtfans and some CPV inte-
grals by interpolating-derivative splines on a non unifgrantition are considered. We
consider a non uniform partition of the interyat1, 1] in n + 1 subintervals.

The results in tables 1 and 2 are relative to the convergeitbe iterpolating-
derivative splines to the functions:

f(x) = 1/(x%2 4 25), f(x) € C®[—1, 1],

f(x) = sign(x)x?/2 + €, f(x) e C[-1, 1]
equal to the functions considered in [10] for comparing t&ults: analyzing the re-
spectives tables we can see as a non uniform partition pesdbetter results. We
considem = 2,17, 32 In both of the functions, the interpolation poixit coincides

with the left bound of the interval.

Table 1
f(x) = 1/(x2 + 25

Table 2
f(x) = sign(x)x2/2 + X

X [ra()| | [riz(X)] | [rs2(X)] X [r2 ()1 | [riz(X)[ | [rz2(X)]
-1 [ 0.0(0) |00 (0) [ 0.0 (0) -1 [ 0.0(0) |00(0) [ 0.0(0)
-0.6 | 3.3(-5) | 9.7(-10) | 1.6 (-11) -06| 1.8(-1) | 1.2(-6) | 5.1(-8)
-0.2 | 3.1(-5) | 5.5(-10) | 3.6 (-12) 02| 1.3(-1) | 5.6(-4) | 2.4(-6)
0.2 | 3.1(5) | 55(-10) | 3.6 (-12) 02 | 79(2) | 56(3) | 7.5(-4)
0.6 | 3.3(-5) | 9.7(-10) | 1.6 (-11) 06 | 1.4(-1) | 5.1(-3) | 7.6(-4)
1 0.0(0) | 21(-17) | 6.9 (-18) 1 [95(2) |51(3) | 7.6(-4)

Tables 3, 4, 5 and 6 report the absolute errors, evaluatetifferent values of
nandi, |[E}| = |Ef (wf; 1)| in evaluating the CPV integrals:

J(wf; 2) =4 1/[V25—x2(x — 2)ldx, 4 = 0.25, 0.99,
J(wf; 2) = F4 YIVI = X225+ x2)(x — A)]dx, 2 = 0.25, 0.99.
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Table 3 Table 4

J (wf; 1) = —0.1002688603 J (wf; 1) = —1.0717993352
A =025 A =0.99

n |Exl n =

2 6.2 (-5) 2 2.0 (-4)

8 1.4 (-7) 8 6.2 (-7)

14 2.2(-9) 14 1.8 (-8)

20 4.0 (-10) 20 9.5(-9)

32 8.9 (-11) 32 3.9 (-10)
Table 5 Table 6

J (wf; 1) = —0.0012291611 J (wf; 1) = —0.0046955619
A =025 A =0.99

n E n E]

2 2.7 (-6) 2 1.8 (-4)

8 7.9 (-8) 8 1.5 (-6)

14 9.4 (-10) 14 6.3 (-8)

26 8.9 (-11) 20 9.1 (-10)

By observing this tables we deduce that we can obtain goant bound by
using only very few knots.

Tables 7 and 8 report some comparisons with the eE@r'sobtained by utiliz-
ing 4th degree quasi-interpolating splines in evaluatirg@PV integrals:
J(wf; 1) = f_ll %dx, /. = 0.1, 0.9. The errors obtained are comparable with the
errors of quasi-interpolating splines.

Table 7 Table 8

J (wf; 1) = 1.99903605021 J (wf; 1) = —3.85323498264
1=01 2 =09

n | g | |ER] n | erl | e

20 | 1.2(-6) | 7.6 (-6) 20 | 1.8(-6) | 4.6 (-6)

36 | 1.0(-7) | 1.1(-7) 36 | 6.0(-8) | 4.4(-7)

6. Appendix.

We now prove the following result:
PROPOSITION2. For the entries_éﬂ*lgj,i,j = 1,nof Al n > 3the
following inequalities:

1 TAila -1 oTA-L n-1|aT -1 :
3R =SS A8 <3 §ATE>2 ’ng 9’, i=1.n

(38)

‘gfﬂ—lgj‘<li2 and § A-'e; > 0as n— oo, j=n-i+1
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hold.

Proof. We can writeA := H AwhereA = A+ hoe,el + hne, €l that is a tridiagonal
symmetric matrix. Using the results in [3], for the evaloatbf the inverse matrix of
a tridiagonal symmetric matrix, we can writel = L + up'and then,giT K—lgj =
lij + ujoj whereljj =0 fori < j.

In our case there results

up =1, U2=—(2+32—2),

(39)
U1 = —[2<1+ h'h—Tl) Ui +h‘h—71ui,1], i=2..,n-1
on=1 Dna1=—(2+30)

(40)

Tii1= — [2(1+ h“-4)5. n hi“—jlml], i—n—1,.,2
with? = av anda = (2hp_1+3hp)un+hp_1Un_1 = (2h1+3ho)§1+h152. Moreover,
after some logic consideration on (39) and (40) we dedudefhate; = =151 > 0
angl\gnT Ale, =Aa_1un > 0 because: has the same sign @f and ofun. Moreover
e] A~le, = el A7le, = uivn = a1. Then, considering thak := H A, we have

_ hn
(2hn—1 + 3hn) — hp_q U=t

[Un]

T A1 -1
nA g 2‘0( Un h

n

hn
B (2hn—1 + 3hp) un| — hn—1 Jun—1]"

It is not difficult to prove that

1 hn L
< <3
3A+R) (2hn_1 +3hy) — hn—lllfﬂf °
and that
hi 1
(@hn-1+ 30) [Unl — Py 1 U 1] ~ 12
Moreover

el Ale = ’a_lun

In similar way we can prove the thesis for

T -1 TR-1
e Ae and g ATTe.
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