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T. Diagana

INTEGER POWERS OF SOME UNBOUNDED LINEAR
OPERATORS ON P-ADIC HILBERT SPACES

Abstract. We introduce and examine integer powers of the diagonal aperaithin p-adic
framework. The latter enables us to consider integer powessrae particular unbounded
linear operators on the so-callgdadic Hilbert spacé&,,. The product and algebraic sum of
those linear operators will be discussed.

1. Introduction

We initiate and examine integer powers of the (possibly unlled) diagonal operators
on the so-calleg-adic Hilbert spac&,, (see [10], [11], and [3]). For that, we first give
and recall the required background on author’s recent weldied to the formalism of
unbounded linear operators in tipeadic setting [5]. Next, we shall be dealing with
integer powers of the diagonal operators, their productedgebraic sums, and use the
definition of integer powers of diagonal operators in ordedéal with integer powers
to some particular unbounded linear operator&gnHowever, let us mention that our
objective in the coming years remains to introduce fractipowers of densely defined
closed unbounded linear operatorsigy in order to formulate g-adic analogue of
the classical square root problem of Kato (see [6], [7], §81d [9]). This is actually,
the main motivation of this paper.

Let us mention that the-adic Hilbert spacé,, will play a key role throughout
the paper. Apart from their intrinsic interestsadic Hilbert spaces have found exten-
sive applications in theoretical physics. For more on tteegkrelated issues we refer
the reader to([10], [11], [3], and [5]) and the referencess¢im.

Let K be a complete ultrametric valued field. Classical examplesich a field
includeQy, the field of p-adic numbers wherp > 2 is a prime C, the field of p-adic
complex numbers, and the field of formal Laurent series([fid]]).

An ultrametric Banach spade overK is said to be dree Banach spacésee
[10], [11], and [3]) if there exists a familyg )i (I being an index set) of elements of
[E such that each elemexte E can be written in a unique fashion as

x=> xa, lmxe =0, and IXIl = supixi[l .
iel te

The family (g)i¢| is then called amrthogonal basidor E, and if || = 1, for all
i € 1, the family (g)j¢| is called anorthonormal basis For a detailed description
and properties of these spaces, we refer the reader to [[110],[3], and [5]) and the
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references therein. Up to now, we shall suppose that theiseted is N the set of all
natural numbers.

For a free Banach spad® let E* denote its (topological) dual an8(E) the
Banach space of all bounded linear operator&dgee [10], [11], and [3]). Botlk*
andB(E) are equipped with their respective natural norms.

For (u,v) € E x E* we define the linear operat@ ® u) by setting:
VX eE, 0®u)(X):=v(X)u= (v, X)U.

It follows that(v ® u) € B(E) and|lo @ u|| = |lo]l . |lull.
Let (& )<y be an orthogonal basis féi. We then defingl € E* by

X=ina, g (X) = X.
ieN
It turns out that| €| = ”?1” Furthermore, eacl’ € E* can be expressed as a
pointwise convergent serieg’ = Z(x’, ) €. In addition to that, we have that:
ieN
(', )]
X'| := sup——+.
[¥] = sup=s

Now let us recall that every bounded linear operatoon E can be expressed
as a pointwise convergent series, that is, there existsfaniténmatrix (ajj )i, j)enxN
with coefficients inK, such that

(1) A:Za”(e’j ®e), andforanyj e N, lim |aj|llel =0.
I] | —00

Moreover, for eaclj e N, Agj = Z gj g and its norm is defined by:
ieN
|aij | lle

IA|l :=sup ———.
i el

In this paper, we shall make extensive use ofkedic Hilbert spac&,, whose
definition is given below. Again, for details, we refer thader to ([10], [11], and [3])
and the references therein.

Let o = (wj)ieny be a sequence of non-zero elements in a complete non-
Archimedean fiel&K. Define the spacg,, by

E, = [u = (U)ien | Vi, Ui e Kand lim |ujlle|Y? = o] :
I —00
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Clearly,u = (Uj)jcy € E, if and only if lim uiza)i = 0. ActuallyE,, is an ultrametric
1—>00
Banach space ové with the norm given by

U= (U)ien € By, lull = suplui|]ei|*/?.
ieN

Let us also notice thdkE,, is a free Banach space (see [10], [11]) and it has a
canonical orthogonal basisNamely, (& );n , Whereg is the sequence all of whose
terms are O except theth term which is 1 in other words,g = (5ij)jeN’ where
dij is the usual Kronecker symbol. We shall make extensive usaicti a canonical
orthogonal basis throughout the paper. It should be mestidinat for each, | g || =
lwi |/2. Now if |wj| = 1 we shall refer tdg ); .y as thecanonical orthonormal basis

Let(,) : E, x E, — K be theK-bilinear form defined by

(2) Yu,v € Ep, U= (Uj)jey, © = 0i)ien, (U,0):= Zwi ujvj .
ieN

Then, (, ) is a symmetric, non-degenerate form By x E, with value inK, and it
satisfies the Cauchy-Schwarz inequality:

[{u, )| < [lull - lloll, Yu,v € Eo.

Let us also mention that elemer{t); <y of the canonical orthogonal basis for
E,, satisfy
0 if i#]
(&, 8) = widij =
w if i =].

DEFINITION 1. The spacé,, endowed with the bilinear formy) defined in
Eqg. (2) is called a p-adic Hilbert space.

It should also be observed that for every bounded linearadpeA on E,,, the

domainD(A) (D(A) := {u = (uj) € E, : iIim lui||Aq || = 0}) of Ais actually the
—00
whole of E,,.

It is well-known ([10] and [11]) that one can find bounded &n@perators on
E,, which do not have adjoint. Similarly, there exist unbountilegar operators oft,,
which do not have adjoints (see [5]). Consequently, we debhpBy(E,,) the space of
all bounded linear operators which do have adjoints witpeesto the non-degenerate
form (, ) defined in Eq. (2).

Let o = (wj)iey be a sequence of nonzero elements in a (complete) non-
Archimedean fieldK and let(E,,, {, )) be the corresponding-adic Hilbert space. This
paper provides a definition of the integer powers of (pogsibbounded) diagonal op-
erators within thep-adic framework, that is, on thp-adic Hilbert spaceg,,. As for
bounded linear operators df),, some of the results go along the classical line and
others deviate from it. For the most part, the statementhefdsults are inspired by
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their classical settings. However their proofs may depezality on the ultrametric
nature ofE, and the ground fieldk. We especially emphasis on the integer powers,
self-adjointness, product, and algebraic sums of thoggodi operators.

2. Unbounded Linear Operators OnE,,

Letw = (w))ieN, @ = (i )jen bE Sequences of non-zero elements in a complete non-
Archimedean fieldK, and letE,, E, be their corresponding-adic Hilbert spaces.
Suppose thate )icn, (hj)jen are respectively the canonical orthogonal bases associ-
ated to thep-adic Hilbert spaceg,, andE,,.

Let D C E, be a subspace and lat: D c E,, — E, be a linear transforma-
tion. As for bounded linear operators one can decompoas a pointwise convergent
series defined by:

A=>aj€ ®h and VjeN, im ;| by | = 0.
i

DEFINITION 2. An unbounded linear operator A froffa, into E,, is a pair
(D(A), A) consisting of a subspace(B) c E, (called the domain of A) and a (pos-
sibly not continuous) linear transformation :AD(A) C E, — E .

Throughout the paper, we mean by unbounded linear operatd,p every
linear transformatiorA whose domairD (A) consists of alu € E, such thatAu €
Es, thatis,

D(A) :={u= (Ui)ien € Ey : ﬂ&'“" |Aq|l = 0O},

A i?e al] ej® ) ;JG ,iI“ |a|]||| I”

We denote the collection of those unbounded linear opexdatpt) (E,,, E).
Clearly,B(Ey,, Es) C U(Ey, Eg).

As mentioned in the introduction, ih € B(E,, E) then its domain is the
whole of E,. We shall see that one can find element8J¢E,,, E,;) whose domains
differ from E,, (seeRemark }. As for bounded linear operators, there exists elements
of U (E,,, E) which do not have adjoint (sdexample lbelow). Actually, in the next
definition we state conditions which do guarantee the axigt®f the adjoint. Without
lost of generality we shall suppose thiat = E,,. As usual we denotd (E,,, E,) by
U(Ey).

In what follows, (K, |.|) denotes a complete non-Archimedean field.

DEFINITION 3. An operator
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D(A) :={u= (U)ieny € Ey : iingoluil |Ag | = 0},

A= D aj€®e, VjeN, lim jajlle]=0

i,jeN
is said to have an adjoint Ac U (E,,) if and only if
: |&s] _ -
4) Slmm (|wj|1/2) =0, VieN.

In this event, the adjoint ‘Aof A is uniquely expressed by

D(A%) :={o = (vi)ien € Eo : iiﬂc}olvil A%l = O},

. . 1
A= ai € ®ea, VYjel, lim (85| |wi|2 =0,
i,jeN

— LA
where g = w; "wjaj,i.

We denote byJg(E,,), the collection of linear operators id (E,) which do
have adjoint operators. ClearBy(E,) C Uo(Ey).

ExXAMPLE 1. (Unbounded operator with no adjoint). $&t= Q the field of
p-adic numbers endowed with thgeadic normy.| and letw; = p¥ (in the appropriate
Qp) so that|w; |% = p‘%i. DefineA = Z ajj (e’j ® g) by its coefficients:

i

pl i i< pl if i<j
aj=1 1 if =] and |gj| =1 1 if i=]
p~ if > . plif 0> .

We have

PrRoPOSITION]. The linear operator A= Z ajj (e/j ® g) defined above is

I’]
in U (E,) and does not have an adjoint with respect to the bilinear fdafined in Eq.
(2).
Proof. Clearly,vj, lim|ajj || i |% =lim pi p_%i = 0, henceA is well-defined. Further-
i i>]
more,Vi, j € N,

p%(j—i)ﬂ it i<

1

i loi | 2
py o= Bl 1y if =]
|w]|2 pi-‘r%j—%i if i j,



204 T. Diagana

and _
pl if i<
Vi g, gy e Bl L e
p~2' if i>]j.
Hence| A| := suplij = oo, thatis, A € U(E,). To complete the proof we have
i
T c o ] L3
to show thatvi, lim T # 0. Indeedyi, lim 7 = lim p’ p2’ = oo, hence the
J |a)] |§ J |a)J |? J>1
adjoint of A does not exist. O

3. Closed Linear Operators onE,,

To deal with the closedness of unbounded operatoiig.Qrone supposes that the char-
acteristicchar(K) of the ground fieldK is zero (see details in [5]). Note that examples
of such fields includé€),, the field of p-adic numbers.

Let A € U(E,). As in the classical setting we define the graph of the linear
operatorA by
G(A) :={(x, AX) e E, x E,, : x € D(A)}.

DEFINITION 4. An operator Ae U(E,) is said to be closed if its graph is a
closed subspace i, x E,. Similarly, an operator A is said to be closable if it has a
closed extension.

As in the classical setting we characterize the closedrieas operatorA €
U (E,) as follows: Yu, € D(A) such thatju — un|| — 0 and|Auy, — o] — O
(v € E,) asn — +o0, thenu € D(A) andAu = v.

It is now clear that ifA € B(E,), it is closed. Indeed sincd is bounded,
D(A) = E,. Moreover ifx, € E, such thatx, — x onE,, then by the boundedness
of Ait follows that Ax, — AX, that is,(Xn, AXy) = (X, AX) on (E, x E,, ||.]l2) (see
details on the ultrametric nori||2 in [5]), henceG(A) is closed.

We denote the collection of closed linear operator&groy C(E,,). In view of
the aboveB(E,) c C(E,).

DEFINITION 5. An operator Ae Ug(E,,) is said to be self-adjoint if DA) =
D(A*) and Au= A*u for each ue D(A).

The proof of the next theorem can be found in [5].

THEOREM1. Let A e Up(E,,), then its adjoint A is a closed linear operator.
In particular if A is self-adjoint, then it is closed.

Let A € U(E,). We define the resolvent sptA) of A as the set of alk € K
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such that the operat@k; := A— 1 (I being the identity operator @,,) is one-to-one
and that(A — 1)1 € B(E,). In that case, the spectrusr(A) of A is defined as the
complement op (A) in K.

4. The Diagonal Operator onE,,
Letw = (wj)ien be a sequence of nonzero termdkirand let(E,, (, )) be the corre-
spondingp-adic Hilbert space. Define the diagonal operaiot U (E,,) by:
D(A) ={x=(x) CK: |iim [Zillxillle || = O},
and
AX = Ziixia, vx € D(A),
ieN
where(4)jeny C K.
Suppose thati)ien C K is a sequence of nonzero terms satisfying:

(5) lim || = oo.
| =00

PROPOSITION2. Suppose that Eg. (5) holds true. Then the operator A is self-
adjoint. Furthermorep(A) = {1 € K: 1 # 4, Vi € N}, and

1
A-D) Y < —mF——
It = infien |4i — 41

for eachl € p(A).

Proof. First of all, let us make sure that the operafors well-defined. For that, note
that|a; j| = |4i| and thataj| =0 ifi # j, and

im. iy | e [ = fim @ | Jox |*/* = O,

- , |aij | e |22 I o
henceA is well-defined. NOW,T = |Aj|ifi = jand O ifi # j. It follows
Wj
that 12
& | Jei
1Al := sup —L—— = sup|4i| = oo,
i |owj | i

henceA € U (E,).

Let us show that the adjoir&* of A does exist. This is actually obvious since
Vi e N, lim |aj| oj|7Y? = lim |aj| oj|~*? = 0. Now the adjointA* is defined
] ]>1

by A* = > byj € ® e, wherebij = w;'wjaj; = aj foralli, j € N. The latter

N
yields A = A*. Notice thatA is also closed, bffheorem 1
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To complete the proof one needs to compufé). For that, we have to solve
the equation

(6) (A—ihx =Yy,
wherex = > xig € D(A) = D(A— il)andy = > yig €E,,.

| I
Considering Eqg. (6) orig )iy and using the facA is self-adjoint it follows

thatvi e N, (4j — 1).(g, X) = (g, y). Equivalently,vi € N,
(7) (i = ).oiXi = oy
Now if Vi € N, i # 4, Eq. (7) has a unique solution moreover,

(8) x=(A-)ly=> ———a.

Let us show thak = (A — 1)~y given above is well-defined. For that it is

sufficient to prove that _Iin&'yi—l/1| le]l = 0. According to Eq. (5), the sequence
i i —
1 . Vil
—_ is bounded, hence lim———— ||| = 0.
(Mi _/”)ieN i 4 = Al

It remains to find conditions o so thatx defined above belongs (A). For
that, it is sufficient to find conditions so that:

|Yil |4i

lim Aq| = Ilim d =0.
Ii B —/1|” all Ii 7= ] il llell
Indeed, since linyi| |le || =0,
I
. Vil
0 < Ilim A
< Ii Iii—iI” all
< lim M—”. lim Jyi| el
i A=A
= 0.
From Eg. (8) it follows that
_ lyilllell
1A= )1yl —
Ty ieN 14i — 4l
< |yl . sup !
- Cien 14 — Al
< S
= W infien [4i — 4]

< 00,
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hence(A— 1)~1 € B(E,,). And,

A=)~ < 0.

— <
infien [4i — A

In summaryp (A) = K — {4i}ieN- O
REMARK 1. Let us notice that the domaid(A) of the diagonal operatoA

may not be equal to the whole @,. To see it, suppose that the ground fi&d
contains a square of each of its elemeautsl choos& = (X; )iy WhereX; is given by:

%2 =

P for alli € N. According to the assumption on the fididit is clear that
i @i

foralli e N, % liesinK. Now, X € E, since

N . 1
lim [Xi|lle ]l = lim — =0,
i—o0 i—o0 |4

by Eg. (5). Meanwhile, one can easily see that D(A) since
lim %l 4illell =1#0.
1—00

If B € U(E,) is another diagonal operator @, defined by,
D(B) = {x = (Xi)ieN € Ep : |ili’n lwillxillle |l = O},
and
BX = Zﬂixie,, vx € D(B),
ieN
where(ui)ien C K, the algebraic surh + B of A andB is defined by
D(A+ B) = D(A) N D(B),

(A+ B)x = Ax+ BX,
forall x € D(A) N D(B).
COROLLARY 1. Under Eg. (5), suppose thgti| < |4;| for eachie N, then
A+ B is self-adjoint. Furthermoreg(A+ B) = {1 € K: 1 # 4 + ui, Vi € N}, and

1
infien 14 — (Ai + wi)l

I(A+B—2)7Y <
for eachl € p(A+ B).

Proof. First of all, note thal A + B)x = Z(li + wi)xig, for eachx = (X)jen €

ieN
D(A+ B), whereD(A+ B) = {X = (Xi)ieN : iﬁ)ﬁ;olii +wil x| &l = 0}
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Since|ui| < || for eachi € N it follows that|4; + uj| = || foralli € N,
and soD(A+ B) = D(A). Now, A + B is well-defined since

Aim 4 4 wil Xl el = lim 4] %] &l =0,
1—00 I—>00

by Eq. (5). Now, note thaA+ B is a diagonal operator with coefficients= 4 + u;j,

where lim|yi| = lim |4;] = oo, by Eq. (5). So to complete the proof one follows
I—>00 I —00

along the same line as in the prooffxoposition 2 O

Similarly, the productA B of the diagonal operatora and B is defined by:
D(AB) = {x € D(B) : Bx e D(A)},

(AB)x = A(BX), Vx € D(AB).

It can be easily checked thatAB)x = ziiuixia, for eachx = (Xj)ien €

ieN
D(AB), whereD(AB) = {X = (Xi)ieN : I'_')”;O [Ail il IXi] el = 0}

We have

COROLLARY 2. If lim || |ui| = oo, then the product AB of A and B is self-
| —00
adjoint. Furthermorep(AB) = {1 € K: A # 4juj, Vi € N}, and

[(AB=)Y<———
) infien [4i pi — 41

for eachl € p(AB).

5. Integer Powers of Diagonal Operators

Let (K, |.|) be a complete ultrametric fields and det= (wj )iy C K be a sequence of
nonzero elements. L&t be a diagonal linear operator @, defined by

D(A) ={x=(x)CK: iimoo 14illxillle]l = O},

Ax= D Jixie, Yx=> xia € D(A),
ieN ieN

where()ien C K is the so-called corresponding coefficientsto

For u = (ui)ieny C K, let J(u) denote the collection of € Z such that
lim |ui?| = lim |uil? = oo; ie.
| —00 | —00

J(u) ={zeZ: lim |gi* = lim |ui|* = oo}.
| —00 | =00
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REMARK 2. If 2 = (4))ien, # = (ui)ien are sequences of elementskinone
has the following properties:

() if z,Z € J(A), thenz+ Z, zZ € J(A);

(i) J(4) = J(14D);

(iii) J(A + w) = J(max(| 4], u])) whenevel | # |ul;

(iv) J(4) C J(u) wheneved u| < [4];

(v) 0 ¢ J(A) for eachi;

(vi) J(0) = Z~— — {0}, the set of negative integers except zero;
(vii) JH) NI~ = .

DEFINITION 6. Let ze J(4). Define integer powers %of the diagonal opera-
tor A by:

D(A?) = {x = (Xi)ieny CK: |ign |4i 1?]xi|lle || = O},

)
AZX = Z/lizxia, for each x= (Xi)jcy € D(A?),
ieN
where(Zj)ien C K.
Similarly, we define A= |, where | is the identity operator df,,.

EXAMPLE 2. Suppos& = Qp wherep > 2 is a prime number. Consider the
diagonal operatoA defined by:

D(A) ={X=(X)ien CQp: |iim [ZilIxillle ]l = 0O},

and
Ax= > lixie, Vx e D(A),
ieN
wherel; = ppi for eachi € N.
It is easy to see thdl(l) = Z~ — {0}, that is, the set of all negative integers
except zero. In this event, for eazke Z — {0}, one define#AZ? by:

D(A”) = (x = ()i C Qp: lim p~P [xi[ll&] = O}

and _
A =" pPxia, ¥xe D(A).
ieN
Using previous results, one can easily see #fas self-adjoint and thai (A%) =
{AeQp:a+#pP, VieN).
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PROPOSITION3. Letz Z € J(A). If Ais a diagonal operator with/; )icy C
K as a corresponding sequence, then

(i) AZ.AZ = AZHZ;
(i) (A%)Z = AZZ.
Proof. (i) If x = ina € D(AZA?), then AZAZ X = Z/li”z’xie]. Next, we use

ieN ieN
the fact thatz, Z € J(1) yield z+ Z € J(1) (Remark %)).

(i) Similarly, if x = ina e D((AH)?), then(AZ)Zx = Ziizzxia. Now
ieN ieN
sincezZ € J(1) (Remark %)) it is clear that(AZ)? = AZZ,
O

PropPoOSITION4. If z € J(1), then the integer power %of the diagonal opera-
tor A is self-adjoint. Furthermorey (A?) = {41 € K : 1 # 47, Vi € N}, and

A2 =D <
infj ey |/1|Z — A
for eachl € p(A?).
Proof. First of all, note thatA?x = Z/lizxia , VX = (Xi)jeny € D(A?) with D(A?) =
ieN

(X = Xi)iey C K : lim |41%|xi| ll§ || = 0}. Sincez e J(4) it follows that AZ is

I —>00
well-defined. Note tha#\” is a diagonal operator correspondingo = 4;% with
1im |yi| = oo, sincez € J(1). So to complete the proof one follows along the same
I —>00
line as in the proof oProposition 2 O

PrROPOSITIONS. Let A B be diagonal operators oR,,. If 1 = (4)jeN, ¢t =
(1i)ien are respectively the corresponding sequences to the digmerators A and
B, and if|4i| # |ui| foreachie N, and if J(1) N J(u) N ZT # ¢ (Z being the set of
all natural numbers), then

D((A+ B)%) = D(A*) N D(B?) = D((A+ B)*),
for each ze J(A) N J(u) NZT.
Proof. Using the argument thét; | # |u;| for eachi € N it easily follows that
(10) 12i + pil® = max( 4], uil?)

foralli e N,ze Zt.
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In particular, Eq. (10) holds for eache J(1) N J(x) N Z*. In this event, the
operator( A + B)? is defined by:

(A+B)x =D (4 +ui)xe
ieN
for eachx = (xj)ieny € D((A + B)?), where
D(A+B)) = {x=X)ienCK: lim 12 + wil® 1%l &l =0}
= {X=K)iey CK: iimoo max(|4i 1%, |uil?) x| &l = 0
D(A?) N D(B?).

It is also clear thatA + B)? is self-adjoint for eaclz € J(1) N J(x) N Z*, and
so,(A+ B)? = (A+ B)*%
O

6. Integer Powers of Some Particular Unbounded Operators

Let (wi)ieny C K be asequence of nonzero terms anddg); jen C K be a sequence.

In this section, we examine integer powers of the particlt@ar operatordA
defined by

D(A) = {x=(X)ien CK: igm |:|Xi| | i | (SU£|aji le; II)] =0},
e’} je

(11)

AX = ZZ i xiajiej, foreachx = (x)icy € D(A),
ieN jeN

where(u)ien C Kis a given sequence of nonzero terms satisfying
(12) 1im |ui| = oo.
I—00

For that, we transform the expressionAfko that it can be seen as a diagonal
operator in a certain orthogonal base Iy, and next apply the previous results.

Indeed, setting

1 Vi fi = - ith i . —
(13) jeN, f iZa.,a with lim Jaj | & l| = 0,

it is clear that the operatok can be seen as
D(A) = {x=(X)ien CK: lim X[ uil [ fill = O},

(14)
AX := Z wi Xi fi, foreachx = (xi)icy € D(A).
ieN
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Now, to achieve our goal, we have to cho@$g);n so that it can be seen as an
orthogonal base fdk,,. In addition to that we shall suppose: there exists a ndatriv
isometric linear bijectio such that

(15) Tg =", VieN.

In particular||g || = || fi|| for eachi € N.

Throughout the rest of the paper, we suppose thaicy is an orthogonal base
for E,. As a consequence, eagle E, can be (uniquely) expressed as

x=2 % fi with lim |x|fi|l =0,
ieN

where|| fi| =: |@i|Y2 = |wi |2, Vi € N, and(fi, f;) = @idj (wi)ien C K being
a sequence of nonzero terms akydis the classical Kronecker symbol).

Notice that the operatoA defined in Eq. (14) is self-adjoint with resolvent
p(A)={1eK:1#uj VieN}. Now,letusrequire that:

sup([anml en|*2)
(16) lim | <N

m— 0o |wm|l/2

We have

PROPOSITIONG. Under assumptions Egs. (12)-(13)-(15), and (16), the opera
tor A is self-adjoint. Furthermorg(A) = {4 € K : 1 # uj, Vi € N}, and for each
u € p(A),
IA— @Y <
inf |um — ul
meN
sup(laam! |onl*?)

wherey = sup | "N 7
meN |@ml

Proof. To prove thatA is self-adjoint, one follows along the same line as in theopro
of Proposition 2 Now let us consider the solvability of the equation

(17) AX— ux =y,

wherex = Z Xm fm € D(A) andy = Z Ynén € E,.

meN neN
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From Eq. (17) it follows thafmmmXm — 4 @mXm = z @n Yn @m. And S0,

neN
for u # um, Ym € N, the coefficients of a solutionto Eq. (17) are given by

1
0 =t [T o] e

(4m — 1) @m neN

Since( fj)jey is an orthogonal basis fd,,, it is also clear thaN (A — ul) =
{0}, whereN denotes the kernel. And so, the solution= (A — x)~y to Eq. (17)
is unique. In addition, the coefficientgy) given in Eq. (18) are well-defined, by Eq.
(16). Now let us show that € D(A — ul) = D(A). Indeed, from the expression of
Xm in Eq. (18), we have:

1/2
Xm| | m| |@m| Y

Xml [ml 1l fmll

lteml - Z ®n Yn @nm
_ neN
|wm|l/2 Apem = pl
e - sup(Jan en 2
ne
< Ayl
[tem — ul - |1Um|1/2
sup(laam! |onl*/2
( | teml ) neN Iyl
lm — |m|/2

Passing to the limitri — o0) in the previous inequality it follows that

im |Xml |uml I fmll =0,
m—o0

by the fact lim (ﬂ) =1and Eg. (16), and so € D(A).

m—oo \ |um — ul
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Similarly, from Eq. (18), one has:

Xl I fmll = [Xm| |&7m| Y2
Z @n Yn @nm
_ neN
|Wm|1/2 um — ul
sup(lanm| |l
neN
Ayl
|um — | . |[om| /2
sup( [anml en |2
= (#) nelt Iyl
|m — ul |?17m|1/2
sup(laan! |en |2
L nel Iyl
iNfmen [1m — 1 . |wm|1/2 . ’
Therefore
_ Y
A - < ——F——,
inf |um — ul
meN
sup(1aanl lon|2)
N
wherey = sup | 1< < oo.
meX |ml /2
In summaryp(A) = {1 € K: 1 # uj, Vi e N}. O

Under previous assumptions, one defines integer powehshyt

DEFINITION 7. Let ze J(u). Define integer powers %of the diagonal opera-
tor A by:

D(A%) = {x = (xi) CK: lim |ui I“Ixi Il fill = O},

(19)
AP =" ui®; fi, foreachx = (x)icy € D(AY).
ieN

Similar results as isection Shold for those type of diagonal operators.

REMARK 3. We complete this paper by mentioning two challenging tioes
related to powers of linear operators8y).



Integer powers of operators gradic Hilbert spaces 215

(@) In view of our definition (seeDefinition § of integer powers of diagonal
operators, the point now is how to define integer powers ofhaigeg unbounded linear
operatorA defined byAx = Z ajj (e’j ® g)x for eachx € D(A)?

i,

(i) In view of integer rJJowers of diagonal operators, it rengato define frac-
tional powers of (diagonal) linear operators By). But this seems to depend on the
ground fieldK. Indeed, one should consider ultrametric fie(#s |.|) having the fol-
lowing property: if1 € K, theni9 € K for someq € Q, and thai/19] = |1]|9. Once
such fields are identified, our previous theory should applgrder to deal with frac-
tional powers of diagonal operators @,. A field satisfying the previous property
may be called as a field which has the fractional powers ptpEPP).
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