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M. Dreher

THE KIRCHHOFF EQUATION FOR THE P-LAPLACIAN

Abstract. Employing ideas from the theory of weakly hyperbolic diffetial equations, we
show the local well-posedness of the Kirchhoff equationtii@ p—Laplacian in Sobolev
spaces, wherp need not be an even integer.

1. Introduction

We shall seek solutions in Sobolev spaces to nonlinear nahlyyperbolic Cauchy
problems, an example of which is given by

(1) wie(t, X) = (L+ fwx(t, ) o) (wx E )P 2wk (t, X))x =0,
w(0,x) = ®(x), wt(0,x) =Y (x),

wherep is positive and real, not necessarily an even integer.
More general, we will consider the hyperbolic initial vajmeblem

2) wee (t, %) = K ([x (t, )1 gy )awx (t, X)) wxx(t, X) =0,
w(0,xX) = ®(x), wi(0,x) =¥ (x),

whereK is an arbitrary function, sufficiently smooth and takingyopbsitive values;
anda = a(s) behaves likgs|P~2 nears = 0. The detailed assumptions & r, f3,
anda are given in (3), (4) and Condition 1 below.

ForK = K(s) = c1+cs(ci,c2 > 0)andp =1 = B = 2, we get the
famous Kirchhoff equation, proposed by Kirchhoff [11] fobatter description of the
motion of a stretched string. The global existence for realldic initial data was
proved in [1] and [14], while the global existence of sn@ff and Sobolev solutions
was established in [3] and [6]. The question of global sohsgifor arbitrary data from
Sobolev spaces is still open.

The situation becomes even more delicate if we replace thitian by a non-
linear differential operator: suppose = K (s) = 1, and consider the equation

wie (t, X) — awx(t, X))?wxx(,X) =0,  w(0,X) = O(x), wi(0,X) = ¥(X),

wherea(wy) > 0, @' (wx) # 0, and®, ¥ have compact support. In [8] it was shown
that the only global solutiom € C2(Ry x Ry) is w = 0. All other solutions develop a
singularity in finite time.
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Moreover, in [4] the Cauchy problem

wit (t, X) — wy (t, X)%wxx(t, X) =0,

w(0, X) = ®(X), wi(0,x) =¥ (X)

was investigated, under the assumption that the smoothlidata® and¥ be even,
and®”(0), ¥”(0) be either both positive or both negative. Then the solutiatevel-
ops a singularity in finite time.

Hence one should not hope for global in time solutions to (X2h

Another difficulty comes from the fact that the equation E)0 longer strictly
hyperbolic in the pointstg, Xg) wherewy (to, Xo) = 0. In [2] it was shown that even a
linear equation

wit (t, X) — c®)?wxx(t, X) =0, c(t) >0,

with appropriately chosen smooth initial data can have stridution solution (even
locally) if the smooth coefficient = c(t) has a zero at = 0 and oscillates near this
zero. Therefore we have to expect that the standard liretamzarguments can not be
applied to (1), because the behavior©f|P~2 is nota priori known.

In this paper, we employ a technique developed in [12], wiighsforms the
second order equation into a two by two second order systdra.a@lvantage of this
method is that it will give us more information abauk, which in turn will exclude
oscillations ofjwy|P~2.

If one assumes more regularity of the the functeon= a(s), then one can
study (2) in spaces of functions with higher regularity. E@vrey spaces with Gevrey
index between 1 and 2, a different approach than ours isalajland the local well—
posedness and propagation of analyticity can be proved16ge

In our situation, the functioa = a(s) = |s|P~2 is not smooth at the origin for
p ¢ 2N. To attack (1), we will approximate the functiews) by functionsam(s) € C*®
(preserving the essential propertiea@s)) and solve the approximate Cauchy problem
by Nash—Moser theory. Therefore, it is natural to genegdlll to (2), where

©) K e C1([0,00)), K(s)=Ko>0, Vse[0,00),
(4) 1<r<oo, f>1,

anda = a(s): [-M, M] — R is a function which satisfies the following condition.
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Condition 1. For alls € [-M, M] = By, the following holds:

(5) a;s) >0, a(s)=0«=s=0,
(6) a(s) = s?ao(s), ao(s) < Ca,
@) 0 < sg(s) < Caap(s), 0 <sd(s) < Caals).

Additionally, ag is supposed to be even aagl a; € CP(By), wherea(s) = a'(s)/s.
HereCP (X) denotes the space of functions whose derivatives up to ther &r are
continuous and bounded otif P € N, and the Hlder spac€!Pl-P-IPI(X)if P ¢ N.

REMARK 1. In (1), we have(s) = (p — 1)|s|P~2, and Condition 1 is satisfied
forp> P+4,0rpe 2N, p>4,andP e Nis arbitrary.

Our main result is the following.

THEOREM 1. Assume that a= a(s) and K = K (s) satisfyCondition 1and
(3), respectively, and suppo$é). Furthermore, suppose that the Cauchy déta¥
belong to the Sobolev spaceé'H (R) with support in some ball g and that they are
to a = a(s) compatible data, i.e||®x|| .~y < M. Suppos€/2 < q < P + 1with
P, g € R. Then the Cauchy proble(®) has a unique local solution u with

ueL®((0,T), HIR)), &ueL™((0,T), HI2[R)).
This solution vanishes outsi@@, T] x supg®, ¥).
The structure of this paper will be presented at the end di®ez, after some

explanatory remarks.

2. Transformation into a Second-Order System

To geta priori estimates of the solution, we transform (2) into a second order system.
This step will give us more information about the principattp

Putu(t, X) = oxw(t, X), p(X) = oxP(X), y(X) = ox¥(X). If w solves (2),
thenu is a solution to
(8) Uee (8, ) = K (JU(t, Iy y)ox @(ut, X)axu(t, x)) =0,
U, %) = ¢(x), (0, %) = w(x).

In casep (xg) = w(xo) = 0, we have(d'u)(0, xg) = O for alln € N. Therefore it is
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natural to seek a solution of the form

u(t, x) = #(x)g(t, X) + y (x)h(t, x),
g0, x)=1, hO0,x)=0, g(0,x)=0, hi(0,x)=1
By direct calculation, we obtaia = ¢git + whit and
ox(@(u)uy) = a(u)(¢gxx + whxx)

+ & (U)ux(pax + why) + 280(U) ($g + wh)2(PxOx + wxhx)
+ (¢g + wh) (@o(U)U(Pxxd + wxxh) + a1(U)($xg + wxh)?).

This leads us to the equation
@ (Gt — ku(t)ox(@u)gx) — 2ky(t)ag(uyug(dxgx + wxhx) — ku(t)cg)
+ y (htt — ku(t)ox (@(u)hy) — 2ky (t)ag(u)uh(pxgx + wxhyx) — ku(t)ch) =0,
where we have introduced
ko) = K(IU(t, )l o)
C = (X, g, h) = a0(U)U(¢hxxd + wxxh) + a1 (U)(¢xg + wxh)?.

Now we consider the vectdt = (g, h)T of unknowns and define

a(p (g + v (x)h) 0 )

© AxU)= ( 0 a(g(x)g + y(xh)

(10)  B(x,U) = 2a0(¢(x)g + y 0Oh)(¢ ()9 + w ()h) (¢x(x)h yx(Oh

U 0

Px()g  yx (x)g)

A solutionu to (8) is given byu = ¢g + whif U = U (t, X) solves

(12) 82U — ky(t)x(AX, U)axU) — ky(t)B(x, U)axU — ky(t)C(x, U)U =0,
U@,x)= (1,07, U(0,x)=(0,1)".

This system will be solved in the following sections. Theteys (12) will turn out to
be equivalent to (8), after we have shown the uniqueness of

We consider a linearized version of (12),

(13) A2V — k(t)ax(A(X, U)axV) — k() B(x, U)axV — k(t)C(x, U)V = F(t, x),
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with one of the following initial conditions:

(14) V(09 X) = VO(X)a Vt (07 X) = V]_(X),

(15) V(to, X) = Vo(X), Vi(to, X) = Vi(x), 0 <to < To,
where

(16) O<ko<k(t)eCh kt)+[K®) <k, 0=<t<To,

andU = U (t, x) is some given vector valued function with

2177 Hua, ) - (tl)

The rest of the paper is organized as follows. Temporarily,assume =
a(s) € C*°(R). In the next section, we studypriori estimates of a solutio¥ to (13),
using results of [12] and [4]. The existence of a solutibrio (13) will be proved in
Section 4. By means of Nash—Moser—Hamilton theory and amaegt of [4], we will
show the existence of a solutidthto

<ekl
C([0,T]xBR)

(18) 02U — K(t)ax(A(x, U)axU) — k(t) B(x, U)axU — k(t)C(x, U)U =0,

U@, x) = (é), Ut (0, x) = (2),

wherek = k(t) satisfies (16). In Section 6, we will get rid of the temporasgamption
a(s) € C*®(R). Finally, we prove existence and uniqueness of a fixed pdith®

mapping
k=Kk(t) > k=K() = K>I¢()g(t. ) + y Oh(t, I )

with (g, h)T = U as a solution to (18) in Section 7.

3. A Priori Estimates for (13)

LetU = (g, h)" satisfy(2.17)1, and be defined of0, T] x Bgr. For—T <t <0, we
setU (t, x) = 2U (0, x) — U (—t, x), and get &C* function defined ori—T, T] x Bg,
with U, ) — (@, t)T HCl([—T,T]xBR) < &, modifying ¢ a bit. The next proposition
describes the behavior of the coefficient

a.(t, x) = k(t)a(g ()g(t, x) + w (x)h(t, x))

neart = 0.
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PrRoOPOSITIONL. Leta= a(s) and k= k(t) satisfyCondition 1and (16), and
assume thap, y € Cé(R) are compatible data, i.ellpll gy < M. Introduce

Qgpy = {x € Br: [p(X)| + [y ()| > 0}.

Then there are constants «, z > 0 such that for every U= (g, h)T with (2.17),
thereisay € Cl(QW) such that a(t, x) satisfies

(19) aa(t,X) —ga.(t,x) =20 :t <y(X), (@, X)e[-7,7]xQyy,

(20) ad.(t, X) +6a(t,x) =0 :t>yp(x), (,x)el[-1,7]xQypy,
1

(1) a0, 00 07 =7 1xe Q.

Moreover, the functionr has the same regularity as y, and U; and the constants
7, o depend only on M, & [[(#, ) llci(w) Ko, ki

Proof. This result has been proved in [12] and [4] in cas&koE k(t) = 1. For
k = k(t) satisfying (16), we fixy) = y (x) asin [4],a = aold + Ki1/Ko, chooser > 0
sufficiently small, and follow the lines of the proof of Pragition 3.1 in [4]. O

REMARK 2. The curve{t = y (X)} separates thé, x) space into two parts.
The relations (19) and (20) allow to exploit different teirhues in both parts in order
to derivea priori estimates of the solutio of (13). Condition (21) means that the
curve{t = y (x)} is noncharacteristic.

The system (13) can be written in the form
02V — a.(t, x)82V — B(t, x)oxV — C(t, x)V = F(t, x),

wherea, (t, x) = kt)a(@(x)g(t, x) + y()h(, x)), B(t,x) = k(t)B(x, U(t, x)) +
axax(t, )1, C(t, x) = k(t)C(x, U(t, x)). Itis convenient to generalize this system a
bit:

(22) 82V — a,(t, X)82V — B, (t, X)oxV — Ci(t, X)V = F(t, X),
(23) V(to, X) = Vo(X), Vi(to, X) = Vi(X),
where the coefficients,, B,, C, satisfy the following condition.

Hypothesis 1. (a)a.(t, x) = k(t)a(¢(x)g(t, x) + w(x)h(t, x)), andk = k(t),a =
a(s) satisfy (16), Condition 1, respectively,

(b) |Bi(t, X)|2 < La,(t, x) for someL > 0 (Levi Condition),
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(©) ¢, v € C3(R) with supfig, y) C Br = {|x| < R}, and||¢|l = (gq) < M,
(d) the coefficient, admits a separating curve in the sense of Proposition 1,
(e) the numberg andr from (2.17),, (19), (20) are chosen as in Proposition 1.
The inequality in (b) follows from Condition 1 and Glaesénequality [5],
€)% < 2ellcz) €(X),

for every functione = e(x) € C2(R) with e(x) > 0 for all x.

Such initial value systems have been studied extensive]§dhand [4], and
a priori estimates for the solutio have been found. The crucial assumption is (d),
which allows to exploit two different methods to estimate solution in the two zones
{t > y(x)} and{t < y (x)}. The final result is the following:

PROPOSITION2. Let V = V(t, x) with at"v € L®((to, 7), HZI(BR)), | =
0, 1, 2, be a solution 0f(22), (23) and assume thatlypothesis Iholds. Then there is a
constant @ such that for all te [tp, ] we have

(24) IVt )2 gy

t
< co(||vo||ﬁ1(BR)+ V1112 g + / IF (S ) 1E2pg ds).
to

The constant g depends only orr, «, L, and the normsl|ax |l .o (o, 7),c2(8r)):
l B*||LOO((0,T),(;1(BR)), ||C*||L°°((O,r)><BR)'

A proof can be found in [4], see also [12] and [13].

Our final goal is to estimatgU ||c2(gy,, WhereU solves (18). To this end, we
will differentiate (18) twice with respect ta, and then applyDy)°, 1/2 < § < 1,
which is the pseudodifferential operator with the symtijl = (1 + |£2)2. This
leads us to the following proposition.

PROPOSITION3. Fix o with1/2 < ¢ < 1, and let V = V (t, X) with atjv €
L>®((to, 7), H#t=1(BR)) (j = 0, 1, 2) be a solution tq(22), (23), and supposély-
pothesis 1 Assume ¥ = V1 = 0, and suppose that.a B,, C,, F, and V vanish
outside[tg, ] x Br, for some R < R. Then we have the estimate

t
IVt )06, < Co /t IF (s )25, ds
0

with a constant ¢ which only depends on the numbersz, L, R, R, and the norms

”a'*||L°°((O,T),H5/2+S(BR))’ || B*||LOC((O,T),H3/2+S(BR))’ ||C*||L°°((0,T),H‘5(BR))’ for any small
e > 0.
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Here we have defined
IVt ) ge) = /Rf (EOPIV(, &) de

(and similarly for the other norms), whehé(t, &) denotes the partial Fourier trans-
form of V = V (t, x), which was tacitly extended by zero outsftie ] x Br.

Proof. We setV? = (Dy)°V and find
(25) oV’ —a.0?V’ — BVl =F) + F + F + F}
= (Dx)F + [(Dx)?, 802 ] (Dx) 'V + [(Dx)?, Bux] (Dx) V7
+(Dx)’(C4V).
The symbol of the pseudodifferential operatorFlfl is

((6)7 0 au(t, X) — au(t, X)(£)°) (&) 0¢?
= (3:(E))(Dxa) (&) 2% + ((6)° 0 @, — 8, (&) — (9(&)°) (Dxay)) (&) 0¢?

3
- 5(Dxa*>(§7 ()7 0 — aut, ) () — (@ ()7 (Dyay)) ()02

— symh(ly + I2),

whereo denotes the Leibniz product. We shift a tef(iDya,) DxV? to the left of (25),
and Lemma 7 tells us

| (11 = 6(Dx@.) Dx + 12V 2,
< Cladiciw [V 2®) T C lacllysze ) vl L2(R) -
Again by Lemma 7,
IS @ = C Bz ) vl L2(R) °

The spaceH?(R) is an algebra under pointwise multiplication, sinte 1/2. Then
we have

I3 @) < ClICIHom) vl L2(R) -

Now we apply Proposition 2,
t

Vot )2 = C /t [Fo(s, ) — 5(Dxac(s, )DxV(s, )| Pogeyy S
0

t
<c /t IFGS M5 + V(S )2y ds
0
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Recall thatV = 0 outside some subsft, ] x Br C [to, 7] x Br. Then we can
estimate
VOGS Mz = 1V°6 I | @m + V6 2w en
< V2 ) 2 + C IV iz
= IV, ) 2y + C IV Mizery = CIVO6S ) 2y

An application of Gronwall's Lemma concludes the proof. O

Now we give an estimate of higher order Sobolev norms.

PROPOSITION4. Lete, v be determined as iRroposition 1and suppose that
U satisfies(2.17),. Letq € N, and V withe/V e L®((to, 7), HI*2"1(BR)), | =
0, 1, 2, be a solution tq13), (15). Then the estimate

(26) IVt MFacer) < Cal@+ U 1w (0.0, 1o 2(Br1) ¥

t
x (nvonﬁqH(BR) + IVallZiaag) +/ IF (S, e cer) ds)
to
holds for0 < tg <t < 7, where G depends only onm, «, L, ko, kg, and the norms

IU oo (0,0),H3BR)) »  1Allca+2(Brx[1—e,1+e]x[—6,c4¢]) >
l B”Cq(BRx[l—g,l+£]><[—a,r+£]) P ”C”Cq(BRX[l—g,l+£]><[—a,r+£]) .

Proof. The estimate (26) holds fay = 0, see Proposition 2. Assume that (26) is true
for q replaced byg — 1. We setv9(t, x) = a¢ V(t, x) and obtain

GtZVq — k() A(X, U)a)%Vq — k() ((q + D (6xAX, U(t, X)) + B(x,U)) ox V4

—k(t) (@@ +1/2)@EZAC U (1, 0) +d@BX, U ¢, %) + C(x, U)) VI

=FI=00F+ 11412+ 13414
q

= 0xF + > Cqk®(@}A(X, U (t, x))VIt2
1=3

q
+ D Cak® @™ AX, U (t, ) + 8, B(x, U (t, x) Vit
1=2

q
+ D" Caik()(@,C(x, U (t, x)VI.
=1
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By Proposition 2, we deduce that

t
IV gy = Co (Mol + il + [ 1796 )1 95)-
0

For the estimate ofy, 15, we have to consider terms of the fo(@ﬁA)VquZ*m with
m=3,...,9+ 1. From Lemma 5 and Sobolev's embedding theorem,

| @PACUE VI, )

L?(BR)

< |eRAC, U, )| va2-me. )H

L>(BR) LZ(BR)

< CUE, )it @ + U R, )l umirgg)) IV 1 Il qare-mgg -

Here and in the followingC (U (t, -)[l.(gg)) denotes a constant that depends in a
nonlinear and continuous way aitJ (t, -)[[ ~(gg)- The termslz and l4 can be esti-
mated similarly. Then it follows that

IV, )ifaeq) < Co (||vo||i.q+1(BR) + ||v1||2Hq(BR))
t
+Co /t IF (s, Mfram + 1V (S M 1g, 98

+ CUIU Il oo 10,1y, c2(BR))) X
q+1

X DA U a1 2810 / IV v sy dS

m=3

From the induction assumption,

”U”LOO((to t), Hm+l(BR))/ ”V(S )”Hq+2 m(BR)
= Cq ”U ||L°C((I0,t),Hm+l(BR)) (1+ ”U ||L°°((I0,I),HQ+4*’“(BR))) X

t
x (nvonqu(BR) + VA0 1(gg) + / IF (S 10180 ds).
to

Now we interpolate betweeH 9t2(Bg) and H3(BR), in order to estimate the product
of U [lym+1(gg) @and U || ja+a-m(gg), and the proof is complete. O

4. Existence of Solutions tq13)

PROPOSITIONS. Let a = a(s) € C*(R) and k = k(t) satisfy Condition
1 and (16), respectively, and lep, y € C;°(R) be to &s) compatible data, i.e.,
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¢llory < M. Assumesupf¢, y) C Bgr. Choosee, 7z as in Proposition 1

and suppose that Ue C2([0, 7], C*(BR)) satisfies(2.17),. Finally, assume that
F € C([tg, 7], C*(BR)), Vo, Vi € C*(Br). Then the problen{13), (15) has a

unique solution Ve C2([to, 7], C*(BR)).

This is a generalization of a similar result in [4], whére- k(t) = 1; therefore
we only sketch the proof. We approximate the coefficeert a(s) by Gevrey functions
am = am(s) € GI(R), 1 < d < 2, (M — o0), such that Condition 1 holds uniformly
in m (see Section 6), and approximate the functignsy, U, F, Vo, V1 by Gevrey
functionsgm, wm, Um, Fm, Vo.m, V1,m. Then we consider the Cauchy problem

(27) 0 Vim — K()3x (Am(X, Um)ax Vim) — K(t) Bm(X, Um)dxVin

Vm(to, X) = Vom(X), & Vm(to, X) = Vi m(X),
which has a unique solutiovl, € C2([to, 7], GY(BR)), according to [9]. By Propo-
sition 4, we get uniform inm estimates oV, in Sobolev spaces. Standard arguments

give the convergence of the sequefi¥g}m to aC solutionV, which is unique due
to the estimate of Proposition 2.

5. Existence of Solutions tq18)

Generalizing (18), we consider the Cauchy problem
(28) 6t2U —k(t)ox(A(x, U)oxU) — k(1) B(x, U)oxU — k(t)C(x,U)U =0,
U(to, X) = Uo(x), Ut (to, X) = U1(x),

@) ot -], <o U0 <eo

C1(Br)

The linearization of this Cauchy problem has the form (13ppBsition 4 tells
us that the solution operator to (13) is a smooth tame map.n Tthis standard to
show that (28) has a unique lod@P°® solution, by means of Nash—Moser—Hamilton
theory [7]. A detailed proof of the following propositionoff the special cask =
k(t) = 1) has been given in [4] and [12].

PROPOSITIONG. Let a = a(s) € C*(R) and k = k(t) satisfy Condition
1, (16), respectively, and lefp, v) € C3°(R) with supf¢, y) C Br be to &s)
compatible data, i.e)j¢|l .~ (mg) < M.

Then there is amo, depending only on M, £ [1(¢, w)llc1gg), Such that:
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For every U, U1 € C°°(BR) with (29)there is some > tg and a unique local
solution U e C2([t, T1], C*(BR)) to the Cauchy probler28).

Unfortunately, this result gives us no information on tie-tspan of the solution
U. This gap is closed in the next result.

PrROPOSITION7. Under the assumptions d¢froposition 6there is a constant
To > 0depending only on the numbers M, B, ki, and the normg(ag, a1)llcs/2+ By )
(@, W)l nor2+e(BR); and there is a unique solution & C2([0, To], C*°(BR)) to (28)
with to = 0.

This will follow easily from the Lemmas 1 and 3.

LEMMA 1. Choose the constants ¢ as in Proposition 1 and let the as-
sumptions ofProposition 6hold. Let0 < T < 7, and U € C?([0, T), C®(BR)),
0 < T < 7, be a solution tq18) fulfilling (2.17)7. Then there are continuous and
increasing functiongq: Ry — R, (independent of T) such that the estimates

(30) U, ')||2Hq(BR) < Cqoq (||U ||L°0((0,t),C2(BR))) , qeNy,
2

=< tc5/2—0—8 05/2+¢ (” u ” Eoc ((O,I),CZ(BR)))

31 max||U (s, ) — (1,s)"
6D max|us) - @', <

hold for all0 < t < T, where the constantsqGnly depend on|(ap, a1)llca(gy,)
”(¢» l//)“HCHZ(BR), and R

The proof is based on aapriori estimate similar to that of Proposition 4 for
the Cauchy problem (13), but now we take advantage from ttéJSfa= V.

LEMMA 2. The following estimates hold for all functionsfor which the right—
hand side is bounded. Here & R is a bounded domain.

lwlicmx) lwliunxy < Cllwllpzx) lwligmn-1x), M>=1,n>2,

lwllemxy lwllpnxy < Cllwllyzx) lwllymin-2xy, M>2,n=>3.

Proof. We only show the first estimate, the second is proved anakbgadith certain
positiveéy, 62, 61 + 6, = 1, we can interpolate

H™L(X) = [HZ(X), Hm+n—1(x)] HN(X) = [HZ(X), Hm+n—l(x)]

o’ 0

It remains to apply Sobolev's embedding theorgm|icmx) < C [wllymizx). O
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Proof of Lemma 1 We introduce the notatio€t, #)U for the R? scalar productg +
nh, andAy(x, U) = a'(u)((¢x, px)U)I, Au(x,U) = a'(u)(¢, y). Then (18) gets the
form
82U — k() A(x, U)o2uU
— k() Ax(x, U)Ux — k(1) (Au (x, U)Uy + B(x, U))Ux
—k®)C(x,U)U =0.

Forg e N, q > 1,U% = U solves the equation
(32) 62U% — k(t)A(x, U)a2ud
—k®(@+ D) (3xAx, U)) + B(x, U))axU 9 — k(t) Ay (x, U)(8xU HUx
=Fi=l1+1la+13+14

q
- Z Cqrk(t)(ak A(x, U)ua+2-!
1=2

q
+ Zka(t)(a)'((Ax(x, U) + B(x, U)))ua+i-
=1

q-1
+ > Camk®@! M Ay (x, UNU'TIU™ 4 k()od (C(x, U)V).
|+m=0

From (7) we geta’(s)|? < Cga(s); hence Hypothesis 1 is valid, and we are allowed to
apply Proposition 2, and obtain

2 t 2
096 ey =0 [ 17965y 99

Now we estimatd; and I3 (the other two terms are easier to handle and left to the
reader). Obviously,

l |1||L2(BR)
< C(||a||(:2(BM) (g, l//)||c2(BR) .U ”CZ(BR)) U |||2.|q(BR) q=2,
[ CUallcagy) » 16, W)licagg » 1V lczgr) @+ U1 ag) =0 =3.

Forqg > 4 andl = 2, we have

| @xacc upu1 |7

L2(BRr)

< C(llallcz(gy) 16, ¥)llczeg - 1Ullc2em) 11050
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If 3 <l <qandq > 4, we employ the Lemmas 2 and 5:

2

[@A UYUTE | < Ol e 1V Ieee ey

L2(Br
< C(l1allci @y » IV (g » 1685 W)l B+ 1U 155 11U Iiager -

Concerninglg, suppose & | + m < q — 2. Then Lemma 5 gives

2
aq—l—mA X U UI+1Um+1
@ ™Auex, L)) o
< C(lallcari(ay) » 1V Iy 165 ¥ IHagee) (L + U1 g1-m(gq) X
y HU|+1H2 Um+1H2 .
L°(BR) L>®(BRr)

Applying Lemma 2 twice, we find

1Ullga-1-m(gey U ller2agy U lemsa(gry < C U I 20g0 1U o (ar -

In case of + m=q — 1, we supposen < | and can estimate

2
oA (x, UpU U™
@ ™Au e W) o

2
< Cllallczqey) 1V lciag » 165 W) lcrag) U

2

9] m+1 H
L?(Br)

< C(llallca(gy) » 1V llct(egy » 1@s ¥)llct(ge) 1V 12gg 1V 10 e -

L>°(BRr)

Summing up we find
2
[P
< C(ll(a0, a)llca(sy) » (@, ¥)lIHa+r2sg))oq (U llc2(gg)) (1 + (U ||2Hq(BR))
forg = 3, and
2
1P ooy
=< C(ll(a0, @) llca(sy) » (¢, ¥)liHa+r2Bg)) g (U lIH3(BR)) (1 + (U |||2‘|q(BR))

in caseq > 4. This proves (30). For the proof of (31), we remark thats v = 0
near the boundargB(R); hencea?U = 0 andU (t,x) = (L, t)T for suchx. Then
Poincaé’s inequality yields

”U(t, )= @tT

2
2
LZ(BR) =< CR ”aXU (t’ -)”LZ(BR) .

Now we consider (32) witlg = 2 and apply Proposition 3. This gives us an esti-
mate of [U(t,-) — (L )T Hs/2+: r)- An application of Sobolev's embedding theorem
completes the proof. O
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LEMMA 3. Let the assumptions d¥roposition Ge satisfied. Assume that&
C2([0, T),C®(BR)),0 < T < 1, is a solution to(18) which fulfills

t,)— (LT
(33) HU(’ ) - @y ”cl([o,UxBR) =
(34) SUp”U(t’ ')“CZ(BR) < 00,

[0.T)

where ¢g is from Proposition 6 Then U can be extended to some functibne
C2([0, T'],C*®(BR)), T < T’ < z, which solveg18)for (t, x) € [0, T'] x Bg.

Proof. According to Lemma U (t, -)|Hagg) < CqforO <t < T and allg € N.
The equation (18) then giveZU (t, -)HHq(BR) < Cqfor0o <t < T andallg.
ThereforeU can be smoothly extended in a unique way up1oT. Now we consider
the Cauchy problem

82W — o5 (A(X, W)ax W) — B(x, W)axW — C(x, W)W = 0,

W(T, X) =U (Ts X)a W'[(Ta X) = Ut (Ts X)'
By Proposition 6, this problem has a solutih € C2([T, T1], C*°(BR)), extending
U onto the intervalO, T1]. O

Proof of Proposition 7.From Proposition 6 we conclude that there is a local solution
U e C2([0, T1], C*(BR)) to (18) which satisfies (31). By Lemma 3, this solution can
be extended as long as (33) and (34) are satisfied. A lowena&ip > O of the life
span ofU can then be derived from (31). O

6. Solutions to(18)in Sobolev spaces

In the above calculations, we always suppogeda(s) € C°(R). Now we get rid of
this assumption, using an approximation argument.

PROPOSITIONS. Let a = a(s) and k = k(t) satisfyCondition 1with P >
5/2, (16), respectively, and suppo$@, ) € HIT?(Bg) with 5/2 < q < P, and
SUpH@, ) C Br, and||@ll =g < M.

Then there is ad > 0, depending only on M, Rj(ao, a)llcsi2+e By ) and
(@, ¥)lq9/2+:(ggy» SUCh that the Cauchy problef®8) has a unique solution U with

(35 U el™(0,To), HI(Br)), &U € L™((0, To), HY"*(Br)).
Proof. We choose an even functign= o(s) from the Gevrey spacgd,

1%o(s)] < C ki, keN, seR, 1<d<2
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such that supp C (-1, 1), sp’(s) < 0 < o(s), ffooo o(s)ds = 1; and fix the mollifiers
om(S) = mp(ms) for largem e N. Then we put

mM$=@me$=/ 20(t)om(s — 1) dr,
am(s) = s2agm(s), arm(s) = a,(s)/s.

Itis straight—forward to check that Condition 1 continughold for theseyy,, allowing
some (independent afi) modification inC,, and replacingl by M’ < M. The
assumption thedg be even is used to prove (7) fagm. We have the estimate

laom|ce g,y = Cllaolicrgy). ¥Ym=mo(M), 0<M <M.

Fromsg,(s) = a1(Ss) — 2ap(s), Imr| < 1 on supp’(mr) and the representation

S m(s) = s/a{)(s—r)mg(mr)dr = /(s— r)ag(s —r)mg(rm)ydr
+/ao(s—r)mg(rm)dr+/ao(s—r)rng/(rm)dr

we then obtaid|a1,m||CP(BM/) < C (a0, a1) lcP (g, for all m = mo(M).

Similarly, we putgm(X) = (¢ * om)(X), ym(X) = (v * om)(X), and get the
estimates

[(@m, ym)lIHa+2Bg) < C (@, W) lHat2ggy ., M= Mi(R, SUppe, y)).

Define Ay, Bm, Cm asin (9), (10), (11), usingm, ¢m, wm instead ofa, ¢, w. Accord-
ing to Proposition 7, the Cauchy problem

atzum — K(t)Sx (Am(X, Um)6xUm)
— k() Bm(X, Um)dxUm — K(t)Cm (X, Um)Um = 0,

umw43umwh®

has a unique solutidd, € C2([0, Tol, C*®(BR)), whereTy does not depend an; and

we get uniform irm estimates for the normi&m(t, )l a(gg) and| 62Um(t, ) | HI-2(Br)-
Then the Arzela—Ascoli theorem gives us a sequdhkg} converging in the space
CL([0, To], HA=2-¢(BR)) to some limitU. Interpolation implies convergence in
C([0, Tol, HA=¢(BR)), in particular, convergence i6([0, Tol, C2(BR)), sinceq >

5/2. Therefore, the limitJ is a classical solution, and the weak compactness of the
unit ball in Hilbert spaces yields (35). The uniquenesl dbllows from Proposition 2
and Gronwall’'s Lemma. O
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7. Proof of Theorem 1

Now we have all tools to consider (12), using fixed point argota. First, let us define
some sets for the coefficieky(t) and the vectol (t, x).

DEFINITION 1. Let Xk, k,,7 be the in &([0, T]) closed set
Xk, T = {k € CH([0, T]): ko < k(t), k(1) + [K'(1)] < ka}.
DEFINITION 2. Let Y, 1 be the set

Y1 ={8)U € L®((0, T), H i (BR)), j = 0,2,
U@, x)= (1,07, U(0,x) = (0,1)T, U satisfieg2.17) with &}.

We choosekg = Kp from (3), and fixk; > kg in such a way that a small
Cl-neighborhood of the functiok(t) = K (||¢ +ty/||fr (R)) belongs toXk, k,, . For
thesek, ki1, we fix ¢ as in Proposition 1. Restricting if necessary, we have shown in
Lemma 1 and Proposition 8 that the mapping

P: k=k()— U =U(t, x) solves (18)
mapsXig,ky,T iNO Ye T.
LEMMA 4. P is Lipschitz continuous in the following sense:
[(PRIE, ) = (PR )| 2gg) = CtIk = K*[[ 0.0 -
Proof. SetU = Pk, U* = Pk*. Then the differenc& = U — U* solves

02Z — k(t)ay (A, U)oy Z) — k(t)B(x, U)dx Z — k(t)C(x, U)Z
= K(t)ax ((A(X, U) — A(X, U*))axU*) + k(t)(B(x, U) — B(x, U*))axU*
+k(t)(C(x, U) — C(x, UH)U*
+ (K* — K)ox (AKX, U*)axU*) + (K* — K)B(x, U*)axU*
+ (K* — K)C(x, U*)aU*.

Exploiting Z(0, x) = Z;(0, x) = 0 and the identity

ax((A(x,U) — A(x, U*))axU*) = o(x, U, U*)Za2U* 4 5(x, U, U*)ZaU*
+ Ay (X, U)(6xZ)axU* + (Ay (x, U) — Ay (x, U*))(@xU*)oxU*

as well as Proposition 2 we get the desired estimate. O
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Next, we consider the map

Q:U =U(t,x) — k=K(l¢()a(t, ) + w(h(, ‘)”fr(R))‘

The mapQ transfersy; 1 into a subset oKy, k, 1 if T is small enough, anghas been
chosen appropriately. Furthermof@,is Lipschitz continuous in the sense of

QU = QU o1y = €IV = U™ 1w 0m)xBry -

sincer > 1 andg > 1. Then the compositioB = Q o P mapsXy, k,, T into itself and
contracts in thec® norm,

1
| Sk=SKcogo.ry) = 5 Ik =Kl cogo.r)

for smallT.
Now we define a sequengkn} C Xk, T by

ko®) = K(Ip() +ty Ol ). kn(®) = Q"ko(b),

which converges i€°([0, T]) to some limitk*. By Lemma 4, the functions,, = Pk
converge inL>((0, T), L%(Br)) to some limitU*. The functionsU,, are uniformly
bounded irL>°((0, T), H4(BR)), according to Lemma 1; hence (by interpolation) they
converge inL>®((0, T), H9=7 (BRr)) toU*, for anyy > 0. It is then standard to show
that

(36)  U*eLl®((0,T),HI(BRr)), &U*eL™((0,T),HI?(Br),
andU * is a classical solution to (12). Obviously;" is unique in the space of functions

which satisfy (36) withg replaced by 3.

8. Appendix

The following technical lemma is proved by Nirenberg—Gagld interpolation.

LEMMA 5. Let f = f(x,u): Q x M — R be some @ function, where
Q c R", M c RN are domains with smooth boundary, afdis bounded. Assume
g > n/2. Then there is some continuous functiggm: Ry — R4 depending on
| f llca@@x ) such that

(X, UGN IHaq) < eqUIulle @) (L + lUllHaq))

for all functions ue HY(Q) taking values inM.
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LEMMA 6. LetQ c R" be a bounded domain with sufficiently smooth bound-
ary, and M C R be an arbitrary domain. Lel < p < oo, k € Nwith k > n/p,
0 <y <y’ <1 and take a function f= f(x,u): Q x M — R with f €
Ck7'(Q x M) c C%(Q x M). Then there is a continuous functigp k , such that

for all functions ue W'{,”’ (Q) N CL(Q) that take values ioM.

Proof. We use the following facts:

|og u(x) — ayu(y)|P
p _ ap, || P X y
(37) ||U||W;,y(m = E : o ul L Z //gz X — y|+Pr dxdy,

|| <k la|=k

|a|

38) aEfxux)=> > > @D (x, u)x

i=0 |p|=i a'+a"=a—p

x > @fruy - @ u)Cyrarp;.
Prt+fi=p+a’,|p1>0

W7 (@) ¢ WA Q) ifk+p =1 + 4, %z$>1—(“”q_“+”,

P n
[ur(X) - - - Ui )P 42(Y) - - - uj (W [Plw (X) — w(y)|P
(39) //92 Xy dx dy
1
p g 1P p T
= Ce luall ooy gy« Ui [ (oo ”“)HWSH’J-ﬁ(Q)’ ij‘ t

We omit the proof that

p
> o £ 5 ) | Py < ekl
la| <k
since it is quite analogous to the following considerations

To discuss the double integral in (37), we have to deal witmseof the follow-
ing two types (the notations are related to (38)):

(a’,1) _ f(a,i) 1 L i
Il::/]’If (X, u(x)) — £y, u(y))Ploxtu(x)|P meWdiXdM
QZ

X —y|mpy

(@) Prux) - - - o _ APy ... b
lp = // | @Dy, u(y))IPlox u(x) - - - 85 u(x) — ay*u(y) - - - 85' u(y)|P dx dy
Q2

IX — y[n+PY

We distinguish 4 cases:
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Case A:a”| > 1andi > 2 In this casef @ is Lipschitz continuous, and
@D (x, u)) — Dy, uy)l = CA+ Jullcy)Ix — .

We chooseqj‘1 = |pjl/la —a'| for j = 1,...]. Sincei > 2, we get|fj| <
la —a’| — 1; hence

—_— > —_—_—

pg; ~ P n
therefores’ ' u e Wg’q); +2(Q) N LPY (Q). Then Hlder’s inequality and repeated
application of (39) give

p ip
1]+ 2] = CCL+ Nulls ) Ul -

Case B:|a”| > 1andi =1 In this casef1 = a — a’. We continue as in Case A,
except that we do not need neithedlHer’s inequality nor (39).

Case C:la”] = 0andi > 1 Now all |8j| = 1, but f @) is merelyy '~Hglder con-
tinuous. Then we deduce that
: A+ ull&)ix — yP’
4] < C Jlul? // XY Gy ay,
QZ

cLQ) IX — y|"+Py

The same reasoning as in Case A shows

p ip
12l < CI flig g I1Ullger g

Case D:|a”| =0andi = 0 In this caseq = o', andl, disappears. We continue as
in Case C.

O

LEMMA 7. Let a = a(x) € HY?*(R), b = b(x) € H¥?¢(R), for some
smalle > 0, and fix0 < § < 1. Let P(Dx) and P(Dy) be the pseudodifferential
operators with the symbolg)?, O¢ (&)°, respectively. Then we have the estimates

H(P oa—aP — (Dxa)P')(Dy) 02

L®) < Cllallysz+em) ol 2wy »

|(P ob—bP)(Dy) %oy | L@ < ClIblys2sm ol @) »

forall v € L2(R).
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Proof. We only prove the first estimate, the second is proved sipilaet Q(Dy) be
the pseudodifferential operator with the symbl—2£2, and

R=(Poa—aP - (Dxa)P)Q.
For arbitraryw € L2(R), we then have from Parseval’s identity

|(Ro, ) 2(m)|

_ ‘ / () / AE — ) (PE) = P() — P/ (& — n))Q(n)ﬁ(n)dndi‘

, 1/2
2| (PE) = P(p) — P/()(& — ) Q(n)?
< (// ()] - dndé) x

172
B2 1ars N 121A (2
« (//(é‘ WA — 21| dndcf)

1/2
I(P(&) — P(n) — P’ (0 (& — m) Q)2
dnd
: (S? p/R,, - n>E ! 5) *

X w2y o1l 2@y lallps2+e gy -

Denote the numerator in the integrand of the first factod by, ). We distinguish
three cases.

Case A:[¢ — 7| < |¢]/2 Then we hav€2/3)|5| < ] < 25|, and

IP(&) — P(y) — P'()) (& — )l = IP"(O)(E — n)?| < Cp)2(E — )2,
1Q(n)| < C(n)?~°.

Hencell (&, n)| < C(& — n)*.

Case B:|¢ — »| > |¢]/2and |5] < |£| Each of the term#$(£)Q(n), P(n)Q(»), and
P’ () Q(1)(& — ) can be estimated b@ (¢ — 7)2.

Case C:|¢ — n| > [£]/2and 5| > |¢| Then we have2/3)|5| < |¢ — 5| < 2|5|, and
we continue as in B.

The proof is complete. O
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