Rend. Sem. Mat. Univ. Pol. Torino - Vol. 64, 3 (2006)

A. Milani *

DYNAMICAL SYSTEMS: REGULARITY AND CHAOS

1. Introduction

In very general terms, we catlyNAMICAL any kind of “system” which evolves in
time, starting from an initial timég, and whose state at any later timne- tp can be
explicitly and uniquely determined from the assumed kndgteof its initial state at
t = to". One of the major goals of the theory of dynamical systenwstinderstand how
the evolution of any such system is determined by its indiate, and, possibly, by the
values of various parameters that enter its descriptiomerapecifically, to determine
whether the evolution of a given systenrégular, or chaotig in a sense we shall try
to describe.

We assume that the state of the system at anytimép can be described by a
pointx in some space’, and that there is a functional dependence ofit, the initial
statexp, and, possibly, some parametérs ..., An. Thus, we adopt the provisional
notation

(1) X=X %0:4), A=),

to denote this pointX’ is called thePHASE SPACEOf the system, and we distinguish
betweenfinite and infinite dimensionatlynamical systems, according to whether the
dimension ofY’ is finite or not. We also differentiate betweeontinuousanddiscrete
systems, according to whether the “time” variable runs eets of the typ&;>t, or
Nn>ng-

Typical examples of dynamical systems are provided by nmadgiieal models
of physical systems that evolve in time, such as a penduluanalectric oscillator:
under certain conditions, we say that the differential ¢igna governing the evolution
of the system “generate” a corresponding (finite dimendjarantinuous) dynamical
system. One important example is the one-dimensioaali sTiC equation

2 X' =Ix(1—Xx), A>0,

which models the growth of a population subject to mutuaikiiting interactions. In
this caseX’ = R, the state of the corresponding system also depends ontiaeter
A, and it is immediate to verify that (1) reads

X0 e’“

X(t, Xo; /‘L) = m .

*“LEZIONE LAGRANGIANA’ given on May 16th, 2006.
TMore precisely, these systems are catbet ERMINISTIC. One can also consider stochastic systems.
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Often, one can approximate the differential equations litalsie recursive sequences,
which are examples of discrete dynamical systems. For ebeatingSection 5 we shall
examine in some detail the recursive sequence

(3) Xn+l = AXn(l _— Xn) N

which is known as the “discrete logistic equation”; (3) isjdently, the difference
equation version of (2).

Examples of infinite dimensional dynamical systems aredlyenerated by the
classical heat and wave equations, or, more famously, bi}#vér-Stokes equations
of fluid dynamics. However, the theory is not restricted tadels from physics; in fact,
its rising popularity is, in large part, due to its applidapito many other applied fields,
such as chemistry, biology, medicine, atmospheric scirared engineering. Related
examples of dynamical systems could be: the changes in timtdef a population
in a certain environment, such as the immigration pattemns country; the growth
of bacteria in an infected organism; weather patterns inrticeregion, such as the
formation of clouds or the inset of vorticity in tornadoesinrthe vapor trail in the
wake of an airplane, the shape and propagation of flames & fitew applications are
attempted even in social and economic fields, with such eles@s the spreading of a
rumor in a group of people, or the variation of the prices afaia commodities or the
values of a certain type of stock in the market.

This paper is organized as follows: In Sections 2 to 4 we gibdef historical
outline of the origins of the theory of dynamical systemsSattions 5 and 6 we present
two very simple, and very famous, examples of one-dimemsidiscrete dynamical
systems; in Section 7 we report some selected results onceabpge of dynamical
systems, calledemiFLows. Finally, in Section 8 we conclude with an analysis of the
dynamical system generated by the so-calletRENz equations.

2. Poincaré and theN-body Problem.

The firstideas in the theory of dynamical systems are usagtiputed to H. BINCA-

RE, who, in his investigations on the three-body problem iresthl mechanics, (see
[26], [27], as well as [4]) realized that what we would nowl¢he dynamical system
generated by the three-body problem, as modelled by Nesvtaws of gravitation, is
quite sensitive to the initial data, and could, therefordilgit chaotic behavior. k-
GRANGE himself had already investigated this problem, togethéh wther, related
problems in astronomy. His contributions include resuttsgle problem of the libra-
tion of the moofi, studies on the three-body problem and the perturbatiomeobtbits

of comets caused by planétss well as further studies on the stability of the planetary
orbits in the solar system, conducted around 1776 in Besée (32]).

*This is a slightly oscillating motion of the moon, which allowsore than 50% of its surface to be
visible from the earth. Lagrange’s original paper appearaide Mélanges de Philosophie et M&matique
de la Societ Royale de Turirt. Ill, 1766.

TThese results earned Lagrange two prizes of the &ceael des Sciences de Paris, respectively in 1772
(shared with Euler), and in 1780.
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While the two body problem (e.g., motion of a single planetuatbthe sun)
was completely solved by Newton, the three-body problem (sun, earth and moon)
is generally intractable. The differential system whickadées the motion ol point
masses, moving in accord with Newton’s laws of gravitatisngonservative; one is
interested in solutions that are regular, in the senselieatdrresponding orbits do not
collide, nor escape. In their quest for such solutions, aage ([12]) and BPLACE
([14]) realized that the mutual perturbations of the matiofithe bodies described by
Newton’s laws are controlled by small parameters; hendatiens could be attempted
by series expansion methods. However, Poiadaund that the convergence of such
series needs not be uniform, with the consequence thatabditst of Lagrange and
Laplace’s solutions is not guaranteed. From this, Poicancluded that the three-
body system is quite sensitive to the effects of these gaations. In his own words
([28]; italics in the original):

“Si nous connaissions exactement les lois de la nature étulatisn de
l'univers a I'instant initial, nous pourrions pdire exactement la situation
de ce n@me univers un instant utrieur. Mais lors rBme que les lois na-
turelles n'auraient plus de secret pour nous, nous ne pomsrgonndre la
situation initiale quapproximativement Si cela nous permet de guoir
la situation ulérieureavec la néme approximationc’est tout ce qu'il
nous faut, nous disons que legtonene aéte pevu, qu'il est Egi par
des lois; mais il n’en est pas toujours ainsi, il peut arriyee de petites
différences dans les conditions initiales en engendrent dsgyjtandes
dans les panonenes finaux; un petite erreur sur les preras produirait
une erreutenorme sur les derniers. Laggliction devient impossible, et
nous avons le @monene fortuit.”

The three-body problefralready highlights three of the major features of the
theory of dynamical systems: namely, that, while Newtoif®etential laws are com-
pletely deterministi¢ they are extremelgensitive to their initial valuesand, yet, the
motion of the planets seems to be settled into a certain Kiagymptotic stabilit§. In
other words: Each orbit is uniquely determined by its ihti@aue; Orbits starting ar-
bitrarily close may differ by some large amount at any lateet Even so, there seems
to be an upper bound to the distances of any two orbits sggstifficiently close.

3. Regular and Chaotic Dynamics.

Perhaps not coincidentally, Poiné&r insight came at about the same time when the
new scientific and technological discoveries following thdustrial revolution con-
firmed the unpredictability of the behavior of many complggtems. In the XIX and
the first half of the XX century, scientists and engineersgaized that many systems

*For extensive details, see e.g. Moser, [24].
§Although, in the solar system, it iotknown whether the orbit of some planet may escape off for ever
at some future time.
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might behave in an apparently random way; but it was gernyebelieved that the ob-
served unpredictability in such systems should be prodhgedndom external factors.
Most researchers would still subscribe to the notion thatproximate knowledge of
a system’s initial conditions should allow them to calceldte approximate future be-

havior of the system. This kind of deterministic belief wasnbusly described by
Laplace ([15]):

“Nous devons envisagerétat pésent de 'univers, comme I'effet de son
état anérieur, et comme la cause de celui qui va suivre. Une intaibig

qui pour un instant dor& conndtrait toutes les forces dont la nature est
animée, et la situation respective d&ses qui la composent, si d'ailleurs
elle était assez vaste pour soumettre ces @esa I'analyse, embrasserait
dans la @me formule les mouvements des plus grands corps de I'sniver
et ceux du pluséger atome: rien ne serait incertain pour elle, et I'avenir
comme le pagsserait pesent ses yeux.”

In a way, one can summarize chaos theory, by saying that t@pldeterminis-
tic assumption very often does not hold: on the contrary,tmoslinear systems have
a complex structure, and even small variations on the Iniilues and/or the parame-
ters of the systems cause effects that appear completetgdintable. In more formal

Figure 1: Propagation of a small error in the initial data.

terms, we note that Poindgs remarks concern, in effect, the question of the asymp-
totic well-posedness (in the sense of the continuity wiipeet to the initial values) of
a Cauchy problem. We can illustrate this by means of the tmplsi ODESs

(4) x' = —x,
(5) x" = X
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The corresponding initial value problems are both wellggbencompactintervals;
however, only the first is asymptotically well-posed. Inastlwords, for (4), the effect
of any difference in the initial values, no matter how largecomes negligible after
sufficient time; in contrast, for (5) the effect of any di#f&ice in the initial values,
no matter how small, can become arbitrarily (in fact, exptiadly) amplified as time
increases. Thus, (5) is sensitive to its initial data, wileis not. We formalize these
notions in the following provisional definition:

DEFINITION 1. Let the state of a system be defined by a functiorg) —
X(t, Xp), with values in a Banach spacg, as in(1). We say that the system is:

i) REGULAR, if it is stable in the sense of Lyapounov; that is, if for aJl& X
ande > 0, there isd > Osuch that forall x € X, and all t > O,

(6) IX(t, X0) — X(t, XD llx <e if [Xo—Xillx <9.

il) SENSITIVE TO ITS INITIAL VALUES, Or CHAOTIC, if there is R> 0 such
that for all xg € X ande > 0, there are x € X andt > 0 such that

(7) IX(E, X0) — x(f, x)lx = R evenif [xo—xillx <e¢.

We remark that this definition is somewhat arbitrary, andenms “regular” and
“chaotic” are certainly not universal; indeed there are yndefinitions of regularity
and chaos in the literature, with various degrees of matkieataigor. On the other
hand, many systems experience a complicated behavior only $hort time (called
TRANSIENT), and then settle into a regular behavior. Thus, more géyeragular
systems are also stable with respect to transient pertansatAn example is the set-up
of a physics experimentin a laboratory, which is tempoyatisturbed by the vibrations
of a passing vehicle: it is evidently essential to be in atpwsio know whether or not
the experiment will be affected by this kind of transienttpdrations.

4. Reinterpreting Chaos.

Poincaé’s ideas went essentially ignored for about sixty yeamsnéfit was generally
known that simple deterministic models, such as the doubhelplum or the van der
Pol oscillatof can exhibit what appears as a totally random, or chaoticuehal he
picture changed, and the modern theory of dynamical systeassborn, in the early
1960s, when E. bRENZ, an atmospheric scientist at the M.1.T., examined a sysfem o
nonlinear ODEs ifR3, which he took as an extremely simplified approximation ef th
Boussinesq equations modelling the convective motion dfatified bidimensional
fluid heated by convection from below, such as air heated byetirth ([17]). The
system reads

x" = -10(x-vy),
(8) y' = rx—-y-—xz,
2 = —§z+xy,

See e.g. the very informative simulations by Kanamaru and Thomj1].
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and it is observed that the behavior of the orbits (that ssg@pendence on the initial
values) depends heavily on the values of the paramete, known as the Rayleigh
number. In particular, for = 28, Lorenz found, by numerical integration, that the
system appears to be chaotic, in the sense of definition 1yandwvhile its orbits
appear to not converge to any equilibria or periodic orliitey behave as if they were
almost periodic. More specifically, all orbits, in spite bétr seemingly unpredictable
behavior, do appear to settle in a somewhat regular, oseglpattern, as if they were
attracted to some set, more complicated than a stationémy roa periodic orbit (see
Figure 2). Indeed, we can now prove that such set does eaisirailly enough, we call
this set an “attractor” (see Section 8).

Figure 2: The Lorenz attractor.

Lorenz’ paper appeared in a relatively obscure journalmioapheric sciences,
and received little attention, until it was rediscoverad the 1970s, by a group of
mathematicians who had started a rigorous study of the bb@dwvior of dynamical
systems. Among these, a precursory role was played bywaL 8, who studied it-
erated maps from a topological point of view (he had been @sdhthe Fields medal
in 1966 for his results in topology). Among his major contitibns, the most famous
may well be his description of the so-called “horseshoe” iffiag]). The introduction
of “chaos”!l as a full-fledged mathematical term, and the corresponditapbshment
of the theory of chaotic dynamical systems as a mainstream@frresearch, is tradi-
tionally ascribed to J. ¥RKE, who in [16] gave one of the first explicit descriptions
of chaotic behavior in one-dimensional systems. Almostoomntly, extensive nu-
merical investigations were conducted on simple iterategpsnsuch as the logistic
sequence (3) (see e.g. May, [21]

The realization that even quite simple discrete dynamigstiesns could exhibit
an apparently unpredictable behavior caused a dramahtimkaig of the the relation-
ships between chance, random causes and effects, and cltbospedictability (see
e.g. Ruelle, [30]). For example, researchers in epidemioliegan asking questions

I Apparently, the first recorded use of the word “chaos” in thestern canon is in HesiodEheogony
(VIll century BCE), inthe verse |, 118470t uev mpwricta Xaog yever”
**A according to Gleick, [7], May’s paper, which appeared ia thide circulationNature “made chaos

popular”.
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such as to what extent the relatively regular evolution ofsaake would be affected
by a sudden perturbation, such as an inoculation campaigul@vthis have a transient
effect, or would the changes be more dramatic?); likewisenemists would recon-
sider how the prices of some commodities are influenced bygifapexternal events
(such as the current price of oil). The traditional beliefttbhanges of this kind were
mostly random in nature was gradually abandoned, in favarrefnterpretation of the
observed and measured data from the point of view of chaasytha similar change
in attitude took place in applied physics, where phenomech sis turbulence and
phase transitions could be better explained in terms ofluitiergoing the transition
from a smooth regime into a chaotic one, or in engineeringgre/hin order to prevent
potentially disastrous catastrophic breakdowns of a syggich as the motion of a
robot’'s arm), industrial designers started to routinelglgre the possibility that the
dynamic response of the system may be chaotic. Even in megdlitiis now common
to investigate possibilities such as whether the rhythnitications of the heart are a
regular or a chaotic system.

The notion that complex systems may be chaotic has, by ndetezhthe pop-
ular culture, with such references as the so-called “Hijtteffect” ™1, or the popular
moviesSliding Doors(1998, with Gwynieth Paltrow) andappenstanc€2000, with
Audrey Tautou). An infamous example is provided by the USsigiential elections
in 2000: if 600 Republican voters in Florida (out of more tHae million) had not
gone to the polls, or if 300 had voted differently, the worlduld probably not be in
its present state of chaos. Unfortunately, many miscoimmeptibound in the popular
views of chaos, due to a widespread confusion between cbhhasce and instability
(chaotic systems are deterministic, and can be stable eirse¢hse that their irregu-
larity persists under small perturbations, as Lorenz gysteistrates). Other grave
misunderstandings arise from the popular identificatioctafos as the consequence
of nonlinearity, specially among journalists, social stigts, and behavioral observers
(see e.g. the collection of absurdities in Hayles, [9], @ ¢lkamples reported in Ron-
doni, [29]). On the other hand, the loss of information irgmgrto chaotic systems can
be used to more beneficial effects: one example is in crypfny, in the techniques
used to encrypt a credit card number during an electroniséetion. In essentethe
process can be compared to the shuffling of a deck of cards awitimber of cards so
large (of the order of one hundred digits) that the exacttlonaf the “card” initially
chosen by the customer is quickly lost (but can be recoveestyrting to remarkable
non-trivial results of number theory).

5. Two Chaotic Sequences.

In this section we present two examples of chaotic dynansigsiems, generated by
iterated sequences.1 = f(x,), with f mapping the unit intervdlD, 1] into itself.

TTup, butterfly stirring the air today in Beijing can transforine storm systems next month in New York”;
as reported in Gleick, [7].
TThis example is taken from Du Sautoy, [5, ch. 10]
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DEFINITION 2. Let(xn)n>0 be an iterated sequence defined by a function f
R — R, thatis, %41 = f(Xn). Fork € N. g, denote by 0 the k-th iterate of f. Let
m € N.g. The sequence BERIODIC OF ORDERM, or, more briefly, "PERIODIC, if
foralln e N,

(9) fMx) =%,  but ) #x, if k<m.

5.1. Bernoulli's Sequence.

The so-called “Bernoulli's sequence” is the discrete, dimeensional dynamical sys-
tem defined by recursive sequengg.1 = f(xn) , with f: [0,1] — [0, 1] defined
by

(10) f(x) :=2x—[2x],

where| x| denotes the integer part ®f Note thatf is not continuous at = %

It is easy to study the behavior of Bernoulli's sequences= 0 is the only
stationary point off , and ifxg = % orxg = 1, thenxy = 0, soxy = O foralln > 1.
Consider then any two initial valueg, yp, in the same half intervgD, %[ or ]%, 1[.
As long as the corresponding success@randy, remain in the same half interval, we
see that

(11) IXn+1 — Ynt1l = 2" x0 — yol .

However, (11) shows that the distance between orbits greysrentially; as a con-
sequence, there % such that the orbits “must separate’rgt no matter how close
they were initially (see Figure 3). In fact, let:= |Xo — yo| < %: by (11), we have

A
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Figure 3: Bernoulli sequences.
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[Yn — Xn| > % as soon as > ng := [log, %J + 2, and after this point the difference
Yn+1 — Xn+1 IS N0 longer controllable. In fact, the evolution of Berrgsisequence is
chaotic, in the sense of definition 1 (see e.g. [1]). One wagtgrpret this situation is
that all information deriving from the knowledge xj is eventually lost. For example,
if Xp represents the “true” initial value in an experiment, agd: ¢ is its actual mea-
surement, after a number of steps equalleg, %J + 2 no meaningful control of the
error between the true and the approximated initial valsesdintained.

This loss of control can be described explicitly. Indeetix{gbe represented in
the binary system by the series

o0

a
xozzz—r’:, on € 10,1} .

Then

This means that Bernoulli's map moves the digits of the fometl part of each number
Xn One position to the left, and subtracts the unit that may solteFor example, if

Xo = 0.1101001= % + % + 1_16+ ﬁ’

then
xi=1+3+3+Z) - 1=0101001

Now, in any numerical approximation, the initial valig is known only up to a fi-
nite number of digits of its fractional part. th is this number, aftem iterations of
Bernoulli's map we obtaix,, = 0; that is, we reach the fixed point of the map. Thus,
all information fromxg is lost in a finite number of steps.

5.2. The Logistic Equation.

We now discuss the behavior of the discrete logistic seqésici.e.
(12) Xn+1 = A%n(1 — xn) =: f1(Xn),

for 0 < 1 < 4, i.e. when the functiorf, maps the interval0, 1] into itself. When

Xo = 0o0rxg =1, ori = 0, the sequence is constant fop- 1: x, = O foralln > 1.
Otherwise, its behavior depends heavily on the valug bking regular for 6< 1 < 3,

and chaotic for 3< 1 < 4. Indeed, given any initial valugy €]0, 1[, elementary
calculus shows that, for €]0, 3], the corresponding sequence evolves as follows (see
Figure 4):
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X0

Figure 4: Logistic sequences far= 0.95, 171, 28, 36.

1) When 0< 1 < 1, the sequencéxn),>1 decreases monotonically to 0, which
is the unique fixed point of ;.

2) When 1< 2 < 2, the sequencéxn),>; increases monotonically to the limit
¢ :=1- %, which is now a second fixed point 6§ ; note that 0< ¢ < 3.

3) When 2 < 1 < 3, the sequencéxy),o Still converges taZ, but there is
No = 1 such thatXn)n=n, Oscillates around; note that, now; < ¢ < 2.

Since f,’(0) = A, the stationary point = 0 is stable ifA < 1, and unstable if
A > 1. Similarly, sincef,’(f) =2— ), ¢ is stable if 1< A < 3, unstable ifl > 3. We
also see directly that= 0 and¢ = % are stable when, respectively= 1 andl = 3.

Stationary points of the sequence correspond to 1-perimdhits. To find 2-
periodic orbits, we look for the stationary points of the mat iterate off,, i.e. for
solutions of the equation

(13) x = f2(x) = 22x(1 - x)(Ax® — Ax + 1)

Of course,f/l(z) (0) =0and fi(z) (¢) = ¢, since a fixed point off; is also a fixed point
of any of its iterates. Other fixed points ¢ 2 are found by solving (13), which we
check to be equivalent to the equation

Qi) ==X — 1+ )x+1+1=0.
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The discriminant ofQ, is A, = (A + 1)(4 — 3); thus, fori > 3, f)Fz) does have
two more fixed points. Foi = 3, A3 = 0, Q3(x) = 3(3x — 2)2, and fgfz) still
has only the stable 1-periodic stationary or{ag]. For 1 > 3, this 1-periodic orbit

becomes unstable; the two additional fixed points‘ﬁ produce a stable 2-periodic
orbit. The behavior of the sequence becomes extremely ¢oatgdl asl increases to
4 (see e.g. Moon, [23], for extensive numerical analysid, some more details in the
next section). In fact, it is not difficult to show explicitipat the logistic sequence
corresponding td = 4 (in which case the range df; is all of [0, 1]) is sensitive to
its initial conditions (see Figure 5). On the other hand dach/ € [0, 4], the logistic

Figure 5: Chaotic behaviof, = 4.

sequence (12) has an attractdy c [0,1]: forO< A <1, A4, ={0};forl < 1 <3,
A, = {¢}, while for 3 < 1 < 4, A, is a fractal set (see Section 6.2).

6. lllustrations of Chaos.

In this section we present some example of so-called “ffastds, which typically
provide a graphical illustration of the chaotic behaviorsoime discrete dynamical
systems.

6.1. Bifurcation Diagrams.

Figures 6, 7 and 8 depict the graph of the map which assod@ateachi € [0, 4]
the number of stable periodic orbits of the logistic seqeefi?). As we can see, for
A € [0, 3] this map is actually a piecewise smooth function; indeet, ighjust the
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L 3

Figure 6: Graph of the functiofof (14), forO< 1 < 3.

function
(14) 7 c=max{o,1- 3},

where( is the limit of the sequence. However, aAgrosses the valué = 3 the map
becomes multi-valued, and its graph undergoes a seriesref amol more complicated
bifurcations. Forl only slightly larger than 3, we know, from our discussiontie pre-

—4
P e %

o

Figure 7: Bifurcation diagram for the logistic equations2l < 3.7.

vious section, that the logistic sequence acquires one stakle 2-periodic orbit. It is
then observed that, dsincreases further, this stable 2-periodic orbit becomesalnte

(at A1 ~ 3.4495; this corresponds to the dotted part of the diagramgnrgi7), and
the sequence acquires a stable 4-periodic orbit. Thisrpatfgeriod-doubling orbits
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persists, with the appearance &fReriodic orbits for everyn € N.g as4 increases;
more precisely, each of the stabfeReriodic orbits becomes unstable, and, at the next
stage, a stablg"2-periodic orbit comes into existence (see Figure 7). Thisliswed

by by a first so-called 2 regime (atl,, ~ 3.5699), in which there are no stabfe
periodic orbit of any ordemp; then, 3-periodic orbits start to appear, after which the
system acquires orbits of any ordegr This is part of a famous result of Yorke ([16]),

Figure 8: Bifurcation diagram for the logistic equations3i < 4.

and consequence of the following result, due to Sharkov3kiX;

THEOREM 1. Consider the following ordering ii¥-.o:

35 > ...»2-3=2.5» ...>22.3-22.5- .
(15) >
= ..=2".3-2".55 28,022,021, 1,

Let I C R be an interval, and f a continuous function from | into itseBuppose
the dynamical systerfi generated by the iterated sequengax= f (xn) has a p-
periodic orbit, and let g< p in the ordering of(15). Then,S has a g-periodic orbit.
In particular, if S has a3-periodic orbit, thenS has a m-periodic orbit for all me N. o.

The successive period doublings exhibited by the logistfuence is a phe-
nomenon that was soon found to be common to many other disgystems, such as
the iterated sequences relative to the quadratic f#p) = 1 — x2, or the famous
Héenon map , the forced damped pendulum, the van der Pol and Duffinglatmib
with periodic forcing, as well as various Poinéamaps associated to Lorenz’ equa-
tions (8) (see sct. 8 below). This property was first obsetwedeigenbaum ([6]),

Thatit, the mapf : R2 — R2 defined byf (x, y) = (AX(1—X) +Y, uX), with 1, 4 > 0; see Hnon,
[10].
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who conjectured that, if,, denotes the value of the parameteat which the system
undergoes tha-th period doubling, then for each such system the limit

. An— An-1
(16) ”ET"O An+l — An
exists. Sufficient conditions for the existence of suchtlimaive been given by Lanford
([13]): its approximate value i§ ~ 4.6692, a number now known at the Feigenbaum
constant, and the corresponding sequéngs,- 1 is called a [EIGENBAUM CASCADE.
In particular, the limit (16) exists for all one-dimensidoaimodal maps with negative
Schwarz derivative; that is, smooth maps: | — I, | C R an interval, having only
one critical point, and such that

£ 3 £/ 2 )
DSf = f7 —é(?) <0 when f 750
An example of a family of unimodal maps ¢, 1] is f;(x) = 1 sin(zx), 4 > 0; for
the logistic sequence (12); = 3, and it is easily seen that for each of the méps

Dsf;(X) = f,'(x)=0 for x=13.

(1-2x)2°

6.2. Self-similarity, Fractals.

Another remarkable feature of the bifurcation graph in Fégu is itSSELF-SIMILAR
structure; that is, one can identify subsets of the graptrépeat themselves, with the
same pattern, on smaller and smaller scales (see Figurel®siilarity is a property

Figure 9: Self-similarity of the bifurcation diagram.

shared by many famous sets, such as the Cantor set, and tles cfiPeano and Koch
(see Figures 10 and 11). The notion of self-similarity waslentamous by Man-
delbrot, who in 1975 coined the terARACTAL to describe sets of this kind (see e.g.
[19]); namely, subsets of an Euclidean space which have matieally non-smooth
structure, and yet possess a degree of self-similaritgciested to general properties of
invariance of scale. In particular, many attractors of m@dr dynamical systems, such
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Figure 10: Cantor’s Middle-third set and Peano’s curve.

as those generated by the logistic equation, the Lorenziegsathe above-mentioned
Hénon map, the forced or double pendulums, the van der Pol affth® oscillators

with periodic forcing, are fractal sets. The complicatedicture of these attractor is
reflected in the term “strange attractor”, originally irdtewed by Ruelle in 1971 ([31]).

The word “fractal” refers to the fact that one can associatthis kind of sets
a notion of dimension, appropriately callé®ACTAL DIMENSION, which, roughly
speaking, gives a measure of the “non-smoothness” of thaisétgenerally turns out
to be a fraction (see Section 6.3). For example, the fragtaddsion of the attractor of
the dynamical system generated by the logistic equationf¢t2 = 4 is~ 0.538, re-
flecting the fact thatd is “larger” 8 than the union of a finite number of points (whose
dimension is 0), but “smaller” than an interval (whose disien is 1). Likewise, the
fractal dimension of the “middle-third” Cantor set is alsnwmber between 0 and 1.

In investigating the notion of fractal dimension, Mandelbfamously asked
“How long is the coast of Britain?” ([18]). Indeed, one can to measure the length
of a coastline with ever greater levels of accuracy, butesatypical coastline is not an
Euclidean curve, these approximations will in general rmmoiverge to a finite length.
Likewise, the fractal dimension of a ball of twiher of a stack of firewood, is a number
between 2 and 3, reflecting the fact that these objects odtupg-dimensional space,

8Not in the sense of inclusions.
TGleick, [7], p. 97.
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Figure 11: Koch’s “snowflake”curve.

but do not completely fill a “solid” box oR3. In contrast, the fractal dimension of
Peano’s curve is 2, as a consequence of the fact that the cumygletely fills a square,
while the fractal dimension of Koch’s curve4s 1.2618, i.e. more than an Euclidean
curve, but less than a surface (hote that Koch'’s curve hastafength, but encloses a
finite area).

The availability of more and more powerful computers hagvedid for increas-
ingly more detailed investigations of the self-similariyoperties of fractals; the re-
sulting deeper understanding of the structure of thesehastfound remarkable appli-
cations both in the figurative arts (see e.g. [25], and onenpi@in Figure 12), and in
various fields of applied science. For example, many strastin the human body are
now considered as fractals, such as the lungs, the systematff lslood vessels, the
network of nervous fibers that control the heart-beat; likewthe onset of turbulence
in fluid flows is now efficiently described in terms of bifurzats from the smooth
regime into a fractal.

Other famous fractals are the so-called MDELBROT set, and the various fam-
ilies of JULIA setd. To describe one example of Julia set, consider the disdyetam-
ical system generated by the iterated sequence of Newtcgtbad to find the roots
of a complex polynomial of degrem. Given an initial guesgg, the corresponding
sequenceN(z9) = (zZn)n=0, defined by

f(zn)
Zn41=2n — ———
n+1 n f /(Zn)
will generally converge to one of tha roots; thus, each root acts as an attractor. The
guestion is to describe the so-called “basin of attractafréach rootx, k =1, ..., m;

INamed after the French mathematician G. Julia (1893-1978).
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Figure 12: A fractal.

that is (see definition 8), the subséls := {zg € C | N(z9) — rg}. Itis found that
these basins of attraction are fractal subsefs,afhich exhibit self-similar features on
finer and finer scales (see Figure 13).

The Mandelbrot setM is also a subset of, defined as follows. Let € C:
then,z e M if the sequencé(2) := (zn)n>0, defined by

Zn+1=Z%+Z, ZO:O

remains in the dis¢z € C | |z|] < 2}. For example, 0 and-i € M, while 1 ¢

M. Together with the Lorenz attractor, the Mandelbrot setis of the most famous
“historical” fractals (see Figure 14). In particular, f@ahc € M, one can consider the
Julia set of the corresponding polynomRal(z) = z2 + c: these sets are also fractals.

6.3. Fractal Dimension.

To introduce the definition cFRACTAL DIMENSION of a set, we start with the elemen-
tary observation that, i€ c RN is a cube of volumé/, andr > 0, it takes exactly
M = V r—N non-overlapping boxes of sideto coverC. Thus, the space dimension
N is related to the numbersandM by the formula

_InV—InM InM InV

(17) Inr _ In@/r) In@/r)’
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Figure 13: Julia set for the equatiad — 1 = 0.

If r « 1, the last term in (17), and thus the information on the v@wfC carried by
V, is negligible: this motivates the following generalizatiof (17).

Given a bounded s&, andr > 0, we denote by (r) the number of boxes of
sider that are needed to cov€rand, in accord with (17), we define the “box-counting”
dimension ofC as

o INM(n)
(18) becd(C) := rlino N -

For example, leC be the Cantor “middle-third” set. This set is defined as

C := ) Cn, where the set€, are constructed with the following inductive process.

n>0
Each seCy, is the union of 2 subintervals; starting from the s€p := [0, 1], Cn11
is constructed from the previous 98} by dividing each of the subintervals whose
union isCp, into three equal subintervals, and removing all the coordmg middle
intervals. For exampleS, := [0, 31U [3, 31U (S, {1U(8, 1.

Givenr €]0, 1], letn € N be such that

(19) 3Nl<p <3N,
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Figure 14: The Mandelbrot set.

Each of then subintervals that make up, has length 3"; hence, it can be covered by
exactly (3"r)~! segments of length; and since there are'Zuch subintervals iy,
we needMy (r) = ($)"! segments of size to coverCy. The function under the limit
in (18) is therefore

In ((%)n%) _nin) —Inr

@) T

Because of (19)y - 0 <= n — 40, and

(20) =:d(r,n).

|n(§)+|n3_ In2

ae.m = — 3 s

Thus, by (18),bcd(C) =~ 0.6309, a non-integer value which confirms that the Cantor
setC is a fractal. On the other hand, if instead of (19), we justiamsthatr < 37",
and letr — 0 in (20), we obtain that for eaat > 0 the fractal dimension ot is 1.
This is of course to be expected, since e@ghs a finite union of intervals.

Likewise, for the Koch curve, at each stage> 0 we have a polygonaK,
of length¢, = (‘3‘)”. Given agairr €]0, 1[, andn as in (19), we see that we need

Mnp(r) = (%)”rl segments of lengthto coverK,. Hence, acting as above,

In ((g)”}) na

d(r,n) = in(D) ~ i3

~ 1.2618
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asr — 0, confirming that Koch’s curve is a fractal. Note that thevels length is
infinite, since lim¢, = 4o0; of course, the fractal dimension of the surface enclosed
by the curve is 2.

The definition of box-counting dimension of a set can be galired to subsets
of infinite dimensional sets, as follows.

DEFINITION 3. Let X be a separable Hilbert space, and & X be a compact
subset. Fow > 0, denote by M(K) the smallest number of sets of diameter at most
equal tod which can cover K. TheRACTAL DIMENSION of K is the number

. In Ms(K)
21 K) :=limsup————=.
(21) o (K) %Op In(1/9)
(We include the possibility thak(K) = +oc for some set K).
In analogy with (18), €(K) is also called the “upper box-counting” dimension
of K. There are corresponding definitions of “lower box-cougitidimension and of

“box-counting” dimensions oK, obtained by replacing, in (21), lim sup respectively
by liminf and lim.

7. Dynamical Systems.

In this section, we report some of the main definitions andlte# the theory of dy-
namical systems; in particular, we present some sufficienditions for the existence
of an attractor. For a proof of the results stated in thisisectee e.g. [22].

7.1. Semiflows.

We start with the formal definition of a semiflow in a BanachcaThis is a more
specific notion than that of dynamical system, althoughweeterms are usually taken
to be synonymous.

DEFINITION 4. Let X be a Banach space, aril denote one of the sé&t or
R>0. A SEMIFLOW on X is a familyS = (S(t))ie7 of maps inX’ (not necessarily
linear), which satisfies theemiGRouPconditions

(22) SO0) = ly,
(23) S(t+t) = S{HS(t’)=S(t")S(t),

forallt,t’ € 7, as well as the separate continuity conditions

(24) vVt €T, X St)x € C(&X, X)),
(25) VX e X, t— S(t)x € C(7,X).

If 7 = N, the semiflows is calledDISCRETE if 7 = R>q, S is calledCONTINUOUS,
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A simple example of a semiflow is given by the exponential obariwled linear
operatorA on a Banach spac¥; that is, the family

(26) S = (€ M=0.

More generally, semiflows are naturally generated by thetieo operators associated
to linear and nonlinear systems of differential equatios.fact, assume that

RN — RN is alocally Lipschitz continuous function and, as in (1)nde byx(t, xo)
the value at timé of the solution of the Cauchy problem relative to tagonomous
system of ordinary differential equations

x’ = fx),
(27) [X(O) = Xp.

If we define a familyS = (S(t));>o of maps inX = RN by
(28) X 3 X9 — S(t)xp:=X(t, %) € X,

thenS is a semiflow onX. Indeed: condition (22) translates the taking of the ini-
tial condition in (27); condition (23) holds because thdatiéntial equation in (27)
is autonomous; condition (24) is a consequence of the Litischntinuity of f, and
condition (25) follows from the differentiability ok in t. In this case, we say that
the semiflows is generatecby the functionf. For example, itt = RN, and A is

an N x N matrix, the semiflow in (26) is generated by the linear systérdDEs

x’ = AXx . In Section 8 we shall examine the continuous semifloiRdngenerated
by Lorenz’ system (8). In an analogous way, the semilineat bguation

(29) u—Au+gu=f,

where the nonlinearitg is subject to suitable regularity and growth assumptidms, t
sourcef isindependent df(so as to insure that (29) is autonomous), afglsubject to
some compatible conditions on the boundary of a bounded mafma RN, generates
a semiflow in the Banach spac&s= C*(Q),0 <a < 1,0rX = LP(Q), p > 1 (see
e.g. Zheng, [36]).

As in the example of the Bernoulli and logistic sequenceseaafisn 5, a func-
tion f onRN can also generate a discrete semiflow, as lon§ asps a bounded set
B into itself. Indeed, we can také = N, and defineS as the family of the succes-
sive iterates off ; that is, denoting byf @ the identity inRN, and settingf @ := f,
f@ .= fof,etc., S= (f(”))n>0.

7.2. Absorbing and Attracting Sets.

We have mentioned many examples of chaotic systems, whpdriexce some kind of
asymptotic “order”, in the sense that the orbits of the syséppear to follow a rather
regular pattern. This situation can often be described éytservation that the orbits
remain close to some bounded set¥f to which they seem to be attracted. In this
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section, we make this idea rigorous, by introducing setsdhainvariant, absorbing
and attracting. In the sequed, denotes a semiflow on a given Banach spaceand
I - || the norminX.

DEFINITION 5. LetY C X. Y iSPOSITIVELY INVARIANT for Sif St)Y C Y
forallt > 0. Y iSINVARIANT if S(t)Y =Y forallt > 0.

In other words, all orbits starting in a positively invarissetY remain inY
forever; in addition, ifY is invariant, any of its points is on an orbit starting elseweéh
inY.

DEFINITION 6. Let B ¢ X. B is ABSORBING for S if for all bounded set
G C X, there exists T> 0, dependent of G, such thatt G € Bforallt > T. A
semiflow which admits a non-empty, bounded absorbing setledd®I1SSIPATIVE.

In other words, all orbits starting i® enterB and, after possibly leaving for
a finite number of times, remain i forever.

DEFINITION 7. Let A, BC X, and xe X. We set

d(x.B) := inf|x—bl,
(30) d(A,B) := supd(a, B),
acA
(31) J(A,B) = maxo(A, B),a(B, A)}.

The mapo defined in (30) is aemidistancenly; in fact, it is not symmetric,
and the equality (A, B) = 0 does not necessarily imply th&t = B, as we see by
taking A C B. Moreover, we can even hav¢A, B) = 0 with A D B, as we see taking
A to be the closure of an open g8t However, it is easy to see thatdfA, B) = 0,
then A C B. In particular, the map defined in (31) is a metric on th#osedsubsets
of X.

DEFINITION 8. Let AC X. Ais anATTRACTOR for X if it is compact, invari-
ant, and there is a neighborho@d of A such that for all bounded set 8 i/,

(32) lim_a(st)B, A) = 0.

The largest neighborhodd of A such tha{32) holds is called th&ASIN OF ATTRAC-
TION of A. An attractor A is calledLoOBAL if its basin of attraction is the whole space
X.

It is easy to see that global attractors are unique, andgethd@aximal with
respect to set inclusion, among all compact, invariant gefs. Moreover, the exis-
tence of a bounded, positively invariant absorbing set is@ssary condition for the
existence of an attractor. For example, $ebe the semiflow irR, generated by the
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ODE (4) (i.e.,x’ = —x). Then, any symmetric interval—r,r[, r > 0, is invariant
and absorbing fof, and the singleto\ = {0} is its attractor.

7.3. Finite Dimensional Attractors.

Often, global attractors have a finite fractal dimensiore @efinition 3). This case is
of particular importance, since the corresponding dynansi@lso finite dimensional.
Indeed, the invariance of the attractor implies that onhigch originate in the attractor
remain there for all future times; consequently, the ewolubf a system on a finite
dimensional attractor is essentially governed by a finitgesyp of ODEs. In fact, it
can be proven (M@, [20]) that, if a dynamical system possesses a finite diioeak
attractor, this set coincides with the attractor of the $lemigenerated by a suitable
system of ODEs. This result allows us to reduce, at leastiirciple, the study of the
asymptotic behavior of orbits which converge to a finite disienal attractos to that
of the solutions of a finite dimensional system of ODEsAn

The possibility of actually doing so, together with the dest@on of the corre-
sponding system of ODEs, is one of the most challenging problin the theory of
infinite dimensional dynamical systems. Indeed, in mangg#se study of the system
on the attractor cannot be pursued in practice, becauseiotigalifficulties, generally
related to the non-smooth structure of attractors. Othalblpms, of particular impor-
tance in applications, include the availability of readaiaastimates on the dimension
of the attractor (and, therefore, on the correspondingesysif ODES; for example,
in meteorology it is not uncommon to have estimates of themodl 1¢%), as well as
the insufficient stability of attractors under perturbati®@f the data. As we have seen,
their numerical approximations, and the consequent piafmagof errors, may then be
quite difficult to control. More generally, a major goal of effective theory would be
to describe the geometric and/or topological structurdnefdttractor; in case the sys-
tem under consideration is generated by a physical modebuitd then be important
to be able to translate this understanding into proper risign relevant properties of
the model.

7.4. Attractors via o-limit sets.

In this section we present a result that constructs the glatbactor of a semiflow
as thew-limit set of a bounded, positively invariant absorbing. s€his construction
requires some degree of regularity of the semiflow. An adtéve construction is based
on the method ofi-contractions; see e.g. [22, §2.7].

DEFINITION 9. The semiflowS is ASYMPTOTICALLY COMPACT if for any
bounded set B- X, there is T> 0, dependent of B, such that the set

(33) Br = S®)B

t>T

has compact closure i’
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DEFINITION 10. LetY C X. Thew-LIMIT SET of Y is the set

(34) oY) = [JsbyY.

s>0t>s

Definition 10 clearly generalizes the familiar notionceflimit sets in the clas-
sical theory of ODEs, such aslimits cycles for autonomous systemsif (see e.g.
[2]).

We can then present one result on the existence of attractors

THEOREM2. LetS be an asymptotically compact semiflow&nand assume
that S admits a non-empty, bounded, absorbingBeThen, theo-limit set

(35) A= w(B)

is the global attractor fokS in X,

For example, for the dynamical system generated by thetiogisquence (12),
it can be proven that for any €]3, 4] such that the corresponding system is under the

2% regime, the corresponding attractotds = w (%)

As another, classical example, consider the first-ordgesym X' = R?

[ X' = —y+x(1-x2-y?,

(36)
Yy = Xx+yl-x2-y?,

with initial conditions

X(0) =xo, y(©0) =yo.
Since the right side of (36) is locally Lipschitz continupstandard results imply that
(36) defines a semiflow i = R2. It is easy to solve (36), using polar coordinates;
Figure 15 shows some of the orbits®f The unit discD = {(x,y) | X%+ y? < 1}
is positively invariant: orbits starting i remain inD for allt > 0. The origin is a
source for (36): orbits starting in the interior Bf, except of course &b, spiral out of
the origin, and converge to the unit cir@d®. OutsideD, every discD, = {(X,Y) |
x2+y2 <1+¢}, &> 0, is positively invariant and absorbing f6r(see Figure 16).
SinceoD is invariant, it follows thatA := oD is the attractor of5. In fact, A is the
o-limit cycle of system (36).

For semiflows generated by dissipative evolution equatitmerem 2 can be
applied as follows. The dissipativity of the equation meta is is possible to es-
tablish suitablea priori estimates, which imply the existence of a bounded, posjtive
invariant absorbing seB (see e.g. Section 8 for the Lorenz system)S i finite di-
mensional (i.e., it is generated by an autonomous systenbD&d)) it follows that, for
all T > 0, the closure of the s@7 defined in (33) is compact, since

BT=US(t)BgUB=B,

t>T t>T
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Figure 16: The absorbing sets and

Figure 15: Orbits of (36). - iractor for (36).

andB is compact. Hences is asymptotically compact, and theorem 2 guarantees that
(B) is its attractor. In the case of infinite dimensional systesnsh as those gener-
ated by autonomous PDESs, the asymptotic compactness ddithifiav is no longer an
automatic consequence of its dissipativity, and has totabkshed separately. In prac-
tice, this requires a regularity result for solutions of #BE, to hold for sufficiently
larget. In the case of parabolic equations, this may be expected,camsequence
of the smoothing effect of the corresponding solution ofperan contrast, dissipative
hyperbolic equations do not enjoy this smoothing propextyd we must resort to a
modification of theorem 2, whereby the semifl&is required to be asymptotically
compact only up to a uniformly decaying perturbation; tlsattd satisfy a decompo-
sition § = §1 + S2, whereS; is asymptotically compact, and for all bounded sets
Gcax,

t—lir-poo supl|S(t)gll = 0.

geG

As an example of the results that it is possible to obtainislay, we consider,
for ¢ > 0, the semilinear evolution equation

(37) eUt + U — AU+ U —u=f

in a bounded domaif®2 ¢ R3, with u subject to homogeneous Dirichlet boundary
conditions onvQ, assumed smooth. Fer= 0, equation (37) is parabolic, while for
¢ > 0 itis dissipative hyperbolic. Assuming that the sourcentdris independent of
t, so that (37) is autonomous, we can prove the following tesul

THEOREM3. Let f € L%(Q). Then:

i) If ¢ = 0, (37) generates a semiflof in X' := L?(Q), which admits a global
attractor A C X. In fact, A is compact in H(Q) N H(}(Q).

ii) If ¢ > 0, (37) generates a semiflofin X := HI(Q) x L2(Q), which admits
a global attractor.A C X. In fact,.4 is compact in(H2() N H}(Q)) x H(Q).
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i) In either case, A contains all stationary solutions of37), together with
their unstable manifolds.

For a proof of theorem 3, see e.g. Zheng, [36], or [22], as aslbrasselli-Pata,
[8], for the regularity ofA whene > 0, and Babin-Vishik, [3], for the structure of.
Note that, in the hyperbolic case, the phase sptds a product space: in fac§ is
defined by

S(t)(uO: Ul) = (U(t, ')9 Ut (t7 )) 5
whereu is the solution of (37) corresponding to the initial val\as, us).

In definitions 6, 8 and 28, the insistence in considetiogndedsets can be
interpreted as an illustration of the attempt to controlbssible errors in the deter-
mination of the initial state of a system, as mentioned initifv@duction. Indeed, an
initial stateug of a system is in general known only within a certain appration;
however, any such approximation is in an explicitly ideabtfe bounded set, which
should containug. For example, if we must approximaig = +/2 up to three decimal
digits, we can work in the bounded interyal4139 1.41417].

7.5. Poincag Sections.

Given a continuous semiflod = (S(t));>, it is often possible to construct a discrete
semiflowS = (S")n=0, Whose asymptotic behavior allows us to deduce information
on that ofS. One way to do so is to choose an arithmetic sequépgg., withtg = 0
andtp1 = ty + ¢ for somer > 0, and to define the ma@® : X — X by

S'ug := S(tn)uo, Upe X.

Clearly, S is a semiflow (since the values are equidistant), and each of the points
un := S'ug lies on the orbit starting atg. This choice definesamap : X — X,

by unt1 = ®(un). Maps constructed in this way are callsHIROBOSCOPIC MAPS

In the case of finite dimensional systems, a similar kind opjrzlled PINCARE
MAP, can be constructed in the following way. We fix a hyperplane RN, called a
POINCARE SECTION givenug € RN, and the corresponding orhit := (S(t)uo)t>0s

we consider the sequence of the “first returns” pointg @ X; that is, the pointsi,
defined by the successive intersectiony ofith X ** (see Figure 17). The sequence
(Un)nen can then be considered as a recursive sequenég anplicitly defined by a
mapunp+1 = ®@x(uy). The mapdy (which is not necessarily stroboscopic) is called
a POINCARE MAP associated to the semiflo$; evidently, different sectionE define
different mapsDy.

Poincaé maps can thus be used to study the asymptotic behavior afiagous
semiflow, by reducing it to a discrete one. For example, iftfit@al value problem (27)
has a periodic solution with peridtl, the Poincag map with sampling synchronized
with the period, i.e. with, = nT, will have a fixed point (see Figure 18). Of course,
for a given system of ODEs it may not be clear how to find sué&abimpling sequences

**Poincaé maps are sometimes also known as “first return” maps.
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Figure 18: Periodic and 2-periodic orbits produce fixed fzoin a Poinca® section.

(th)nen, and extensive numerical experimentation may well be requiln Section 8
below, we show how to construct a Poingaection for the Lorenz system (8), with
r = 28, which allows us to deduce that, for this valuerpfLorenz’ equations are
indeed chaotic.

7.6. Exponential Attractors and Inertial Manifolds.

1. As we have mentioned in Section 7.3, the non-smooth streictlattractors causes
non trivial difficulties in the practical study of the longrte behavior of a semiflow. On
the other hand, there are systems whose attractors do ribiteéhts kind of difficulties,
because they are imbedded into a finite dimensional Lipsahénifold M c X, and
the orbits converge to this manifold with a uniform expomantate (as opposed to
requirement (32) in definition 8 of the attractor, which @srmo information on the
rate of convergence of the orbits to the attractor, othen thé rate is uniform for
all orbits starting in the same bounded 89t Such a setM is called aniINERTIAL
MANIFOLD of the semiflow. As in the case of finite dimensional attrastevhen a
semiflow admits an inertial manifold, its evolution on thigmifold is governed by
a finite system of ODESs, called th&ERTIAL FORM of the semiflow. Since orbits
converge to the inertial manifold with a uniform exponehtite, the dynamics on
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the manifold will be a much better approximation of the loiget behavior of the
semiflow. In fact, the uniform rate of convergence of the tsrto the manifold makes
these systems extremely stable under perturbations andriuanapproximations.

For semiflows generated by a semilinear evolution equatien(87), or, more
generally, by an abstract ODE of the type

(38) u+ Au= f(u),

where A is an unbounded linear operator on a Banach spacé is of particular
interest to construct inertial manifolds having the stnoetof a smooth graph; that is,
of the form

(39) M={x+mX) | xe X1},

whereX = X; @ X, is decomposed into a closed linear subsp&gef finite dimen-
sion, and its algebraic complemefy, andm: X1 — X5 is a Lipschitz continuous
map. Inertial manifolds of the type (39) allow us to embeddlabal attractor4 in
RN, with N = dimX; = dimM; moreover, ifA commutes with the continuous pro-
jectorzq from X onto Xy, the asymptotic behavior of the solution of (38) is governed
by the N-dimensional inertial form system

(40) X' = —Ax+ 1 f (X +m(x)),

which is afinite system of ODEs int;. Note that (40) has a Lipschitz continuous
right-hand side iff is Lipschitz continuous.

Unfortunately, there are not may examples of systems whigkreown to admit
an inertial manifold; among these, we mention the semifloarsegated by a number
of reaction-diffusion equations of “parabolic” type, ang the corresponding hyper-
bolic (small) perturbations of these equations. A typicaldel is that of the so-called
Chafee-Infante equations &', which can be put in the form (37). In general, inertial
sets of type (39) for the semiflow generated by (38) can bedatithe operatorA
satisfies a relatively restrictive condition on its spegctricalled theSPECTRAL GAP
CONDITION. In essence, this is a requirement that the eigenvalues stiould be
spaced with sufficiently large gaps, so as to allow the linesan of equation (38), i.e.
the termAu, to “dominate” (in a suitable sense) the nonlinear term, fi.@)'!. We
refer to [22, ch. 5] for more details.

2. As we have discussed, attractors are somewhat “unfrierseiig for the study
of the long-time behavior of a system, because of their gdiyaron-smooth structure,
and the slow rate of convergence of the orbits to them. Inrasttinertial manifolds
are much more “friendly”, given their smooth structure ameléxponential rate of con-
vergence of the orbits. A sort of intermediate situation megur, whereby a semiflow
admits a so-calledXPONENTIAL ATTRACTOR. More precisely, exponential attrac-
tors do not necessarily have a smooth structure, but retééast three of the features

”Spectral gap conditions of various type were originallyodticed in the context of Navier-Stokes
equations in two dimensions of space.
¥ These sets are also sometimes called “inertial sets” in thtitre.
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of inertial manifolds that attractors do not necessarilyehahe finite dimensionality,

the exponential convergence of the orbits, and a high degfretability with respect

to approximations. This means that when an exponentialcitir exists, after an “ex-
ponentially short” transient the dynamics of the systememsentially governed by a
finite system of ODEs (the classical image is that of an ampldanding at a “fast”

speed and then “slowly” taxiing to the arrival gate).

Exponential attractors for semiflows generated by an ODH ssc(38) can
be constructed if the operatdy satisfies a less restrictive condition on its spectrum,
called theDISCRETE SQUEEZING PROPERTY This property essentially translates a
dichotomy principle, whereby either the system is expaaéintcontracting on a fixed
compact ses c X, or the evolution of the difference of two solutions origing in
B, when expressed as a Fourier series with respect to theveigtens of the operator
A, can be controlled by a finite number of terms of the seriesotter words, in this
series the tail can be dominated by its complementary finite s

Not surprisingly, it turns out that there are many more systéhat admit an
exponential attractor than systems that are known to admiibertial manifold. The
main reason for this difference is that all known inertialnifields are closed (as are
those of type (39)), and therefore the existence of a comgagbrbing set (which
is a necessary condition for the existence of a global atirpalso yields directly
the existence of an exponential attractor. Moreover, iemanifolds are much more
regular than exponential attractors. Finally, at leaséfaiution equations like (38), the
existence of inertial manifolds in general requires théditgl of the strong squeezing
property, while for the existence of an exponential attvadtis sufficient to assume
the discrete squeezing property, which is a much weakerittond Indeed, roughly
speaking, the strong squeezing property also translateg afsdichotomy principle,
whereby either the difference of two motions can never leaeertain cone, or, if it
does, the distance between the motions decays expongntiationtrast, the discrete
squeezing property only requires that either the diffeeenfdtwo motions is in a cone
at a specific timgas opposed to for all times), or, if not, the distance betwibne
motions decays exponentially. Again, we refer to [22, cHfodmore details.

Finally, we remark that when a semiflow admits a global attrad and a closed
inertial manifold M (or an exponential attracté?) thenA € M (respectivelyA C £).
In particular, in this case the dimension.éfis finite. Neither implicatior€ € M nor
M < & needs to hold; on the other hand, if the semiflow admits botbrapact,
positively invariant absorbing s&, and a closed inertial manifold1, then the set
£ = M N G is also a compact set, which is positively invariant (beimg intersec-
tion of two positively invariant sets) and exponentiallyratting. That is,& is an
exponential attractor, and € £ € M.

*At least if M possesses a more specific type of attractivity propertyeddkxponential tracking
property”.
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8. The Attractor of Lorenz’ Equations.

In this section, we study the behavior of solutions to Lotaystem (8), in relation to
the parameter > 0. Lettingu := (X, y, z) € R3, we rewrite (8) in the compact form

(42) u' = f(u,

with obvious definition off. By standard results in ODEs, it is easy to check that,
for all values ofr, and for all initial valuesig = (xo, Yo, Z0), (41) has a unique global
solution, and generates a semifldwon X = R3. In proposition 1 below, we show
thatS is dissipative: then, as a consequence of theorem 2, Lomguetiens (41) do
have a compact attractet in R3. For certain values af, the structure of this attractor
is relatively well understood. Although most detailed imf@tion can be obtained by
means of extensive numerical experimentation, we presmet$ome results that can
be established by simple analytical techniques. For mdsilsewe refer to [22, sct.
1.5]; for a more extensive study of Lorenz’ equations, sgeSparrow, [34].

We first show that Lorenz’ equations are dissipative.

PrRopPoOsSITIONL. The semiflows defined by Lorenz’ equations (41) admits a
family of bounded, positively invariant absorbing ballsHA.

Sketch of Proof.Let x := (0,0,r + o) € R3, ug := (Xo, Yo, Zo), and set

p(t) := |S(t)ug — x|%. Multiplying (41) by 2u, we can deduce that satisfies the
exponential inequality

8
') +2p() <M := 30+ 10).
After integration, we obtain that, for al> 0,
(42) O<p®) <e?p(O)+3M1-e?).

From this, we easily deduce that for all> 0, the ballsB; := B («, 1M +¢)are
positively invariant. Ife > 0, these balls are also absorbing. To see the latte he
a bounded set d&3. Givene > 0, there isR > 0 such thaG € B(x, R). Letug € G.
Then,p(0) < R?, so that (42) implies that

p() < RPe2 +1iIMQ1-e?),

from which it follows thatp (t) < % M + ¢ forallt > T,, with

T, :=max30 1In 2R — M
e ) 2 '

Note thatT, depends oi®, via R. O
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Next, we study the equilibrium points of (41). It is immedidb see that, if
r < 1, the originO is the only equilibrium point of (41), while if > 1 there are the
two other equilibrium points

Cy:= (/b —1), /b0 —D,r —1), b:=§.

Considering the Jacobian matrix'(u), we find thatf '(0) has three real eigenvalues
(of which one is—b). If r < 1, these eigenvalues are all negative; thus, the unique
equilibrium pointO is a stable node, and is in fact the attractor of the system (i.
A = {0O}). If r > 1, one of the eigenvalues @f(O) is positive, so the origin is
an unstable saddle, with a 2-dimensional stable manifdf{O) attracted byO, and

a one-dimensional unstable manifold"(O) repelled by it. At the point<C., we
find again that at least one eigenvalue is real negative, landthers are either real
negative too, or have negative real part, if and only ik r, = %’ ~ 24.737. It
follows that, if 1 < r < r, the stationary point€. are stable nodes, and every orbit
converges to one of these points. In this case, the attraobbt orenz’ system consists
of the pointsC_, C,, and the unstable manifold1Y(O) connectingC_ to C,. If
insteadr > r,, the stationary point®©, C, andC_ are all unstable. In this case,
the corresponding attractot is more difficult to describe; as we have mentioned in
Section 4, it can be shown (see e.g. Sparrow, [34]) that a fractal set, of dimension
~ 2.06. NearC., orbits arrive along the stable manifoldgs(C..) (corresponding
to the real negative eigenvalue 8fC_.)), and spiral out along the two-dimensional
surfaceMY(C1). This behavior was first discovered by Lorenz, who obserted t
so-called “butterfly” attractor for = 28 (see Figure 19).

-0 :Tr‘/‘; —_

Figure 19: The attractor of Lorenz equations.

Finally, we construct a particular Poinéasection for (41). When = 28, the
equilibrium points of (8) are the origi®, andC. = (62, £6+/2, 27). Let f be
as in (41), and consider the hyperplafhe= {z = 27}. Sincef (X, y, 27)- (0,0,1) =
xy — 72, it follows that orbits crosZ downwards in the regiolR = {(X, Y, 27) €
Z | xy < 72}. A little more work shows that, in fact, orbits can crd®nly in the
subregionsRy = {(X,y,27) € R | £x > 0,£y > 0} (see Figure 20). Moreover,
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2=z =27} s

12, R= {rc72} 7

Figure 20: The Poincarsection orZ [Left].

Figure 21: Qualitative graph @f, the first return map o [Right].

orbits that enteR in Ry must turn back aroun€,, and, symmetrically, orbits that
enterR in R_ must turn back aroun@_. Let S C R be the segment joininG_ to
C,, parametrized by a functiop-1,1] s r — Q = q(r) € S. Given a point
P € R_URy, letQ € Sbe the projection oP onto S, and letr be the coordinate of
Q underq. If P, and P41 are two successive return points @rof an orbit of (41),
andry, rh1 are the coordinates of the corresponding projecti@asand Qp1 0N S,
the orbit defines a “projected first return” map: [—1, 1] — [—1, 1], by

(43) f1=0(n).

In this way, we have constructed a one-dimensional PoinsactionS, and a corre-
sponding Poinc& mapg. A little analysis shows that the graph @thas the general
form shown in Figure 21; note that is not defined at = 0 (because orbits inter-
secting thez-axis converge to the origin, and therefore never ci@ssgain). Since
the graph ofp is qualitatively similar to that of the Bernoulli map of (10), and the
Bernoulli sequence is chaotic, a topological argument @odnstructed, to deduce
that the Poinc& map defined by (43) is also chaotic. It follows that, fo= 28,
system (8) is chaotic, as conjectured by Lorenz.
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