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EQUIVALENCE BETWEEN THE MAXIMAL IDEALS OF THE
EXTENDED WEYL ALGEBRAS C[X,Y, ¢, %](8)(, oy) AND
THOSE OF THE LOCALIZED WEYL ALGEBRA
CIX, Y]x(0x, 0y).

Abstract. We show first the equivalence between the maximal ideals gexeby S =
Ox + (1+xy)dy + y in the extended Weyl algebfx, v, &, %mx, dy), wheresn = x with

n > 2, and those generated 8 = x + (nngl + X—ny) dy + nxf):*l’ with n > 2, in the
localized Weyl algebr&[x, ylx (ox, dy).

In the second section, by proving tHat generates a maximal ideal in the localized Weyl
algebra, we conclude th&tgenerates a maximal ideal in the extended Weyl algebras.ePleas
note that the case when= 2 is already proved by the direct verification in the previous

paper [2].
1. Some maximal and principal ideals inC[x, vy, &, %](8)(, oy) and C[X, ylx (6x, dy).

Let&" = x, wheren > 2, and letA = C[X, y, &, %](ax, dy). The case when = 2 is
already treated in the previous paper. Bet= C[X, Ylx(dx, dy). Here, we prove the
following proposition.

PrROPOSITIONL. Theoperator S = dx + (1 + Xy)dy + Y generates a maximal
ideal in C[x, y, & 11(dy. 8y) if and only if the operator S, = & + (; 4 %) oy +

> ¢ nxn—1

—¥ generates a maximal ideal in C[x, Ylx(dx, dy).
Proof. Sinceng““‘lag = 0y, and since is an invertible element i\, therefore,

1

The operatoS = dx + (14 xy)dy + Yy is written, in terms ot, as follows:
S=n¢" 1o + 1+ EMy)oy +y.

Thus,
S

1 <y y
Wzaf+(W+W)6y+W'
Hence, if we pu§, = S/né"~1, thenASis maximal inAif and only if BS, is maximal
in B. O

Hence, in the next section, we prove tlgH, is maximal inB, and the above
proposition guarantees thAS is maximal inA.
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2. Proofthat BS, is maximal in B.

First, we prove the following theorem, that we apply to prtivat BS, is maximal in
B. Here, we pupp = —— + .

THEOREM1. Let § = 0x + oy + n —2—. Thefollowing statements are equiv-
alent.

P1) BS,ismaximal in B.
P2) For R e C[X, ylx(dy), Risnotinvertibleif and only if [S,, R] ¢ C[X, YIxR

P3) For p € C[x, ylx \ {0}, pisnot invertible if and only if p does not satisfy the
differential equation
X" (@x + poy)p = pr

for anyr e C[x, ylx \ {0}.

REMARK 1. Sincex"1(6y + ﬂay)(;l[z) = —kx“—zxl , and sincen > 2, the
conditionr € C[x, ylx \ {0} in P3) may be replaced by € C[x, y] \ {0} without loss
of generality.

Proof. We, first, prove thaP, impliesP;. Let R = ZL\‘ZO pka§ € C[x, y]x{dy). Then
[S, R]is of the form

[Sh. R] = quak,

whereqy € C[Xx, ylx. If Ris invertible, therR is of the formax® with s € Z and with
a e C\{0}. Inany caseBS,+ BR = B and[S,, R] € C[x, y]xR are obvious. IfRis
not invertible, then by hypothesis we hapg[S,, R] — qn R # 0, and we obtain that
de%y(pN[&, R] —gvR) < N — 1. HenceBS, + BR contains a non-trivial element
p(x, y) € C[X, Ylx. By multiplying a suitablex™, we havex™p € C[X, Y].

LetxMp = Z,';zork(x)y", wherery € C[x], andr_(x) # 0. If L = 0, then
BS, + BR contains a non-trivial polynomial only i, andBS, + BR=B. If L > 1,
then by induction, it is enough to show tHa§, + BR contains a polynomial of degree
less tharL in the variable y, withs = nx%—l + % Now

1
[Snxmp] (L+LrL )y +(|_ l+ LrL)yL_l+"'

Sincer| + Lr_% 3 0, we conside = (r| + LrLﬁ) xMp — [S,, XM p]. By assump-
tion,p#0.anddeg p <L — 1.

We now prove thaPs implies P,. For all R € C[x, ylx(dy), we observe that
de% [$, R] = de% R.If dega R = k and if the coefficient oﬁk in Ris p, then
p # 0, and the coefficient cﬂk in[Sh, Rlis px + Spy — kByp, Wherek > 0.

If pisnotinvertible, then, directly b3, we conclude thdtS,, R] € C[X, ylxR
becausey + fpy — kfyp # pr foranyr e C[x, ylx \ {0}.
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If pisinvertible, and itk = 0, thenR = p = ax® with a € C\ {0}, and with
s € Z, hence S, R] € C[X, ylxR is obvious. Ifp is invertible and itk > 1, then we
let g be the coefficient oﬁ';‘l. If we consider the elemetit= p[S,, Rl —(px+fpy —

kfy p)R, then the coefficient Qﬂj in £ is zero, therefore, ifS,, R] were inC[X, YIx R,
then¢ would be zero. The coefficient 6{5—1 in ¢ is given by

X X
p(qx +pay - —a—k—t ) —a (pe+Bpy —K=p)

1
nxn—l

X
= (PGx — Apx) + A(pdy — Apy) — pa (k= 1—k) - kp?

and simple calculations show that this is equal to

o ()5 () -2(8) )

This never vanishes by Corollary 1 below. Hence we conclbhde[&,, R] ¢
CIx, yIxR.

It remains to show tha®; implies P3. Although the proof is essentially the same
as that of Theorem 2.2 in [1], we write it again here in ordestiow the modifications
needed.

If BS, is maximal, and if there is a non-zero solutiprof the differential equa-
tion, then we havéS,, p] = rp for somer € C[x, y]x, the elemenp can be consid-
ered as an element &fix, ylx(dy), and there should exigtandx in B such that

AS+up=1
If deg,, 4 = m, then deg, = m + 1, and we have

m+1

m
> st + > =1
k=0 k=0

for someCy, Dy e C[x, yIx{dy). Hence,

m+1

m
[X, 4% + upl = = > _(k+ DCS — D kDS p=0.
k=0 k=1

Proceeding in this wagn more times, we obtain that
Cm+ Dmy1p=0.

Hence, we have

m—1 m
1=7S+pp= D CS™+ D DkSip — Dmsalp, ST
k=0 k=0
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Since[p, SM 1 is of the form
m
> ExSip,
k=0

whereEx € C[Xx, ylx(dy), we may write

-1

m
1= CkSﬁH—i-Z(DkJr Dm+1Ex) SKp.
0 k=0

3

=
Il

Continuing in this way, we obtain
Cosh+ Fop+ Fi1Sip=1,
for someFg andFy in C[X, Ylx(dy). Thus,CoS\ + Fop + F1(pS +rp) =1, and
Co+FipS+(Fo+Frp=1

Here, onlyS, containsoy, henceCo + F1p = 0. Thereforep is an invertible element.
Conversely, ifp is an invertible element, thepis of the form

p = ax®, wheres € Z anda € C \ {0}.
Then,x"~1(0x + Boy)ax® = sax"~1+5-1 = raxs follows withr = sx"~2, O
Hence, in order to show th&S, is maximal inB, we prove the following.

THEOREM 2. Suppose that p € C[X, ylx \ {0}. Then pis not an invertible
element in C[x, y]x \ {0} if and only if p does not satisfy the equation

x""1(ox + Boy)p = pr
for anyr € C[x, y] \ {0}.

Proof. Here, we adopt the notatiobn(p) = (6x + foy)p. If pis invertible, then
p = ax3, andx" 1L, (p) = pr is obvious withr = sx"~2. If pis not invertible, we
utilize the following equalities with > 1 andj > 1:

jxi+1—nyj—1+ jxitlyl

Ln(xiyj) = iXi_lyj + n

Loy = Jﬁxl‘”y"‘l +jxyl,
La(x') =ix 1

and

jX—i+1—nyj—1+ jx1ttyl

La(x'yly = —ix =1yl 4 =
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If there werep such thatL,(p) = p#, then letM = deg, p. By the third equality,
we see thaM > 0. Moreover, the first equality tells us tlf}g,@i_—1 = Mx + b for some
constanb.

The second equality shows thptalso depends on or x‘l. Since Ly (p)
depends on; so doesp. Let N deg p. Then deg Pt n r = N — 1, but

deg Lh(p) = N + 1 by the forth equality. Hence we obtain a contradiction. [J

The following corollary of Theorem 2 is used in the proof ofebinem 1.
COROLLARY 1.

(5x+ﬂay+§)g# 1

p nxnfl

for all p e C[x, ylx \ {0} andq € C[X, Y]x.

Proof. Note that, without loss of generality, we may suppose thand g are in
CI[x, y], and thatp andqg are mutually prime.

Letfp = nxﬁ_l + 2. If there were suctp andg, then we would have

P(ax + Bdy) —d(px +Bpy) , Xxpq 1
e =

Hence,
X""1pax + P(L+ X"y)dy — X" tapx — gL+ x"y) py + x"pq = p*.
Thus,
p(X"Yax + (L+ x"y)dy — p) — q(x" " px + (L+X"y)py + x"p) =0
Sincep andq are mutually prime, there exists some C[X, y] such that
X" Ipe 4+ L+ x"y)py +x"p = pr.

Hence,
_ Xn

X"y + Bpy) = p-
which contradicts Theorem2. O
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