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C. Bouzar — R. Chaili

A GEVREY MICROLOCAL ANALYSIS OF
MULTI-ANISOTROPIC DIFFERENTIAL OPERATORS

Abstract. We give a microlocal version of the theorem of iterates in mauftisotropic Gevrey
classes for multi-anisotropic hypoelliptic differentigderators.

1. Introduction

A fundamental result of Gevrey microlocal regularity dugHirmander [13] is
(1) W Fs(u) € WFR(P(x, D)u) UChar(P),

whereP(x, D) denotes a differential operator with analytic coefficient®, Char(P)
its set of characteristic pointx, &) € Q x R" andW F;(u) is the Gevrey wave front
of the distributionu € @’ (Q).

Let WFKs(u, P(x, D)), see [2], be the Gevrey wave front of the distribution
u € ' (Q) with respect to the iterates of the operaRxx, D), then the result (1) is
made more precise by the following inclusion

(2) W FKs(u) € WK(u, P(x, D)) UChar(P),
since
3) WFK(u, P(x, D)) c WK(P(x, D)u) .

Various extensions and generalizations of results (1) 2nkgve been obtained,
according as one considers the classes of elliptic or hljipteHdifferential operators or
one considers different notions of homogeneity associatdtese classes of operators,
seee. g. [2], [3], [8], [15], [16] and [17].

In [14] a microlocal analysis of the so called inhomogeneBeasrey classes
[15], see also [6], has been introduced. Thenhomogeneous Gevrey wave front of a
distributionu € ©’ (Q2) , denotedW F, (u), is defined with respect to a weight function
Q.

The method of Newton’s polyhedron, see [9] or [1], permitapproach dif-
ferential operators with respect to their multi-quasihgereeity. In this situation the
p—inhomogeneous Gevrey wave frdMF, (u) is characterized by a weightequals
to the function¢|p defined by the Newton'’s polyhedrd@hof the operatoP (x, D) and
it is denoted byW Fsp (u) .

An interpretation of theg—inhomogeneous Gevrey microlocal analysis to the
multi-anisotropic case is given in the paper [8], where atbm in the spirit of the
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result (1) for a class of multi-quasihomogeneous hypadlligifferential operators is
obtained.

The aim of this paper is to obtain a result in the spirit of @)d class of multi-
anisotropic hypoelliptic differential operators incladithe classes of operators studied
in[2], [4],[7],[8], [10], [16] and [17]. The section 2 is ardapted modification of the
p—inhomogeneous Gevrey wave front of Liess-Rodino, see [14]8], to our multi-
anisotropic case in the spirit of [13] and [16]. In section & wtroduce and study the
multi-anisotropic Gevrey wave front with respect to theates of an operatd? (x, D)
and its Newton’s polyhedroi®?, denotedW Fsp (u, P(x, D)), the following section
4 gives the microlocal result of type (2) for the studied slatdifferential operators.
This class is microlocally characterized by the followirgfidition.

DEFINITION 1. Let % € Q,& € R™ {0} and P(x, D) be a differential op-
erator with coefficients in the anisotropic Gevrey clas39GQ), we say(Xg, &) ¢

Z‘;:g‘,;P(P) if there exists an open neighbourhooddJQ of x5, an open g-quasiconic
neighbourhood™ ¢ R™\ {0} of &y and a constant ¢ O such thatv (x, &) e U x T,

€lp <cIP(X,9)I, ‘
DEDLP (x, )| = 1+t < a,q >%=00 P (x, &) IRV,

where the numbers, J, 1’ and u satisfy0 < < p <landdu < u’ < pu.

The principal result of this work is the following theorem.

THEOREM1. Letue D' (Q), P(x, D) a differential operator with coefficients
in GS%(Q) andp, 6, 1/, u suchthaD <6 < p < landdu < u’ < u, then

o' ,P
(@) WFp (W) cWFpU,P) U " - (P),
S
where $ = max(ﬂ—,fa—ﬂ, ﬁ) )

2. Multi-anisotropic Gevrey wave front

This section is an adaptation with a slight modification & ththomogeneous Gevrey
microlocal analysis introduced in [14], see also [15] anf {8 the multi-anisotropic
case.

Let Q be an open subset &" and letP (x, D) be a linear partial differential
operator with coefficients i€ (Q),

P(x.D) =2 a.(x) D",

aeA

whereA is a finite subset doZ'} .
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DEFINITION 2. Let x € Q, the Newton’s polyhedron of the operator(®, D)
at the point x, denotedP (Xo) , is the convex hull of

(0} U {a € 2T, a, (x0) #0} .
REMARK 1. A Newton’s polyhedrof® is always characterized by

P:aQA{aeR1,<a,a>§ 1},

whereA (P) is a finite subset aR".

DEeFINITION 3. The Newton’s polyhedroff is said to be regular if for any
a=(a,..,aj,...,an) € Awehavea>0,vVj=1,.,n.

DEFINITION 4. The operator Rx, D) is said regular if it satisfies the following
conditions :

1. P(xo) =P, VX0 Q.
2. Pis aregular polyhedron.

REMARK 2. In this paper we consider only regular operators.

Let P be a regular polyhedron, we set

V(P) = {sozo,sl,..,sm} the set of the vertices d@f .
uj = maxaj_l,aeA.
poo= maxuj .
nooou
q = (_"'3 _)
M1 Mn
k(e) = inf {t > 0,t 1 eIP} =max< a,a > .
acA
m i\ 1/u 12
Elp = (Z (<*) .
i—1
1/2

n

Elg = (D)%Y

j=1

DEFINITION 5. Lets> 1andP be a regular polyhedron, we denoteé*&(Q)
the space of functions @ C* (Q) such thatvK compact o2, 3C > 0, Va € Z",

(5) sup| D“u| < CleHk (q)Sk®
K
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ExampLE 1. If the operatorP is I-quasi-elliptic of ordem, with the weight
I = (I3, ..., In), so its Newton’s polyhedroi? is the simplex of verticeg0, mje;,
j = 1,..,n}, which is obviously regular. In this case the sétcoincides with the
n

my2 my

j=1

thenk (¢) = m™1 < «,q > and we obtainG>" (Q) = G>9(Q) the anisotropic
Gevrey space, i.e. the space of functiong C* (Q) such thatvK compact ofQ,
3C > 0,Va € Z1,

vector > mj_lej,andwe havg,j =mj, u=m, | =q= (2 My If o € Z7,

sup|D%u| < Cl* gy 10 gptI
K

The following lemma, obtained in [8], gives the existenceadfuncation se-
guence, following the fundamental lemma 2.2 of [13] in theltiranisotropic case.
The quasihomogeneous case is a result of [16, lemma 1.2].

LEMMA 1. Let K be a compact set @®" and let s> 1, then there exists a
sequencéyn) C Cg° (R™) such thatyy = 1 on K and

6) |D%xn| <C(CNS)™* if <q,a><N,Yac A, N=1,2 .. .

A characterization 065" (Q) using the Fourier transform is given by the fol-
lowing theorem.

THEOREM?2. Letx € Qand ue ®' (Q), then u is G in a neighbourhood
of xg if, and only if there exists a neighbourhood U gfand a sequencgiy) in £’ (Q)
such that

HJuy=uinU, N=12 ...

i) un is bounded irt’ (Q) .

iii) |08 () < C (CNS)”N  N=12...

I<lp

Proof. See [14] and [8]. O

We give now a microlocalization of the definition 5. It is anapted modifi-
cation , in the spirit of [13] and [16], of the—inhomogeneous Gevrey wave front of
Liess-Rodino, see [14] and [8], to our multi-anisotropis&alt coincides exactly with
the classical definition of the quasihomogeneous case.

DEFINITION 6. Let xp € Q, & € R™ {0} and u € ©' (Q), we say that u is
GS’P—microreguIar at(Xo, o) , we denot&xo, &) ¢ W K p (U), if there exists C> 0,
a neighbourhood U ofxin Q, a g-quasiconic neighbourhodd of & in R™\ {0} and
a sequencéuy) C &' (Q) such that

Duy=u in U N=12 ...

i) un is bounded irt’ (Q) .

o s\ #N

i) 108 @)1 =C (ZE), N=12 ., ¢eT.

I¢lp
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We recall that a subsé&t c R" is saidg-quasiconic if
Ve eVt > 0: (t%, .., thE) eI

REMARK 3. The definition 6 coincides exactly with the quasihomogeise
case, see [16], if the polyhedrdhis the simplex of vertice§, mjej, j =1, .., n}.

Using the truncation sequen¢ey) we obtain the following lemma, see [8].

LEMMA 2. Letu € ©'(Q) and (Xo, &) ¢ WFRsp (u) and let U, T" be as in
definition 6. If K is a compact neighbourhood @fir U, F is a g-quasiconic compact
neighbourhood ofp in I and (yn) € C3° (U) equal tol on K satisfying(6) , then
there exists § € Z4, No € Z; such that the sequende p,n+n,U) satisfies i)-iii) in
KandF.

We define thesST —singsupjpu) as the complementary of the biggest open sub-
set ofQ whereu is GSF . The relation between the multi-anisotropic Gevrey wavatfro
and the multi-anisotropic Gevrey singular support is gibsgrthe following proposi-
tion.

PrROPOSITION]. Let u be a distribution irf2, then the projection of Wdp (u)
onQ is the GF—singsupgu) .

Proof. It follows the similar proof of [8]. O

The microlocal property of the differential opera®r(x, D) with respect to the
GSP —wave frontw Fs.p (u) is given by the following theorem.

THEOREM 3. Let u € D' (Q) and P(x, D) be a differential operator with
coefficients in G4 (Q), then

(7) WFp(Pu) c WKp(u).
Proof. See [14] and [15]. O

REMARK 4. The product of two functions of the spaG&" (Q) does not be-
long in general toaGSF (Q), butifg € G39(Q) and f € GSF(Q), thengf e
GSF (Q), see [11]. This justifies the optimal choice of the reguladgfythe coeffi-
cients of the operatdP (x, D).

3. Multi-anisotropic Gevrey wave front with respect to the iterates of a differen-
tial operator

The Gevrey microlocal analysis with respect to the iterafesdifferential operator has
been introduced for the first time by P. Bolley and J. Camugjiinthe homogeneous
case. L. Zanghirati in [16] has adapted it to the quasihomeges case. The aim of
this section is to extend this analysis to the multi-quasibgeneous case.
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DEFINITION 7. Letr € R and s> 1, we denote GP (Q, P) the space of
distributions ue ©’ (Q) such thatyK compact ofQ,3C > 0,VN € Z,

[Pl

<c (NN,
HE(K)

The space of Gevrey vectors of the operator P is by definition
P @, P)= UG (Q,P).
reR

The space of Gevrey vecto&>F (Q, P) of the operatorP is described with
the help of the Fourier transform in the following lemma.

LEMMA 3. Letx € Qandue ®' (Q), then ue GSF (V, P) for a neighbour-
hood V of ¥ if, and only if, there exists a neighbourhood U of ¥ c V, C > 0,
M € R and a sequenceéfy) in £ (V) such that

) fy = PNu inU, N=0,1, ...
) [TN @] < CECNH*N A+ epM, ¢ e RN =0,1, ...

Proof. It follows the proof of proposition 1.4 of [2]. O
The following technical lemma is important for the sequel.

LEMMA 4. Let K be a compact subset@fand (yn) a sequence in & (R")
satisfying(6) and § a subset of &Y (Q) such that

3C >0, Vac A, Yo € §, sup|D*|=<C(C < a’a>3)#<a,a> ’
K

then3Cy > 0O, Vo, V-1 € 3, Vol, . ol € Z”+,Va1, Lal eA,
<al,al > +.4+ <al,al >< N, we have

1al>

1 2 -1 j H<a
sup|D* v1D* vy...D* "vj_1D“ XN‘ < C{\‘H ((< ol al >)
K
2 2 ,u2<a ,a2> . . /42<¢xj,aj> S
<<a,a >) ...(<oz1,aJ >) )

Proof. It is sufficient to see at first tha>% (Q) c G5#2(Q), Va € A and for any
a,b e A, we have

2

)(,u2<a,b>)

(1 < a,a>)H<®3>) < (#2 <a,b> , a €7,

and apply after lemma 2.3 of [16] or adapt lemma 5.3 of [13]. O

Thanks to the truncation sequengey), if u € ©’ (Q), the sequencey =
¥NU is bounded ir€’ (Q) and therBC > 0, |[aN (&)] < C(L+ [EDM, ¢ e R", N e
Z . In the problem of iterates this property becomes as follows.
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LEMMA 5. Let K be a compact subset & and let (yn) be a sequence in
Cg° (K) satisfying(6) , thenvu € ®' (Q),3po > 0,Vp > po, Vr € Z,, the sequence
fn = xpn4r PN satisfies

uN+M

(8) N (€) < C(C (NS + &) , ¢ eR" N eZ,

Proof. It does not differ substantially from its quasihomogenesiusilar lemma 2.4
of [16]. O

The belonging to the spad@>" (Q, P) is microlocally characterized by the
following definition.

DEFINITION 8. Letu € @' (Q), (X0,%) € Q© x R™ {0} and P(x, D) be a
differential operator with coefficients in<@ (Q). We say that u is & —microregular
with respect to the iterates of (R, D) at (Xo, &o), we denotdXxg, o) ¢ W Fsp (U, P),
if there exists C> 0, M € R, a neighbourhood U of xin Q, a g-quasiconic neigh-
bourhoodr of & in R™\ {0} and a sequencefy) C £ (Q) such that

Dfn=PNuinU, NeZ, .

NN @ =CE@ N +lp) MM, ¢ e RN € Zy

i [fn @ =CEeN*Na+epM, ¢ eT,N e Zy

The following proposition gives the link between tB&F —singularities of a
distributionu € ®’ (Q) with respect to the iterates d¥(x, D) and the wave front
WFp (U, P).

PROPOSITION2. Let u € @' (Q) and P(x, D) be a differential operator with
coefficients in @9 (), then the projection of W¢p (u, P) onQ is the complementary
of the biggest open subst of Q@ where ue GSF (Q, P).

Proof. It follows the steps of the proofs of the classical theoremthé homogeneous
case, see [2], and the quasihomogeneous case, see [16]a#ad ose essentially of
the following lemma.

LEMMA 6. Letue D' (Q) and(Xo, o) ¢ WFsp (u, P), U andT be as in the
definition 8, K a compact neighbourhood qf m U, F be a g-quasiconic compact
neighbourhood ofp in I and (yn) € Cg° (U) be a sequence equalsion K satis-
fying (6) , then there existsgpe Z., No € Z. such that the sequen¢g pon+n, PN U)
satisfies jjj) in F.

O

The microlocal property of the operatBr(x, D) with respect to the wave front
WK p (u, P) is the following result.
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THEOREM4. Letu € ' (Q) and P(x, D) be a differential operator with co-
efficients in GY9 (Q), then

9) Whp (U, P) c WKp (Pu) C Wk p (U)

Proof. Suppose thatxg, £o) ¢ W Fsp (u), then there exists a neighbourhddf xg,
a g-quasiconic neighbourhool of & and a bounded sequen@ey) in £ () such

s\ #N
thatuy = uin U and|dx )| = C (%), N =12, ¢ el LetK bea
compact neighbourhood &f in U, F be ag-quasiconic compact neighbourhood?pf
inT and let(yn) € C3° (U) equal to 1 orK satisfying(6) . Choosep > po + No and
setfn = xpN PNu, we will show that this sequence satisfies jjj) since j) is tand jj)
is fulfilled according to lemma 5.

We have

10)  fn(©) =/e—‘<X~5>XpNPNudx=/u‘PN (e—‘<x’é‘>xpN) dx.

SettP(x,D)= > a, (x)D*andletO=kp <k < .. < k =1, be the elements
aeZ NP

of the se{k = k (), a € Z} NP}. Then
tp (e—i<X,Lf>X ) — e—i<X,f> |é:|/1 R
PN+r P RXpN+r
whereR(x,&¢, D) = Ry + ... + Ry and

B
REDI= 3 3 (8,00 S0
P

a€Zl NP p<a <]

p
k(B)=k

By iteration we find
_i<x.c i ex.E N
tPN (e I<X,§>XpN) —e 1 <X,¢> |§|[/é RNXDN
(11) = EEN ST R, RN -
o<lj<r
1<i<N
Since the coefficients dR are inG>Y% (Q), V¢ € R", then from lemma 4, we obtain
for<a,a>< N,ac A,

5(ﬂ<0‘,a>+#2N* > uk ki —N

2
: i > ki
|DaR|1--~R|NXpN+r| SC{\H_]'N 1<i=N )(|§|I;EID)1<,<N

5

since|¢?| < Iélfék(ﬁ), Vp € ZT . Thenfor|élp = NS, <a,a>< N, a € A, we get

(12) ‘D(l (RNXpN)‘ E C£\|+1NS#<(I,3>.
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From(10), (11), (12) and lemma 2, we obtain
[N =|((RYzon) )" @] sCEN)*™N ¢ e Figle = N,

S0 (Xo, $0) ¢ WRsp (U, P), henceW Fsp (U, P) C WHKp (U).
Since
WFEp@U, P)=WFKp(Pu,P) c WKp(Pu)

andW Fsp (Pu) ¢ Wk p (u), according to theorem 3, so the proof of theorem 4 is
complete. O

4. The multi-anisotropic Gevrey microlocal regularity

We obtain in this section a result of Gevrey microlocal regity for a class of multi-
anisotropic hypoelliptic differential operators chaszed by the following definition.

DEFINITION 9. Let xp € Q, & € R™ {0} and P(x, D) be a differential oper-

ator with coefficients in 89 (Q) , we denoteXxg, &) ¢ Zﬁ:ﬁ;P(P) if there exists an
open neighbourhood W= Q of Xy, an open g-quasiconic neighbourhobdc R™\ {0}
of & and a constant - Osuch thatv (x,¢) e U x T,

13 el < cIP o), ‘
[DEDEP (x,8)| = ¢t <, q =<8 [P (x, &) 127

where the numberg, J, 1’ and u satisfy0 < 6 < p < landdu < ¢’ < pu.

We need the following lemma which is a modification of the $amresult of
[2, Lemme 3.8].

LEMMA 7. Under the notations of definition 9, #iy € C3° (U) satisfies(6) ,
so there exists C> 0 such that for(x,¢) € U x I',hy,.,hj € Zy,a € A, <
al+ . +al,a>< N, pL ., pl-tle Zy :

D' php (8 pe’ Tt phi-ip (87 pel phi 4
< CN+1+\h1\+..+|hj| <a,a >S/l<¢x,a> |P (X, §)|h1+..+hj+j—l |§|gja|*p‘ﬂ‘ ,
wherea = al+ .. +al, p=pr+. . +pi-L
The principal result of this work is the following theorem.
THEOREMS5. LetQ be an open subset &", u € ®’ (Q) and P(x, D) be a dif-

ferential operator with coefficients in® (Q) and letp, J, u’ and i be real numbers
satisfyingd < d < p < landdu < u’ < u, then

ot P
(14) WFRp (W CWRe U P U " = (P),



314 C. Bouzar — R. Chaili

_ Sp_ s
where $ = max(ﬂ,iéﬂ, p—§) .

Proof. Let (xg, o) ¢ WFRsp (U, P) U ij,’f{ép (P), then there exist€ > 0, M € R,

a neighbourhootl) of xg in Q, ag-guasiconic neighbourhodd of & in R™\ {0} and

a sequencéfy) c & (Q) such that the conditions j),jj) and jjj) of definition 8 are
fulfilled. Let K be a compact neighbourhood xf in U, F a g—quasiconic compact
neighbourhood ofp in I" such that(13) is hold and letyny € C5° (U), yn = 1 onK
satisfying(6) and p a large enough integer. Sef, = ypnu and let’s prove that this
sequence satisfies iii) since i) and ii) are fulfilled. We warit

P (e w) = e (PP, —0) (I - R) w,
where
1 PP (x,—&) 4

—R(x,¢,D) = Zﬁ tP (x, —¢)

B#0
By iteration we get

tPN (e—i<x,§>w) — e—i <X,&> (tP (X, —f) (| . R))N w.

The fact that we can divide ByP (x, —¢) is due to the following lemma which
can easily be proved.

LEMMA 8. If (x0, &) ¢ 34743" (P), then(xo, —Co) ¢ 317437 (P).
Set

wN = > R™ (tP) 1 LR™ (*P) 1w,
h1+..+hN§|:% N]

where! P = 'P (x, —¢) . Then this function satisfies
(‘P - R))N WN = XpN — €N,
where

N .
ex=> (‘PR

j=1
> CPRUFL(FP) TR RM (P) T .
hj+‘.+hN=|:ﬂ//)%i~’uN]
Hence

(15) Un (€)= wn T (©) +ENU(E), & F.
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We will estimate both terms of the second membefld). Leta € A and 0= kg <
ki < .. < k =1, be the elements of the sfit =< a,a >, a € Z NP} . we write
R=R; +...+ R where

tp(8) _
R ED) = S &y

B tp(x —5)
S B TP D)
then we have

w= ¥ ¥

=) 1<1j<r
hi+..+hn f[ﬂpﬂjﬂ N:| 1;] JST'll

1<Nj=r
1<j<hpn

> (RuRu,) () (RauRay ) (P) 7 2w

Since< a,a ><la| < u < a,a >, so fromlemma 7, we have for «,a >
<N,aeA,

D (RuyRay, ) (P) 1 (RugRuny ) (P)
< NNt 2T 1P (x, ) N ¢

(0—p) X" ki +ud<a,a>

]}D 1)
where> * means the sumover4 | < N,1 <i < hj,1 <I; <r. Since the number
of terms in the sumwy is bounded from above b@c’,\‘, so3C > 0 such that, for
<a,a><N,¢eF, |é‘|§,_‘5 > NS#, we have

6—u")N
|D(wa| < CJI-\I+1NS/1<a,a> |f|]§»ﬂ /1) ,

from lemma 6, we obtain fo|f|ﬁp’f‘S > NSH,

—— 5—u")N
vt @] = CueN) MM
. ()
w'=du
(16) < C Z— M
I<lp

By the same procedure in the estimatewgf, we get forey,

s _\ (p—)uN
|DaeN| <CN+1NS/‘<a’a> N»=
- EIp

p—6 s
ISlp © = N
Let M1 be the order of the distributiamin K, so

s _\ (p—d)uN
N»-d

(17) oa @) < e g (B0 .
I

<a,a><N,
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From(15), (16) and(17) we easily obtain that

(%0,¢0) ¢ Why p (U).

5. Consequences

This section gives some corollaries of the obtained result.

CoROLLARY 1. If P(x, D) is a differential operator with analytic coefficients,
satisfying(13) with |&|p = |£], then theorem 5 coincides with the principal theorem
5.1 of Bolley-Camus [2], i.evVs > 1,

w,u' P
Wh W cWRUPUD " (P).

REMARK 5. The results of [7] and [10] can be included in this corgllar

COROLLARY 2. If the differential operator Bx, D) is g-quasihomogeneous
with coefficients in @9 (Q), then|¢|p = ] and

ST P) = {(.8) e @ x RN (0} : Py (x. &) = 0},

1,0,s

where R (x, £) is the principal q- quasihomogeneous part ofX ¢) . Consequently
theorem 5 coincides with the principal theorem of [16], ¥8.> 1

WFsq(U) CWFRsq (U, P)U{(x,&) € Qx RN\ {0} : Py (x,&) =0}.

DEFINITION 10. The operator Rx, D) is said multi-quasielliptic irQ2, if it is
regular andvxg € Q,

3C > 0, 3R> 0, (I€[p)*® < CIP (%0, &)l, V& e R, €] = R.

The multi-anisotropic Gevrey regularity of the solutiorfsnaulti-quasielliptic
differential equations, see [17] and [4], is obtained gdsiim the following microlocal
result.

COROLLARY 3. Letu e @' (Q) and P(x, D) be a multi-quasielliptic differen-
tial operator with coefficients in &1 (Q), thenvs > 1, we have

WFsp (U) = WFKp (U, P) =WFkp (Pu).

Acknowledgements.The authors thank Professor Luigi Rodino for the usefulubsc
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