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D. Fetcu

HARMONIC MAPS BETWEEN COMPLEX SASAKIAN
MANIFOLDS

Abstract. In this paper, we find two classes of harmonic maps between carSpisakian
manifolds. We give an example related to one of this classes tise complex Heisenberg
group and we study the stability of the identity map of a com@@azakian manifold.

1. Preliminaries

Concerning the complex contact manifold, we shall recathemotions as they are
presented in [1].

A complex contact manifold is a complex manifold of odd coexptlimension
2n+1 together with an open coverifi@,, } by coordinate neighborhoods such that:

1. On eacHO,} there is a holomorphic 1-forid, such that
0o A (d6,)" # 0;
2. OnO, N Op # @ there is a non-vanishing holomorphic functidgy such that
O = Tup0p.

A complex contact manifold with a global complex form is edlstrict complex
contact manifold.

On the other hand, i is a complex manifold with almost complex structure
Hermitian metriog and open coverin§®, } by coordinate neighborhoods| is called
a complex almost contact metric manifold if it satisfies thiofving two conditions:

1. On eachHO,} there exist 1-formsi, andv, = u, o J with orthogonal dual
vector fieldsU,, andV,, = —JU, and (1,1) tensor field§, andH, = G, J such that

G2=HZ=—1+U; ®U, + 0, ® V,,
GyJ =-3G,, G,U, =0, g(X,G,Y)=—-9(GyX,Y),
2.0n0, N0y # 2,
Ug = au, — bo,, vg = bu, +av,,
Gp =aG, —bH,, vg =bG, +aH,,

wherea andb are functions witta? + b2 = 1.

It is proved that a complex contact manifold admits a complexost contact
metric structure for which the local contact fofis of the formu — iv and the local
tensor fieldsG andH are related talu anddo by

du(X,Y) = g(X, GY) + (¢ Av)(X,Y),
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do(X,Y) =g(X, HY) — (¢ AUu)(X,Y),

whereo (X) = g(VxU, V). We call a complex contact manifold with a complex
almost contact metric structure satisfying these conusti@ complex contact metric
manifold. Note that if the complex contact structure iscstifiens = 0.

For complex contact manifolds, there are two notions of raditin(see [1]). In
the present paper we adopt the definition given by B. Korkreae (6]).

Thus, in order to define the normal complex contact manifditsus consider
SandT, two tensor fields given by

S(X,Y) = Na(X, Y) +29(X, GY)U — 2g(X, HY)V + 2 (Y)HX — o(X)HY)

+0(GY)HX — 6 (GX)HY + o (X)GHY — 6 (Y)GH X,
T(X,Y) = N (X, Y) — 29(X, GY)U + 2g(X, HY)V + 2(u(Y)G X — u(X)GY)
+0(HX)GY — 6 (HY)GX + o (X)GHY — 6 (Y)GH X,

whereNg andNy are the Nijenhuis tensor fields & andH, respectively.
A complex contact metric structure is normal if

SX,Y)=T(X,Y)=0, X,YeH,

SU,X) =TV, X)=0, Xey(M),
whereH is the subbundle named the horizontal subbundle and defingéIsubspaces
{(X € TpO,, P € M; 6,(X) = 0}, (see [6]).
A normal complex contact metric manifold whose complex aotstructure is
given by a global complex contact form, is called a complesa®&n manifold.

For a complex Sasakian manifold we have the following foasul

9((VxG)Y, 2) = —20(X)g(HGY, Z) —u(Y)g(X, Z)

@ —0o(Y)g(I X, Z) +u(2)g(X,Y) +0(2)g(I X, Y),

@ g((VxH)Y, 2) = —2u(X)g(HGY, Z2) + u(Y)g(J X, Z2)
—0o(Y)g(X, Z) +u(2)g(X, JY) +0(2)g(X, Y),

and

3) g(Vx )Y, 2) = —2u(X)g(HY, Z) + 2v(X)g(GY, 2).

In the following let us recall some notions and some basialt@goncerning
the harmonic maps between Riemannian manifolds, as thgyesented in [7] and in
(2].

Let f : M — N be a smooth map between two Riemannian manifoldsg)
and(N, h). Define the energy density function 6f e(f) € C*(M), by

1 1
e(f) = Strg(f*h()) = 5 > (*h)x(@, @), xe M,
i=1
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where{ey, ..., &n} is an orthonormal basis for the tangent spaghl atx € M. If M
is compact we define the energy bby E(f) = [}, e(f)vg, wherevg is the volume
form of (M, g).

Denote byvM, VN, the Levi-Civita connections oM, g) and(N, h) respec-
tively. Then, for a smooth mag between(M, g) and (N, h), we define the in-
duced connectioV on the induced bundlé —1T N as follows, forX e x(M),V €
I(f~1TN), defineVxV e T(f 71T N) by VxV = V] V.

The second fundamental foranof f is defined by

a(X,Y) = VxdfY —df(v}y),

forany X, Y € y(M).
The tension field (f) of f is defined by

m
t(Hx =D a(@,8)(x),
i=1
where{ey, ..., &n} is an orthonormal basis for the tangent spagchl atx € M.

The mapf : M — N is called a harmonic map if(f) = 0. Note that when
M is compactz (f) = 0 is the Euler-Lagrange equation associated to the furadtion
energy.

The author would like to thank to the referee for many valeahiggestions and
comments.

2. Harmonic maps between complex Sasakian manifolds

THEOREMI1. Let f: M — N be a smooth map between two complex Sasakian
manifolds,(M, J, G, H,u,»,U, V,g), (N, J, G, H U, v, U’, V', h),
such that

(4) df =G'dfG+ H'dfH.
Then f is a harmonic map.

Proof. First, using the equation (4) and the definitions of the cex@asa-kian struc-
tures on manifold$1 andN, one obtains that

dfJ=G'dfGJ+ H'dfHJ=G'dfH — H'dfG

5
®) =J(H'dfH + G'dfG) = J'df.

From (3), one obtains, for a vector fielkl € H, H being the horizontal subbundle
on M, that (VxJ)JX = 0 and(VjxJ)X = 0, whereV denotes the Levi-Civita
connection orM. Hence, sincéd’/ is a torsion free connection,

(6) Vx X 4 Vyxd X = J[IX, X,
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for any X € H. Note that a similar formula can be obtained on the manifdld-rom
(4) we have thatl f X € H' for any X € y (M), whereH’ is the horizontal subbundle
on N. Using this result, the equations (5) and (6), it followsttha

a(X, X) +a(IX, IX) = Vj;xdf X —df(VxX)
©) + Vi xdfIX—df(VixI X)
= Jdf[IX X]—dfI[IX, X] =0,

for any X € H, whereV’ denotes the Levi-Civita connection dhandoa denotes the
second fundamental form df.

From the definition of the complex Sasakian manifolds anthftiee definition
of the Levi-Civita connection, we have, o,

VuU =WwV =0.

From (3) it follows thatvyV = —VyJU = —JVyU = 0 and, in the same
way, VyU = 0. HencdU, V] = VyV — VU = 0.
Then, sincalfU,dfV € H/, using (5) and (6), one obtains

a(U,U) +a(V,V) = Vj;,dfU + Vi, df Vv

8
®) =J'[Jdfu,dfuU] = J'df[U,V]=0.

Using (7) and (8), we conclude that, for a local orthonornagi®inM, {g, Gq,
Jg,JGeq,U,V},i =1, m wheredim M = 4m+2, adapted to the complex Sasakian
structure orM, we have

(f)y=a(8,8)+aJa,Jg)+a(Ga,Ga)
+a(JGe,JGe)+a(U,U)+a(V,V)=0.

Thus, f is a harmonic map. O

In order to find another class of harmonic maps, we will préivst, the follow-
ing

PrRoPoOsSITIONL. Let f : M — N be a smooth map between two complex
Sasakian manifold¢M, J, G, H,u,», U, V, g), (N, J', G, H',u,»’,U’, V', h),
such that df G= G'df ordfH = H’df. ThendfU= a;U’ + bsV' and dfV =
aU’ +bpoV/, where @, bj € R are constants for i= 1, 2.

Proof. Let us consider the casef G = G'df. Then,G/'dfU = 0 andG’dfV = 0.
HencedfU,dfV € spanU’,V’}. That meangfU = aaU’ + bV’/ anddfV =
aU’ +boV’, whereg, b : M — R, fori =1, 2.

Let us consider the 1-form$*u’ and f*»’, on M, defined by f*u’(X)
u'(df X) and by f*o’(X) = »'(d f X), for X € y(M). Itis easy to see that

9) f*u' = aju+ aw



Harmonic maps between complex Sasakian manifolds 323

and
(10) f*0" = byu + bpo.
By differentiating the equation (9), one obtains
d(f*u) = f*du =day Au+da A v + azdu + axdo.
By computing this equation iJ, X), X € y (M), we have
dudfu,dfX) = Lyaiu(X) —dar(X) + Lyaxw(X),

whereL denotes the Lie derivative. Sindeis a complex Sasakian manifolds we have
thatdu' (X, Y) = h(X, GY). Thus

(11) da; = Lyagu + Lyagw
It follows that
(12) day Au= Lyayyw AU.

By differentiating the equation (12) and by computing théagied expression
in (U, V, X), with X € y(M), we haved(Lya2) = 0, and that meangya; is a
constant. Note that in the same way it can be provedfhat;, Lva, Lubi, Lvb,
with i = 1, 2, are constants. Taking account of this results, let ugrdifftiate again
the equation (12). It follows

da; Adu= Lyax(® Adu—do AU,
which computed iU, X, Y), with X, Y € H, gives
Lyadu(X,Y) = —Lyaxdo(X,Y),

since, from (11)day(X) = O, for any X € H, and sinceM is a complex Sasakian
manifold. Usingdu(X, Y) = g(X, GY) anddo (X, Y) = g(X, HY), one obtains

(13) Lyag(X, GY) = —Lyazg(X, HY),
for any vector fieldsX, Y € ‘H. TakingY = G X in this last expression, it follows that
Lyarg(X, X) = Luazg(X, IX) =0,

for any X € ‘H. But this meanya; = 0. If we takeY = H X in (13) then we have
Lyaz = 0. Hence, from (11)da; = 0. By a similar computation we can prove that
dap = dby = dbp = 0, and theray, ap, b1, by are constants.

Inthe caself H = H’df, one obtains that’d fU = 0 andH’dfV = 0 and it
is easy to see that the conclusion of the proposition can taénaal just like above. [

Now we can state the following
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THEOREMZ2. Let f: M — N be a smooth map between two complex Sasakian
manifolds,(M, J, G, H,u,»,U, V,g), (N, J, G, H,u, v, U’, V', h),
suchthatdf G= G'df ordf H= H’df. Then, f is a harmonic map.

Proof. As in the proof of the previous proposition, it is sufficieatdonsider only the
casedf G = G/df.

First, note that ildf G = G’df then for anyX € H,df X € H anddfJX =
—G/'dfHX.

If X,Y e H then, from (1), one obtains
(VxG)Y = g(X, Y)U 4+ g(IX, Y)V.
Taking in this equatiory = G X, it follows
(VxG)GX =0, XeH.
Thus
(14) VxX 4+ VexGX = G[GX, X], X € H.

Obviously, a similar formula holds oN.

Let us consider orM a local orthonormal framelg, Gg, Jg, JGg, U, V}
i =1, m, wheredim M = 4m + 2, adapted to the complex Sasakian structurdton
Using equation (14) andf G = G’d f, we have

(15) a(e,e)+a(Ga,Ga)+a(Ja,Jg)+a(JGe,JGeg) =0.

As we have seen in the proof of TheorenvVj,U = VyV =0, VWyV = VWU
and the similar equations hold & Then, using Proposition 1, one obtains

(16) aU,U) +a(V,V)=0

Thusz(f) =0, from (15) and (16). Hencé is a harmonic map.

3. Maps on the complex Heisenberg group

Let Hc be the complex Heisenberg group, the closed subgrouplaf3, C), whose

elements are given by
1 o z3
0 1 =z
0 0 1

wherezy, 75, zz € C. Obviously,H¢ ~ C3.
If Lg denotes left translation bB, Ldz; = dz, Ldz = dz, LE(dzs —

2,dz1) = dzz — zodz;. The vector fieldsd'%1 + zza%, aizz a% are dual to the 1-forms
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dz, dz», dz3 — zodz and are left invariant vector fields. Moreover, relative e t
coordinateszi, 22, 73, 71, Z2, Z3) the Hermitian metric (see [1])

0 0 0 H|zP? 0 -2
0 0 O 0 1 0
1 0 0 O -z 0 1
9=3| 141212 0 -2 0 0 0
0 1 0 0 0 O
-z 0 1 0 0 0

is a left invariant metric orHc, but is not a Kahler metric. The forn® = %(dzs -
2,dz1) is a complex contact structure dic. So, the structure tensors may be taken
globally. LetJ be the standard almost complex structuret8nJ 25 = % Sinced is
holomorphic, let = u—iv, » = uoJ. Also set45- = U+iV; then,u(X) = g(U, X)
ando(X) = g(V, X). In complex coordinate& andH are given by (see [1])

0 00 0 10 0 0 00 —i O

0 00-100 0 0 0i 0 O
c_| 000 o0zof _[o oo0o0-zo
"l o100 oo|""T]l o i 00 0 O
-1 0 0 0 0 O - 0 00 0 O

0 20 0 00 0 iZzZ 00 0 0

Note thatHc endowed with this structure, is a complex Sasakian manifold

In the following, let us consider a smooth mép Hc — Hc. After a straight-
forward computation one obtains ththt G = Gdf if and only if the complex compo-
nents off, denoted byw1, w2, w3z, verify the following equations.

ow1 _ 0wz ow1 _ 0wy
oz 0Zp’ 0z, 0z
ow1 _ w2 ow1 _ ow?
071 0z’ 02, oz
w2 ows w2 owsz _ o0ws
(17) D—=—", D—=—F—t2—
0Z1 0Z2 022 0Z1 0Z3
— w3 0wz ow3 ows
22% =———, - =—-12—
1 022 0Zp 0z1 0z3
Owj owij .
o i=12
0Z3 0Z3

Such a map is harmonic by Theorem 2.
If, in addition, we assume thdtis a holomorphic map, that i% = 0, for any
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i,a = 1, 3, then, solving the equations 17, we have theG = Gdf if and only if

w1 =azn+bz+c
(18) wo=—-az+bn+c ,

w3 = 3az + bzz + 3

wherea, b, ¢; are some complex constants.

Next, one obtains thatf H = Hd f if and only if w1, w2, w3 verify the follow-
ing equations.

w1 _ ow?2 w1 _ 0wz

o6z1 07’ 0z, o7

w1 _ w2 w1 _ ow»

o7 0z’ 07, on
0wz ows 0wy ow3z _ w3

(19) D—— = 7= —p—=—+1+20—

0Z1 022 022 0Z1 0Z3

261?2 _ _6w3 22652 _ ow3 22811)3
oz 0z’ 0z, on 073

M _M o =12

073 0Z3 ’ T

It is well known that a holomorphic map between twatder manifolds is harmonic
(see [7], p. 146). Itis easy to see, from (17) and (19), tHat = Gdf anddfH =
Hdf impliesg% = 0, for anyi, « = 1, 3. This means that is a holomorphic map.
Thus we have found a class of harmonic maps on the complerhtssg group, which
are necessarily holomorphic maps.

4. Stability on complex Sasakian manifolds with constantG H-sectional curva-
ture

In [4] the authors proved a theorem related to the stabilitthe identity map on a
compact Sasakian manifold with constansectional curvature. We will prove a sim-
ilar result related to the identity map on a complex Sasakianifold with constant
G H-sectional curvature.

Let (M, g) be compact Riemannian manifold and et: M — N be a har-
monic map. Consider a smooth variatidg, with s,t € (—¢,€) and foo = f. The
corresponding variation fields are denotedvbgndZ. Then the Hessian of a harmonic
map f, H¢, is defined as follows

2

0
Hi (Y, 2) = E(E(fs,t)) l(s,t)=(0,0) -
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The second variation formula is (see [7])
HI%.2)= [ hi(¥). Z)vg

whereJ; is called the Jacobi operator and is a second order selfadjbiptic differ-
ential operator acting on the spakcéf ~1(T N)), of the form

n n
Ir(Y) = = D (V% Vx; — Ve x)Y = D RN (Y, df X)df X,
i=1 i=1

forY e L' (f~1(TN)), and{X, ..., Xn} a local orthonormal frame ofi M. The oper-
ator A s defined by

n
zngY)Z:"ZEX€&i§Xi_'ﬁvm)ﬁ)Ya
i=1

is called the rough Laplacian.

The index of a harmonic map : M — N is the dimension of the largest
subspace of (f ~1(T N)) on which the Hessiakl; is negative definite. A harmonic
map f is said to be stable if the index dfis zero and, otherwise, is said to be unstable.

Let (M, J,G, H,u,0,U, V, g) be a compactdm + 2)-dimensional complex
Sasakian manifold. For a unit vect¥r € Hp,, the plane inTn,M spanned byX and
Y = aGX+bHX, a,b € R, a2+ b2 = 1 is called aGH-plan section and its
sectional curvature th& H-sectional curvature of the plane section, (see [6]). In [6]
the expression of the Ricci tensor for a complex contact imetanifold with con-
stantG H-sectional curvatures, was obtained. For a complex Sasakian manifold with
constaniG H-sectional curvatures, this expression is

(20)

Ric(X,Y) = Z[Q(R(a, X)Y, &)+ d(R(Gg, X)Y,Ga) +g(R(Ja, X)Y, Ja)
i=1
+9(JGe, X)Y, JGa)] + g(R(U, X)Y,U) + g(R(V, X)Y, V)
=[(m+2)c+ 3m+ 2]g(X,Y)
+ [=(M+ 2)c + m = 2J(u(X)u(Y) + v (X)o(Y)),

where{g, Gg, Jg,JGq,U, V},i =1 m,is alocal orthonormal basis.

Let 1y : M — M be the identity map. Obviouslyly G = Gdly. Using the
second variational formula one obtains

4m+-2

Hi () = [ @Y. Y= 3 [ GROLX0Xi Vv
i=1

where{Xj, ..., Xam+2} is an orthonormal frame of M.
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Now we can continue just like in [4]. Let us recall the Weitkéok formula
for 1-forms, (see [2]). LeE be a vector bundle over mdimensional Riemannian
manifold M. For any 1-formw € A'(E) we have

Ao = Ao — p(w),

wherep (0)(X) = > ; R(X, 8)(@(8)) — Zi”:lg(R(X, g)g), forany X € y(M).
Here A1 is the Laplacian oE-valued 1-forms and is the rough Laplacian oAl(E).

Using the Weitzentick formula forE = M x R, we have

4m+2
ALY =AY + D R(Y, Xi)Xi
i=1

and it follows that

4m+-2
Hy, (Y, Y) = /M (ALY, Y)vg — 2 Z /M a(R(Y, Xi)Xi, Y)vg.
i=1

Let 11 be the first eigenvalue of the Laplaciay acting onC*°(M), andy a non-
constant eigenfunction such thatyy = A1w. LetY = grad v # 0. Since
Ady = dAgy = 41dy, using (20), we have

Hyy (Y, Y) = [A1 —2(mc+ 3m+ 2c + 2)]/ a(y, Y)vg+
M

+2[(m+2)c—m+ 2]/ [(UY)? + (v (Y))Z]vg.
M
We can state the following

THEOREM 3. Let M be a compactdm + 2)-dimensional complex Sasakian
manifold with constant G H-sectional curvature, ¢, sucht tha< m—jr% If the first
eigenvalue of the Laplacian g acting on C°(M), 1,, satisfiesl; < 2(mc+ 3m +

2c + 2), then the identity mafhy is unstable.
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