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D. Fetcu

HARMONIC MAPS BETWEEN COMPLEX SASAKIAN

MANIFOLDS

Abstract. In this paper, we find two classes of harmonic maps between complex Sasakian
manifolds. We give an example related to one of this classes, using the complex Heisenberg
group and we study the stability of the identity map of a complexSasakian manifold.

1. Preliminaries

Concerning the complex contact manifold, we shall recall some notions as they are
presented in [1].

A complex contact manifold is a complex manifold of odd complex dimension
2n+1 together with an open covering{Oα} by coordinate neighborhoods such that:

1. On each{Oα} there is a holomorphic 1-formθα such that

θα ∧ (dθα)
n 6= 0;

2. OnOα ∩ Oβ 6= ∅ there is a non-vanishing holomorphic functionfαβ such that
θα = fαβθβ .

A complex contact manifold with a global complex form is called strict complex
contact manifold.

On the other hand, ifM is a complex manifold with almost complex structureJ,
Hermitian metricg and open covering{Oα} by coordinate neighborhoods,M is called
a complex almost contact metric manifold if it satisfies the following two conditions:

1. On each{Oα} there exist 1-formsuα andvα = uα ◦ J with orthogonal dual
vector fieldsUα andVα = −JUα and (1,1) tensor fieldsGα andHα = Gα J such that

G2
α = H2

α = −I + uα ⊗ Uα + vα ⊗ Vα,

Gα J = −JGα, GαUα = 0, g(X,GαY) = −g(GαX,Y),

2. OnOα ∩ Oβ 6= ∅,

uβ = auα − bvα, vβ = buα + avα,

Gβ = aGα − bHα, vβ = bGα + aHα,

wherea andb are functions witha2 + b2 = 1.

It is proved that a complex contact manifold admits a complexalmost contact
metric structure for which the local contact formθ is of the formu − i v and the local
tensor fieldsG andH are related todu anddv by

du(X,Y) = g(X,GY)+ (σ ∧ v)(X,Y),
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dv(X,Y) = g(X, HY)− (σ ∧ u)(X,Y),

whereσ(X) = g(∇XU,V). We call a complex contact manifold with a complex
almost contact metric structure satisfying these conditions, a complex contact metric
manifold. Note that if the complex contact structure is strict thenσ = 0.

For complex contact manifolds, there are two notions of normality (see [1]). In
the present paper we adopt the definition given by B. Korkmaz (see [6]).

Thus, in order to define the normal complex contact manifolds, let us consider
SandT , two tensor fields given by

S(X,Y) = NG(X,Y)+ 2g(X,GY)U − 2g(X, HY)V + 2(v(Y)H X − v(X)HY)

+σ(GY)H X − σ(G X)HY + σ(X)G HY − σ(Y)G H X,

T(X,Y) = NH (X,Y)− 2g(X,GY)U + 2g(X, HY)V + 2(u(Y)G X − u(X)GY)

+σ(H X)GY − σ(HY)G X + σ(X)G HY − σ(Y)G H X,

whereNG andNH are the Nijenhuis tensor fields ofG andH , respectively.

A complex contact metric structure is normal if

S(X,Y) = T(X,Y) = 0, X,Y ∈ H,

S(U, X) = T(V, X) = 0, X ∈ χ(M),

whereH is the subbundle named the horizontal subbundle and defined by the subspaces
{X ∈ TPOα, P ∈ M; θα(X) = 0}, (see [6]).

A normal complex contact metric manifold whose complex contact structure is
given by a global complex contact form, is called a complex Sasakian manifold.

For a complex Sasakian manifold we have the following formulas

g((∇XG)Y, Z) = −2v(X)g(HGY, Z)− u(Y)g(X, Z)

− v(Y)g(J X, Z)+ u(Z)g(X,Y)+ v(Z)g(J X,Y),
(1)

g((∇X H)Y, Z) = −2u(X)g(HGY, Z)+ u(Y)g(J X, Z)

− v(Y)g(X, Z)+ u(Z)g(X, JY)+ v(Z)g(X,Y),
(2)

and

(3) g((∇X J)Y, Z) = −2u(X)g(HY, Z)+ 2v(X)g(GY, Z).

In the following let us recall some notions and some basic results concerning
the harmonic maps between Riemannian manifolds, as they arepresented in [7] and in
[2].

Let f : M → N be a smooth map between two Riemannian manifolds(M, g)
and(N, h). Define the energy density function off , e( f ) ∈ C∞(M), by

e( f ) =
1

2
trg( f ∗h(x)) =

1

2

m∑

i=1

( f ∗h)x(ei ,ei ), x ∈ M,
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where{e1, ...,em} is an orthonormal basis for the tangent spaceTx M at x ∈ M . If M
is compact we define the energy off by E( f ) =

∫
M e( f )νg, whereνg is the volume

form of (M, g).

Denote by∇M ,∇N , the Levi-Civita connections on(M, g) and(N, h) respec-
tively. Then, for a smooth mapf between(M, g) and (N, h), we define the in-
duced connectioñ∇ on the induced bundlef −1T N as follows, forX ∈ χ(M),V ∈

Ŵ( f −1T N), define∇̃XV ∈ Ŵ( f −1T N) by ∇̃XV = ∇N
d f XV .

The second fundamental formα of f is defined by

α(X,Y) = ∇̃Xd f Y − d f (∇M
X Y),

for any X,Y ∈ χ(M).

The tension fieldτ( f ) of f is defined by

τ( f )x =

m∑

i=1

α(ei ,ei )(x),

where{e1, ...,em} is an orthonormal basis for the tangent spaceTx M at x ∈ M .

The map f : M → N is called a harmonic map ifτ( f ) = 0. Note that when
M is compact,τ( f ) = 0 is the Euler-Lagrange equation associated to the functional
energy.

The author would like to thank to the referee for many valuable suggestions and
comments.

2. Harmonic maps between complex Sasakian manifolds

THEOREM1. Let f : M → N be a smooth map between two complex Sasakian
manifolds,(M, J,G, H,u, v,U,V, g), (N, J ′,G′, H ′,u′, v ′,U ′,V ′, h),
such that

(4) d f = G′d f G + H ′d f H.

Then f is a harmonic map.

Proof. First, using the equation (4) and the definitions of the complex Sasa-kian struc-
tures on manifoldsM andN, one obtains that

d f J = G′d f G J + H ′d f H J = G′d f H − H ′d f G

= J ′(H ′d f H + G′d f G) = J ′d f.
(5)

From (3), one obtains, for a vector fieldX ∈ H, H being the horizontal subbundle
on M , that (∇X J)J X = 0 and (∇J X J)X = 0, where∇ denotes the Levi-Civita
connection onM . Hence, since∇ is a torsion free connection,

(6) ∇X X + ∇J X J X = J[J X, X],
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for any X ∈ H. Note that a similar formula can be obtained on the manifoldN. From
(4) we have thatd f X ∈ H′ for any X ∈ χ(M), whereH′ is the horizontal subbundle
on N. Using this result, the equations (5) and (6), it follows that

α(X, X)+ α(J X, J X) = ∇ ′
d f Xd f X − d f (∇X X)

+ ∇ ′
d f J Xd f J X − d f (∇J X J X)

= J ′d f [J X, X] − d f J[J X, X] = 0,

(7)

for any X ∈ H, where∇ ′ denotes the Levi-Civita connection onN andα denotes the
second fundamental form off .

From the definition of the complex Sasakian manifolds and from the definition
of the Levi-Civita connection, we have, onM ,

∇UU = ∇V V = 0.

From (3) it follows that∇U V = −∇U JU = −J∇UU = 0 and, in the same
way,∇VU = 0. Hence[U,V] = ∇U V − ∇VU = 0.

Then, sinced f U,d f V ∈ H′, using (5) and (6), one obtains

α(U,U )+ α(V,V) = ∇ ′
d f Ud f U + ∇ ′

d f Vd f V

= J ′[J ′d f U,d f U] = J ′d f [U,V] = 0.
(8)

Using (7) and (8), we conclude that, for a local orthonormal basis inM , {ei ,Gei ,

Jei , JGei ,U,V}, i = 1,m, wheredim M = 4m+2, adapted to the complex Sasakian
structure onM , we have

τ( f ) = α(ei ,ei )+ α(Jei , Jei )+ α(Gei ,Gei )

+ α(JGei , JGei )+ α(U,U )+ α(V,V) = 0.

Thus, f is a harmonic map.

In order to find another class of harmonic maps, we will prove,first, the follow-
ing

PROPOSITION1. Let f : M → N be a smooth map between two complex
Sasakian manifolds,(M, J,G, H,u, v,U,V, g), (N, J ′,G′, H ′,u′, v ′,U ′,V ′, h),
such that d f G= G′d f or d f H = H ′d f . Then d f U= a1U ′ + b1V ′ and d f V =

a2U ′ + b2V ′, where ai ,bi ∈ R are constants for i= 1,2.

Proof. Let us consider the cased f G = G′d f . Then,G′d f U = 0 andG′d f V = 0.
Henced f U,d f V ∈ span{U ′,V ′}. That meansd f U = a1U ′ + b1V ′ andd f V =

a2U ′ + b2V ′, whereai ,bi : M → R, for i = 1,2.

Let us consider the 1-formsf ∗u′ and f ∗v ′, on M , defined by f ∗u′(X) =

u′(d f X) and by f ∗v ′(X) = v ′(d f X), for X ∈ χ(M). It is easy to see that

(9) f ∗u′ = a1u + a2v
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and

(10) f ∗v ′ = b1u + b2v.

By differentiating the equation (9), one obtains

d( f ∗u′) = f ∗du′ = da1 ∧ u + da2 ∧ v + a1du + a2dv.

By computing this equation in(U, X), X ∈ χ(M), we have

du′(d f U,d f X) = LU a1u(X)− da1(X)+ LU a2v(X),

whereL denotes the Lie derivative. SinceN is a complex Sasakian manifolds we have
thatdu′(X,Y) = h(X,GY). Thus

(11) da1 = LU a1u + LU a2v

It follows that

(12) da1 ∧ u = LU a2v ∧ u.

By differentiating the equation (12) and by computing the obtained expression
in (U,V, X), with X ∈ χ(M), we haved(LU a2) = 0, and that meansLU a2 is a
constant. Note that in the same way it can be proved thatLU a1, LVai , LU bi , LV bi ,
with i = 1,2, are constants. Taking account of this results, let us differentiate again
the equation (12). It follows

da1 ∧ du = LU a2(v ∧ du − dv ∧ u),

which computed in(U, X,Y), with X,Y ∈ H, gives

LU a1du(X,Y) = −LU a2dv(X,Y),

since, from (11),da1(X) = 0, for any X ∈ H, and sinceM is a complex Sasakian
manifold. Usingdu(X,Y) = g(X,GY) anddv(X,Y) = g(X, HY), one obtains

(13) LU a1g(X,GY) = −LU a2g(X, HY),

for any vector fieldsX,Y ∈ H. TakingY = G X in this last expression, it follows that

LU a1g(X, X) = LU a2g(X, J X) = 0,

for any X ∈ H. But this meansLU a1 = 0. If we takeY = H X in (13) then we have
LU a2 = 0. Hence, from (11),da1 = 0. By a similar computation we can prove that
da2 = db1 = db2 = 0, and thena1,a2,b1,b2 are constants.

In the cased f H = H ′d f , one obtains thatH ′d f U = 0 andH ′d f V = 0 and it
is easy to see that the conclusion of the proposition can be obtained just like above.

Now we can state the following
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THEOREM2. Let f : M → N be a smooth map between two complex Sasakian
manifolds,(M, J,G, H,u, v,U,V, g), (N, J ′,G′, H ′,u′, v ′,U ′,V ′, h),
such that d f G= G′d f or d f H = H ′d f . Then, f is a harmonic map.

Proof. As in the proof of the previous proposition, it is sufficient to consider only the
cased f G = G′d f .

First, note that ifd f G = G′d f then for anyX ∈ H, d f X ∈ H′ andd f J X =

−G′d f H X.

If X,Y ∈ H then, from (1), one obtains

(∇XG)Y = g(X,Y)U + g(J X,Y)V.

Taking in this equationY = G X, it follows

(∇XG)G X = 0, X ∈ H.

Thus

(14) ∇X X + ∇G XG X = G[G X, X], X ∈ H.

Obviously, a similar formula holds onN.

Let us consider onM a local orthonormal frame,{ei ,Gei , Jei , JGei ,U,V}

i = 1,m, wheredim M = 4m + 2, adapted to the complex Sasakian structure onM .
Using equation (14) andd f G = G′d f , we have

(15) α(ei ,ei )+ α(Gei ,Gei )+ α(Jei , Jei )+ α(JGei , JGei ) = 0.

As we have seen in the proof of Theorem 1,∇UU = ∇V V = 0, ∇U V = ∇VU
and the similar equations hold onN. Then, using Proposition 1, one obtains

(16) α(U,U )+ α(V,V) = 0

Thusτ( f ) = 0, from (15) and (16). Hencef is a harmonic map.

3. Maps on the complex Heisenberg group

Let HC be the complex Heisenberg group, the closed subgroup ofGL(3,C), whose
elements are given by 


1 z2 z3
0 1 z1
0 0 1




wherez1, z2, z3 ∈ C. Obviously,HC ≃ C
3.

If L B denotes left translation byB, L∗
Bdz1 = dz1, L∗

Bdz2 = dz2, L∗
B(dz3 −

z2dz1) = dz3 − z2dz1. The vector fields ∂
∂z1

+ z2
∂
∂z3

, ∂
∂z2

, ∂
∂z3

are dual to the 1-forms
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dz1, dz2, dz3 − z2dz1 and are left invariant vector fields. Moreover, relative to the
coordinates(z1, z2, z3, z1, z2, z3) the Hermitian metric (see [1])

g =
1

8




0 0 0 1+ | z2 |2 0 −z2
0 0 0 0 1 0
0 0 0 −z2 0 1

1+ | z2 |2 0 −z2 0 0 0
0 1 0 0 0 0

−z2 0 1 0 0 0




is a left invariant metric onHC, but is not a K̈ahler metric. The formθ = 1
2(dz3 −

z2dz1) is a complex contact structure onHC. So, the structure tensors may be taken
globally. LetJ be the standard almost complex structure onC

3, J ∂
∂xi

= ∂
∂yi

. Sinceθ is

holomorphic, letθ = u−i v, v = u◦J. Also set 4∂
∂z3

= U +iV ; then,u(X) = g(U, X)
andv(X) = g(V, X). In complex coordinatesG andH are given by (see [1])

G =




0 0 0 0 1 0
0 0 0 −1 0 0
0 0 0 0 z2 0
0 1 0 0 0 0

−1 0 0 0 0 0
0 z2 0 0 0 0



, H =




0 0 0 0 −i 0
0 0 0 i 0 0
0 0 0 0 −i z2 0
0 i 0 0 0 0
−i 0 0 0 0 0
0 i z2 0 0 0 0



.

Note thatHC endowed with this structure, is a complex Sasakian manifold.

In the following, let us consider a smooth mapf : HC → HC. After a straight-
forward computation one obtains thatd f G = Gd f if and only if the complex compo-
nents of f , denoted byw1, w2, w3, verify the following equations.

(17)





∂w1

∂z1
=
∂w2

∂z2
,

∂w1

∂z2
= −

∂w2

∂z1

∂w1

∂z1
=
∂w2

∂z2
,

∂w1

∂z2
= −

∂w2

∂z1

z2
∂w2

∂z1
= −

∂w3

∂z2
, z2

∂w2

∂z2
=
∂w3

∂z1
+ z2

∂w3

∂z3

z2
∂w2
∂z1

= −
∂w3

∂z2
, z2

∂w2

∂z2
=
∂w3

∂z1
+ z2

∂w3

∂z3

∂wi

∂z3
=
∂wi

∂z3
= 0, i = 1,2.

Such a map is harmonic by Theorem 2.

If, in addition, we assume thatf is a holomorphic map, that is∂wi
∂zα

= 0, for any
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i, α = 1,3, then, solving the equations 17, we have thatd f G = Gd f if and only if

(18)





w1 = az2 + bz1 + c1

w2 = −az1 + bz2 + c2

w3 = 1
2az2

2 + bz3 + c3

,

wherea,b, ci are some complex constants.

Next, one obtains thatd f H = Hd f if and only ifw1, w2, w3 verify the follow-
ing equations.

(19)





∂w1

∂z1
=
∂w2

∂z2
,

∂w1

∂z2
= −

∂w2

∂z1

∂w1

∂z1
= −

∂w2

∂z2
,

∂w1

∂z2
=
∂w2

∂z1

z2
∂w2

∂z1
=
∂w3

∂z2
, −z2

∂w2

∂z2
=
∂w3

∂z1
+ z2

∂w3

∂z3

z2
∂w2
∂z1

= −
∂w3

∂z2
, z2

∂w2

∂z2
=
∂w3

∂z1
+ z2

∂w3

∂z3

∂wi

∂z3
=
∂wi

∂z3
= 0, i = 1,2.

It is well known that a holomorphic map between two Kähler manifolds is harmonic
(see [7], p. 146). It is easy to see, from (17) and (19), thatd f G = Gd f andd f H =

Hd f implies ∂wi
∂zα

= 0, for anyi, α = 1,3. This means thatf is a holomorphic map.
Thus we have found a class of harmonic maps on the complex Heisenberg group, which
are necessarily holomorphic maps.

4. Stability on complex Sasakian manifolds with constantG H-sectional curva-
ture

In [4] the authors proved a theorem related to the stability of the identity map on a
compact Sasakian manifold with constantϕ-sectional curvature. We will prove a sim-
ilar result related to the identity map on a complex Sasakianmanifold with constant
G H-sectional curvature.

Let (M, g) be compact Riemannian manifold and letf : M → N be a har-
monic map. Consider a smooth variationfs,t , with s, t ∈ (−ǫ, ǫ) and f0,0 = f . The
corresponding variation fields are denoted byY andZ. Then the Hessian of a harmonic
map f , H f , is defined as follows

H f (Y, Z) =
∂2

∂s∂t
(E( fs,t )) |(s,t)=(0,0) .
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The second variation formula is (see [7])

H f (Y, Z) =

∫

M
h(J f (Y), Z)νg

whereJ f is called the Jacobi operator and is a second order selfadjoint elliptic differ-
ential operator acting on the spaceŴ( f −1(T N)), of the form

J f (Y) = −

n∑

i=1

(∇̃Xi ∇̃Xi − ∇̃∇Xi Xi )Y −

n∑

i=1

RN(Y,d f Xi )d f Xi ,

for Y ∈ Ŵ( f −1(T N)), and{X1, ..., Xn} a local orthonormal frame onT M. The oper-
ator1 f defined by

1 f (Y) = −

n∑

i=1

(∇̃Xi ∇̃Xi − ∇̃∇Xi Xi )Y,

is called the rough Laplacian.

The index of a harmonic mapf : M → N is the dimension of the largest
subspace ofŴ( f −1(T N)) on which the HessianH f is negative definite. A harmonic
map f is said to be stable if the index off is zero and, otherwise, is said to be unstable.

Let (M, J,G, H,u, v,U,V, g) be a compact(4m + 2)-dimensional complex
Sasakian manifold. For a unit vectorX ∈ Hm, the plane inTmM spanned byX and
Y = aG X + bH X, a,b ∈ R, a2 + b2 = 1 is called aG H-plan section and its
sectional curvature theG H-sectional curvature of the plane section, (see [6]). In [6]
the expression of the Ricci tensor for a complex contact metric manifold with con-
stantG H-sectional curvature,c, was obtained. For a complex Sasakian manifold with
constantG H-sectional curvature,c, this expression is

Ric(X,Y) =

m∑

i=1

[g(R(ei , X)Y,ei )+ g(R(Gei , X)Y,Gei )+ g(R(Jei , X)Y, Jei )

+g(JGei , X)Y, JGei )] + g(R(U, X)Y,U )+ g(R(V, X)Y,V)

= [(m + 2)c + 3m + 2]g(X,Y)

+ [−(m + 2)c + m − 2](u(X)u(Y)+ v(X)v(Y)),

(20)

where{ei ,Gei , Jei , JGei ,U,V}, i = 1,m, is a local orthonormal basis.

Let 1M : M → M be the identity map. Obviouslyd1M G = Gd1M . Using the
second variational formula one obtains

H1M (Y,Y) =

∫

M
g(1Y,Y)νg −

4m+2∑

i=1

∫

M
g(R(Y, Xi )Xi ,Y)νg,

where{X1, ..., X4m+2} is an orthonormal frame onT M.
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Now we can continue just like in [4]. Let us recall the Weitzenböck formula
for 1-forms, (see [2]). LetE be a vector bundle over an-dimensional Riemannian
manifold M . For any 1-formω ∈ A1(E) we have

11ω = 1ω − ρ(ω),

whereρ(ω)(X) =
∑n

i=1 R(X,ei )(ω(ei ))−
∑n

i=1ω(R(X,ei )ei ), for any X ∈ χ(M).
Here11 is the Laplacian ofE-valued 1-forms and1 is the rough Laplacian ofA1(E).

Using the Weitzenb̈ock formula forE = M × R, we have

11Y = 1Y +

4m+2∑

i=1

R(Y, Xi )Xi

and it follows that

H1M (Y,Y) =

∫

M
g(11Y,Y)νg − 2

4m+2∑

i=1

∫

M
g(R(Y, Xi )Xi ,Y)νg.

Let λ1 be the first eigenvalue of the Laplacian1g acting onC∞(M), andψ a non-
constant eigenfunction such that1gψ = λ1ψ . Let Y = grad ψ 6= 0. Since
11dψ = d1gψ = λ1dψ , using (20), we have

H1M (Y,Y) = [λ1 − 2(mc+ 3m + 2c + 2)]
∫

M
g(Y,Y)νg+

+2[(m + 2)c − m + 2]

∫

M
[(u(Y))2 + (v(Y))2]νg.

We can state the following

THEOREM 3. Let M be a compact(4m + 2)-dimensional complex Sasakian
manifold with constant G H-sectional curvature, c, such that c 6

m−2
m+2. If the first

eigenvalue of the Laplacian1g acting on C∞(M), λ1, satisfiesλ1 < 2(mc+ 3m +

2c + 2), then the identity map1M is unstable.

References

[1] BLAIR D.E,Riemannian geometry of contact and symplectic manifolds, Progress in Mathematics203,
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