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GENERALIZED SAMUEL MULTIPLICITIES AND

APPLICATIONS
Dedicated to Paolo Valabrega on the occasion of hi @irthday

Abstract. In this note we survey and discuss the main results on the ricilipsequence we
introduced in former papers as a generalization of Samuel'tipticity. We relate this new
multiplicity to other numbers introduced in different cortexXor example the Segre numbers
of Gaffney and Gassler and the Hilbert coefficients define€imper@. Discussing some
examples we underline the usefulness of the multiplicity eaqe for concrete calculations
in algebraic geometry using computer algebra systems.

1. Introduction

Intersection theory and singularity theory stimulated deeelopment of a theory of
multiplicities in local rings.

For example, the Samuel multiplicity of the maximal idealof a local ring
(A, m) measures the singularity of a variety at some point or alemgessubvarieties,
and the Samuel multiplicity of am-primary ideal was introduced in order to define the
intersection number of an irreducible component of therg@etion of two varietieX
andY.

If X andY intersect improperly, one must assign intersection numtmecer-
tain embedded components ¥fN Y, see for example [18] and [16]. In Fulton and
MacPherson’s approach this is done without a preliminamgysof intersection mul-
tiplicity, since their construction gives a well defined Ieyavhose coefficients are the
intersection multiplicities, which coincide with Samuwethultiplicities in the case of
proper intersections. In any case the theory developed bgri-and MacPherson gives
a motivation to define algebraic multiplicities, which exteSamuel’s one and can pro-
vide intersection humbers.

In Stiickrad and Vogel's approach (see [16]) some componentsdhthrsec-
tion cycle are defined over the base fikldnd are called-rational (see Definition 1,
Section 3.2), and in [2] it was proved that they correspondeals of maximal analytic
spread. In [3] it was defined a multiplicity(I, A) for such ideald which generalizes
Samuel’'s multiplicity. Later in [4] this construction wastended to arbitrary ideals in
alocal ring. The new algebraic multiplicity for an iddabf ad-dimensional local ring
(A, m) is a sequence of non-negative integgls) := (co(l, A), ..., cq(l, A)) which
can be used to describe the degrees of the intersectionioyitle sense of [16]. The
first numbercy(l, A) coincides with the multiplicityj (1, A) defined in [3].

In this note we survey and discuss the main results on thepficilly sequence
c(1) and relate this sequence to other numbers introduced reliff contexts, for ex-
ample the Segre numbers introduced by T. Gaffney and R. &448l and the Hilbert
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coefficients defined by C. Ciupeér¢10]. Furthermore we give some examples which
show the usefulness of the multiplicity sequence for cdearalculations in algebraic
geometry using computer algebra systems.

Under certain hypothesis tHemultiplicity can be expressed as a length multi-
plicity (see 3.3) and can be computed by an intersectiorrisigo using generic filter-
regular sequences called “super-reductions”. In 3.4 teeipe meaning of “generic”
will be given.

Flenner and Manaresi [14] used thamultiplicity to give a numerical charac-
terization of reduction ideals, which generalizes a ctagsheorem of E. Bger (see
3.5). Later C. Ciuperk generalized this result using themultiplicity and second
highest Hilbert coefficients, giving a numerical charaetgion of theS$-closure of
the extended Rees algebra, see Theorem 9.

The multiplicity sequence and thiemultiplicity can be calculated using inter-
section algorithms defined in [3] and in [4], which will be pemted in Section 3.6.
These algorithms have been used by several authors, whdiswaeroduced inter-
esting modifications of them. Here we will refer only to theoral versions.

In 1999, T. Gaffney and R. Gassler introducgelgre numbersf an ideal in
a local ring of an analytic space that turned out to be veryulge the study of the
equisingularity of families of hypersurfaces with nonl&ed singularities. The Segre
numbers of the Jacobian ideal are simply the geneginumbers of D. B. Massey [30].
In analytic intersection theory, P. Tworzewski [47] (sesodRemark 5) defined the ex-
tended index of intersection, which, in the case of impraoprsections, replaces the
classical intersection number of a proper intersectiongamnt by a set of numbers.
In 3.7 we will show that all these new invariants can be cagrgd as generalizations
of Samuel’s multiplicity of arm-primary ideal in a noetherian local rirfd\, m) to an
arbitrary ideal.

In 3.8 we present an application of generalized Samuel pligities to singu-
larity theory, more precisely to Whitney stratification offaices (see [5]), and discuss
an example.

The paper is divided into two parts: in Section 2 we review safassical re-
sults on Samuel’s multiplicity whose analogues for the galired Samuel multiplicity
will be presented in Section 3, which is devoted to this nevitiplicity, its properties
and its relations to other important invariants.

Notation. In this paper all rings are assumed to be noetherian and thendion of
a ring means its Krull dimension. A (noetherian) local rigy m) is formally equidi-
mensionalor, in Nagata's terminologyjuasi-unmixejlif each minimal prime ideg}
in the m-adic completionA satisfies dintA/p) = dim(A). For the properties of for-
mally equidimensional local rings we refer to [23], (18.1I1) particular we recall that
if Ais a formally equidimensional local ring aridis an ideal ofA, then the associ-
ated graded rings| (A) of A with respect tal is formally equidimensional, see[23],
(18.24).

We denote ther-dimensional projective space over a figldby Pi and the
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affine space byA], respectively. If not explicitly stated the contrary, owrse field
will always be algebraically closed and we simply write or A". By a variety or
subvarietyof P" we mean a closed reduced (but possibly reducible) equidiioeal
subscheme dP" without embedded components sarfaceis a 2-dimensional variety,
a hypersurfacas an(n — 1)-dimensional subvariety. Sometimes, for simplicity, we
will state the results for varieties, but most of them holddtyebraic schemes too.

2. Some classical results on Samuel’s multiplicity

Following [39], in this section we review some classicalifeson Samuel’s multiplic-
ity whose analogues for the generalized Samuel multigliitl be presented in the
next section.

2.1. The Samuel multiplicity

Let (A, m) be ad-dimensional local ring and ldtbe anm-primary ideal.
For each non negative integgtet

HO(j) := length(1 1 /1142

and
]
HP () == H2() = length(A/11+1).
k=0
Note that these lengths are finite sinicés m-primary. It is well known that for all

sufficiently largej the function Hl(l) becomes a polynomial, the so called Hilbert-
Samuel polynomial, which can be written in the form

j+d j+d-1 g
eo( q ) e1( do1 )+-~-+( 1)%y,

whereey, €1, ..., €4 are integers aney > 1. The positive integer
e(l, A =g

is calledSamuel multiplicityof | in A. Sometimes, when the ring is clear from the
context, the multiplicitye(l, A) will be denoted bye(l). In the casd = m we write
simply

e(A) :=e(m, A).

It is immediate that for each couple ofprimary ideals] c | C A one has(J) >

e(l).
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2.2. Samuel multiplicity as an intersection number

Samuel’'s multilplicity can be applied in the following sition.

Let X, Y be subvarieties oi" (or P"). Assume thaY is a complete intersection
defined by the ideal (Y) and letC be an irreducible component &f N Y. Let A :=
Oxny,c and letl := 1(Y)A. Under these assumptions the idéak primary with
respect to the maximal ideal of the local ridgande(l, A) is theintersection number
i(X,Y;C)of XandY alongC, see [40].

We remark that Samuel proposed this definition of intereaatumber without
any assumption on the dimension@f We recall that it is always

dimC > dimX +dimY —n

andC is called aproper componentdf X N'Y if equality holds, arimproper compo-
nentotherwise. Samuel only assum€&do be an irreducible (isolated) component of
X NY and in [42] Stickrad and Vogel could prove a theorem @&Z®ut for improper
intersections counting irreducible components with Sdimuoaultiplicities.

2.3. Samuel multiplicity as a length

Let (A, m) be local ring,] ¢ A anm-primary ideal generated by a system of parame-
ters. One has

(2) length(A/1) > e(l, A)

and equality holds if and only ifA is the Cohen—Macaulay (see, for example, [43],
Theorem 1.2 and Lemma 1.3).

D. Buchsbaum conjectured that the difference
length(A/1) —e(l, A)

was an invariant o, that is, independent of the choicelgfbut it turned out that the
conjecture holds only for the so called Buchsbaum ringscivifiorm a class of local
rings containing the Cohen—Macaulay rings (see [43]).

In Cohen—Macaulay rings the inverse of (1) holds, that is
(2) e(l, A) > length(A/1),

and, if A/m is infinite, equality holds if and only if can be generated /= dim A
elements, that is, by a system of parameters (see for exdir@}leExample 4.3.5.).

We remark that, without the Cohen—Macaulay assumptioA,amhen the ideal
| is generated by a system of parameters, then one can cdrestrigealJ containing
| such that

length(A/J) = e(l, A).
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The idealJ is obtained froml by the followingintersection algorithim(see [7]). Let
ai, ..., aq be a system of parameters generatingbserve that am-primary ideall
needs at least generators) and, for an ideldl of A, letU (K) denote the intersection
of all primary idealsQ associated t&\/K such that dimA/Q = dim A/K. Then set

lo := (0 and

Ik = akA+U(k-1) for k=1,...,d.

The lastidealyq 2 | is the desired ideal such that
e(l, A) = length(A/lq),

see [7], Proposition 1.

2.4. Reduction ideals and Samuel multiplicity

Let (A, m) be ad-dimensional local ring and lét C A be anideal. Anideal C | is
called areductionof | if

JI"= 1" for at least one positive integar

J is called aminimal reduction of lif no ideal strictly contained i is a reduction of
l.

Reductions can be described using the integral closuresalsd Recall that if
| C Ais anideal, thentegral closurel of | is the ideal ofA defined by

T = {xe A|3mpositive integer and, far= 1, ..., m, elementsy € I'
such tha™ + ag;x™ 1 + ... + an = 0}.

J C | isareduction of ifand only if | € J (see [32] p. 34 ex. 4 and [28] p. 112).

Denote byG := G| A := P !"/I n+1 the graded ring ofA with respect to
| . Theanalytic spreadf | can be defined as

s(1) := dim(G/mG) = dim(G ®a k)

and one has
heigh(l) < dim A —dimA/I <s(l) <dimA,

where heightl ) denotes the height of the idelalsee [34], p. 151).

The notions of reduction and analytic spread were introdigeNorthcott and
Rees in 1954 (see [34]), who proved thakiis infinite then minimal reductions exist
and are minimally generated Isyl ) elements.

If I is m-primary, thers(l) = dim A and a minimal reductiod of | is gener-
ated by a system of parameters. In this case the algorith@13f gives

e(J, A) = length(A/lg).
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Moreover, if J is a reduction ofl, thene(l, A) = e(J, A). In fact, for largem the
lengthy (A/1™) is given by a polynomial of degre® = dim A, which can be written

in the form §

hy (m) = e(l )% + terms of degree< d.

If JI" = 1™ for each integem > 1 we have™I" = |™™ henceh, (m+ n) >
hj(m) > h; (m) which impliese(l) = e(J).

EXAMPLE 1. If A=C[[x, y]I, | = (X3, y2, x2y), J = (x3, y?), thenl J = |2
ande(l) =e(J) = 6.

In 1961 D. Rees [38] proved that in formally equidimensioioghl rings the
converse is also true.

THEOREM 1 (Rees, 1961)Let (A, m) be a formally equidimensional local
ring, let J € | be m-primary ideals such that@) = e(l). Then J is a reduction
of I.

For the geometric significance of this theorem we refer thdeeto J. Lipman
[28].

If J € | areideals in a local ringA, m) such thatJ is a reduction ofl, then
e(J Ay) = e(l Ap) for each minimal prime ideal of |. In general the converse is not
true, but, using the characterization of ideals with height= s(1) given by E. C. Dade
in [12], E. Boger proved the following result.

THEOREM 2 (Boger [8], 1970).Let J C | be ideals in a formally equidimen-
sional local ring(A, m) such that/J = +/1, heigh(J) = s(J) and &J Ap) =e(lAp)
for each minimal prime idead of I. Then J is a reduction of |.

A further generalization of this result was given by B. Ufrisee [16], (3.6.3)),
who proved:

PROPOSITIONL. Let(A, m) be a formally equidimensional local ring andd
| be ideals of I. Thereither heightJ 1"t : I") < s(J)foralln > 1orJisa
reduction of 1.

COROLLARY 1. Let (A,m) and J C | as in the above proposition. Then J
is a reduction of | if and only if Jis a reduction of } for all prime idealsp with

height(p) = s(Jp).

REMARK 1. If J € m is an ideal of a formally equidimensional local ring
(A, m), then{p € SpecA | s(Jp) = heighip)} is a finite set, precisely, it coincides
with Assa(A/J") for sufficiently largen, whereJN denotes the integral closure of the
ideal J". In fact,

Assa(A/J) € Assa(A/J2) C Assa(A/J3) C ...
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and this sequence eventually stabilizes to a limit set

o
|J Assa(A/JK) = Assa(A/I™)  (for somen > 0),
k=1

which is called the set aisymptotic primesf J (see [31], (4.1), p. 26) and which will
be denoted by Asyn{@d). One can prove that
Asymp(J) = {p € SpecA| 3P € Assg;(a)(G3A) suchthap = N A}
{p € SpecA | s(Jp) = height(p)}.

3. Generalized Samuel multiplicities

This section is devoted to a generalization of Samuel'siplidity by a sequence of
numbers, the so-called generalized Samuel multiplicityctvwe have introduced and
studied in several papers, partly in collaboration with K:nRer. We also present the
main properties of this new multiplicity and its relationdther important invariants of
local rings.

3.1. Generalized Samuel multiplicities (see [4])

Let (A, m, k) be ad-dimensional local ring and Idt ¢ A be an arbitrary ideal (not
necessarilyn-primary).

Let Gy (A) := @j.o!!/117 be the associated graded ringAfwith respect
to | and let us consider the bigraded ring

R=@ R.,j=@ GG/ A) = @ mi 1! + 11+ /i1 4 11+
i,j>0 i,j=0 i,j=0
whereRyp = A/m = kis a field.
Let HOO, j) := dim R;j the Hilbert function of the bigraded ring and let

oo
HEDG, ) =2 > Hp.0)

q=0 p=0

its twofold sum transform. For both j >> 1 this function becomes a polynomial in
(i, j), which can be written in the form

11 +K\[]+]
>4
k-+l<d
Following [4] define thegeneralized Samuel multiplicitg be

@5, alPy, . alls)) =t (o), ca(l), ..., ca(h) =:c(l) .
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It will turn out that the first coefficientg(l) plays an important role as an intersection
number and permits generalizations of results about Sasmualtiplicity. We will call
it the j-multiplicity j (1) = j (I, A).

In a geometric way thg-multiplicity can be described as follows. L&t =
SpecA, letd = dim X, letY be the subscheme &f defined byl and letp: Z — X be
the blowing up ofX alongY. Consider the uniok of all the irreducible components of
the exceptional sep~1(Y) contained in the special fibgr—1(m). This is a projective
scheme oveA/m" for somen. The multiplicity j (1, A) is the (d — 1)-dimensional
degree oft.

THEOREM 3 ([4], Prop. 2.3, 2.4, 2.5)With the above notations set:¢ dim
(A/1),G:=G|(A),s:=s(l) =dimG/mG. Then

1. cxk =0fork <d —sand k> q, thatis,

(C05cla~~-7cd):(0’"'90’Cd—Sa~--sCQ5O>-'~’O);

2. Cd—s = Zm e(qug) . e(Gm),
whereB3 runs over all highest dimensional associated prime idedl&omG
such thadimG /P + dim Gy = dimG;

3. cg =Y, e(lAp) - e(A/p),
wherep runs over all highest dimensional associated prime ide&ldd such
thatdim A/p + dim A, = dim A;

4. e(G1 (A)) = i (1. A);
5. if heighi(l) = s(I) then
(co,...,Cq-1,Cq,Cq41,---,Cd) = (0,...,0,¢q,0,...,0).
In particular, if I is m-primary, thenheightl) = s(l) =d,g= 0and
(co,...,Cq) =(e1),0,...,0),

that is, the sequenagy, . . ., ) generalizes the Samuel multiplicity to arbitrary ide-
als.

REMARK 2. By Theorem 3, (1) and (2), & = G, A is formally equidimen-
sional, then
ja)y=co(l)#0 ifandonlyif s(l)=dimA.

REMARK 3. With the notation of (3.1) N.V. Trung (see [46], Cor82proved
that if (A, m) and| are such that the rinR = G (G, A) is a domain or a Cohen—
Macaulay ring, therm; (1) > Oforalld —s <i < g whered = dimA, s = s(l) and
g =dim(A/l).
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REMARK 4. If J c | c A are two ideals ofA with v/I = +/J andc(l) =
(co(l),...,cq(1)),c(I) = (co(d), ..., cq(d)) are their generalized Samuel multiplic-
ities, then from Theorem 3 (3) we haug(l) < cq(J), but we can say nothing about
Cq—1(1) andcg_1(J), as one can see from the two following examples.

EXAMPLE 2. (Erika Giorgi) LetA = K[X, Y, Z](x,y,z) WhereK is a field and
consider the ideald = (x, y)3N (x,23 N (y,2) andl = (x2,y) N (x,2)? N (y, 2).
Obviously J c | and+/J = +/I. By using [1] we getc(J) = (4,19,0,0) and
c(l)=(6,7,0,0).

LetL = (X2, y)N(x3, 22)N(y, z) andM = (x, y)2N(X, 2)3N(y, z). Obviously
L ¢ Mand+/L = +/M. In this case we get(L) = (29, 14,0,0) andc(M) =
(0,14,0,0).

The last example shows also the importance of the condigdght{L) = s(L)
in Boger's Theorem 2. Here the conditi@iL,, Ay) = e(My, Ap) for all minimal
primesp of M is satisfied, but is not a reduction oM. In fact, if L was a reduction
of M thenL and M would share a minimal reduction and then they would have the
same analytic spread, bstL) = dim A = 3, whiles(M) = 2.

3.2. Generalized Samuel multiplicities as intersection nabers

Let X, Y be equidimensional closed subscheme@@f = Proj(K[Xo, ..., Xn]),
whereK is an arbitrary field. For indeterminaték; (0 < i, j < n) let L be the
pure transcendental field extensii{Uij Jo<i,j<n and X := X ®k L, etc. Proving
a Bézout theorem for improper intersectionsj&rad and Vogel (see [16]) introduced
acycleo(X,Y) = 02+ ... + 0" on X_ N'Y,, which is obtained by an intersection
algorithm on the ruled join variety

J:= J(XL, Yo) € PP = Proj(L[Xo, ..., Xn, Yo, - -, Ynl)

as follows.
Let A be the “diagonal” subspace Bf”“ given by the equations

Xo—Yo=---=Xn—Ya =0,
let H; € J be the divisor given by the equation
n
= Z Uij (X; =Yj) =0,
j=0
and set? := ({o, ..., {n). Then one defines inductively cyclgé andoX by setting
,b’o =[J]. If ﬂk is already defined, decompose the intersection

BN H= okt gkt (0 <k <dimJ),

where the support afk*? lies in A and where no component ¢t+1 is contained
in A (if k = dim J, then the support of**1 is the empty set). It follows that® is
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a (dimJ — k)-cycle onX. NYL = J N A. The part of dimensiok of the cycle
o(X,Y) :=0(t, )= oK will be denoted by, so that the upper index denotes the
codimension in the ruled join and the lower one the dimensfdhe cycle. In general,
the cyclev (X, Y) is defined ovel..

DEeFINITION 1. The cyclen (X, Y) is called thev-cycleof the intersection of X
and Y . Anirreducible subvariety C of X0Y| is said to be aharacteristic subvariety
if C occurs ino (X, Y). The coefficient of C in(X, Y) is denoted by (X, Y; C). Thus

(X, Y) =2 j(X.Y:0)[C],
C

where C runs through the characteristic subvarieties. t@gall these subvarieties is
denoted by’ = C(X, Y). Moreover, the set of all elements@®fvhich are defined over
K is denoted by ot = Crat (X, Y), thatis,Crat is the set of Krationalor distinguished
or fixed subvarietieandC \ C; 4t is the set of the so-calletbn K -rationalor movable
subvarietie®f the intersection of X and Y.

By a result of van Gastel ([21], Prop. 3.9)Karational irreducible subvariety
C of XL NYL occurs ino(X,Y) if and only if C is a distinguished variety of the
intersection ofX andY in the sense of Fulton ([18], p. 95), and this is equivalerth&o
maximality of the analytic spread (see [2]) or the maxinyatit the dimension of the
so-called limit of join variety (see [17]).

For an arbitrary irreducible subvarie® € X NY. C P| we setZ, :=
J(Z,Z) N A. By J and Z, we denote the affine cones of the ruled jaln:=
J(XL, Y1) c P2 andZ, in the affine spac&?"™2. Let (A, m) be the local ring
Oj; 24 and!l cC A be the ideal of the diagonal subspatend letG(X, Y; Z) denote
the associated graded rit@ (A) = @2 I/11+1 1f Z is the empty subvariety of
P", then A becomes the homogeneous ring of coordinates of the ruledjai ]P’E””
localized at the irrelevant maximal ideal; that is, we abtaiglobal picture of the in-
tersection algorithm.

PROPOSITIONZ ([4], Section 4).With the preceding notation,

d

e(G(X.Y:2)) = &G (A) = > (1, A) = > j(X,Y:C)-e(0c 2).
k=0 C

where C runs through the characteristic subvarieties of Xl ahwith C > Z. In
particular, if Z € Crat (X, Y), then j(X,Y; Z) = j(, A).
If Z=¢,thend=dimA=dimJ+ 1and
Co= j(X,Y:; ), cy =degvo, C2 =deguy, ..., Cq = degvgd_1;
moreover, if k> dim(X NY) + 1, then ¢ = 0.
If Z # ¢ is K-rational, then d= dim A = dimJ — dim Z and

&= j(X.Y;C)-e(Ocz) (O<k=d),
C
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where C runs through all varieties @f(X, Y) with C > Z andcodincZ = k. If
k> dm(XNY)—-dmZ,theng=0.

We will illustrate the above proposition by recomputing gadf-intersection of
a monomial curve ifP2 obtained by hand in [44], Example 2, p. 269, as a result of a
heavy calculation.

ExAMPLE 3. Consider the curv&X in IP’f; (charK) # 2, 3) given parametri-
cally by (s, s*t2, s3t3, t6) and with defining ideal

2 2 3
I (X) = (XoX3 — X5, XgX3 — X7) C K[Xo, X1, X2, X3] .

Using [1] (see the sample file Segre4.txt) and the above gitipo in the caseZ =
¢, we want to calculate its self-intersection cyeleX, X). Running the computer
program, with the notation of the proposition, we gét, A) = (co, c1, C2, 0, 0), where

c(l,A = j(X, X;0)=12
ci(l, A deqoo(X, X)) = 18,
co(l, A deqgvi(X, X)) = 6.

Since X is a complete intersection of degree 6, it follows théax, X; X) = 1. In
order to understand; (X, X) we recall that by [2], Corollary 2.5, a point of is a
K-rational component af1 (X, X) if and only if it is a singular point oX. One checks
that X has the two singular pointB = (0: 0:0: 1) andQ = (1:0:0: 0).
One applies now Proposition 2 in the cages- P andZ = Q, more precisely, in the
previous calculation one substitutes = 1 for P obtainingc = (8, 3,0) andxp = 1
for Q obtainingc = (3, 2, 0). This means thaP is a point of multiplicity 3 inX and
j (X, X; P) = 8 andQ is a double point oX and j (X, X, Q) = 3. The contribution
of non K -rational points is therefore 7.

REMARK 5 (Analytic case). In the paper [47], Tworzewski has coriterd an
intersection cycle for complex analytic subs&tsandY of a manifold M which do
not intersect necessarily properly. His construction iseldaon a pointwise defined
intersection multiplicityg(x) = g(X x Y, Am, X) for a pointx € Ay, whereAy is
the diagonal oM x M andg(x) is the sum of the coordinates of the so-called extended
index of intersectiorg(x) (see [47], Definition (4.2), p. 185).

Let A= Oxxy,x andl =Zx,, -Oxxv,x. K. Nowak [35], [36] (see also [6]) has
proved thatg(x) = e(G, (A)) and that§(X) is composed of the generalized Samuel
multiplicities co(l, A), ..., Cdimxny) (I, A) and of zeros.

REMARK 6. Recall that al-dimensional projective variet) is said to becon-
nected in dimension & 1 if for every closed subvariety of X of dimension< d — 1
the setX \ Z is connected.

Flenner, van Gastel and Vogel (see [13], Theore#d) proved that ifX and
Y are pure dimensional projective varieties connected inXlim 1 and dimy — 1
respectively,A is the ring of coordinates of the ruled join #fandY localized at the
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irrelevant maximal ideal andis the ideal of “the diagonal” in the ring, then we have
G(l)>0Oforalld —s <i <q,whered = dimA, s =s(l) andg = dim(A/I).

The assumption of the theorem by Flenner—van Gastel-Vazes dot imply
the assumption of Trung’s Corollary 2.8 as one can see byollening example.

EXAMPLE 4. ([42]) Let X C Pﬁ be the non-singular curve of F. S. Macau-
lay ([29], page 98) given parametrically ys®, s°t, st3,t%)} and letY c P2 be the
line xo = x1 = 0. ThenX andY are connected in dimension 0 and the theorem of
Flenner—van Gastel-Vogel can be applied.

However, with the notation of Remark 6, the ril) = G (G| (A)) is nei-
ther Cohen—Macaulay (since the coordinate ring<aé not Cohen—Macaulay) nor a
domain (since the intersection cyal€X, Y) has twoK -rational components), hence
both the conditions of Trung [46], Corollary 2.8 are not filgfil.

3.3. Thej-multiplicity as a length

We have seen that {fA, m) is a local ring of dimensiondl andl C A is an arbitrary
ideal, thej-multiplicity j(I) := co(l) is an important generalization of the classical
Samuel multiplicity of arm-primary ideal since it measures the contribution of distin
guished components of the intersection (see Proposition 2)
If the ring A is Cohen—Macaulay and the iddals m-primary, thene(l, A) is
given by
length(A/(f1, ..., fq))

wherefy, ..., fg € | are sufficiently generic elements, hence a minimal rednaifo

I . Using the theory of residual intersections due to Huneke [85], [26]) and others,
under certain hypothesis on the pék, |) a similar formula can be proved for the
j-multiplicity, (see [15], Theorem 3.4).

We recall the following definitions. LeA be a local ring,] € A an ideal.
As usualH*(1, A) will denote the Koszul cohomology df, A), i.e. H*(1, A) is the
cohomology of the Koszul compleK*(xy, ..., Xk; A), wherexy,...,xx € | is a
minimal set of generators for. Following [16], the pair(A, |) is calledstrongly
Cohen—MacaulaySCM) if HP(I, A) is either zero or a Cohen—Macaulay module for
all p > 0; note that this differs from the notion originally given [[B5] as we also
require the Cohen—MacaulaynessAf For basic properties of this concept we refer

the reader to [25] and [16] (7.2). In particular we will ne&e following two facts.

If (A,1)is SCM andHP(I, A) is nonzero then it is automatically a Cohen-
Macaulay module of dimension dis/| over A/l , see [25] or [16], (7.2.7). Moreover,
the pair(A, 1) is SCM if and only if the Koszul cohomologf*(y1, ..., Ye; A) is a
Cohen—Macaulay module for ambitrary generating seys, ..., Ye Of I.

Another important notion in the theory of residual intetgats is the Artin—
Nagata condition. An ideal of a local ring A is said to satisfy thértin—Nagata
condition G; if

(Gs) u(lp) < heightp for all primesp e V(1) with heightp < s.
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Here(ly) denotes the minimal number of generators of the idigal A,. The ideal
| is said to satisfy{G if Gs holds for alls > 1.

THEOREM 4 ([15], Theorem 3.4).Let A be a d-dimensional local Cohen—
Macaulay ring, | € A an ideal. Assume thdfA, |) is SCM and that | satisfies
Then j(I, A) is given by the length of

l/(fr+...4+ fg_1) + fql,
where 1, ..., fq are sufficiently generic elements of 1.

REMARK 7. For the precise meaning of “sufficiently generic elemexiits”
see [15], (33). Letl = (x1,...,Xn). Extending the ringA with new indeterminates
Ui, ..., Udn, that is passing fromA to A’ = Afu1y, ..., UdnlmA[uys,....ugn» the ele-
ments

.....

n
fi ::Zuihxh fori =1,...,d
h=1

are sufficiently generic.

REMARK 8. If | is anm-primary ideal of ad-dimensional Cohen—Macaulay
ring A, then(A, I) is automatically strongly Cohen—Macaulay and satisfieg\ttie—
Nagata conditiors4, so Theorem 4 generalizes the classical length formula.

REMARK 9. If one admits the assumption on the local riagand| only sat-
isfies theGg-condition, then by the proof of [15], Theorem 3.4 one cantbe¢ the
following inequality holds:

j(, A) < length(l/(fy, ..., fa—1) + fal),

which generalizes the classical inequality for the Samudltiplicity of a system of
parameters given in (2.3).

The result of Theorem 4 can be applied to give explicitly esgions for the
j-multiplicity in many examples where the SCM condition isisfed (see [15], Sec-
tion 4). In particular one obtains a positive answer to tHiefang problem posed by
Ein, Lazarsfeld and Nakamaye in some special cases.

PrRoOBLEM 1. LetH <€ A" be a hypersurface ar@ € H an irreducible subset
of codimensiorc such thatC is an irreducible component of the two equimultiplicity
strataX; and X m, whereX; :={x e H | e(Onx) > i}.

Is thenC a distinguished component of tife + 1)-fold intersectionH+1?
Moreover, doe€ appear with a coefficient m¢*1 in the intersection cycle?

The general problem is even open in the special case @hisra point where
the multiplicity jumps (see [15], (4.4)). In this case theegtion becomes: assume that
H < A" is a hypersurface with a jump of multiplicity at O, i.e(On.0) > €(OH x)
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for all x £ 0 near 0. Is the point 0 then a distinguished component ofitfudd self-
intersection ofH? By [15], Prop. 41 in this situation we only know tha® = 0 is

a distinguished component &f" when it is an irreducible component of the singular
locus SingH.

3.4. Intersection algorithms for filter-regular sequencesand computation of the
j-multiplicity

In [3] and [4] we introduced intersection algorithms in adbang, which are counter-
parts of the construction of theittkrad—\Vogel cycle (see Definition 1), and compared
them with analogous algorithms in the associated graded fiimnese algorithms can
be used to express multiplicities as lengthes and to gérnethk last result of 2.3.

Again let(A, m) be ad-dimensional local ring, let € m be an ideal ofA and
letG := G, (A) be the associated graded ring. Consider a sequesacéy, . .., &) of
elements ofl such tha@ = /1 and the sequen& = (a7, ..., &) of the initial
forms ofay, ..., a in G is contained inG! = A/l and is afilter-regular sequence
with respect to the idedb* = @n1 1"/1"*1, that is

@f,....a G a < | J(@.....8 )G ¢ (G

n>0

fork = 1,...,t, or equivalently,ai ¢ ‘P for all relevant associated prime ideals
P € Assc(G/(@],...,a¢_1)G) fork = 1,...,t (see, for example, [43], Def. 1,
p. 252). In particular this implies that= (ay, ..., &) is a filter-regular sequence i
with respect td , see, for example, [3], (2.2).

We define a cycle(a, A) of A supported o/ (1) = V(aA) by the following
intersection algorithm in ASeta_; := (0), ap := 0, J := aA and inductively

o= J(@c1+a)ad  Oskst).

n>0

Observe thatiy = A. Then

o¥(@, A) := > length(A/(ak-1 + akA))p [p],
p

where the sum is taken over gl — k)-dimensional associated prime idealof
A/(ak—1 + axA) that contain] and[p] denotes the cycle associated withwe define
v(@, A) := L _, vX(@, A), and thedegreeof vX(a, A) by

dego*(a, A) := D length(A/(ak—1 + aA))p - €(A/p) .
p

The cyclen(a, A) can also be constructed by the followingmixed intersection
algorithm in A which is more closely related to the approach d@fcBtad and Vogel in
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[42]. Recall that, given an idedl, we denote byJ (L) the intersection of all highest
dimensional primary ideals df. Seta’_1 := (0) and inductively

= JU@1+aA) Al O<ks<b).

n>0

Then, ifa’x # A, it holdsa’x = U (ak) (see [3], proof of Proposition 3.2), hence

@ A) = > length(A/(a'k_1 + aA))p [p] .
p

where the sum is taken over gi — k)-dimensional associated prime idealof
A/(d'k_1 + axA) that containJ.

In the same way, replacirmby a* andJ by G, we define a cycle(a*, G) by
anintersection algorithm in G= G, (A) witha_; :=0- G, a5 := 0, and

dk = (Ak-1+ a;G) :¢ (GT) O<k<t).

We put
vk(@*, G) := > length(G/(dk-1 + 8¢ G)) s [F],
B

where the sum is over altl — k)-dimensional associated prime idegi®f G/ (ak—1 +
a;G) that containG™. Observe that the prime ideals ofa; A) containl and hence
correspond to prime ideals in the rify/1. On the other hand, the prime ideals of
v(a*, G) containG™ and correspond to their contraction ideaIsGﬂ(A) = A/l. So
both cyclesn(a; A) andv(a*, G) can be considered as cyclesAfl and we have the
following theorem ([4], 3.3):

THEOREMS (Deformation to the normal cone).
v(a, A) =o(@", G) ascyclesof Al .

A natural deformation space for the deformation to the nbouoae is given by
the extended Rees ring &f with respect td . L. O’Carroll and T. Pruschke used this
to introduce an analogue of the previous algorithms in Riegsrsee [37].

In order to generalize the last result of 2.3, that is, to cot@phej-multiplicity
as a length, we must use in the above algorithms “genericezltsta, ..., aq of I.
The precise meaning of “generic” is that the elements must siper-reduction” in
the sense of [3], (2):

DEFINITION 2. Let (A, m) be a local ring, let | be an ideal of A such that
s(l) =dim A =d. A sequence of elements a. ., aqg in | is called asuper-reduction
for | if:

1. their initial forms &, ...,a3 in G = G, (A) are of degree one and form a
filter-regular sequence for G with respect tofGi= @;_,!'/1'*%, that is,
@, ....a G :a* S Unso((@f,....a" G : (GH)M);
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2. for every relevant highest dimensional prime idpalf G = G| A and dp) :=
dimG/(mG + p) the initial forms ¢, ..., aj;(p) are a system of parameters for
G/(mG +p).

REMARK 10. If A/m is infinite, then every ideal of maximal analytic spread
has a super-reduction ([3], (2.9)).

If (a1, ..., aq) is a super-reduction df, thenay, ..., ag form a minimal basis
of a minimal reduction of (see [3], (2.8)).

If 1 is m-primary, then the notion of super-reduction coincideshwitat of a
superficial system of parametdrsthe sense of [39], p. 185.

Now let (A, m) be ad-dimensional local ring, lek be an ideal ofA of maximal
analytic spread(l) = dimA =d > Oandleta = (a, ..., a4) be a super-reduction
of I. We set

Int(a, A) :=ag_1+agA and U-In(a, A) :=d'q_1 + agA,

whereay_; anda’q_1 are the ideals produced by the intersection algorithm amdith
mixed intersection algorithm, respectively. Then the igéat(a, A), U-Int(a, A), are
equal andn-primary (see [3], 2). Analogously, the ideals I(@*, G) and U-In{a*, G)
are equal and primary with respect to the homogeneous maidee of G (see [3],
3.3) and we have the following theorem ([3], Theorem 3.8):

THEOREM 6 (Computation of thej-multiplicity by super-reductions)Let
(A, m) be a d-dimensional local ring, let | be an ideal of A of maximahlytic spread
s(I) =dimA =d > Oandleta= (ay, ..., aq) be a super-reduction of I. With the
notation introduced before, one has

i, A) = lengthy(A/Int(a, A)) = lengthy(A/ U-Int(a, A))
length, (G/ Int(@*, G)) = lengthy (G/ U-Int(a*, G)) = j (G, G).

3.5. Reduction ideals andj-multiplicity

Using thej-multiplicity it is possible to give a numerical charactiion of reduction
ideals, which generalizesdger’s theorem, see Theorem 2. The easy direction is given
by the following proposition.

PrRopPOSITION3 ([14], Proposition 2.10)Let (A, m) be a local ring, let JC
| € mbeideals of A. If J is a reduction of I, ther{J, A) = j (I, A).

For the other direction we need to consider formally equatisional local
rings. Precisely we have the following result.

THEOREM 7 ([14], Theorem 3.3)Let J € | < m be ideals of an equidi-
mensional local ring(A, m). Then J is a reduction of | if and only if(Jp, Ap) =
j (I, Ap) for all prime idealsp € SpecA.
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REMARK 11. Theorem 7 generalize®Ber’s theorem (see Theorem 2), since if
V1 = /J then the ideal$ andJ have the same minimal primes, that is Ny 1) =
Min(A/J). Moreovers(J) = heigh(J) implies that

{p € SpecA | heighi(p) = s(Jp)} = Asymp(J) = Min(A/1)

by Lipman’s Theorem 3, p. 116 and remark p. 117.
For eachp € Min(A/1) we have

1 (Jp, Ap) = €e(Jp, Ap)

J(p, Ap) = e(lyp, Ap)

hence by Corollary 1 of (2.4) and Rees’ theorem (see Theojeme tan conclude that
J is areduction of .

REMARK 12. The numerical condition of Theorem 7 must be checked only
for a finite number of prime idealy, € SpecA. In fact, by Remark 2 in (3.1) and
Remark 1 in (2.4) the multiplicity (J,, Ap) # 0 if and only ifp € Asymp(J), hence
it is sufficient to comparg (Jp, Ap) andj (I, Ap) for all p € Asymp(J) U Asymp(l)
and this is a finite set.

REMARK 13. Theorem 7 says thatis the largest ideaN containing! such
thatj (Ip, Ap) = j(Np, Ap) for all p € SpecA, see (2.4).

The proof of Theorem 7 uses the generalized multipligi¢y, M) for a finite
A-module M, which was introduced in [16], Section 6.1. This multipjctoincides
with j (I, A) whenM = A, has nice properties like additivity for exact sequences of
A-modules (see [15], Lemma 3.1) and it is preserved undergemgerplane sections
(see [15], Proposition 3.2). These properties are usecdbtgeprheorem 7.

In [10] C. Ciuper@ generalizes Proposition 3 in the following way.

PROPOSITION4 ([10], Proposition 2.7).Let (A, m) be a d-dimensional local
ringand let JC | € m be ideals of A. If J is a reduction of |, then J and | have the
same generalized Samuel multiplicities, that(d)= c(l).

It would be interesting to have a converse of this propasjtighich is known
in the analytic case, see [19], Corollary 4.9 and our Thordm This would avoid
localization and would give a more useful numerical cowditio test if an ideal is a
reduction ofl by using computer algebra systems.

3.6. Generalized Hilbert coefficients and Serre’s property($) for the Rees alge-
bra

Let (A, m) be a formally equidimensional local ring of dimensidnlet | be an ideal
in A, let R = A[lt,t~1] be the extended Rees algebraffvith respect tol and
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let R = @nez I1Mt" be the integral closure dR. Then Flenner-Manaresi’s numerical
characterization of reduction ideals of Theorem 7 can te¥pméted as follows:

1M is equal to the largest ideal, s&y, containingl” such thatj (I "Ap, Ap)
= j(Kp, Ap) for all p € SpecA.

Let R be a noetherian integral domain. Then the well-known naitynediterion
of Krull-Serre states thaR is integrally closed if and only if it satisfies the following
two properties:

(Ry) for each primeP of codimension< 1, Rp is regular;

(S) for each primeP of codimension> 2, depthRp > 2.

If Ris lacking theS-property of Serre, one can try to construct the minimal esitan
R of R which satisfiesS. The ringR is called theS-closureor the S-ification of
R and it exists wherR has a canonical module or whéhis a universally catenary,
analytically unramified domain (see [22], (5.11.2) and [42]7)). It is a step in the
construction of the integral closure Bf

If I c Aisanm-primary ideal, then K. Shah [41] proved the existence ofjuai
largest ideals (the so-callddth coefficient ideajsly (1 < k < d) lying betweenl
and1 such that the firsk 4+ 1 Hilbert coefficientsey, . .., & (see Section 2.1) of
and ly coincide. If A is a formally equidimensional, analytically unramified abc
domain with infinite residue field and iA has positive dimension and (&), then
C. Ciuperé [9] showed that tha-th graded piece of th&-closure ofR = A[It, t~1]
is precisely the first coefficient ide@l")1,, that is, the largest ide& > |" such that
eo(K) = ep(1™) ander(K) = ey (1M).

Using the generalized Hilbert coefficiem%,’l) (see Section 3.1), Ciupe&x¢10]
has generalized this to not necessanilyprimary idealsl . In order to describe Ciu-
per@’s result, we assume that= dim A > 0 and introduce the following notation:

jo(h) == j(1) = co(l) = a53"(1).,

j1(1) = (e, agy? 1 (1) = @y (). afy” 1 ().
Note that in the case of an-primary ideall one gets the first two classical Hilbert
coefficients:jo(1) = ep(1) = e(l) andj1(1) = (0, —ey(1)). Ciupera ([10], Def. 3.1)
extended the definition of thiérst coefficient ideal (hy to not necessarilyn-primary
idealsl as follows: if dimA/I < dim A, she defined

Iy = JU" ad),

where the union ranges over al> 1 and alla € 1"\ 1" such that the initial form
a* ofain G| (A) is a part of a system of parameters@®f(A). If | is m-primary, this
definition coincides with the one given by Shah. Indeed, lgystnucture theorem for
the coefficient ideals proved by Shah ([41], Theorem 2), wehg, = (J(I n+l., a),
where the union ranges over all> 1 and alla € 1" extendable to some minimal
reduction ofl ". Note thata is extendable to some minimal reductionl&fif and only
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if the image ofa* in G| (A)/mG, (A) is part of a system of parameters. But if the ideal
| is m-primary this is equivalent to the fact thait is part of a system of parameters of
G| (A), since the ideanG, (A) is nilpotent.

With this new definition of the first coefficient ideg,, the above description
of the S-closure of the extended Rees algebra can be generalizest teeoessarily
m-primary ideals! .

THEOREM 8 ([10], Theorem 3.4) Let (A, m) be a formally equidimensional,
analytically unramified local domain with infinite residuelfi and positive dimension,
and let | be an arbitrary ideal of A. IR = @nezInt" is the S-ification of R =
Allt, t=1], then

IhnN A= (1" foralln>1.

In particular, if Ais(S), then b, = (1"); foralln > 1.

Now the announced numerical characterization of $héfication of the ex-
tended Rees algebra reduces to the problem of finding a nceheharacterization of
the generalized first coefficient ideals. This is the comstefithe following theorem.

THEOREM 9 ([10], Theorem 4.5) Let (A, m) be a formally equidimensional
local ring and let JC | € m be ideals of positive height. Then the following condi-
tions are equivalent:

11 € gy,
2. jo(JAy) = jo(IAp) and p(J Ay) = j1(1 Ap) for all p € SpecA,;
3. jo(JAp) = jo(I Ap) and g37 (1A,) = S, (J Ay) for all p € SpecA.

REMARK 14. Condition 3 of the previous theorem is not contained i0],[1
Theorem 4.5. Obviously 2 implies 3. To see the converse, aneobserve that by
Theorem 7 fromjo(J Ap) = jo(l Ap) for all p € SpecA it follows that J is a reduction
of I, hencelJ;, is a reduction ofl, for all p € SpecA, therefore by Proposition 4 one
hasci(J Ay) = c1(l Ap).

w1 In view of the above consideration it seems to be better tnegfi(l) :=
,1)

ady? (1) instead ofj1(1) := (ca(1), aS3”; ().

The previous theorem can be considered as a generalizdtidarmer-Manaresi’s nu-
merical characterization of reduction ideals (Theoremwhjich can be reformulated
as follows.

THEOREM 10. Let (A, m) be a formally equidimensional local ring and let
J € | € mbe ideals of A. Then the following conditions are equivalent

1. | C Jy := J, thatis, J is a reduction of I;

2. jo(1Ap) = jo(J Ap) forall p € SpecA,
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3. jo(I Ap) = jo(J Ap) for all idealsp € Asymp(l) U Asymp(J).

PrROBLEM 2. In the previous theorem only a finite number of localizagibas
to be considered, see Remark 12 in (3.5). It is not clear & #nough to test also
condition 2 of Theorem 9 only for a finite number of prime idgak SpecA.

3.7. Generalized Samuel multiplicities and Segre numbers

T. Gaffney and R. Gassler [19] introduced and studied theafled Segre numbers of
an ideal in the following set-up.

Let (X,0) € (C",0) denote a germ of an analytic subset of pure dimension
d, and letl be an ideal inOx o which defines a nowhere dense subspacexo).
Choose a minimal séty, . .., hy of generators of. Thepolar varieties R(I, X) and
Segre cyclea\k1(l, X) are defined inductively fok = 0, ...,d — 1 as follows (see
[19] and [20], Section 2.1)Py(l, X) := X, and fork > 1 the polar varietyPx (I, X)
is defined to be the closure M(ﬁk|Pk_l(|,x)) \ V (1), wherehy is a generic linear
combination ofhy, ..., h;. The word “generic” means in particular that the subspace
Y of P_1(1, X) defined by the sheaf of idealsy) Op,_,(1.x) has to be reduced outside
V(1) in a sufficiently small neighbourhood of the point 0. Tk¢h Segre cyclas
defined as the difference of cycles

Ak, X) := [V (helpe_y1,x0)] = [Pe(1, X)T.

We recall that the CyC|eV(Flk|H<71(|’x)] is defined as>_ mw[W], where theW's run
over all irreducible components of the %(ﬁk|pk_l(|,x)), and the integemy equals
by definition the length of the local rin@y,y) ), , where(Wy); is the prime ideal of
a component of the germ of the d&tat a pointy € W (see [30], p. 9).

Thek-th Segre cycleA (1, X) can also be described by using the blowupKof
alongV (I). Let

X x P15 Bl(X) 2 X,

E the exceptional divisor anHly, ..., Hk_1 generic hyperplanes oBl, (X) induced
by generic hyperplanes & —1. Then

Ax(l, X) =by(H1---Hk_1- E- Bl X).
Thek-th Segre numbeis defined as
ex(l, X) := multg(Ak(l, X)) := e(Ox.(,x),0) k=1,...,d.

If s denotes the analytic spread lafthen one can easily see that the sequence
h := (hy,..., hy) is filter-regular with respect td, hence one can perform the in-
tersection algorithm for the sequeniges in Section 3.6. By the definition of Segre
cycles, one has

multo(Ak (1, X))
multg(Ak (1, X))

dego¥(h, Ox o) fork=1,...,s, and
0 fork=s+1,...,d
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(see [6], proof of Theorem 1).

THEOREM11 ([6], Theorem 2).With the previous notation, the following equal-
ities hold:
e(l, X) = cq—k(l, Ox,0) fork=1,...,d

and (1, Ox,0) = 0.

The generalized Samuel multiplicities are also relatechéodegrees obegre
classes of cones and subvarieties YX. For the theory of Segre classes we refer the
reader to [18], Chapter 4.

The total Segre class @, X) € A.Y is defined as follows: ifY = X then
s(Y, X) = [X], otherwise letX = BlyX, C := CyX the normal cone oK along
Y, E = P(C) the exceptional divisory;: E — Y the projection, and := dimX =
dim X. Thei-fold self intersection€' = E « --- % E are well defined classes in
Ag4—i (E) and one defines

S(Y, X) := > (=)' " (ED.

i>1

This means that the total Segre class is constructed by tdpwp X alongy, and
pushing down various self-intersections of the exceptidivésor. It depends only on
the normal cone t& in X. One writes

s(Y, X) = s(CyX) := D s (Y, X) = D s (Y, X),

i>0 i>0

where bys one denotes the part efof dimensiori, and bys' the part of codimension
i in X. Thus, if X is equidimensional (as we always assume), thea sdimX-i

If X andY are nonsingular, then the normal cone is a bundle, the ndrumalle
Ny X of X alongY, with Chern classeg = ¢ (Ny X), and the Segre classg$Ny X)
can be regarded as their formal inverse:

14+ci+C--=Q+st+82+-.)L,

e, f=1sl=-c,9=c2—c,...

Turning back to the general case, that{sandY not necessarily nonsingular,
for E = P(C) one has thaNg X = O4(E)|e = Oc(-1) is the dual of the canonical
line bundleO¢ onP(C). It follows that

E' = (-1l ((Oc ) H N [P©)],

hence .
s=5(C) =s(Y, X) = D n.(c2(Oc(1))' ™ N[PC)]).

i>1

If Y ¢ X C P"is an irreducible and reduced subschemeXofindr :=
codimxY > 0, g := dim(X) + 1 —r, then the degree of the Segre clasgy, X)
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s"(Cy X) is related to the Samuel multiplicig(Ox,v) = ey X of X alongY as follows
(see [18], 4.3):

S (Y, X) = 7:(c1(Oc (1) L N [P(C)])
= (=) g (ETTh,

e(Ox,y)IY] = ey X[Y]

that is,
degs' (Cy X) = degsq—1(Cy X) = e(Ox y) - degY = cq(l, A),

whereA is the homogeneous ring of coordinatesXfocalized at the irrelevant maxi-
mal ideal and is the ideal ofY in A.

In general, with the convention théf}) := 0 form > 0 and(j) =1, one
has the following proposition, which gives the relationvbetn generalized Samuel
multiplicities and degrees of Segre classes of cones.

PROPOSITIONS ([4], Corollary 4.3). Under the hypothesis of Propositi@n if
Z=¢thend =dimA=dimJ+1,g=dim(JNnA)+1and,fork=-1,...,d—1,
q-1

d—k-2
Ckra(l, A) =D (d i 2) degs (CynaJ)
i=k

and

k

k—1 ,
degs(Cyna J) = degsyk-1(Canad) = D (i ~ 1) D" easi(1, A).
i=0

REMARK 15. More general, iX is an equidimensional algebraic scheme over
the base field<, £ a line bundle of degre&on X, o1, ..., 0t € HO(X, £) andY :=
V(e1) N---NV(ay), then

q-1

3) Ck+1 = ; (d I 2)5 degs (Y, X)
and
K k-1 -
@ degr.) = degso-ic a0 = 3 (1) -0 e
- i —1
k=0,...,d—1

We want to illustrate the usefulness of the generalized @amuiltiplicities
for the calculation of the degrees of Segre classes usinguet@mnalgebra systems,
discussing an example which can be easily checked by hamdsdrhe method can be
applied to much more complicated examples which cannot lseleted by hand.
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EXAMPLE 5 ([11], Example 5.3). Let us consider the flat famHyin A3 de-
fined over the affine ling by the ideal(x, z) N (y, 2) N (X — Yy, Z — tx). Note thatX
is the union of three lineX;, X, and X3 passing through the origiR (and lying in a
plane ift = 0). Our aim is to calculate the degrees of the Segre classéslizgonally
embedded irX x X.

The normal con€x (X x X) = SpecK|[x, Y, z, u,v, w]/J can be calculated
by a computer, getting

J = (t?xy — 22, z(tx — 2), z(ty — 2), tyw + tzo — 2Zw, tXw + tzu— 2zw,
t?xo + t2yu — 2zw, w(t?up — tuw — tow + wz)) .

Observe that] is a bigraded ideal with respect to the variabley, z and u, v, w
respectively. LetA be the ring of coordinates of x X localized at(x, y, z, u, v, w)
andl = (x —u,y —v,Z— w)Athe ideal of the diagonal i\. Then the bidegrees
of J are the generalized Samuel multiplicitied, A) of | in A and, by a computer
calculationc(l, A) = (6, 3, 0, 0). By the previous proposition one gets the degrees of
the Segre classes:

degso(X, X x X) =0, degsi(X, X x X) = 3 = degX.

The same results holdif= 0.

We observe that, sinc¥ is the union of three lines, using the bilinearity of the
intersection cycle (X, X) (see for example [16], Section 2.1), we hawgX, X) =
[X1] + [X2] + [X3] + 6[P] (which holds also in the cage= 0). From this it follows
immediately that(l, A) = (6, 3, 0, 0) and hence one obtains the degrees of the Segre
classes as above.

3.8. Generalized Samuel multiplicities and Whitney stratifcations
We recall the following definitions.

DEFINITION 3. Let X € P" be a d-dimensional complex projective variety,
and let Y C X be a non-singular subvariety. We say that the [gifeg, Y) satisfies
the Whitney conditionsat a point % € Y if for each sequencg;) of points of Xeq
and each sequendg;) of points of Y both converging tgxand such that the limits
limy; 5 x Txy X andlimy, v . x, Xiyi exist in the Grassmannians(@, n) and G(1, n)
respectively, one has:

@ lim T X DO TyY,
Xi —>Xo
®) XiIEpXo TaX 2 Xi,l)}irgxo X

We remark that (b) implies (a).

DEFINITION 4. A Whitney stratificatiorof X (d = dim X) is given by a filtra-
tion of X by closed subsets F

X=F2F 2 --2F41=0
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such that

() F \ Fi11 is either empty or is a hon-singular quasi-projective varief pure
codimension i (the connected components;&ffit1 are called thestrataof the
stratification);

(i) whenever $and & are connected components of \FFi1 and i \ F1 re-
spectively, with §C S, then the pain(&, Sj) satisfies the Whitney conditions
(a) and (b).

DEFINITION 5 (Polar varieties) Let L, be an(n — d + k — 2)-dimensional
linear subspace dP", 1 < k < d = dim X. The kth polar variety(or polar locu$ of
X associated with [ is

P(L k), X) := closure of{x € Xreg | dim(TxX N L)) =k —1}.
For k = Owe set RL (g, X) := X.
If L is generic, we writeP(X) = P(L), X) since it is well known that

P(L k), X) is empty or equidimensional of codimensioin X and its degree does not
depend orl (). If

LoClLyC...CL@
is a generic flag, then we have
X = Po(X) D Pi(X) D ... D Pa(X).

The polar varieties defined here are different from the paaeties of Gaffney-
Gassler defined in Section 3.7.

Letx € X. Teissier showed that the sequence of multiplicities
Mo = & (Po(X)), ..., M4—1 = &(Py-1(X))
does not depend upon the choice of the general flag. Moreevardved the following
result.

THEOREM 12 (Teissier [45]).The pair (X eg, Y) satisfies the Whitney condi-
tions in x if and only if the sequence of polar multiplicities

mp = ey(X), My = ey(P1(X)), ..., Mg-1 = &y(Pg-1(X))

is locally constant in Y aroundox

DEFINITION 6 (The stratifying functiorg). Let X € P" be a d-dimensional
complex projective variety and let x a point of X.
Let A:= Oxxx,(x,x) and let | be the diagonal ideal in A. We define

d
900 :=eGi(A) = > (I, A).

i=0
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Note that dimA = 2d, thatcgs1 = - - - = Cyg = 0 and that

(co(l, A),ce(l, A), ..., ca(l, A)
is a refinement of the multiplicitgg (1, A) = ex X = e(Ox x) of X atx.

Figure 1: Theg-stratification of the surface® + y* = xyz

THEOREM 13 ([5], Theorem 4.2)Let X c P" be a (reduced) surface and
x € X be a closed point. Then

Xj={xeX[gx)>j}, j=01,...
are closed subschemes of X or empty, and the connected centpar
S = 97H1) = Xj\ Xj4a

are the strata of a Whitney stratification of X (the coarsest & n= 3).

EXAMPLE 6. Consider the surfack in C2 (or in P3) defined by the equation
x* 4+ y* — xyz = 0, whose singular locus is theaxis (see Figure 1). We want to
determine the coarsest Whitney stratification. Using [1] W&am for the generalized
Samuel multiplicities(cp, ¢1, cg) and the polar multiplicitiegmg, m1) (both ordered
by codimension) the following values:

Locus (c2,c1,¢0) | g | (mg, my)

X\SingX || (1,0,0) | 1| (1,0

z-axis (2,2,0) 4 (2,0

origin (3,6,00 |9 (34

Hence the Whitney stratification is given by

surface D z-axis D origin.
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