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MAXIMAL POINCAR É SERIES AND BOUNDS FOR BETTI

NUMBERS
Dedicated to Paolo Valabrega on the occasion of his 60th birthday

Abstract. We give a new proof of an existing theorem concerning maximal growth rates of
Betti numbers. Other results that use Poincaré series formulas to give upper bounds for the
growth of Betti numbers of finitely generated modules over local rings are then surveyed.

1. Introduction

Consider Notherian local rings(A,m, k) and (B, n, k), a finitely generated
B-moduleM , and a local morphismf : A→ B inducing an isomorphism of residue
class fieldsA/m ∼= B/n ∼= k and through whichB andM become finiteA-modules.
Denote thenth Betti numbers ofB andM over A by bA

n (B) andbA
n (M) respectively,

and thenth Betti number ofM over B by bB
n (M). The corresponding Poincaré series

are then the formal power seriesPA(B), PA(M), andPB(M) whose coefficients are
those Betti numbers.

With the additional technical assumption that TorA(k, B) is a k-vector space
when considered as aB-module (which is automatically satisfied whenf is surjec-
tive), an inequality was established by the author and P. Salmon in [9] that relates the
coefficients of the Poincaré series:

(1M ) PB(M) �
PA(M)

1− t (PA(B)− 1)
.

(The symbol� signifies that the inequality is among corresponding coefficients of the
power series in the variablet on either side.) In terms of Betti numbers,(1M ) can be
expressed as

bB
n (M)+ bB

n−1(M) ≤
n∑

j=1

bB
n− j (M)b

A
j−1(B)+ bA

n (M)

for n ≥ 1, andbB
0 (M) ≤ bA

0 (M). The relationship is proved by considering the change
of rings spectral sequence with

E2
p,q = TorB

p

(
TorA

q (k, B),M
)
⇒
p

TorA
p+q(k,M)

and then counting dimensions of appropriatek-vector subspaces. The inequality is the
natural extension to finitely generated modules of one originally stated by Serre [19] in
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408 E. Gover

the special case whereM = k. In its general form,(1M ) gives implicit bounds for the
growth rates of the Betti numbers ofM .

Questions concerning the growth rates of Betti numbers for classes of modules
over local rings have been considered by several investigators, especially Avramov. In
[2], he proved that the Betti numbers of arbitrary finitely generated modules over local
rings have at most strong exponential growth. The purpose ofthe present article is to
reprove that and a related result directly from inequality(1M ). Then, with an upper
bound for the growth of Betti numbers in place, a review will be given of growth rates
at the extremes, namely, for modules over complete intersections and Golod rings.

2. Exponential bounds for the growth rates of Betti numbers

We may assume, using the Cohen structure theorem, that all local rings considered are
homomorphic images of regular local rings. That is, we may take then-adic completion
B̂ of local ring B to be isomorphic toA/b where(A,m, k) is regular andb ⊆ m

2. As
B̂ is flat overB, the homological data including the Betti numbers and Poincaŕe series
will be the same forB and B̂, and the former may be replaced by the latter. The
conditionb ⊆ m

2, which can always be achieved, assures thatA andB have the same
embedding dimension: e.dim A = dimk(m/m

2) = dimk(n/n
2) = e.dimB. Bounds for

the growth rates of Betti numbers now follow using(1M ).

THEOREM 1. The Betti numbers of a finitely generated module M over any lo-
cal ring B have at most termwise exponential growth; that is,for a given module, there
exists a constantα > 1 (which depends on M and B) and a sequence of positive inte-
gers{cn} such that bBn (M) ≤ cn for each n, and cn ≥ α cn−1 for all n ≥ dimk(m/m

2).
The bounding sequence{cn} also exhibits strong exponential growth; namely, there ex-
ist constants1 < β ≤ γ such thatβn < cn < γ n for all n ≥ 2 dimk(m/m

2), and
therefore bBn (M) < γ n for those n.

Proof. Both assertions follow from inequality(1M ) applied to the surjective natural
map f : A→ A/b = B whereA is regular andb ⊆ m

2. Define{cn} by setting

(2)
∞∑

n=0

cntn =
PA(M)

1− t (PA(B)− 1)
.

Then, by(1M ), bB
n (M) ≤ cn for eachn. The next part of the argument parallels

Peeva [18, Proposition 5] but in a slightly different context. As A is regular, both
the A-free minimal resolutions ofM and B, XA(M) and XA(B), are finite, so the
Euler characteristics of these resolutions vanish implying t = −1 is a root of both
PA(M) = 0 andPA(B) = 0. Thus, we may write

PA(M) = (1+ t)pM (t) and PA(B) = (1+ t)pB(t)

wherepM (t) and pB(t) are polynomials int of degree< ε = dimk(m/m
2).
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When B is not a hypersurface ring (so thatbA
1 (B) ≥ 2 anda2 = bA

1 (B) −
bA

0 (B) 6= 0), denominator 1− t (PA(B)−1) = 1+ t − t PA(B) = (1+ t)(1− tpB(t))
has the form

1− t (PA(B)− 1) = (1+ t)(1− t − a2t2− · · · − ar tr )

wherean =
∑n

i=1(−1)i+1bA
n−i (B) for 2 ≤ n ≤ r ≤ ε anda2,ar 6= 0. It follows that

equation (2) can be rewritten as

∞∑

n=0

cntn =
pM (t)

1− t − a2t2− · · · − ar tr

from which for eachn ≥ ε,

(3) cn = cn−1+ a2cn−2+ · · · + ar cn−r .

Localizing at(0) and considering the Euler characteristic of the appropriate exact se-
quence, dimk

(
SyzA

n (B)(0)
)
− an = 0 (where SyzAn (B) is thenth syzygy module of

XA(B)), thereby showing for eachn ≤ r that an is a positive integer. Meanwhile,
starting from the bottom using (2),cn = bA

n (M) ≥ 1 for n = 0,1 (assumingM is not
A-free) and after simplification,

cn =

n∑

j=2

cn− j b
A
j−1(B)+ bA

n (M)

for n ≥ 2, which shows thatcn ≥ 1 for all n ≤ ε. When combined with (3), this shows
thatcn > cn−1 for all n ≥ ε, providedB is not a hypersurface ring.

Once thecn strictly increase forn ≥ ε − 1, setα =min
{

cε
cε−1

,
cε+1
cε
, . . . ,

c2ε−1
c2ε−2

}
.

Thenα > 1, and for alln with ε ≤ n ≤ 2ε − 1, it follows thatcn ≥ αcn−1. Suppose
that for somen ≥ 2ε it has already been shown thatc j ≥ αc j−1 for all ε ≤ j ≤ n− 1.
Then,

cn = cn−1+ a2cn−2+ · · · + ar cn−r ≥ αcn−2+ a2αcn−3+ · · · + arαcn−r−1 = αcn−1.

The inequalitycn ≥ αcn−1 now holds for alln ≥ ε by induction, which establishes
the first assertion of the theorem for all except hypersurface rings. For those rings,∑∞

n=0 cntn = pM (t)/(1− t), in which casecn = cn−1 for n ≥ ε. Thus, the Betti
numbers of finitely generated modules over hypersurface rings are bounded and hence
eventually constant by a result of Eisenbud [4].

Strong exponential bounds for the Betti numbers over non-hypersurface rings
can now be found using (3). To find an upper boundγ > 1 such thatcn < γ n for
n≫ 0, start by considering (3) withn = 2ε:

c2ε = c2ε−1+ a2c2ε−2+ · · · + ar c2ε−r .

Setλ = 1 +
∑r

j=2 a j . Then, becausec2ε−1 > · · · > c2ε−r , it follows that c2ε <

λc2ε−1. Repeating the calculation usingn = 2ε + 1 givesc2ε+1 < λc2ε < λ2c2ε−1.
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By induction,c2ε+s < λs+1c2ε−1 for any s ≥ 0. Moreover,c2ε−1 > 1 so it may be
rewritten asc2ε−1 = µ2ε−1 with µ > 1. Thus,c2ε+s < λs+1µ2ε−1 for any s ≥ 0.
If γ = max{λ,µ}, thenc2ε+s < γ s+1γ 2ε−1 = γ 2ε+s with γ > 1. In other words,
cn < γ n for all n ≥ 2ε.

Finding a lower boundβ for whichβn < cn is even easier and so that argument
will be skipped. Note that the lower bound holds forn ≥ ε + 1. Taken together, when
n ≥ 2ε, both bounds apply andβn < cn < γ n.

REMARK 1. In [2], Avramov proved the second part of the theorem in a dif-
ferent way by applying a theorem of Fatou, which says that when

∑
n≥0 cntn repre-

sents a rational function and the coefficientscn are eventually non-negative and non-
decreasing, then thecn exhibit strong exponential growth if and only if the radius of
convergence of the power series is less than 1. For the rational function considered in
equation (2) of Theorem 1, the denominator

1− t (PA(B)− 1) = 1+ t − t PA(B) = 1− bA
1 (B)t

2− · · · − bA
r (B)t

r+1,

is a polynomial with a single positive rootα < 1 while the numerator has no positive
root. Hence, the radius of converge is< 1 and so the growth of thecn is strong
exponential by Fatou’s result.

3. Cases where Poincaŕe series inequality(1M) becomes an equality

We recall some relevant terminology:

DEFINITION 1. A local morphism f: (A,m, k)→ (B, n, k) for which inequal-
ity (1M ) is an equality when M= k and for whichnH̃(XA(k) ⊗A B) = 0 holds,
is called aGolod homomorphism. In the second condition, XA(k) denotes a mini-
mal A-free resolution of k over A and̃H signifies reduced homology. This condition
holds automatically when f is surjective. When A is regular and the natural map
f : A → B̂ = A/b is a Golod homomorphism withb ⊆ m

2, the ring B is called a
Golod ring. If M is a finitely generated B-module for which(1M ) is an equality, M is
called an f-Golod module.

There are various characterizations of Golod rings, Golod homomorphisms, and
f -Golod modules. For example, results of Levin from [14], [15], [16] give conditions
equivalent to the defining ones and are summarized in the nexttwo theorems.

THEOREM 2. The following are equivalent:

(1) f is a Golod homomorphism; that is, PB(k) =
PA(k)

1− t (PA(B)− 1)
and

nH̃(XA(k)⊗A B) = 0.

(2) The induced mapsTorA(k, k) → TorB(k, k) and TorA(k, n) → TorB(k, n) are
injective.
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(3) The induced mapTorA(k, k)→ TorB(k, k) is injective andTorA(k, B) has trivial
Massey products.

(4) There exists a minimal set of generators V forH̃(XA(k) ⊗A B) and a trivial
Massey operationγ on V withIm(γ ) ⊂ n(XA(k)⊗A B).

THEOREM 3. The following are equivalent:

(1) The B-module M is f -Golod; that is, PB(M) =
PA(M)

1− t (PA(B)− 1)
.

(2) f is a Golod homomorphism and the induced mapTorA(k,M)→ TorB(k,M) is
injective.

(3) TorA(k,M) → TorB(k,M) and TorA(k,SyzB
1 (M)) → TorB(k,SyzB

1 (M)) are
both injective.

(4) For every i> 0, SyzB
i (M) is f -Golod.

Some comments clarify these equivalences. Regarding the first three conditions
in each theorem, recall that inequality(1M ) is obtained from the change of rings spec-
tral sequence with

E2
p,q(M, f ) = TorB

p(TorA
q (k, B),M)⇒

p
TorA

p+q(k,M).

Meanwhile, the induced maps mentioned in the second and third conditions of each
theorem are specific cases of

TM ( f ) : TorA(k,M) ∼= H(X ⊗A M) ∼= H((X ⊗A B)⊗B M)
H( f̄⊗1M )
−−−−−−→ TorB(k,M)

whereX = XA(k) andY = YB(k) are minimal resolutions ofk over A andB respec-
tively, and f̄ : X ⊗A B → Y is a lifting of 1k. It turns out that the edge maps of the
spectral sequence together with the filtration that resultsfrom its convergence lead to
a factorization ofTM ( f ) that forces injectivity ofTM ( f ) when inequality(1M ) is an
equality. Conversely, ifTk( f ) andTM ( f ) are injective, inequality(1M ) becomes an
equality. This suggests how the equivalence (1)⇔ (2) in each theorem can be obtained.

For properties of Massey products see, for example, [11]. Massey products are
used in essentially two ways in Theorem 2. First, Golod’s original idea [6], updated by
Gulliksen [10] can be expressed in the following way:

LEMMA 1. If a connectedDG A-algebra3 has trivial Massey products and is
free of finite type as an A-module, and if T(L) denotes the tensor algebra of the graded
A-module L where L0 = 0 and Ln is a free A-module of rank= dimk(H̃n−1(3)⊗Ak),
then the differential on3 can be extended to a differential on Y= 3⊗A T(L) so that
Y becomes an A-free resolution of k. If, moreover,∂3 ⊂ m3 and a trivial Massey
operationγ can be chosen for a minimal set of generators ofH̃(3) so thatIm(γ ) ⊂
m3, then Y is a minimal resolution of k.
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Basically, trivial Massey products guarantee existence ofa trivial Massey oper-
atorγ , which is used to extend the differential toY = 3⊗A T(L) in such a way thatY
is acyclic and so becomes anA-free algebra resolution ofk. The additional conditions
∂3 ⊂ m3 and Im(γ ) ⊂ m3 ensure that this resolution is minimal. When the lemma
is applied in the context of the local morphismf described in Theorem 2, the result is:

COROLLARY 1. Set X = XA(k). If there exists a trivial Massey ope-
ration γ defined on a minimal set of generators for̃H(X ⊗A B) with
Im(γ ) ⊂ n(X ⊗A B), thenTorA(k, k) → TorB(k, k) is injective and inequality(1M )

with M = k is an equality.

Proof. Let L be the free, gradedB-module withL0 = 0 and rank|Ln| = |H̃n−1(X⊗A

B)| for n ≥ 1. By the lemma,(X ⊗A B)⊗B T(L) is a minimalB-free resolution ofk
and therefore TorB(k, k) ∼= (X⊗Ak)⊗B T(L). At the same time, TorA(k, k) ∼= X⊗Ak
andT0(L) = B, so the natural mapX ⊗A k → (X ⊗A k) ⊗B T(L) is injective, thus
demonstrating the first assertion.

The second assertion also follows from TorB(k, k) ∼= (X ⊗A k) ⊗B T(L). In
terms of Hilbert series, this identification becomes

PB(k) = H(X ⊗A k)H(T(L)) = PA(k)/(1−H(L)),

whileH(L) = t (PA(B)− 1) holds by virtue of the construction ofL.

The corollary establishes (4)⇒ (1) and parts of (4)⇒ (2) and (3) of Theorem 2.
The remaining implications (2)⇒ (3)⇒ (4) of that theorem follow by interpreting the
kernels of the mapsTM ( f ) in terms matric Massey products, which are generalizations
of Massey products that are due to May [17]. Details of how such products are used
in Theorems 2 and 3 can be found in [15]. Details of the remaining implications of
Theorem 3 can be found in [16].

Many Golod homomorphisms are surjective withf : A → A/b = B where
b ⊆ m

2. The idealb is called aGolod ideal. Examples of Golod ideals include the
following:

• b = 0. (In other words, the identity 1A : A→ A is a Golod homomorphism.)

• b = x I wherex ∈ m is regular and either idealI is proper orx ∈ m
2. [15]

• b =
∑n

i=1 yi I i whereI1 ⊆ · · · ⊆ In ⊆ m andyi ∈ m are such thaty1 is regular,
and for j > 1, y j is regular onA/

∑
i< j yi I i . (These ideals includeas1

1 · · · a
sn
n

where theai are generated by disjoint parts of a regular sequence.) [9]

• b = m
t for all t ≫ 0. [14]

• b = I (r, s) = ideal ofs× s minors of anr × s matrix (r ≥ s ≥ 2) with entries
in m and depthA I (r, s) = r − s+ 1. [1]

• b = (0 : m) whereA is a 0-dimensional Gorenstein ring of e.dim > 1. [15]
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Another example of a Golod homomorphism [10] is the natural homomorphism
A→ A(M) whereA(M) is the trivial extension ofA by anA-moduleM .

In each of the first five examples, if the ringA is regular,A/b is a Golod ring.
In the fourth example,A/mn is a Golod ring for anyn ≥ 2 when A is regular as a
consequence of either the third or the fifth example, or of [7].

By Theorem 2, Golod rings are also rings where TorA(k, B) has trivial Massey
products. TorA(k, B) can be computed asH(XA(k) ⊗A B) or asH(k ⊗A XA(B)).
Resolving the first argument withA regular,XA(k) is just the Koszul complexK A de-
fined by a minimal set of generators for maximal idealm of A. The conditionb ⊆ m

2

ensures thatXA(k) ⊗A B = K A ⊗A B = K B, which is the corresponding Koszul
complex overB defined by a minimal set of generators for maximal idealn. A Golod
ring is therefore one whereK B has trivial Massey products. Note that ifB is a com-
plete intersection,H(K B) is an exterior algebra, soK B has trivial Massey products
only if H2(K B) = 0 andK B has just one generator. Thus, hypersurface rings are both
complete intersections and Golod rings. In all other cases,complete intersections be-
have quite differently from Golod rings. That difference will be discussed in the next
section.

When TorA(k, B) is computed using a resolution of the second argument,B is
a Golod ring provided thatk ⊗A XA(B) has trivial Massey products whereXA(B) is
a minimal resolution. In fact, it suffices thatk⊗A WA(B) has trivial Massey products
whereWA(B) is any free resolution ofB over A. Rings of the formB = A/I (r, s)
whereA is regular and depthA I (r, s) = r − s+1 were first proved to be Golod by this
approach using a generalized Koszul complex to resolveB [7]. Later, when an algebra
structure was given for the Eagon-Northcott complex [21], which serves as the minimal
resolution for such rings, triviality of Massey products was noted there as well.

Examples off -Golod modules include:

• M = 0 over anyA for any f .

• M = any finitely generated module over anyA and f = 1A : A→ A.

• M = any finitely generated module over anyA and f : A→ A/(x), wherex is
a non-zero-divisor andx ∈ m(annM). [20]

• M = k and M = SyzB
i (k) for all i when f is a Golod homomorphism, by

Theorem 3. [16]

• M = any finitely generated module overA/mn for n≫ 0 such thatmn−1M = 0
and f : A→ A/mn. [15]

• M = any finitely generatedB-module such that(0 : n)M = 0 in the case where
f : A→ B is astrong Golod homomorphism, that is, where there is a chain map
H(XA(k)⊗A B)→ XA(k)⊗A B inducing an isomorphism on homology where
H(XA(k) ⊗A B) is regarded as a complex with trivial differential. (See [15].)
Such modules include, in particular, the proper ideals ofB. It is shown in [15]
that strong Golod implies Golod. The mapsf : A → A/mn for n ≫ 0 of the
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preceding example are strong Golod homomorphisms (and thef -Golod modules
of that example are precisely the ones with(0 : n)M = 0.) Other examples of
strong Golod homomorphisms are trivial extensionsA → A(M) whereM is
a k-vector space, andA → A/nr wheret ∈ n − n

2 is such thatt2 = 0 and
n

r = tnr−1.

• N = any finitely generatedA-module regarded as anA(M)-module andf : A→
A(M) is the natural map to the trivial extension ofA by the finitely generated
A-moduleM , [16]. In this case,N becomes anA(M)-module via the projection
mapA(M)→ A.

For a Golod ring, the proof of Theorem 1 applies directly to the sequence of
Betti numbers of the residue field and shows that this sequence exhibits strong expo-
nential growth. Put another way, over a Golod ringB the residue fieldk is f -Golod,
where f : A→ A/b = B̂ is the map definingB as a Golod ring. By Theorem 3, all
SyzB

n (k) are f -Golod as well. The sequences of Betti numbers of these syzygy modules
therefore also exhibit strong exponential growth, again using the proof of Theorem 1.

Even if A is not regular, fn : A → A/mn is a strong Golod homomorphism
for sufficiently largen (determined using the Artin-Rees lemma). IfM is a finitely
generated(A/mn)-module, thenmn−1SyzA/mn

1 (M) = 0, so this syzygy module and
therefore also all higher syzygies arefn-Golod. This was used in [8] to show for rings
of Krull dimensiond ≥ 2 that the Betti numbersbA/mn

i (M) of non-free, finitely gen-
erated(A/mn)-modules strictly increase for alli ≥ 2. The result was later improved
by Lescot [12] to show ford ≥ 2, anyn ≥ 2, andi ≥ 1 that the sequence{bA/mn

i (M)}
strictly increases.

4. Rings and modules whose Betti numbers grow at the extremesof the permissi-
ble range

Two questions: When are the bounds given in Theorem 1 for the growth rates of Betti
numbers achieved? What are the possible growth rates for sequences of Betti numbers
of finitely generated modules over a particular ring?

For Golod rings, the story is found in [2] and [18], which use results from [5]
and [13] to obtain:

THEOREM 4. For a finitely generated module over a Golod ring A, precisely
one of the following situations must occur:
(1) pdAM <∞.
(2) A is a hypersurface ring,pdAM = ∞, and the Betti numbers of M are eventually
constant and nonzero afterdepthA−depthM +1. Moreover,SyzA

n (M) (and therefore
the minimal resolution) is periodic of period2 after that point.
(3) A is not a hypersurface ring,pdAM = ∞, and the Betti sequence of M has strong
exponential growth. In more detail, the Betti sequences of such modules strictly in-
crease after degree2ε − 1 whereε is the embedding dimension of A, exhibit termwise
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exponential growth after degree2ε, and have strong exponential growth after degree
3ε.

The situation for complete intersections is in marked contrast, except for the
shared case of a hypersurface ring. Acomplete intersectionis a local ringB whose
completion is of the form̂B ∼= A/a with A regular anda generated by anA-regular
sequencex1, . . . , xr ⊂ m

2. If the embedding dimension ofB is e.dimB = ε and
the codimension isr = ε − depthB, thenB is characterized [22] by the form of the
Poincaŕe series associated with its residue field,k, which is:

PB(k) =
(1+ t)ε

(1− t2)
r .

A hypersurface ring is a complete intersectionB with r = 1. In this case,

XA(B) is just 0→ A
x1
−→ A→ A/(x1) → 0, making 1− t (PA(B) − 1) = 1− t2.

The denominator thus has the right form for a Golod ring. The numerator also has the
right form: (1+ t)ε = PA(k) because withA regular, the Koszul complexK A defined
from A → A/m is a minimal A-free resolution ofk and also an exterior algebra on
ε generators. Therefore, in this special case,B is both a complete intersection and a
Golod ring. In all other cases, complete intersections and Golod rings behave quite
differently from each other.

The form of PB(k) for complete intersections implies that the Betti numbers
bB

n (k) for all n ≥ 0 are given by a polynomial inn of degreer − 1:

bB
n (k) =

ε−r∑

i=0

(
ε − r

i

)(
n+ r − 1− i

r − 1

)
.

Hence, the growth of these Betti numbers is polynomial of degreer−1. It turns out that
for finitely generated modules over complete intersections, all growth of Betti numbers
is polynomial of specific degrees. The description, due to Avramov, Gasharov and
Peeva [3], utilizes Avramov’s notion of complexity.

DEFINITION 2. Thecomplexity ofM over A, denotedcxAM, is d if d−1 is the
smallest degree of a polynomial in n that bounds bA

n (M) from above. The zero poly-
nomial is assigned degree−1, andcxAM = 0 means the zero polynomial eventually
bounds the Betti numbers; in other words,pdAM <∞.

Complexity cxA M = 1 means that a constant bounds the Betti numbers. Com-
plexity cxA M = ∞ signifies that no bounding polynomial exists. Polynomial growth
that is of degreer −1, for example, the growth of the Betti numbersbB

n (k), is expressed
by saying that cxB(k) = r = e.dimB − depthB. For all other finitely generatedM ,
formula(8.5) of [3] gives

(4M ) PB(M) =
pM (t)

(1− t)d(1+ t)e
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with pM (t) ∈ Z[t] such thatpM (±1) 6= 0. (Note that integere should not be con-
fused with e.dimB = ε.) In this setting, Theorems(8.1) and(8.6) of [3] become the
following:

THEOREM 5. If B is a complete intersection and M is a finitely generated B-
module whose Poincaré series is given by(4M ), thencxB M = d ≤ e.dimB−depthB,
pM (1) > 0, and one of the following cases holds:

(0) d = 0 : e< 0 or e= 0 with pM (−1) > 0; also
degpM (t) = depthB− depthBM + e,

(1) d = 1 : e≤ 0 anddegpM (t) = depthB− depthBM + e.

(2) d ≥ 2 : e< d − 1 or e= d − 1 with pM (1) > |pM (−1)|.

For case(2) with n ≫ 0, the Betti numbers bBn (M) are given by polynomials b+(n)
when n is even and b−(n) when n is odd, with b+(t), b−(t) ∈ Q[t] and

b±(t) =
b

2e(d − 1)!
td−1+

c±
2d(d − 2)!

td−2+ lower order terms

with integers b, c±, and e such that either0 ≤ e ≤ d − 2, c+ = c−, and b> 0,
or else e= d − 1 and b > |c+ − c−|. In particular, both difference polynomials
b±(t + 1)− b∓(t) have degree d− 2 and positive leading coefficients.

REMARKS 1. In case (0) of the theorem whered = 0, pdBM <∞ andPB(M)
is a polynomial. In case (1) of the theorem,d = 1 means the Betti numbers are
bounded. Eisenbud [4] showed that bounded sequences of Betti numbers for finitely
generated modules over complete intersections are eventually constant and that they
become periodic of period 2 after at most(dim B)+ 1 steps.

In case (2),d ≥ 2 and limn→∞ bB
n (M)/nd−1 = the common leading coefficient

of the polynomialsb±(t). When it comes to limn→∞(bB
n (M)−bB

n−1(M))/nd−2, how-
ever, the situation is different—the limit exists whenc+ = c− but does not exist when
they are unequal.

To illustrate this, considerA = k[[X,Y]] and B = A/(X3,Y3). Thus, B is
a complete intersection withε = 2 and codimensionr = 2, so by the Tate formula
shown above,PB(k) = (1+ t)2/(1− t2)2 = 1/(1− t)2, which impliesbB

n (B/n) =
bB

n (k) = n+1 for eachn ≥ 0. On the other hand,bB
n (B/n

2) = 3
2n+1 for evenn ≥ 0,

andbB
n (B/n

2) = 3
2n+ 3

2 for oddn ≥ 1. (See [2].) These Betti numbers give different
values, namely 1 and 2, for (even)− (odd) as opposed to (odd)− (even), so the limit
of the differences does not exist.

Thus, there is a complete description of the asymptotic behavior of Betti num-
bers of finitely generate modules over complete intersections and a different description
over Golod rings. For complete intersections, growth is polynomially bounded with
detail added using the notion of complexity; for Golod ringsthat are not hypersurface
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rings, all growth is exponential. There are other rings overwhich all growth is either
polynomial or exponential and where some of each occurs.

THEOREM 6. [2], [3]. Let B a local ring that satisfies one of the conditions:
(1) B is one link from a complete intersection;
(2) B is two links from a complete intersection and B is Gorenstein;
(3) e.dimB− depthB ≤ 3;
(4) e.dimB− depthB = 4 and B is Gorenstein.

If M is a finite B-module whose Poincaré series has radius of convergence
ρ ≥ 1, thencxB M = d ≤ e.dimB− depthB and there exist polynomials11 and12,
each of degree d− 2 with positive leading coefficients, such that for n≫ 0,

11(n) ≤ bB
n (M)− bB

n−1(M) ≤ 12(n).

In particular, {bB
n (M)} is eventually either constant or eventually strictly increasing

and bounded by polynomial growth.

If M is a finite B-module whose Poincaré series has radius of convergence
ρ < 1, then,{bB

n (M)} eventually strictly increases with strong exponential growth.
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[20] SHAMASH J.,The Poincaŕe series of a local ring, J. Algebra12 (1969), 453–470.

[21] SRINIVASAN H., Algebra structures on some canonical resolutions, J. Algebra122 (1) (1989), 150–
187.

[22] TATE J.,Homology of Noetherian rings and local rings, Illinois J. Math.1 (1957), 14–27.

AMS Subject Classification: 13D02, 13D40, 13H10, 13D25.

Eugene GOVER, Department of Mathematics, Northeastern University, Boston, MA 02115, U.S.A.
e-mail:e.gover@neu.edu



Rend. Sem. Mat. Univ. Pol. Torino - Vol. 64, 4 (2006)
Syzygy 2005

R. Hartshorne

LIAISON WITH COHEN–MACAULAY MODULES
Dedicated to Paolo Valabrega on the occasion of his 60th birthday

Abstract. We describe some recent work concerning Gorenstein liaison of codimension two
subschemes of a projective variety. Applications make use of the algebraic theory of maximal
Cohen–Macaulay modules, which we review in an Appendix.

1. Introduction

The purpose of this paper is to report on some recent work in the area of Gorenstein
liaison. For me this is a pleasant topic, because it illustrates the field of algebraic geom-
etry at its best. After all, algebraic geometry could be described as the use of algebraic
techniques in geometry and the use of geometric methods to understand algebra. In
the work I describe here, we found an unexpected connection between the theory of
maximal Cohen–Macaulay modules about which there is considerable algebraic liter-
ature, and the notion of Gorenstein liaison, which has emerged recently as geometers
attempted to generalize results about curves inP3 to varieties of higher codimension.

In Section 2, we review the “classical” case of curves inP3. In §3 we describe
generalizations of the notion of liaison to schemes of higher dimension and higher
codimension. Sections 4 and 5 develop the main new idea, which is instead of working
directly with schemes of codimension≥ 3 in Pn, to consider subschemes of codimen-
sion 2 of an arithmetically Gorenstein schemeX in Pn. Any liaison in X is also a
liaison in Pn, so this method is useful to establish existence of liaisonsin Pn, but it
cannot give negative results. We hope that the study of liaison onX may be interesting
in its own right, and give more insight into the nature of liaison in general.

Section 6 gives some applications, and Section 7 describes an interesting open
problem. The algebraic theory of maximal Cohen–Macaulay modules is reviewed in
an Appendix.

The principal new results described here are joint work withMarta Casanellas
and Elena Drozd, given in detail in the papers [3] and [4]. Forbackground on liai-
son, I recommend the book of Migliore [16], and for information on Cohen–Macaulay
modules, the book of Yoshino [18].

It was a pleasure to attend the conference Syzygy 2005 in Torino in honor of
Paolo Valabrega’s sixtieth birthday, and I dedicate this paper respectively to him.

2. Curves inP3

We review the case of curves inP3, which has been known for some time, as a model
for the more general situations that we will consider below.

419
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We work over an algebraically closed fieldk. A curve is a purely one-dimen-
sional scheme without embedded points. IfC1 andC2 are curves inP3, we say they are
linkedby a complete intersection curveY, if C1∪C2 = Y andICi ,Y

∼= Hom(OC j ,OY)

for i, j = 1,2, i 6= j . The equivalence relation generated by chains of linkages is
calledliaison. If a liaison is accomplished by an even number of linkages, it is called
even liaison. To any curveC in P3 we associate itsRao module MC = H1

∗ (IC) =⊕
n∈Z H1(P3, IC,P3(n)). The basic results about curves inP3 are the following

THEOREM 1 (Rao [17]). a)Two curves C1 and C2 are in the same even liaison
equivalence class if and only if their Rao modules M1,M2 are isomorphic, up to a shift
in degrees.

b) For any finite-length graded R= k[x0, x1, x2, x3]-module M, there exists a
nonsingular irreducible curve C inP3, whose Rao module is isomorphic to a shift of
M.

Thus the even liaison equivalence classes of curves inP3 are in one-to-one
correspondence with finite length graded R-modules, up to shift.

For the next statement we need the notion of biliaison. If a curve C1 lies on a
surfaceS, and ifC2 ∼ C1+mH, meaning linear equivalence in the sense of generalized
divisors [7] onS, whereH is the hyperplane section ofS, andm is an integer, then we
say thatC2 is obtained by anelementary biliaisonof heightm from C1. If m ≥ 0 it is
anascendingelementary biliaison. It is easy to see that an elementary biliaison gives
an even liaison betweenC1 andC2. It is also easy to calculate numerical invariants
of C2, such as degree, genus, and postulation, from those ofC1 in terms ofm and the
degree ofS.

THEOREM 2 (Lazarsfeld–Rao property [1], [15]). a)In any even liaison equiv-
alence class of curves inP3, theminimal curves(meaning those of minimal degree)
form an irreducible family.

b) Any curve that is not minimal in its even liaison equivalenceclass can be
obtained by a sequence of ascending elementary biliaisons from some minimal curve.

REMARK 1. These results generalize well to subschemesV of codimension
two in Pn. The Rao module has to be replaced by a series of higher deficiency modules
H i
∗(IV ) for 0 < i ≤ dimV and certain extensions between them: the best way to ex-

press this is by an element of the derived category. Or one canuse the so-calledE-type
resolution, in which case the set of even liaison equivalence classes of schemesV of
codimension two is in one-to-one correspondence with coherent sheavesE (satisfying
some additional conditions), up to stable equivalence and shift, and this in turn is in
one-to-one correspondence with the quasi-isomorphism classes of certain complexes
in the derived category replacing the Rao module.

The Lazarsfeld–Rao property also generalizes to codimension two subschemes
of quite general schemes. See for example [9] for precise statements and further refer-
ences.
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3. Generalizations

When we consider curves inP4, or more generally, subschemes of codimension≥ 3 in
anyPn, the direct analogue of Rao’s theorem fails. There are infinitely many distinct
even liaison equivalence classes of curves all having the same Rao module, which can
be distinguished by other cohomological invariants [11]. It seems that liaison using
complete intersections, as we have defined it, is much too rigid to give an analogous
theory in higher codimension.

The notion of Gorenstein liaison seems to be a better candidate for generalizing
the theory.

DEFINITION 1. Two subschemes V1,V2 of Pn, equidimensional and without
embedded components, are G-linkedby an arithmetically Gorenstein scheme Y (mean-
ing the homogeneous coordinate ring of Y is a Gorenstein ring) if V1 ∪ V2 = Y and
IVi ,Y

∼= Hom(OVj ,OY) for i, j = 1,2, i 6= j . The equivalence relation generated
by chains of G-links is calledGorenstein liaison(or G-liaison for short), and if a G-
liaison can be accomplished by an even number of G-links, it is calledevenG-liaison.

It is easy to see for curves inPn that evenG-liaison preserves the Rao module
(up to shift), as in the case ofP3, and this naturally leads to the converse problem:

PROBLEM 3. If two curves inPn have isomorphic Rao modules (up to shift),
are they in the same evenG-liaison class?

This problem is open at present. The special case when the Raomodule is
zero is the case ofarithmetically Cohen–Macaulay(ACM) curves, meaning that the
homogeneous coordinate ring is a Cohen–Macaulay ring. Thisincludes in particular
the complete intersection curves. So the problem, which nowcan be stated for schemes
of any dimension is

PROBLEM 4. If V is an ACM scheme inPn, is V in the Gorenstein liaison class
of a complete intersection (glicci for short)?

This problem is also open at present, though many special cases are known (see
for example [11]). There are also candidates for counterexamples (as yet unproven),
such as 20 general points inP3, or a general curve of degree 20 and genus 26 inP4 [8].

Our approach in this paper, instead of studying the problem directly in Pn, will
be to study codimension two subscheme of an arithmetically Gorenstein varietyX in
Pn. Liaisons inX can also be considered to be liaisons inPn, and thus we study the
problem of higher codimension subschemes inPn indirectly. While most of our results
are valid forX of any dimension, for simplicity in this paper we will stick to dimension
3.

So here is the set-up. LetX be a fixed normal arithmetically Gorenstein sub-
variety of dimension 3 inPn. We also keep fixed the embedding and hence the sheaf
OX(1) on X that defines the class of a hyperplane sectionH of X.
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If C1 andC2 are curves inX, we say thatC1 andC2 arelinkedby a curveY in X
if C1 ∪ C2 = Y andICi ,Y

∼= Hom(OC j ,OY) for i, j = 1,2, i 6= j . If Y is acomplete
intersectionin X, meaning thatY is the intersection of surfaces defined by sections of
OX(a),OX(b) in X, then we say it is aC I -linkage. If Y is arithmetically Gorenstein (in
the ambientPn), it is aG-linkage. These linkages give rise to the equivalence relations
of C I -liaisonandeven C I -liaisonandG-liaisonandeven G-liaisonas before.

Note that aC I -liaison inX is not necessarily aC I -liaison inPn, unlessX itself
is a complete intersection. However, aG-liaison in X is also aG-liaison inPn.

If S is a surface inX containing a curveC, and if C′ is another curve onS,
with C′ ∼ C + mH, meaning linear equivalence of generalized divisors onS, where
H is the hyperplane section, we sayC′ is obtained fromC by anelementary biliaison
from C. If S is a complete intersection inX (corresponding toOX(a) for somea) it
is aC I -biliaison. If S is an ACM scheme (inPn) it is a G-biliaison. It is easy to see
that aC I -biliaison is an evenC I -liaison. In fact, the equivalence relation generated
by C I -biliaisons is the same as evenC I -liaison (proof similar to [7, 4.4]). One can
show also that aG-biliaison is an evenG-liaison [11], [10, 3.6], however in general
the equivalence relation generated byG-biliaisons is not the same as evenG-liaison,
as we can see from the following example.

EXAMPLE 1. Let X be a nonsingular quadric hypersurface inP4. Every surface
on X is a complete intersection, and in particular has even degree. ThusG-biliaisons
preserve the parity of the degree of a curve. On the other hand, the union of a rational
quartic curve with a line meeting it at two points is an arithmetically Gorenstein elliptic
quintic, so the two curves areG-linked. One line can also be linked to another line by
a conic, so we see that evenG-liaison does not preserve parity of degree.

In studyingG-liaison andG-biliaison onX, an important role is played by the
category of ACM sheaves onX. An ACM sheafis a coherent sheafE on X that is
locally Cohen–Macaulay and has vanishing intermediate cohomology: H i

∗(E) = 0 for
i = 1,2. If X is P3, the only ACM sheaves are thedissocíe sheaves, i.e., direct sums
of line bundlesOX(ai ), by a theorem of Horrocks. However, ifX is notP3, there are
others, and the category of these sheaves reflects interesting properties ofX.

To see why these sheaves are important forG-liaison andG-biliaison, we first
mention the following result relating them to ACM surfaces in X and arithmetically
Gorenstein (AG) curves inX.

PROPOSITION1. a)If S is anACM surface in X, then its ideal sheafIS,X is a
rank 1 ACM sheaf on X. Conversely ifL is a rank1 ACM sheaf on X, then for any
a ≫ 0, the sheafL(−a) is isomorphic to the ideal sheafIS,X of anACM surface in
X.

b) If Y is anAG curve in X, then there is an exact sequence

0→ OX(−a)→ N → IY,X → 0

for some a∈ Z, whereN is a rank2 ACM sheaf on X with c1(N ) = −a. Conversely
if N is anyorientable(meaning c1(N ) = OX(a) for some a∈ Z) rank 2 ACM sheaf
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on X, and if s is a sufficiently general section ofN (a) for a ≫ 0, then s induces an
exact sequence

0→ OX
s
→ N (a)→ IY,X(b)→ 0

for someAG curve Y in X and some b∈ Z.

Proof. Part a) is elementary, while part b) is the usual Serre correspondence [4, 2.9].

Thus we see that the ACM surfaces and AG curves, which are usedto define
G-biliaison andG-liaison, respectively, correspond in a natural way to rank1 and rank
2 ACM sheaves onX. In the following two sections, we will studyG-biliaison and
G-liaison separately.

4. Gorenstein biliaison

As in the previous section, we consider a normal arithmetically Gorenstein 3-foldX,
and we will consider Gorenstein biliaison of curves onX.

First of all, let’s see what happens with a single elementaryGorenstein biliaison.
Let Sbe an ACM surface inX, letC be a curve inS, and letC′ ∼ C+mH on S. Then
by construction,IC′,S

∼= IC,S(−m). Thus we can write exact sequences

0 → IS → IC′ → IC′,S → 0
‖

0 → IS(−m) → IC(−m) → IC,S(−m) → 0.

If we let F be the fibered sum ofIC′ andIC(−m) overIC′,S = IC,S(−m), we obtain
sequences

0 → IS → F → IC(−m) → 0

0 → IS(−m) → F → IC′ → 0.

Note here that the same coherent sheafF appears in the middle of each sequence, and
that the sheaves on the left are rank 1 ACM sheaves onX that are isomorphic, up to
twist.

Conversely, given exact sequences

0 → L → F → IC(a) → 0

0 → L′ → F → IC′(a′) → 0

with the same coherent sheafF in the middle, whereC,C′ are curves inX,a,a′ inte-
gers, andL,L′ rank 1 ACM sheaves that are isomorphic up to twist, it followsthatC′

is obtained by a single elementaryG-biliaison fromC. The idea of proof is to consider
the composed mapL′→ F → IC(a). If this map is 0, thenC′ = C, which is a trivial
G-biliaison. If it is not zero, composing with the inclusionIC(a) ⊆ OX(a) identifies
L′(−a) with the ideal sheafIS of an ACM surface onX and then one sees easily that
C′ ∼ C + (a′ − a)H on S [3, 3.1,3.3].
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With a little more work, one can arrive at an analogous criterion for two curves
to be related by a finite succession of elementaryG-biliaisons.

THEOREM 3 ([3, 3.1]). Two curves C,C′ on the normal arithmetically Goren-
stein3-fold X are in the same Gorenstein biliaison equivalence class if and only if
there exist exact sequences

0 → E → N → IC(a) → 0

0 → E ′ → N → IC′(a′) → 0

with the same coherent sheafN in the middle, where a,a′ are integers, and whereE
and E ′ are ACM sheaves each having a filtration whose quotients are rank1 ACM
sheaves (we call themlayered ACMsheaves), and such that the rank1 quotients of
these filtrations ofE andE ′ are isomorphic up to order and twists.

The point is that eachG-biliaison contributes a rank 1 ACM factor, but that
these make up the two sheavesE andE ′ in a different order, and with different twists
associated to each.

If E is a layered ACM sheaf as above, the filtration with rank 1 ACM quotients
may not be unique. Taking advantage of this are two “exchangelemmas” [3, 3.4,4.6]
that allow one to replace oneE by anotherE ′ having the same factors, in sequences as
in Theorem 3, after passing to another curve in the sameG-biliaison class. These form
a sort of converse to Theorem 3, and allow us to formulate a necessary and sufficient
condition for the property analogous to Problem 4 onX, namely that every ACM curve
on X should be in theG-biliaison class of a complete intersection onX. This condition
is a bit complicated to state (see [3, 4.2,4.3]), so instead here we will explain the result
only in one interesting special case.

THEOREM 4 ([3, 6.2]). Let X be the cone over a nonsingular quadric surface
in P3. (Thus X is a normal quadric hypersurface inP4 having one double point.) Then
two curves C and C′ on X are in the same Gorenstein biliaison equivalence class if and
only if their Rao modules are isomorphic, up to shift. In particular, all ACM curves
are equivalent for G-biliaison.

Idea of Proof.It is obvious that Gorenstein biliaison preserves the Rao module, up to
shift, so one direction is clear.

For the other direction, letC be any curve inX, with Rao moduleM . Our
strategy is to construct another curveC′ that depends only onM , and then show thatC
andC′ are in the sameG-biliaison equivalence class, which will prove the theorem.

Given M , let M∗ be the dual module, and take a resolution

0→ G→ F2→ F1→ F0→ M∗→ 0

over R, the homogeneous coordinate ring ofX, where theFi are free gradedR-
modules, andG is the kernel. LetN ′ be the sheaf associated toG∨, and letL′ be
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a dissocíe sheaf of rank one less mapping toN ′ so as to define a curveC′ by its coker-
nel:

0→ L′→ N ′→ IC′(a
′)→ 0.

On the other hand, let

0→ L→ N → IC → 0

be anN -type resolutionof C, i.e., withL dissocíe andN coherent, locally Cohen–
Macaulay, andH1

∗ (N )
∼= M andH2

∗ (N ) = 0. Let N = H0
∗ (N ) and take a resolution

0→ P→ L1→ L0→ N → 0

over R with L i free andP the kernel. Dualizing gives an exact sequence

0→ N∨→ L∨0 → L∨1 → P∨→ M∗→ 0.

Now there is a natural map of the earlier free resolution ofM∗ into this one, and
this gives us a map ofG to N∨, from which we obtain a natural mapN → N ′. By
adding extra free factors if necessary, we may assume it is surjective, and then letE be
the kernel:

0→ E → N → N ′→ 0.

SinceN andN ′ both haveH1
∗ = M and H2

∗ = 0, we see thatE is an ACM sheaf
on X. Furthermore, taking the composed map fromN to IC′(a′) we obtain an exact
sequence

0→ E ⊕ L→ N → IC′(a
′)→ 0.

In order to apply the criterion of Theorem 3 we now need to use the special
property of the quadric 3-foldX (see Appendix), which tells us first that every ACM
sheaf onX is layered, secondly that the only rank 1 ACM sheaves onX (up to twist)
areOX , ID, andIE, whereD, E represent the two types of planes inX, and thirdly
that there is an exact sequence

0→ ID → O2
X → IE(1)→ 0.

In the ACM sheafE , copies ofID andIE (and their twists) must occur in equal
numbers, becauseE is orientable. Then the exchange lemmas referred to above allow
us to replace anID plus anIE by anO2

X . ThusE ⊕ L is replaced by a dissocié sheaf,
and then Theorem 3 tells us thatC andC′ are in the sameG-biliaison class. (For more
details see [3, 4.7,6.2].)

5. Gorenstein liaison

Let us consider a normal AG 3-foldX, as before, and study Gorenstein liaison equiva-
lence of curves inX. Since the AG curves inX are associated to rank 2 ACM sheaves
on X, as we saw above, we expect to see them play a role.

First of all, let us see what happens with a single Gorensteinliaison. We track
this behavior using theN -type resolution of a curveC.
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PROPOSITION2. Let C be a curve in X withN -type resolution0 → L →

N → IC → 0, and suppose that C is linked to a curve C′ by theAG curve Y . Then
C′ has anN -type resolution of the form

0→ L′→ N ′→ IC′(a
′)→ 0

with L′ dissocíe, and whereN ′ is an extension

0→ L∨ ⊕ E∨→ N ′→ N σ∨→ 0,

whereE is the rank2 ACM sheaf associated to Y , andN σ∨ denotes the dual of the
first syzygy sheaf ofN .

To prove this (see [4, 3.2]) one first uses the usual cone construction of the map
IY ⊆ IC, and this gives the sequence

0→ N∨→ L∨ ⊕ E∨→ IC′(a)→ 0.

This is not anN -type resolution, but by using the syzygy sheafN σ of N , one can
transform it into the desiredN -type resolution.

Note what happens to the Rao moduleM . From the definition of the syzygy
sheaf

0→ N σ → F → N → 0

with F dissocíe, we see thatM ∼= H1
∗ (N )

∼= H2
∗ (N

σ ). By Serre duality then
H1
∗ (N

σ∨) ∼= M∗, the dual ofM , and this shows that the Rao module ofC′ is M∗

shifted, as we would expect from a single liaison.

This proposition shows us that a singleG-liaison complexifies theN -type res-
olution by throwing in a dual of a syzygy, and adding an extension by a rank 2 ACM
sheaf. There is a sort of converse to this, showing how to simplify an N -type resolution
by removing a rank 2 ACM sheaf. In general, this cannot be accomplished by a single
G-liaison, but requires a more complicated procedure.

PROPOSITION3. Let C be a curve with anN -type resolution

0→ L→ N → IC → 0,

and suppose given an exact sequence

0→ E → N → N ′→ 0

with E a rank 2 ACM sheaf andN ′ a locally CM sheaf of rank≥ 2. Then there
is a curve C′ in the same even G-liaison equivalence class as C having anN -type
resolution

0→ L′→ N ′→ IC′(a
′)→ 0.

Proof. See [4, 3.4].
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Using these two propositions, it is possible to give a criterion, in terms of the
N -type resolutions, for when two curves are in the sameG-liaison class [4, 5.1]. The
exact statement, which involves successive extensions by rank 2 ACM sheaves and
their syzygy duals (which may no longer be of rank 2), is rather complicated, so we
omit it here. Using this theorem, one can also give a criterion for every ACM curve to
be in the Gorenstein liaison class of a complete intersection [4, 5.4]. Here we will just
give one special case, albeit an interesting one.

THEOREM 5. Let X be a nonsingular quadric hypersurface inP4. Then two
curves are in the same even G-liaison class if and only if their Rao modules are iso-
morphic, up to shift.

Sketch of Proof(cf. [4, 6.2]). Let C be any curve, with Rao moduleM , and letC′ be
another curve with the same Rao moduleM , constructed as in the proof of Theorem 4
above. Following the plan of that proof we haveN -type resolutions

0→ L→ N → IC → 0

0→ L′→ N ′→ IC′(a
′)→ 0

and an exact sequence
0→ E → N → N ′→ 0

whereE is an ACM sheaf onX.

Now we invoke the special property of the nonsingular quadric 3-fold X, which
is that every ACM sheaf is a direct sum of a dissocié sheaf and copies of twists of
a single rank 2 ACM sheafE0, associated to a line inX (see Appendix). We apply
Proposition 3 repeatedly to remove copies ofE0 and its twists fromN , thus eventually
obtaining a curveC′′, in the same evenG-liaison class asC, and having anN -type
resolution whose middle sheafN ′′ differs fromN ′ only by a dissocíe sheaf. ThenN ′

andN ′′ are stably equivalent, and soC′′ andC′ are in the same evenC I -liaison class,
by Rao’s theorem, and a fortiori in the same evenG-liaison class.

Note that in the case of the nonsingular quadric 3-fold,G-biliaison is just the
same asC I -biliaison, hence is much too restrictive to provide a result like this theorem.

6. Applications

In [11, 8.10] the authors showed, by an exhaustive listing of all possible ACM curves
on these surfaces, that any ACM curve lying on a general smooth rational ACM surface
in P4 is glicci. The rational ACM surfaces inP4 (not counting those inP3, for which
the theorem is known) are the cubic scroll, the Del Pezzo surface of degree 4, the
Castelnuovo surface of degree 5, and the Bordiga surface of degree 6.

For the cubic scroll, the Del Pezzo, and the Castelnuovo surface, this result is an
immediate consequence of our Theorem 4, because each of these surfaces is contained
in a quadric 3-fold with one double point. Our method does notapply to the Bordiga
surface, which is not contained in any quadric hypersurface.
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In his paper [14], Lesperance studied curves inP4 of the following form. LetC
be the disjoint unionC1∪C2 of two plane curvesC1,C2, lying in two planes that meet
at a single pointP. Let them have degreesd1,d2, and assume either a) 2≤ d1 ≤ d2 or
b) 2≤ d1 andC2 contains the pointP. The Rao module is thenM ∼= R/(I P + R≥d1),
which depends only on the pointP and the integerd1. Lesperance shows that all the
curves of type a) and some of those of type b) are in the same Gorenstein liaison class,
by using explicitly constructedG-liaisons.

Since a union of two planes meeting at a point is contained in aquadric hyper-
surface with one double point, it follows from our Theorem 4 that all the above curves
with the same Rao module are equivalent forG-liaison [3, 6.4].

A third application is the following

THEOREM 6. Any arithmetically Gorenstein scheme V inPn is in the Goren-
stein liaison class of a complete intersection (glicci).

For the proof [4, 7.1] we use the higher-dimensional analogues of the results
described in this paper for an AG 3-foldX. By a Bertini-type theorem of Altman
and Kleiman, one can find a complete intersection schemeX in Pn, containingV , of
dimension two greater thanV , and smooth outside ofV . ThenX is normal and AG,
andV is a codimension two AG scheme inX, so there is an exact sequence

0→ OX(−a)→ E → IV,X → 0

whereE is a rank 2 ACM sheaf onX. Let M be a rank 2 dissocié sheaf onX and
consider the newN -type resolution ofV ,

0→ OX(−a)⊕M→ E ⊕M→ IV,X → 0.

Then we apply the analogue of Proposition 3, which is [4, 3.4], to removeE
and obtain another subschemeV ′ ⊆ X, in the same evenG-liaison class asV , with an
N -type resolution

0→ L′→M→ IV ′,X(a
′)→ 0.

SinceM is rank 2 dissocíe, it follows thatV ′ is a complete intersection inX, and since
X is itself a complete intersection inPn, V ′ is also a complete intersection inPn. Since
G-liaisons inX are alsoG-liaisons inPn, we find thatV is glicci, as required.

7. An open problem

If there is a moral to all the investigations of Gorenstein liaison so far, it seems to
me that good results are obtained for schemes with some special structure, such as
determinantal schemes [11], or schemes of codimension 2 in low-degree hypersurfaces,
such as the ones considered in Sections 4,5 above.

To describe a situation on the border between what is known and what is not
known, I would like to consider the case of zero-dimensionalsubschemes of a non-
singular cubic surface inP3. Though of one dimension lower than the discussions
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earlier in this paper, I think it is a good arena to test the essential difficulties of the
subject.

So, let X be a nonsingular cubic surface inP3. We consider zero-schemes
Z ⊆ X. Any zero-scheme is ACM, so there are two problems to consider.

PROBLEM 5. Is every zero-schemeZ ⊆ X in theG-biliaison equivalence class
of a point?

PROBLEM 6. Is every zero-schemeZ ⊆ X in the G-liaison equivalence class
of a point?

Both problems are open at present. I will discuss what is known about them so
far.

Using explicitG-liaisons andG-biliaisons on ACM curves onX, one can show
that any setZ of n points in general position onX is G-liaison equivalent to a point [8,
2.4]. The proof of this result is curious, in that one uses sequences of liaisons where
the number of points may have to increase before it decreases. For example, starting
with 18 general points, one makes links to the following numbers of points (always in
general position): 18→ 20→ 28→ 22→ 16→ 13→ 7 → 5 → 3 → 1. For
points in special position, it seems hopeless to generalizethis method.

Another approach, more in the spirit of this paper, is to study the category of
ACM sheaves onX. Faenzi [6] has classified the rank 2 ACM sheaves onX. Up to
twist, there is a finite number of possible Chern classes, andfor fixed Chern classes,
the possible sheaves form algebraic families of dimensions≤ 5. Already the presence
of families of dimension> 1 shows that we are in a situation of “wild CM-type” (see
Appendix). Looking at Faenzi’s results, again it seems hopeless to achieve a complete
classification of ACM sheaves of all ranks onX. One can show, however, that there
are families of arbitrarily high dimension of indecomposable ACM sheaves of higher
rank.

However, to answer the two problems above, one would not needa complete
classification of ACM sheaves onX. For an affirmative answer to Problem 5, it would
be sufficient to show [3, 4.3].

(∗) Every orientable ACM sheafE on X has a resolution

0→ F2→ F1→ E → 0

whereF1 andF2 are layered ACM sheaves (i.e., successive extensions of rank 1 ACM
sheaves).

In regard to this property, there are examples of rank 2 ACM sheavesE on X,
that are not layered themselves, but do have a resolution of this form. So there seems
to be some hope that this may hold.

For an affirmative answer to Problem 6, it would be sufficient to show [4, 5.4].

(∗∗) Every orientable ACM sheaf onE is stably equivalent to adouble-layered
sheaf onX (which is a successive extension of rank 2 ACM sheaves and their syzygies).
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Appendix. MCM modules and ACM sheaves

In this appendix we give a brief outline of some algebraic results that are needed to jus-
tify the results on ACM sheaves on quadric hypersurfaces used in Sections 4,5 above.

Let R,m be a Cohen–Macaulay local ring. Amaximal Cohen–Macaulay
(MCM) module is a finitely generatedR-module M , with depth M = dim R and
SuppM = SpecR.

For example, ifR is a regular local ring, every MCM module has homological
dimension zero, and so is free. Conversely, ifR,m is a Cohen–Macaulay local ring
over which every MCM is free, thenR is regular. Indeed, for anyR-moduleN, con-
sider a free resolution of lengthn = dim R, and letM be the kernel at the last step.
ThenM is an MCM module, hence free, and soN has a finite free resolution. Thus the
ring R has finite global homological dimension, and by a theorem of Serre, this implies
that R is regular.

Thus the presence of non-trivial MCM modules characterizesnon-regular local
rings, and the category of MCM modules is an interesting measure of the complexity
of the singularity of the local ring.

In certain circumstances, Y. Drozd [5] has shown that local rings can be divided
into three classes, depending on the behavior of the MCM modules. It is true in any
case that an MCM module can be written uniquely as a direct sumof indecomposable
MCM modules, namely those that allow no further direct sum decomposition. We say
that R is of finite CM-type if there is only a finite number of indecomposable MCM
modules. We sayR is of tameCM-typeif the indecomposable MCM modules form a
countable number of families of dimension at most one. We sayR is of wild CM-type
if there are families of arbitrarily large dimension of indecomposable MCM modules.
The tame-wild dichotomy theorem says (in certain cases) that only these cases can
occur. While to my knowledge this has not been proved in general, we can keep it in
mind as a principle of what to expect when studying MCM modules.

The same definitions apply to the case of graded rings and graded modules, and
thus admit a translation into sheaves on projective schemes. If X is a ACM scheme
in Pn, we have defined an ACMsheafon X to be a locally Cohen–Macaulay coherent
sheafE on X with no intermediate cohomology:H i

∗(E) = 0 for 0 < i < dim X. If
R is the homogeneous coordinate ring ofX, then we obtain a correspondence between
ACM sheaves onX and graded MCM modules onRby sending a sheafE to the module
E = H0

∗ (E), and sending the moduleE to the associated sheafE = Ẽ. In carrying
over results and definitions from the local case, we should consider graded modules up
to shift, and ACM sheaves up to twist. So we can sayX is of finite CM-type if there
is only a finite number (up to twist) of isomorphism classes ofindecomposable ACM
sheaves.

To illustrate the different CM-types in the projective case, note that ifX is a
nonsingular curve inPn, then an ACM sheaf onX is just a locally free sheafE , also
called a vector bundle. IfX is rational, of degreed, the only indecomposable vector
bundles (up to twist byOX(1)) are line bundles of degrees 0≤ e< d, soX is of finite
CM-type. If X is an elliptic curve, then by the classification theorem of Atiyah, for each
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rank and degree(modd = degX) there is a one-parameter family of isomorphism
classes of indecomposable vector bundles of rankr and degreee. ThusX is of tame
CM-type. And if the genus ofX is g ≥ 2, then as the rank grows, so does the dimension
of the moduli space of stable vector bundles, soX is of wild CM-type.

In the complex-analytic and complete local ring case, thoselocal rings of iso-
lated hypersurface singularities of finite CM type have beenclassified [13], [2]. They
are the local rings of simple singularities in the sense of Arnol’d; in each dimension
they are associated with Dynkin diagramsAn, Dn, E6, E7, E8, and their equations can
be written explicitly.

Carrying these results over to the graded case, one obtains alist of all projective
schemes of finite CM-type [18], namely, projective spaces, nonsingular quadric hyper-
surfaces in any dimension, the rational cubic scroll inP4, and the Veronese surface in
P5. Furthermore, the indecomposable ACM sheaves on these varieties can be described
explicitly, and this is where we find that there is just one non-trivial indecomposable
ACM sheaf on the nonsingular quadric 3-fold, mentioned in the proof of Theorem 5.

The main tools for studying MCM modules on hypersurface singularities, or
ACM sheaves on hypersurfaces inPn, are the matrix factorization, and the double
branched covers and periodicity theorems of Knörrer [13]. We explain these in the
projective case.

Let X be a hypersurface inPn, and letE be an ACM sheaf onX. Since the
associated graded moduleE = H0

∗ (E) has depthn over the coordinate ringP =
k[x0, . . . , xn] of Pn, there is a resolution

0→ L1
ϕ
→ L0→ E → 0

by dissocíe sheavesLi on Pn of the same rankm. This gives a square matrixϕ of
homogeneous forms inP. Then one shows that there is another matrixψ of the same
rank, with the property thatψ · ϕ = ϕ · ψ = f · id, where f is the equation of the
hypersurface. This is called amatrix factorizationof f . One sees also that detϕ = f r ,
wherer = rankE . These constraints allow one to gain information about the possible
ACM sheavesE when the numbers are small enough.

The other technique is Knörrer’s double branched cover, and periodicity theo-
rems, which allow one to pass from a hypersurfaceX in Pn defined by a polynomial
f ∈ P to the hypersurfaceX′ in Pn+1 defined by f + x2, or the hypersurfaceX′′ in
Pn+2 defined byf + x2+ y2, wherex andy are new variables.

In the paper [3], we use these techniques to show that the singular quadric 3-fold
X in P4 with one double point is ofcountableCM-type, namely it has only countably
many indecomposable ACM sheaves (up to twist), and these areOX, ID, IE, where
D, E are the two types of planes inX, and two infinite sequencesEℓ andE ′ℓ, for ℓ =
1,2, . . . , of rank 2 ACM sheaves that are each extensions of suitable twists ofID and
IE [3, 6.2], hence layered. This is the result needed for the proof of Theorem 4 above.

A good reference for the material described in this appendix, besides the original
papers, is the survey article [12] and the book of Yoshino [18].
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DEFORMATIONS OF SPACE CURVES: CONNECTEDNESS OF

HILBERT SCHEMES
Dedicated to Paolo Valabrega on the occasion of his 60th birthday

Abstract. We survey the Hilbert schemesHd,g of Cohen-Macaulay space curves having
degreed and genusg, giving their geography and the current state of the connectedness
problem. Focusing on a specific example, we then describe the irreducible families of curves
in H4,−99 and explain the connectedness, paying special attention tocertain deformations
on the double quadric surface. We close with some new results,determining which families
of degree four curves are subcanonical and showing how some examples of Chiantini and
Valabrega fit into this classification.

1. Introduction

Early in the development of scheme theory in algebraic geometry, Grothendieck con-
structed the fine moduli space for flat families of subschemesin Pn, known as the
Hilbert scheme [15]. Since the Hilbert polynomial is constant for flat families over a
connected base, the Hilbert scheme Hilbn can be written as a disjoint union of pieces
Hilbn

p(z) indexed by the corresponding Hilbert polynomials. As a fine moduli space,
these schemes come equipped with universal flat family

(1)
X ⊂ Hilbn

p(z) × Pn

↓

Hilbn
p(z)

having fibres with Hilbert polynomialp(z) such that for any flat family

(2)
Y ⊂ T × Pn

↓

T

with fibres of Hilbert polynomialp(z), there is a unique mapT → Hilbn
p(z) such that

diagram (2) is obtained from diagram (1) by pull-back. Thus one studies the Hilbert
scheme by producing flat families. As Grothendieck showed that Hilbn

p(z) is projective
over SpecZ, the set of all projective subschemes is encoded by equations with integer
coefficients.

Since flat families over a connected base have constant Hilbert polynomial, it’s
natural to ask whether the converse is true: given two subschemes inPn with the
same Hilbert polynomial, is there a connected flat family of which both are a mem-
ber? Equivalently, is the Hilbert scheme connected? This was answered by Hartshorne
in his PhD thesis [19].
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THEOREM 1 (Hartshorne, 1962).For any p(z) ∈ Q[z] and any field k, the
Hilbert schemeHilbn

p(z) for closed subschemes X⊂ Pn
k with Hilbert polynomial p(z)

is connected whenever it is non-empty.

Thegeographyis an important aspect of any moduli problem: for which natural
invariants of the problem is the moduli space non-empty? There are at least three
characterizations of the polynomialsp(z) ∈ Q[z] for which there is a subschemeV ⊂
Pn having Hilbert polynomialp(z). One follows from Macaulay’s theorem on the
growth of the Hilbert function of a standardk-algebra [17], another is a consequence
of Hartshorne’s thesis [19] and a third occurs naturally from Green’s interpretation of
Macaulay’s bound in terms of restricted linear series [14]:a summary and comparison
is given in [4].

We now specialize to space curves: taken = 3 and let Hilbd,g denote the Hilbert
scheme of subschemes inP3 with Hilbert polynomialp(z) = dz+1− g, the curves of
degreed and arithmetic genusg. Classically one is interested in the open subscheme

H0
d,g ⊂ Hilbd,g

corresponding to smooth connected curves. The geography for this problem (the pairs
(d, g) for which H0

d,g is non-empty) was known to Halphen and completely proved
by Gruson and Peskine a hundred years later [16]. As to connectedness, we have the
following results of Harris [18] and Ein [10].

THEOREM 2 (Harris, 1982).H0
d,g is irreducible if d≥ 5

4g+ 1.

THEOREM 3 (Ein, 1986). H0
d,g is irreducible if d≥ g+ 3.

EXAMPLE 1. The Hilbert schemesH0
d,g are not connected in general: the

smallest example isH0
9,10 [20, IV, Ex. 6.4.3], which has two connected components,

the curves of type(3,6) on a smooth quadric and complete intersections of two cubics.
More generally,H0

d,g is not connected ford ≥ 9 andg = 2d − 8. Indeed, the curves

C of type(3,d− 3) on a smooth quadric satisfyh0OC(2) = 9 andh0IC(2) = 1 while
curvesD not lying on a quadric satisfyh0OD(2) ≥ 10 andh0ID(2) = 0. By semi-
continuity, it follows that the curves of type(3,d − 3) form a connected component
of H0

d,2d−8. Note that there exist other components, as such curves exist on a cubic

or quartic surface. Guffroy conjectures thatH0
d,g is irreducible forg < 2d − 8 (i.e.

d > 1
2g + 4) and proves it ford ≤ 11 [17]. If true, the conjecture would strongly

improve the results above.

The subject of this survey is yet a third moduli space, namelythe Hilbert scheme
of locally Cohen-Macaulay curves without isolated points,the pure one-dimensional
subschemes ofP3 of degreed and genusg. Following Martin-Deschamps and Perrin
[27, 29], we denote these Hilbert schemes byHd,g, which sit between the two extremes
considered above:

H0
d,g ⊂ Hd,g ⊂ Hilbd,g.
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The Hilbert schemesHd,g are natural from the perspective of liaison theory, which has
seen a great deal of activity over the last 25 years: Migliore’s book [31] provides an
excellent survey of this work. The point is that liaison preserves the property of being
locally Cohen-Macaulay [31, Cor. 5.2.12] but does not preserve geometric properties
such as smoothness, irreducibility, or reducedness. On theother hand, even the most
general locally Cohen-Macaulay curves can be brought to theclassical curves through
a sequence of liaisons, as proved by Rao [38, Thm. 2.6].

THEOREM 4 (Rao, 1979).Every liaison class contains a smooth connected
curve.

Thus the schemesHd,g are the result of starting with the smooth connected
curves and closing off under the equivalence relation of liaison. In view of the connec-
tivity results above, the following question is natural:

PROBLEM 7. For which pairs(d, g) is Hd,g connected?

REMARK 1. This does not follow in any easy way from the proof of Theorem
1, as Hartshorne constructs deformations which typically pass through (non-reduced)
subschemes having embedded points. The real question here is whether curves with
embedded points can be avoided.

In addressing the status of Problem 7, we begin with the geography of locally
Cohen-Macaulay space curves in §2. This includes (a) the determination of the pairs
(d, g) for which Hd,g is non-empty and (b) the cohomological bounds leading to the
special families of extremal and subextremal curves. The extremal curves become
prominent in §3 when we give connectedness results for the Hilbert schemes. We
follow this up with an example in §4, describing all the irreducible components of
the Hilbert schemeH4,−99 and explaining why this scheme is connected. In §5 we
discuss deformations of curves on a double surface and show how a disjoint union of
two double lines can be deformed to a multiplicity four line without adding embedded
points, a crucial part of the proof thatH4,−99 is connected. Finally, in §6 we determine
which families of degree four curves are sub-canonical. In particular, we show how
examples of Chiantini and Valabrega [6, Ex. 3.1 and 3.2] fit into our classification.

The author thanks E. Cabral Balreira for his help with makingthe figures and
Mario Valenzano for corrections on the first draft.

2. The geography of Cohen-Macaulay curves

In this section we describe the pairs(d, g) for which our Hilbert schemesHd,g are non-
empty. As a byproduct of the proof, we will encounter the extremal curves, which play
an important role in the following section. The starting point is the following theorem
[28, Thm. 2.5 and Cor. 2.6].

THEOREM 5 (Martin-Deschamps and Perrin, 1993).Assume char k= 0. If
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C ∈ Hd,g is non-planar, then the Rao function h1IC(n) is bounded by the function

depicted in Figure 1. In particular, g≤
(d−2

2

)
.

nd   2

d   2

  2
g(        )

Figure 1: Bound of Theorem 5 onh1IC(n) for non-planar curves

This generalizes to curves in higher dimensional projective space [8], though
the bounding function is more complicated. The characteristic zero hypotheses is used
to prove that ifC is a curve of degreed ≥ 3 not contained in a plane, then the general
hyperplane sectionH ∩ C is not contained in a line. While this fails in characteristic
p > 0 [21, Ex. 2.3], the bound on cohomology still holds [32, Prop. 2.1], as does the
bound on the genus [21, Cor. 3.6]:

THEOREM 6 (Hartshorne 1994).The Hilbert scheme Hd,g is non-empty if and
only if either

(a) d ≥ 1 and g=
(d−1

2

)
, or

(b) d ≥ 2 and g≤
(d−2

2

)
.

One way to prove thatHd,g is non-empty forg ≤
(d−2

2

)
is to observe that there

are curves which achieve equality in Theorem 5 [29, Prop. 0.5]:

THEOREM 7 (Martin-Deschamps and Perrin, 1996).For all d ≥ 2 and g ≤(d−2
2

)
there are curves C∈ Hd,g giving equality in Theorem 5 for all n.

The curves of Theorem 7 are calledextremal curvesand have some interesting
properties. For example, the subset of extremal curves forms an irreducible component
E ⊂ Hd,g [29, Thm. 3.7], which is non-reduced except whend = 2 (double lines),
g =

(d−2
2

)
(ACM extremal curves) ord = 3 andg = −1 [29, Thm. 5.3].

REMARK 2. The following are equivalent:
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1. C is an extremal curve.

2. C is a minimal curve for a complete intersection module annihilated by two
linear forms (this allows one to write the total ideal and minimal resolutions for
extremal curves [29, Prop. 0.5, 0.6 and Thm. 1.1]).

3. C is non-planar of degreed and contains a planar subcurve of degreed−1 ([11,
§2, Thm. 8] or [32, Prop. 2.2]).

Assuming chark = 0, Ellia observed [11, §2, Prop. 9] that a curve which is
neither planar nor extremal satisfies even stronger bounds on the Rao function. Using
Schlesinger’sspectrumof a curve [40], this bound was refined while removing the
characteristic zero hypothesis [32, Thm. 2.11]:

THEOREM 8 (Ellia and Nollet, 1997).If C ∈ Hd,g is a non-planar and non-
extremal, then the Rao function h1IC(n) is bounded by the function depicted in Figure
2. In particular, g≤

(d−3
2

)
+ 1.

n

d   3

  2
g+1

d   31

Figure 2: The bound of Theorem 8 onh1IC(n) for non-extremal curves

A curve C ∈ Hd,g is subextremalif it achieves the bound of Theorem 8 for
all n. A curveC ∈ Hd.g is subextremal if and only if it is a height one elementary
biliaison of an extremal curveC′ ∈ Hd−2,g+3−d on a quadric surface [32, Thm. 2.14]
and hence exist for alld ≥ 4 andg ≤

(d−3
2

)
+ 1: letting S⊂ Hd,g denote the family

of subextremal curves, the universal biliaison scheme of Martin-Deschamps and Perrin
shows thatS is irreducible. Indeed, ifE ⊂ Hd−2,g+3−d is the extremal component, we
can consider the setB of triples(C,C′, Q) for whichC is a height one biliaison ofC′

on the quadric surfaceQ. The natural projections

B
p1
→ S

p2↓

E
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are smooth and irreducible [27, VII, §4], hence irreducibility of E implies irreducibility
of S.

REMARK 3. Given Theorem 5 and Theorem 8, one might expect that curves
which are neither planar nor extremal nor subextremal should satisfy even stronger
bounds. This fails, however: there are curves which give equality in Theorem 8 for
some values ofn, but not others [32, Ex. 2.15 and 2.17].

REMARK 4. As the extremal curves form an irreducible component, onemight
expect that the closure of the subextremal curvesS ⊂ Hd,g to form an irreducible
component as well (thoughS itself is not closed: its closure contains extremal curves
[34]). Uwe Nagel has informed me that this is indeed true and is current joint work
between he, Nadia Chiarli and Silvio Greco.

d

g

2 3 41

d   1

  2
g =

d   2

  2
g = d   3

  2
g = +1

Figure 3: The geography for locally Cohen-Macaulay curves

3. Connectedness results

In this section we summarize the current state of Problem 7. We will begin with some
general results about families of curves that can be deformed to extremal curves and
then proceed to particular ranges. In terms of the geographyof Cohen-Macaulay curves
(Figure 3), we will see in Theorems 10 and 11 thatHd,g is connected for pairs(d, g)
near the boundaries at the top and to the left.

Many families of curves can be deformed to extremal curves (without passing
through curves with embedded points).
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THEOREM 9. The following families of curves can be deformed in Hd,g to ex-
tremal curves.

(1) Disjoint unions of lines.

(2) Smooth rational curves.

(3) Smooth connected curves with d≥ g+ 3.

(4) ACM curves.

(5) The disjoint union of an extremal curve and a line.

(6) The union of an extremal curve and a line meeting at a point.

(7) Any curve in the liaison class of an extremal curve.

Proof. (1)-(6) are results of Hartshorne [22] and (7) is due to Perrin [18].

When the arithmetic genusg is large relative to the degreed, the Hilbert scheme
Hd,g has few irreducible components, making it relatively easy to check connectedness.
The following result is the work of several authors.

THEOREM 10. If g ≥
(d−3

2

)
− 1, then Hd,g is connected.

Proof. According to Theorem 6, eitherg =
(d−1

2

)
(in which caseHd,g is the irreducible

family of plane curves) org ≤
(d−2

2

)
. In the range

(d−3
2

)
+ 1 < g ≤

(d−2
2

)
, Theorem

8 shows thatHd,g = E is the family of extremal curves, which is irreducible by the
work of Martin-Deschamps and Perrin [29].

There are three more arithmetic genera to check, but things become more deli-
cate, asHd,g is not irreducible.

If g =
(d−3

2

)
+ 1, then Theorem 8 shows that each curveC ∈ Hd,g is ex-

tremal or ACM, since the bound onh1IC(n) is zero. Conversely each ACM curve in
Hd,g is subextremal by definition, henceHd,g = E ∪ S consists only of extremal and
subextremal curves. FinallyE ∩ S 6= ∅ by [34] andHd,g is connected.

If g =
(d−3

2

)
, then the non-extremal curvesC satisfy h1IC(n) ≤ 1. Samir

Aı̈t-Amrane showed [1] thatHd,g has three irreducible components for larged: (a)
extremal curves, (b) subextremal curves and (c) bilinks of height one from a double
line of genus−1 on a surface of degreed − 2. Both families (b) and (c) specialize
to family (a) by Theorem 9(7), but Samir’s method was to use the triads developed by
Hartshorne, Martin-Deschamps and Perrin [23].

If g =
(d−3

2

)
− 1, then the non-extremal curvesC satisfyh1IC(n) ≤ 2. Irene

Sabadini showed [39] thatHd,g has 4 irreducible components ford ≥ 9: (a) extremal
curves, (b) subextremal curves, (c) bilinks of height one from a double line of genus
−2 on a surface of degreed − 2 and (d) disjoint unions of an ACM extremal curve of
degreed − 1 and a line. Families (b) and (c) specialize to (a) by Theorem9(7) and
family (d) specializes to (a) by Theorem 9(5).
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THEOREM 11. For d ≤ 4, Hd,g is connected whenever it is non-empty.

Proof. SinceHd,g is irreducible forg =
(d−1

2

)
, we may assume thatd ≥ 2 andg ≤(d−2

2

)
by Theorem 6. There are just three cases to consider.

If d = 2, then H2,g consists only of double lines, which were classified by
Migliore [30]. These form an irreducible family.

If d = 3, thenH3,g has exactly⌈4−g
3 ⌉ irreducible components, most consisting

only of triple lines. In this case there are curves which lie in the intersection of all the
irreducible components [33, Prop. 3.6 and Remark 3.9], hence H3,g is connected.

Finally if d = 4, thenH4,g has roughlyg2

24 irreducible components, most of the

families consisting of 4-lines (there are roughly−3g
2 families whose general member

is not supported on a line). In work of the author and Enrico Schlesinger [36], these
components were classified and connectedness was established through a variety of
methods (see next two sections). One new feature to this example is the existence of an
irreducible component which doesnot intersect the extremal component: the general
curve is a multiplicity four structure on a line which has generic embedding dimension
three.

Looking at the number of irreducible components of the Hilbert schemes, one
might guess thatHd,g has on the order ofgd−2 irreducible components, at least for
g << 0. For degreesd = 2 andd = 3, the reason for the large number of components
is the number of different families of multiplicity structures on a line. Will this behavior
persist for largerd? At the other edge, there are few components forg ∼

(d−3
2

)
. Can

one find an upper bound on the number?

PROBLEM 8. How many irreducible components doesHd,g have?

(a) For g << 0? Is it of ordergd−2? Can one show this is a lower asymptotic
bound?

(b) For g near
(d−3

2

)
? Can one find an upper bound?

4. The Hilbert schemeH4,−99

In this section we fully describe an example, the Hilbert schemeH4,−99. We list the
irreducible components and their dimensions, as well as describing the general curve
in the corresponding family. Complete proofs for general arithmetic genusg can be
found in [36].

REMARK 5. The following refer to Table 1.

(a) Notation:L always denotes a line,D a smooth conic,Z a curve of degree two
with given genus, andW a triple line.

(b) In family G10,m, we setǫ(m) = 0 for m> 1, ǫ(1) = 1 andǫ(0) = 3.
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(c) Most of the families consist of multiplicity structureson a line.

(1) Thethick 4-lines that occur in familyG4 are curvesC with linear supportL
such thatIC ⊂ I2

L (they containL(1)).

(2) A multiplicity structureC of degreek on a lineL which is not thick is called
quasi-primitive[2] and has a Cohen-Macaulay filtration

L ⊂ Z2 ⊂ Z3 ⊂ · · · ⊂ Zk = C

with quotientsIL/IZ2
∼= OL(a), IZ2/IZ3

∼= OL(2a + b) and (if necessary)
IZ4/IZ3

∼= OL(3a + c) with b ≤ c. The numbersa,b andc give thetypeof
the multiple line: thus a double line has typea, a triple line has type(a,b) and
a quadruple line has type(a,b, c). We do not give the type for double lines,
because the type is determined by the genus.

(d) The last five families listed come with parameters, meaning that there are several
irreducible components. For example, there are actually 32irreducible families
of curves ofG9,a (each consists of a disjoint union of a triple line and a reduced
line), one for each 1≤ a ≤ 32. Similarly there are 33 families of typeG7,a,
32 of typeG8,a, 50 of typeG10,m and 376 of typeG11,a,b, for a total of 529
irreducible components.

(e) We prove connectedness by the following plan:

G9,a G10,0/G10,1 G6 G3
ց ↓ ւ ↓

G8,a → E = G1 ← G2 → G4 ← G11,a,b
ր ↑ ↑

G7,a G5 G11,0,m−1 ⊂ G10,m>1

Each arrow represents a specialization of curves. The extremal componentG1
draws several arrows. The arrowsG6 → G1,G8,a → G1,G9,a → G1 and
G10,0/G10,1→ G1 follow from Theorem 9, parts (5) and (6) and results in [33].
The arrowsG2→ G1 andG5→ G1 can be found in [25], as the relevant curves
lie on a double plane. The arrowG7,a → G1 is obtained by actually writing
down equations of the deformation. The arrowsG2→ G4 andG3→ G4 arise
by varying a resolution for the Rao module [36, Prop. 4.2 and 4.3], while the
arrowG11,a,b→ G4 arises by a tricky deformation of a resolution for the ideals,
using the Buchsbaum-Eisenbud criterion [5] to check exactness [36, Prop. 2.4].

Finally, the curves inG10,m with m > 1 consist of disjoint unions of double
lines of genus< −1. As the support of these curves lies on a smooth quadric,
the curves themselves lie on a double quadric. On this surface we were able to
deform these curves to a quasi-primitive 4-line inG11,0,m−1 on a fixed double
quadric: we explain this in the next section. The quasi-primitive 4-lines deform
to G4 as in arrowG11,a,b→ G4.
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Table 1: The 529 Irreducible Components ofH4,−99

Label General Curve Dimension

G1
Extremal curves

D ∪ Z
D smooth conic

pa(Z) = −102, length(D ∩ Z) = 4
213

G2
Subextremal curves

L1 ∪2P Z ∪2Q L2
L1 ∩ L2 = ∅

pa(Z) = −101
211

G3

D ∪2P Z
D smooth conic
pa(Z) = −100

211

G4 thick 4-line 306
G5 double conic 211

G6
Z ∪2P L1∪̇L2
pa(Z) = −99

209

G7,a
1≤ a ≤ 33

W ∪3P L
W quasiprimitive 3-line

of type(a,99− 3a)
209− a

G8,a
1≤ a ≤ 32

W ∪2P L
W quasiprimitive 3-line

of type(a,98− 3a)
208− a

G9,a
1≤ a ≤ 32

W∪̇L
W quasiprimitive 3-line

of type(a,96− 3a)
206− a

G10,m
0≤ m≤ 49

Z1∪̇Z2
pa(Z1) = −m

pa(Z2) = m− 98
206+ ǫ(m)

G11,a,b
1≤ a ≤ 16

0≤ b ≤ 48− 3a

Quasiprimitive 4-line
of type(a,b, c = 96− 6a− b)

205− 3a

5. Curves on the double quadric

Hartshorne and Schlesinger gave a satisfying classification of curves lying on the dou-
ble plane [25], describing all the irreducible components and showing connectedness.
Their primary tool was a certain triple associated to such a curve (Definition 1 below).
In this section we describe joint work of Enrico Schlesingerand the author [35], which
uses these triples on a double surface to give a criterion forwhen the underlying triple
of a curve can be spread out in a flat family. As an application we obtain in Example 3
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(a) the inclusion

(3) G11,0,m−1 ⊂ G10,m

needed to show connectedness ofH4,−99 (see Remark 5 (e)).

To set the scene, letF be a smooth surface on a smooth threefoldT with dou-
bling X = 2F . More generally one can takeX to be aribbon over F in the sense of
Eisenbud and Bayer [3].

DEFINITION 1. For each curve C⊂ X, the triple T(C) = {Z, R, P} is defined
as follows:

1. P is the support of C, the one dimensional part of C∩ F.

2. R is the curve part of C residual to P.

3. Z is the zero-dimensional part of C∩ F, soIC∩F,F ∼= IZ,F (−P).

REMARK 6. If T(C) = {Z, R, P}, thenZ ⊂ R is zero-dimensional and Goren-
stein [35, Prop. 2.1] andR⊂ P are divisors onF . The arithmetic genus is given by

(4) pa(C) = pa(P)+ pa(R)+ degROR(F)− degZ − 1.

EXAMPLE 2. We show below that both families of curves involved in inclusion
(3) lie on a double quadric inP3 and compute their triples.

(a) A curveC in the familyG10,m is a disjoint unionC = D1 ∪ D2 of double
lines of genera−m andm−98. The supportL1∪L2 being contained in a 3-dimensional
family of smooth quadrics, we can choose such a quadricQ containing neitherD1 nor
D2. ThenC lies on the double quadricX = 2Q and

T(C) = {Z1 ∪ Z2, L1 ∪ L2, L1 ∪ L2}

whereZ1 ⊂ L1 has lengthm+ 1 andZ2 ⊂ L2 as length 99−m ≥ m+ 1 by formula
(4). ForC general,Zi can be taken to be reduced sets of points.

(b) A curveC in the familyG11,0,m−1 is a quasi-primitive 4-line supported on
L of type(0,m−1,97−m) (see Remark 5 (c)) and has underlying double line of type
0 and hence genus−1. Such a double line necessarily lies on a smooth quadric surface
Q [33, Remark 1.5], henceC itself lies on the double quadricX = 2Q. It takes some
work [36, Prop. 3.1], but one finds that

T(C) = {Z,2L ,2L},

where 2L is the double line onQ andZ consists of 98− 2m reduced points andm+ 1
double points on 2L, none of which are contained inL .

REMARK 7. Looking at the triples in Example 2, we note that triple in part (b)
is a limit of the triples in part (a): The two linesL1 andL2 come together onQ to form
the double line 2L, and the sets of reduced pointsZ1 andZ2 can be brought together
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in this limit to form m+ 1 double points and 98− 2m reduced points. If we could lift
this flat family of triples to a flat family of curves onX = 2Q, we would have proved
the inclusion (3).

Thus we consider the mapC 7→ T(C) = {Z, R, P}, which yields a natural
transformation of functors

H
t
→ D

whereH is the set of flat families of curves onX = 2F and D is the set of triples
{Z, R, P}. The functorD is represented by a disjoint union of locally closed sub-
schemesDz,r,p, where{z, r, p} are the respective Hilbert polynomials of the entries in
the triple{Z, R, P}. The pre-images undert stratify the Hilbert schemeH into locally
closed subschemesHz,r,p. The mapt has a nice structure over the locus of the triples
in D given by a vanishing [35, Thm. 3.2]:

THEOREM 12 (Nollet and Schlesinger, 2003).Let V ⊂ Dz,r,p be the open
subscheme corresponding to triples{Z, R, P} satisfying H1(OR(Z + P − F)) = 0.
Then the map t−1(V) → V is the composition of an open immersion and an affine
bundle projection. In particular, if Y⊂ V is irreducible, then t−1(Y) is also irreducible
(hence connected).

EXAMPLE 3. Here are two applications of Theorem 12.

(a) In view of Remark 7, Theorem 12 will prove the inclusion (3) if the vanishing
H1(OR(Z + P− Q)) = 0 holds for both the triples in Example 2. This is easy for the
triples in (a): writingR= L1∪L2 the vanishing boils down toH1(OL i (Zi+1−2)) = 0
for i = 1,2, which is immediate because degZi ≥ 0. The vanishing for family (b)
uses the Cohen-Macaulay filtration (Remark 5 (c)) for the 4-lineC [36, Prop. 3.1].

(b) Some of the deformations used in showing the connectedness ofH3,g follow
from Theorem 12, for example [33, Prop. 3.3].

We close this section with some open questions involving thefibres of the map
t : H → D. Given a tripleT = {Z, R, P} ∈ D on F , the fibret−1(T) is the set of
locally Cohen-Macaulay curvesC ⊂ X with T(C) = T (there may be none). There is
a bijection between such curvesC and surjectionsφ : IP ⊗OR→ OR(Z − F) such
thatφ ◦ τ = σ , where

τ = (O(−F) →֒ IP)⊗OR σ = (OR(−Z) →֒ OR)⊗OR(Z − F)

are the natural maps [35, Prop. 2.2], hence these maps can be identified with an open
subset

U ⊂ HomR(OR(−P),OR(Z − F)) ∼= H0(OR(Z + P − F)).

PROBLEM 9. Under what conditions is the open setU non-empty? When does
a given tripleT = {Z, R, P} arise from a curveC ⊂ X?

REMARK 8. Obviously a solution to Problem 9 will have applications to clas-
sifying non-reduced curves of low degree. Here are some partial results.
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(a) For tripleT = {Z, R, P}, the open subsetU is non-empty if any of the following
conditions hold [35, Remark 2.7 and Prop. 2.5]:

(1) H1(OR(Z + P − F)) = 0 andOR(Z + P − F) is generated by global
sections.

(2) H1(OR(Z + P − F − H)) = 0 for a very ample divisorH on R.

(3) H1(OR(P − F)) = 0.

(b) For the double planeX = 2H ⊂ P3, the subsetU is non-empty for any triple,
because condition (3) above holds. Chiarli, Greco and Nagelhave described the
curves with fixed triple using a matrix of homogeneous polynomials overH ,
giving a certain “normal form” to such curvesC [9].

(c) The double quadricX = 2Q ⊂ P3 is more interesting [35, Ex. 2.8]. LetT =
{Z, R, P} be a triple withZ Gorenstein of dimension zero.

(1) If R = P is a smooth rational curve, thenT arises from a curve with one
exception:R= P is a conic andZ is a reduced point.

(2) If P is ample onQ andR 6= P, thenT arises from a curve.

(3) If R ⊂ P are disjoint unions of rulings onQ, thenT arises from a curve if
and only if Z ∩ L 6= ∅ for each rulingL ⊂ R.

PROBLEM 10. Answer the question implicit in part(c) above: Which triples on
a smooth quadric inP3 come from a curve on the double quadric? Describe the Hilbert
schemesHd,g(2Q).

PROBLEM 11 (Hartshorne). Which curves on a double surface 2F ⊂ P3 are
flat limits of curves onsmoothsurfaces? For example, the thick triple lineL(2) on
the double plane 2H is a flat limit of twisted cubic curves lying on smooth quadric
surfaces. What is special about the curveL(2) or its triple{∅, L ,2L} that allow it to be
such a limit?

6. Subcanonical curves

In view of Paolo Valabrega’s research interests [6, 7, 13, 41], we thought it would
be interesting to determine which families of curves inH4,−99 are subcanonical. A
local complete intersection curveC is α-subcanonical ifωC ∼= OC(α). The following
restricts our attention to just a few families inH4,−99.

PROPOSITION1. Suppose that C∈ H4,−99 is subcanonical. Then

(1) ωC ∼= OC(−50).

(2) C has no smooth rational irreducible components.

(3) C is one of the following:
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(a) A double conic.

(b) A union of two double lines.

(c) A quasi-primitive4-line.

Proof. An α-subcanonical curve of degreed and genusg satisfiesdα = 2g − 2 in
general, henceα = −50 in our case.

Suppose thatC has a smooth rational componentR. Then degR 6= 4 because
thenC = R has genus 06= −99. Also degR 6= 3 because thenC = R∪ L (L a line)
forcespa(C) = deg(R∩ L)− 1≥ −1 is not equal to−99. ThusR is a line or a conic.
We writeC = S∪ R and restrict the exact sequence

0→ ωS⊕ ωR→ ωC → ωS∩R→ 0

to R. UsingωC = OC(−50) we obtain

ωS|R⊕ ωR
φ
→ OR(−50)→ ωS∩R→ 0.

Now the sheafωS|R is torsion andωR is either isomorphicωR = OR(−2) (if R is
a line) orOR(−1) (if R is a conic), henceφ is the zero map. This proves (2) by
contradiction, since the cokernel ofφ is finitely supported.

Let B = SuppC. Then degB < 4 (sinceg < −3) and degB 6= 3 (since then
C consists of a double line and a reduced curve of degree two). Thus degB = 2 or
1 andC is either (a) a double conic, (b) a union of two double lines or(c) a multiple
line by part (2). IfC were a thick 4-line supported onL, then it contains the triple
line with idealI2

L , which has degree 3 and genus 0 (a degenerate twisted cubic curve).
According to [36, Lem. 4.1],C has spectrum

{−98,0,12},

which is a shorthand way of saying that the functionhC(n) = 12h0OC(n) satisfies
hC(−98) = 1, hC(0) = 1, hC(1) = 2 andhC(n) = 0 otherwise. Such a curve
C cannot satisfyωC = OC(−50), for in this case it would not satisfy the symmetry
hC(n) = hC(−50+ 2− n)) [40, Prop. 2.15].

PROPOSITION2. There are18 irreducible components of H4,−99 whose gen-
eral member is(−50)-subcanonical, as listed in Table 2.

Proof. By Proposition 1 we need only consider (a) double conics, (b)unions of double
lines, and (c) quasi-primitive 4-lines. The double conics are automatically subcanon-
ical, for if D is the support of a double conicC, then the Cohen-Macaulay filtration
is

0→ IC → ID → OD(49)→ 0.

Noting thatOD(49) = ωD(50), we see thatC arises by the Ferrand construction [12]
and hence is subcanonical.
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Table 2: Irreducible families of subcanonical curves inH4,−99

Label from Table 1 Dimension Spectrum
G5

Double conics
211 {−49,−48,0,1}

G10,49
Disjoint union of two double

lines of genus−49
206 {−482,02}

G11,a,48−3a for 0< a ≤ 16
Quasi-primitive 4-line

205− 3a {−48,−48+ a,−a,0}

Next consider a unionC = D1 ∪ D2 of double lines. IfC is connected, then
the support is planar andC is contained in the double plane. It follows thatC is a limit
of double conics by Theorem 12 or [25, Thm. 5.1], so we need only consider disjoint
unions of double lines. Since a double line of genusg is (g−1)-subcanonical, a disjoint
union of such can only be subcanonical if the double lines have the same genus, which
in this case must be−49.

Now let C be a quasi-primitive 4-line of type(a,b, c) with 0 < a ≤ 16, 0≤
b ≤ 48− 3a andc = 96− 6a− b. This means that there are locally Cohen-Macaulay
curvesL ⊂ D ⊂ W ⊂ C with quotientsIL/ID ∼= OL(a), ID/IW ∼= OL(2a+ b) and
IW/IC ∼= OL(3a + c) (see Remark 5 (c)). Piecing together the exact sequences and
usinga > 0, the spectrum ofC is

{−3a− c,−2a− b,−a,0}.

To be (−50)-subcanonical, this sequence of integers must be symmetricabout−24
[40, Prop. 2.15], which forcesb = 48− 3a andc = 48− 3a. It now suffices to show
that the general 4-lineC of type(a,48− 3a,48− 3a) is subcanonical.

The exact sequence

(5) 0→ ID → IL → OL(a)→ 0

shows that the underlying double lineD ⊂ C arises from the Ferrand construction
and is(−a− 2)-subcanonical, sinceOL(a) ∼= ωL(a+ 2). In fact, D is a divisor on a
smooth surfaceS⊂ P3 of degreea+2 by [33, Rmk. 1.5]. In view of the isomorphisms
IS ∼= OP3(−a−2) andID,S⊗OD = OS(−D)⊗OD ∼= ωS⊗ω

−1
D withωS ∼= OS(a−4)

andωD ∼= OD(−a− 2), restricting the exact sequence

0→ IS→ ID → ID,S→ 0

to D yields

(6) OD(−a− 2)
τ
→ N∨D

π
→ OD(2a− 2)→ 0.
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Sinceπ is a surjection of bundles onD, the kernel is a line bundle onD. Since any
surjection of line bundles is an isomorphism,τ is injective and sequence (6) is short
exact.

Exact sequence (5) shows thath0OD(m) = h1ID(m) = 0 for m < −a, hence
sequence (6) yields the vanishingH1(ND ⊗ ωD(m)) ⊥ H0N∨D (−m) = 0 for m >

3a−2. ThereforeND⊗ωD is (3a)-regular and soND⊗ωD(n) is generated by global
sections forn ≥ 3a by the Castelnuovo-Mumford theorem. Sincea ≤ 16, we have in
particular thatND ⊗ ωD(50) is generated by global sections and we obtain a nowhere
vanishing section yielding a surjectionID → N∨D → ωD(50) whose kernelIC is the
ideal sheaf for a(−50)-subcanonical curveC by Ferrand’s construction. ClearlyC is
supported onL and the sequence

0→ ωD(50)→ OC → OD → 0

shows that the spectrum ofC is {−48,−48+ a,−a,0}, so C is quasi-primitive of
type (a,48− 3a,48− 3a). For curves with fixed spectrum, the property of being
subcanonical is open and we conclude.

REMARK 9. Chiantini and Valabrega have given equations of such curves [6,
Examples 3.1 and 3.2]. Form,n,u > 0 and p ≥ max{m,n}, they observe that the
curveV with homogeneous ideal

IV = ((x
n, ym)u, zp−nxn − wp−mym = ϕ)

is ((1− u)p+ (m+ n)u − 4)-subcanonical. Setting 4= degV = mnu, we find just
a few possibilities. Whenu = 1 we obtain plane curves (m = 4,n = 1) and complete
intersections of two quadrics (m= n = 2). More interesting are these:

(a) m = 2, n = 1 andu = 2. To obtain a(−50)-subcanonical curve we take
p = degϕ = 52. This is a quasi-primitive 4-line of type(−1,50,52). It does
not appear in Table 1 because such 4-lines are limits of double conics. This one
is a Ferrand doubling of the plane curve with ideal(x, y2).

(b) m = n = 1 andu = 4. To obtain a(−50)-subcanonical curve we takep =
degϕ = 54. This curve is a quasi-primitive 4-line of type(16,0,0).

REMARK 10. Here we make a list of the families of subcanonical curvesof
degree four. There are none wheng is even. Forg = 3 there are plane curves and for
g = 1 there are complete intersections of two quadrics. For oddg < 0 we have:

1. Double conics.

2. Disjoint unions of two lines of genusg+1
2 .

3. Quasi-primitive 4-lines of type(a, −g+3−6a
2 ,

−g+3−6a
2 ) for 0 < a ≤ −g−3

6 (this
last family is empty forg > −9, as no sucha exist).
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Abstract. In this paper, we fix a Cohen-Macaulay idealI ⊂ R = K [x1, . . . , xn] of dimen-
sion 1 and we construct a parameter spaceG(I , r ) for the family of Artinian Gorenstein ideals
J with reg(J) = r for which I is a tight annihilating ideal. We compute the dimension of
G(I , r ) and we prove that ifr ≫ 0 (see section 5 for a precise bound) then allJ ∈ G(I , r ) are
a basic doubleG-link of G on I whereG is a suitable Artinian Gorenstein ideal containing
I .

1. Introduction

In recent years many authors focus their attention to study Gorenstein ideals and the
role that they play in various of the applications of Commutative Algebra such as Al-
gebraic Geometry, Algebraic Combinatorics and Number Theory.

It is well known that in codimension 2 Gorenstein ideals and complete intersec-
tion ideals coincide; and in codimension 3 Gorenstein ideals are completely described
from an algebraic point of view by the beautiful structure theorem of Buchsbaum and
Eisenbud which allows one to associate an alternating matrix of odd order to each
Gorenstein ideal of codimension 3. Unfortunately the geometric appearance of Goren-
stein idealsI ⊂ K [x1, . . . , xn] is less understood. For this reason, many authors have
given geometric constructions of some particular families(cf. [2], [7], [9], [10] among
others). In this paper, we construct a parameter space for the family of Artinian Goren-
stein idealsJ with fixed regularity and fixed tight annihilating idealI and we prove that
if the regularity is big enough then all these Gorenstein ideals J are obtained by basic
doubleG-link of G on I whereG is a suitable Artinian Gorenstein ideal containingI .

Next we outline the structure of the paper. Section 2 provides a brief glossary
of definitions. In section 3 we recall some constructions of Gorenstein ideals and we
point out some features of the constructed ideals. All of them have been successfully
applied in the context of liaison to produce Gorenstein links of given ideals and to
study the Gorenstein liaison classes of some particular ideals. In section 4, we first
introduce the notion of tight annihilating ringR/I for an Artinian Gorenstein ring
R/J of arbitrary codimension, given by A. Iarrobino and V. Kanevin [6]. Then we
introduce the new definition of tight resolving ringR/I for an Artinian Gorenstein ring
R/J which generalizes the other one in the codimension 3 case. Werelate the Hilbert
function of an Artinian Gorenstein ringR/J to the Hilbert function of a tight resolving

∗Partially supported by MTM 2004-00666.
†Members of GNSAGA of INdAM.
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ring for R/J, and we compare the two notions. We prove that if a Cohen-Macaulay ring
R/I of dimension 1 is a tight annihilating or resolving ring for an Artinian Gorenstein
ring R/J and f ∈ [R]d is a regular form forI then the idealJ ′ = J : f R is an
Artinian Gorenstein ideal,J is a basic double link ofJ ′ on I if the degreed of f is not
too large, andR/I is not necessarily either a tight annihilating ring or a tight resolving
ring for R/J ′. We end this section giving a numerical criterion to assure that R/I is
also a tight resolving ring forR/J ′.

Section 5 contains the main results of this paper. We fix a Cohen-Macaulay ideal
I ⊂ R of dimension 1 and we construct the parameter spaceG(I , r ) for the Artinian
Gorenstein idealsG with reg(G) = r and for whichI is a tight annihilating ideal. We
prove thatG(I , r ) is an open subset of an affine space of dimension deg(R/I ). We also
construct the parameter spaceBDL(I , sI + d) for the family of Artinian Gorenstein
idealsL = I + f G with regularity reg(L) = sI + d (sI depends on the geometry ofI )
which are basic doubleG-links of G on I whereG is the sumI + I1 of two suitable
directly linked ideals. We prove thatBDL(I , sI + d) is an open subset of an affine
space of dimensionhR/I (d). The main result of this paper states that ifd ≥ sI +1 then
G(I , sI + d) = BDL(I , sI + d).

2. Preliminaries and notation

Let R= K [x1, . . . , xn] be the polynomial ring in the variablesx1, . . . , xn over the field
K , algebraically closed and of characteristic char(K ) = 0. We assume deg(xi ) = 1,
for i = 1, . . . ,n, and we considerR with the usual induced graduation overZ, i.e.
R= ⊕n∈N[R]n, where[R]n contains the homogeneous polynomials of degreen.

DEFINITION 1. Given a homogeneous ideal I⊆ R, the function

j ∈ Z→ hR/I ( j ) = dimK [R/I ] j

is the Hilbert function of the ring R/I , wheredimK means the dimension as K−vector
space.

From the definition it follows that, ifI 6= R, thenhR/I (0) = 1.
In the following, the dimension of a ring means its Krull dimension.

DEFINITION 2. Let I ⊆ R be a homogeneous ideal. Ifdim R/I = 0, we say
that I is an Artinian ideal, and R/I is an Artinian ring.

Because of the noetherianity of the ringR, this definition is equivalent to the
usual definition (see [1], Ch.6).

Let I ⊆ R be a homogeneous ideal, and let

(1) 0→ Fc→ Fc−1→ · · · → F1→ I → 0

be a minimal free resolution ofI , with Fi = ⊕
ni
j=1Rβi j (−bi j ).
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Following the sheaf theory, we define the regularity of an ideal and of its quo-
tient ring.

DEFINITION 3. Let I ⊆ R be a homogeneous ideal. Then the regularity of
R/I is reg(R/I ) = max

{
bi j − i | i = 1, . . . , c

}
while the regularity of I isreg(I ) =

reg(R/I )+ 1.

Now, we define the properties of the ideals we are mainly interested in.

DEFINITION 4. I is a Cohen-Macaulay ideal if c= dim R− dim R/I = n−
dim R/I . Equivalently, R/I is a Cohen-Macaulay ring.

DEFINITION 5. I is a Gorenstein ideal if I is a Cohen-Macaulay ideal and
rank(Fc) =

∑nc
j=1 βcj = 1, i.e. Fc ≃ R(−tI ) for some integer tI . Equivalently, R/I is

a Gorenstein ring.

We recall now the definition of regular element and some well known properties
that we will use in the sequel.

DEFINITION 6. Let I ⊆ R be an ideal withdim R/I = 1, and let f ∈ [R]d.
The element f is regular for I if I: f R= I .

PROPOSITION1. If f ∈ [R]d is a regular element for a Cohen-Macaulay ideal
I ⊆ R, then the sequence

0→
R

I
(−d)

f
−→

R

I
→

R

I + f R
→ 0

is exact and hR/I+ f R( j ) = hR/I ( j )− hR/I ( j − d).

Now, we collect the properties of the Hilbert function needed later on in the
cases dimR/I = 0,1.

PROPOSITION2. Let I ⊆ R be a Cohen-Macaulay homogeneous ideal.

1. If I is Artinian, then hR/I ( j ) = 0, for j >> 0.

2. Let R/I be an Artinian Gorenstein ring of regularity sI = reg(R/I ). Let Fc ≃

R(−tI ) be the last module in the minimal free resolution of I. Then

i. sI = tI − n;

ii. h R/I ( j ) = hR/I (sI − j ) for every j ∈ N, and so hR/I (sI ) = 1 and
sI = max

{
j ∈ N | hR/I ( j ) 6= 0

}
.

The proof follows from [1], Corollaries 4.1.4 and 4.1.6.

The integersI = reg(R/I ) is also calledsocle degreeof the Artinian Gorenstein
ring R/I .
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PROPOSITION3. Let I ⊆ R be a homogeneous Cohen-Macaulay ideal of di-
mension 1, and regularity rI = reg(R/I ). Then:

1. hR/I ( j + 1) ≥ hR/I ( j ), for j ≥ 0;

2. hR/I (r I ) = hR/I (r I + i ) for every i∈ N.

The integerhR/I (r I ) is called the degree deg(R/I ) of R/I .

The Gorenstein property gives constraints not only on the Hilbert function of a
ring, but also on its minimal free resolution.

In fact, using the graded version of [5], Theorem 1.5, one canprove

PROPOSITION4. Let I ⊆ R be a Gorenstein ideal. Then, the minimal free
resolution of I is self-dual, i.e.

1. Fc− j ≃ F∗j (−tI );

2. δc− j : Fc− j → Fc− j−1 is equal toδ∗(−tI ) : F∗j (−tI )→ F∗j+1(−tI )

where F∗ = Hom(F, R) is the dual module of the free module F.

3. Some construction of Artinian Gorenstein rings

In this section we recall some well-known methods to construct homogeneous Artinian
Gorenstein ideals inR and some properties that the corresponding quotient rings have.

The first method is the Buchsbaum-Eisenbud structure Theorem for codimen-
sion 3 graded Gorenstein rings ([5], Theorem 2.1).

THEOREM 1. Let g ≥ 3 be an odd integer, and d1 ≤ · · · ≤ dg be a sequence
of positive integers; set d= 2

g−1(d1 + · · · + dg) and suppose this is an integer, let
ei = d − di , and j = d − 3, and we suppose1≤ d1,dg ≤ j + 1 (so ei ≥ 2).

Let9 be an alternating g× g matrix with entries from the ring R, such that
the entryψi j is homogeneous of degree ei − d j if ei > d j and zero otherwise (so the
entries belong to the maximal ideal of R). Let9i be the(g− 1)× (g− 1) alternating
matrix obtained by deleting the i−th row and column of9. Then the pfaffianPf(9i ) is
homogeneous of degree di . Let I be the idealPf(9) generated byPf(9i ), i = 1, . . . , g.
Then I has grade (height)≤ 3 in R. If I has grade3, then I is a graded Gorenstein
ideal of height3, and the socle degree of R/I is j = d − 3.

Letλ be the column vector with entriesλi = (−1)i Pf(9i ).

i. Suppose I has the maximal possible grade3. Then I has minimal free resolution

0→ R(−d)
λ
−→ ⊕

g
i=1R(−ei )

9
−→ ⊕

g
i=1R(−di )

λT

−→ I → 0.

ii. Conversely, if I 6= R is a height3 graded Gorenstein ideal of R, there is an
alternating matrix9 as above, such that I= Pf(9).
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No generalization of Theorem 1 is known for height≥ 4 graded Gorenstein
ideals.

A second method of constructing Artinian Gorenstein idealsis the following
(see [4], Ex. 3.2.11):

THEOREM 2. Letϕ : [R]s→ K be a non-degenerate linear map. Let

[I ] j =

{
[kerϕ : (x1, . . . , xn)

s− j ] j if j ≤ s
[R] j if j > s.

Then I= ⊕ j∈Z[I ] j is an Artinian Gorenstein ideal of regularityreg(I ) = s+ 1.

This construction is equivalent to Macaulay’s inverse system, and allows us to
construct every Artinian Gorenstein ideal with given socledegree. It is a very hard
open problem to relate the linear mapϕ to the minimal free resolution ofI or at least
to the Hilbert function ofR/I .

The next two methods allow one to construct Gorenstein ringsof whatever di-
mension, but we state them only in the Artinian case.

We state the first one as a particular case of [8], Theorem 4.2.1, but it was first
proved in [10].

THEOREM 3. Let I1, I2 ⊆ R be homogeneous Cohen-Macaulay ideals such
that dim R/I1 = dim R/I2 = 1. Assume that J= I1 ∩ I2 is a Gorenstein ideal such
that dim R/J = 1. Then G= I1+ I2 is an Artinian Gorenstein ideal.

REMARK 1. (1) Two idealsI1 and I2 satisfying the hypotheses of the previous
theorem are directly linked, andG is said the sum of directly linked Cohen-Macaulay
ideals.
(2) The Gorenstein ideals arising as sum of two Cohen-Macaulay directly linked ideals
were studied in various papers ([11], [12], [13], for example), and it is known that not
every Gorenstein ideal can be obtained by using that construction (see [11], Example
4.1).

The second and last method is the so-called basic double G-link ([7], Lemma
4.8).

THEOREM 4. Let I ⊆ J ⊆ R be homogeneous ideals such thatdim R/I = 1
anddim R/J = 0. Let f ∈ [R]d be a regular form for I. Then it holds:

1. deg(I + f J) = d deg(I )+ deg(J).

2. If I is perfect and J is unmixed, then I+ f J is unmixed.

3. J/I ∼= (I + f J)/I (d).

4. if R/I and J/I are Cohen-Macaulay and J/I has Cohen-Macaulay type 1 then
J and I+ f J are Artinian Gorenstein ideals.
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REMARK 2. In the same hypotheses as above, the idealI + f J is called basic
double G-link ofJ on I . It is known that this construction does not give every Artinian
Gorenstein ideal (see [2], Example 5.13).

Now, we want to give more details on the Gorenstein ideals arising from Theo-
rems 3 and 4. In particular, we will determine how their resolution looks like.

PROPOSITION5. In the same notation and hypotheses as Theorem 3, if s=
reg(R/J), then

1. hR/I2( j ) = hR/J( j )+ hR/I1(s− j − 1)− deg(R/I1);

2. reg(R/G) = s− 1;

3. hR/G( j ) = hR/I1( j )+ hR/I1(s− j − 1)− deg(R/I1);

4. if 0→ Fn−1→ · · · → F1→ I1→ 0 is a minimal free resolution of I, then

0→ R(−S)→
Fn−1
⊕

F∗1 (−S)
→ · · · →

F1
⊕

F∗n−1(−S)
→ G→ 0

is a free resolution of G, not necessarily minimal, where S= s+ n− 1.

Proof. Recalling thatI2 = J : I1, we compute the first difference of the Hilbert
functions:

1hR/I2( j ) = 1hR/J(s− j )−1hR/I1(s− j )

1hR/I2( j − 1) = 1hR/J(s− j + 1)−1hR/I1(s− j + 1)

and so on, until

1hR/I2(0) = 1hR/J(s− 0)−1hR/I1(s− 0).

By adding all the equations we get:

hR/I2( j ) = hR/J(s)− hR/J(s− j − 1)− hR/I1(s)+ hR/I1(s− j − 1).

Because of the symmetry of the function1hR/J (1hR/J( j ) = 1hR/J(s− j )), the
previous equality can be written as

hR/I2( j ) = hR/J( j )− hR/I1(s)+ hR/I1(s− j − 1)

and so the first claim is proved.

The claims(2) and(3) follow from the knowledge of the resolution ofG. Then,
it is enough to prove the claim(4). The resolution ofG can be computed by mapping
cone procedure from the short exact sequence

0→ J → I1⊕ I2→ G→ 0
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that relates all the ideals involved in the construction ofG. By using the minimal free
resolutions ofI1, J and standard results from liaison theory, it is possible to compute a
free resolution ofI2. From that last one, we get the claim on the free resolution ofG.
Also if the resolution is non minimal, it is not possible to cancel the last from the left
free module in its resolution, becauseG is Artinian, and so we get also the result on
the regularity ofR/G.

PROPOSITION6. In the same notation and hypotheses of Theorem 4, if d=
deg( f ) then

1. hR/I+ f J( j ) = hR/I ( j )+ hR/J( j − d)− hR/I ( j − d);

2. if 0→ Fn−1→ · · · → F1→ I → 0 is a minimal free resolution of I, then

0→ R(−S)→
Fn−1
⊕

F∗1 (−S)
→ · · · →

F1
⊕

F∗n−1(−S)
→ J → 0

is a free resolution of J, not necessarily minimal, for some integer S;

3. reg(R/I + f J) = reg(R/J)+ d.

Proof. At first, we have the following equality:I ∩ f J = f I .
The inclusion⊇ is evident. The inverse inclusion is an easy consequence of the regu-
larity of f for I . In fact, if f g ∈ I for someg ∈ J theng ∈ I : f R = I and hence
f g ∈ f I .

Now, we have that the short sequence

0→ I (−d)→ I ⊕ J(−d)→ I + f J → 0

is exact, and so we get the claim on the Hilbert function ofR/I + f J.

From the proof of Lemma 4.8 in [7] we know that the two sequences

0→ I → J → J/I → 0

and
0→ I → I + f J → J/I (−d)→ 0

are exact, with bothJ and I + f J Artinian Gorenstein ideals.

We can choosed sufficiently large so that the generators ofI + f J not in I
have degree at least 2+ reg(R/I ). Then, we can apply Theorem 3.2 in [3] and we get
that a minimal free resolution ofJ/I (−d) is

0→ R(−s)→ F∗1 (−s)→ · · · → F∗n−1(−s)→ J/I (−d)→ 0

for some integers. Hence, the claim on the free resolution ofJ follows, too.
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4. A class of Artinian Gorenstein ideals

One of the most studied class of Gorenstein rings of dimension d ≥ 0 is the class of
quotients of Cohen-Macaulay rings of dimensiond+1.Geometrically, they correspond
to divisors on arithmetically Cohen-Macaulay projective schemes. In particular, it is
very interesting the case when the two rings have the same Hilbert function in small
degrees, and hence we recall the definition of tight annihilating ring given by Iarrobino
and Kanev ([6], Definition 5.1), which describes that situation.

DEFINITION 7. Let R/J be an Artinian Gorenstein ring. Let I⊆ J be a
homogeneous ideal such that R/I is a dimension 1 Cohen-Macaulay ring. We say that
R/I is a tight annihilating ring for R/J if hR/J( j ) = hR/I ( j ) for j ≤ reg(R/I ), and
hR/J( j ) ≤ hR/I (reg(R/I )) = deg(R/I ), for every j∈ Z.

REMARK 3. We know that the Hilbert function of the Artinian Gorenstein ring
R/J is symmetric, while the one of the ringR/I is increasing until it reaches its max-
imum value deg(R/I ). Then, if I is tight annihilating forJ, the Hilbert function of
R/J increases as the one ofR/I , reaches the value deg(R/I ), and after that, it takes
the same value for some integers, and when it takes a different value, it can be com-
pleted by symmetry. Then, reg(R/J) ≥ 2 reg(R/I ).

In codimension 3, we can characterize the minimal free resolution of an Artinian
Gorenstein idealJ having a tight annihilating idealI . In fact, it holds:

PROPOSITION7. Let I ⊆ R= K [x, y, z] be a Cohen-Macaulay homogeneous
ideal such thatdim R/I = 1 and hR/I (1) = 3. Let J ⊇ I be an Artinian Gorenstein
ideal for which I is tight annihilating. If0→ F2 → F1 → I → 0 is a minimal free
resolution of I then there exists an integer tJ ≥ 3+ 2 reg(R/I ) such that

0→ R(−tJ)→

F2
⊕

F∗1 (−tJ)

→

F1
⊕

F∗2 (−tJ)

→ J → 0

is the minimal free resolution of J.

Proof. See [6], Theorems 5.31, 5.39, 5.46, and Remark 5.43. The proof is based on
the Buchsbaum-Eisenbud structure theorem for codimension3 Gorenstein ideals.

This property is shared also from the ideals arising from Theorems 3 and 4.
Then, we choose this last property for defining the tight resolved ring for an Artinian
Gorenstein ringR/J of whatever codimension.

DEFINITION 8. Let R/I be a graded Cohen-Macaulay ring of dimension 1 with
minimal free resolution

0→ Fn−1→ Fn−2→ · · · → F1→ R→ R/I → 0.
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We say that R/I is a tight resolving ring for the Artinian Gorenstein graded ring R/J
(or I is a tight resolving ideal for J ) if the minimal free resolution of R/J is

0→ R(−tJ)→

Fn−1
⊕

F∗1 (−tJ)

→ · · · →

F1
⊕

F∗n−1(−tJ)

→ R→ R/J → 0

for some integer tJ ≥ n+ 2 reg(R/I ).

PROPOSITION8. Let R/I be a tight resolving ring for the Artinian Gorenstein
graded ring R/J. Then, the Hilbert function of R/J is equal to

hR/J( j ) = hR/I ( j )+ hR/I (reg(R/J)− j )− deg(R/I ).

Proof. From the additivity of the Hilbert function on exact sequences, we have
hR/I ( j ) =

∑n−1
i=0 (−1)i dimK [Fi ] j , whereF0 = R, and, if Fi = ⊕

ni
h=1R(−bih)

βih ,

then dimK [Fi ] j =
∑ni

h=1

( j+n−1−bih
n−1

)
. Of course,

hR/J( j ) =
n∑

i=0

(−1)i
[
dimK [Fi ] j + dimK [F

∗
n−i ] j−tJ

]
=

=

n−1∑

i=0

(−1)i dimK [Fi ] j +

n∑

i=1

(−1)i dimK [F
∗
n−i ] j−tJ .

The sequence
0→ R(−tJ)→ F∗1 (−tJ)→ · · · → F∗n−1(−tJ)

is a free resolution of the canonical module ofR/I and so

n∑

i=1

(−1)i dimK [F
∗
n−i ] j−tJ = dimK

[
Extn−1(R/I , R)

]
j−tJ

.

It is well known that

dimK

[
Extn−1(R/I , R)

]
j−tJ
= dimK

[
Extn−2(I , R(−n))

]
j+n−tJ

,

and by Serre’s duality, we have that

dimK

[
Extn−2(I , R(−n))

]
j+n−tJ

= h1(Pn−1, I(tJ − n− j ))

whereI is the ideal sheaf obtained by sheaffifing the saturated idealI .Hence, the claim
follows.

REMARK 4. Because of the description of the Hilbert function of a dimension
1 Cohen-Macaulay graded ringR/I , we known thathR/I (k) ≤ deg(R/I ) for every
k ∈ Z. Hence,hR/J( j ) ≤ deg(R/I ), for every j ∈ Z.
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Now, we compare the notion of tight annihilating and tight resolving ideal for
an Artinian Gorenstein idealJ.

PROPOSITION9. Let J ⊆ R be an Artinian Gorenstein ideal and let I⊆ J be
a tight resolving ideal for J. Then, I is a tight annihilating ideal for J if, and only if,
reg(R/J) ≥ 2 reg(R/I ).

Proof. We proved in Proposition 8 above that

hR/J( j ) = hR/I ( j )+ hR/I (reg(R/J)− j )− deg(R/I ).

It follows thathR/J( j ) = hR/I ( j ) for every j ≤ reg(R/I ) if, and only if, reg(R/J)−
j ≥ reg(R/I ) for each j ≤ reg(R/I ), i.e. reg(R/J) ≥ 2 reg(R/I ).

On the other hand, in the codimension 3 case, we have that if anideal is tight
annihilating for an Artinian Gorenstein idealJ then it is tight resolving forJ, too, as
explained in Proposition 7. Because of the absence of a structure theorem for Goren-
stein ideals in codimension≥ 4, the best we can say is the following:

PROPOSITION10. Let J ⊆ R be an Artinian Gorenstein ideal and let I⊆ J
be a tight annihilating ideal for J. Then, if the degrees of the minimal generators of J
not in I are at least2+ reg(R/I ), then I is a tight resolving ideal for J.

Proof. The claim is [3], Theorem 3.2.

Now, we want to construct new Artinian Gorenstein ideals from a given one.

THEOREM 5. Let I ⊆ J be homogeneous ideals in R. Assume that R/J is an
Artinian Gorenstein ring and that R/I is a dimension 1 Cohen-Macaulay ring. Let d
be an integer such that hR/J(d) = hR/I (d), and let f ∈ [R]d be a regular form for I.
Then, J′ = J : f R is an Artinian Gorenstein ideal.

Proof. At first, we prove thatJ ′ is an Artinian ideal. In fact,

hR/J(reg(R/J)+ 1) = hR/J(reg(R/J)+ i ) = 0 for everyi ≥ 1,

and this is equivalent to the equality[J] j = [R] j for j ≥ reg(R/J)+ 1.

If g ∈ [R] j−d, with j ≥ reg(R/J)+ 1, theng f ∈ [R] j = [J] j , and henceg ∈
[J : f R] j−d = [J ′] j−d, and this proves that[J ′] j = [R] j for each j ≥ reg(R/J) −
d + 1, i.e. J ′ is an Artinian ideal.

Now, we prove thatJ ′ is a Gorenstein ideal.

Let ϕ : [R]reg(R/J) → K be a non-degenerateK−linear map such that kerϕ =
[J]reg(R/J). We defineψ : [R]reg(R/J)−d → K to be theK−linear map such that
ψ(g) = ϕ(g f ). According to Theorem 2, we prove thatψ is non degenerate and that

[kerψ : (x1, . . . , xn)
j ]reg(R/J)−d− j = [J

′]reg(R/J)−d− j .
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If ψ(g) = 0 for everyg ∈ [R]reg(R/J)−d, thenϕ(g f ) = 0 for everyg ∈
[R]reg(R/J)−d i.e. f ∈ [kerϕ : (x1, . . . , xn)

reg(R/J)−d]d = [J]d, with d ≤ reg(R/J)−
reg(R/I ). But hR/J(d) = hR/I (d) and so[J]d = [I ]d. Hence, f ∈ [I ]d and so f is
not regular forI . This contradiction proves thatψ is non degenerate.

Now, g ∈ [kerψ : (x1, . . . , xn)
j ]reg(R/J)−d− j if and only if ϕ(g f h) = 0 for

everyh ∈ (x1, . . . , xn)
j . By definition, this means thatg f ∈ [J]reg(R/J)− j i.e. g ∈

[J : f R]reg(R/J)−d− j = [J ′]reg(R/J)−d− j .

Conversely, ifg ∈ [J ′]reg(R/J)−d− j , then g f ∈ kerϕ : (x1, . . . , xn)
j and

deg(g f ) = reg(R/J)− j , i.e. ϕ(g f h) = 0,∀h ∈ (x1, . . . , xn)
j . From the defini-

tion of ψ, it follows thatψ(gh) = 0 for eachh ∈ (x1, . . . , xn)
j and sog ∈ [kerψ :

(x1, . . . , xn)
j ]reg(R/J)−d− j .

REMARK 5. Let I , J, J ′ be as above. ThenI ⊆ J ⊆ J ′.

REMARK 6. If 1 ≤ d ≤ reg(R/J) − reg(R/I ) thenhR/J(d) = hR/I (d) both
in the caseI is a tight annihilating ideal forJ and in the caseI is a tight resolving ideal
for J.

Now, we give an example to show that the Hilbert function ofR/J ′ depends on
J and f and not only onJ andd = deg( f ).

EXAMPLE 1. Let I ⊆ R= K [x, y, z] be the ideal generated byy3− xz2, x3−

y2z, z3− x2y. Its minimal free resolution is

0→
R(−4)
⊕

R(−5)

A
−→ R3(−3) −→ I → 0

where

A =




z x2

y z2

x y2


.

The idealI1 = (x, y2) is geometrically linked toI via the complete intersection ideal
(y3− xz2, x3− y2z), and the formsf = x6+ y6+ z6 andg = x5y+ y5z+ xz5 are
regular forI .

Hence,J = I + f I1 is an Artinian Gorenstein ideal with Hilbert function

hR/J = (1,3,6,7,7,7,7,6,3,1).

The idealsJ1 = J : f R= (x, y2, z3) andJ2 = J : gR= (x2− xy− z2, xy−
xz− yz, y2−3xz−2yz−z2) are Artinian Gorenstein with different Hilbert functions.
In fact, we have

hR/J1 = (1,2,2,1)

while
hR/J2 = (1,3,3,1)
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and so the degree of the regular form is not enough to compute the Hilbert function of
the new Artinian Gorenstein ideal.

However, if the degreed of f is not too large, then the Hilbert function ofJ ′

depends only onJ andd. In fact, it holds:

PROPOSITION11. In the same hypotheses of Theorem 5, assume furthermore
that I is a tight annihilating (resp. tight resolving) idealfor J. If d ≤ reg(R/J) −
2 reg(R/I )+ 1, then

hR/J ′( j ) = hR/I ( j )+ hR/I (reg(R/J ′)− j )− deg(R/I ).

Proof. We know thatJ ⊆ J ′ and so[J]k ⊆ [J ′]k for every integerk.

Let g ∈ [J ′]k. By construction,g f ∈ [J]k+d. If k+ d ≤ reg(R/J)− reg(R/I )
then [J]k+d = [I ]k+d by previous Remark 6, and sog ∈ [I ]k becausef is regular
for I . Hence,[J]k = [J ′]k for everyk such thatk + d ≤ reg(R/J) − reg(R/I ) i.e.
k ≤ reg(R/J)− reg(R/I )− d. We proved thatJ ′ is an Artinian Gorenstein ideal and
so its Hilbert function is symmetric. Then, the Hilbert function of R/J ′ is completely
determined if the conditionk ≤ reg(R/J)−reg(R/I )−d covers at least the first half of
the range where the Hilbert function is non zero. The largestd for which that happens
is d = reg(R/J)− 2 reg(R/I )+ 1 and the claim follows.

REMARK 7. If d = reg( R
J ) − 2 reg( R

I ) + 1, then reg( R
J ′ ) = 2 reg( R

I ) − 1 and
the Hilbert function ofR/J ′ is the one ofR/J after erasing its flat part, that is to say,
the values where it reaches deg(R/I ).

We will show how the idealsJ, I andJ ′ are related. To this aim, we need some
properties which we collect in the following lemma.

LEMMA 1. Let I, J, J ′ and f ∈ [R]d be as in Theorem 5. Then:

(1) I ∩ f J ′ = f I ;

(2) J/I : f R/I = J ′/I .

Proof. 1) The inclusionI ∩ f J ′ ⊇ f I follows from the fact thatI ⊆ J ′.

Let g ∈ I be an element such thatg = f h, h ∈ J ′. Then,h ∈ I : f R = I and
sog ∈ f I , and the other inclusion is verified.

2) It is evident thatI ⊆ J ′, becauseI ⊆ J ⊆ J ′. Then, we can consider the
ideals J/I , J ′/I , and f R/I of R/I , where f is the class off in R/I . We want to
prove thatJ/I : f R/I = J ′/I .

Now, if g ∈ J ′/I theng + h ∈ J ′ for someh ∈ I . But I ⊆ J ′, and sog =
(g+h)−h ∈ J ′. By its definition,g f ∈ J and sog f ∈ J/I . Hence,g ∈ J/I : f R/I .

Conversely, ifg ∈ J/I : f R/I , theng f ∈ J/I . Of course, there existsh ∈ I
such thatg f + h ∈ J. As for the reverse inclusion, fromI ⊆ J we get thatg f =
(g f + h)− h ∈ J. By its definition, it holds thatg ∈ J : f R= J ′, i.e.g ∈ J ′/I .
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Now, we can prove that, ifd is not too large, thenJ is a basic double link ofJ ′

on I .

PROPOSITION 12. Let I, J, J ′ and f ∈ [R]d be as in Theorem 5. More-
over assume that I is either tight annihilating or tight resolving for J. Then, if d≤
reg(R/J)− 2 reg(R/I )+ 1, then J= I + f J ′.

Proof. We know that f J ′ ⊆ J and soI + f J ′ ⊆ J. Then, the equality follows if
they have the same Hilbert function. The Hilbert function ofI + f J ′ was computed in
Proposition 6(1) and it is

hR/I+ f J ′( j ) = hR/I ( j )+ hR/J ′( j − d)− hR/I ( j − d).

By Proposition 11, we have

hR/I+ f J ′( j ) = hR/I ( j )+ hR/I (reg(R/J)− j )− deg(R/I ) = hR/J( j )

and the claim follows.

Now, we show with an example thatR/I could be neither a tight annihilating
ring nor a tight resolving ideal forR/J ′.

EXAMPLE 2. Let R = K [x, y, z] be a polynomial ring in 3 unknowns, and let
I ⊆ R be the ideal generated byy2− xz, x2− yz, z2− xy whose resolution is

0→ R2(−3)
A
−→ R3(−2)→ I → 0

where

A =




z x
y z
x y


.

The Hilbert function ofR/I is hR/I = (1,3,→), and so reg(R/I ) = 1.

Let J = (y2− xz, x2− yz, z2− xy, xz,−xy) be an Artinian Gorenstein ideal,
whose minimal free resolution is

0→ R(−5)→ R5(−3)
B
−→ R5(−2)→ J → 0

where

B =




0 0 −x z x
0 0 0 y z
x 0 0 x y
−z −y −x 0 0
−x −z −y 0 0



.

We haveI ⊆ J, andtJ = 5, reg(R/J) = 2. It is evident thatR/I is a tight annihilating
ring for R/J. We can control the Hilbert function ofR/J ′ for everyd ≤ 1.

The elementx ∈ [R]1 is general forI ; in fact, I : x R= I .MoreoverJ : x R=
(y, z, x2) = J ′ and R/I is not a tight annihilating ring forR/J ′, because the Hilbert
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function of R/J ′ verifieshR/J ′(1) = 1 6= hR/I (1) = 3. Moreover, the minimal free
resolution ofR/J ′ is

0→ R(−4)→
R(−2)
⊕

R2(−3)
→

R2(−1)
⊕

R(−2)
→ R→ R/J ′→ 0

and it does not contain the minimal free resolution ofR/I as a subcomplex, and hence
R/I is not a tight resolving ideal forR/J ′.

Now, we compute the shape of a free resolution ofR/J ′.

LEMMA 2. In the same hypotheses as above, the shape of a free resolution of
R/J ′ is

0→ R(−tJ ′)→

Fn−1
⊕

F∗1 (−tJ ′)

→ · · · →

F1
⊕

F∗n−1(−tJ ′)

→ R→ R/J ′→ 0

where tJ ′ = tJ − d.

Proof. From the assumptions on the minimal free resolutions ofR/I and R/J it fol-
lows the diagram

0 → Fn−1
δn−1
−→ · → F1 → R → R/I → 0

↓ ↓ ↓ ↓

0→ R(−tJ ) →

Fn−1
⊕

F∗1 (−tJ )
→ · →

F1
⊕

F∗n−1(−tJ )
→ R → R/J → 0

↓ ↓ ↓ ↓ ↓

0→ R(−tJ ) → F∗1 (−tJ ) → · → F∗n−1(−tJ ) → coker(δ∗n−1) → 0

with exact rows and split exact columns.

Hence, 0→ coker(δ∗n−1)(−tJ)→ R/I → R/J → 0 is a short exact sequence.
It follows that J/I ≃ coker(δ∗n−1)(−tJ).

But, we know thatJ/I ≃ f (J ′/I ) and thatf : R/I (−d)→ R/I is an injective
map. It follows thatJ ′/I ≃ coker(δ∗n−1)(−tJ + d) = coker(δ∗n−1)(−tJ ′). A free
resolution ofJ ′/I is then

0→ R(−tJ ′)→ F∗1 (−tJ ′)→ · · · → F∗n−1(−tJ ′)→ coker(δ∗n−1)(−tJ ′)→ 0

and so

0→ R(−tJ ′)→

Fn−1
⊕

F∗1 (−tJ ′)

→ · · · →

F1
⊕

F∗n−1(−tJ ′)

→ R→ R/J ′→ 0

is a (eventually non minimal) free resolution ofR/J ′.

Now, we give a numerical criterion to guarantee thatI is a tight resolving ideal
for J ′, too.
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PROPOSITION13. Let I, J, J ′ be as above. If d≤ reg(R/J)−2 reg(R/I ) then
R/I is a tight resolving ring for R/J ′.

Proof. At first, we check thathR/J ′( j ) = hR/I ( j ) for j ≤ reg(R/I ).

Thanks to Proposition 11, we verify thathR/I (tJ ′ − j − n) = deg(R/I ) for
every j ≤ reg(R/I ), i.e. thattJ − d − n− j ≥ reg(R/I ) for every j ≤ reg(R/I ). By
hypothesis, reg(R/J)− d ≥ 2 reg(R/I ), and so the previous inequality can be written
as 2 reg(R/I )− j ≥ reg(R/I ) that holds for everyj ≤ reg(R/I ).

Now, we want to check that the resolution ofR/J ′ we computed is minimal.
The resolution is obtained by mapping cone, and so we have to check that no en-
try of a matrix representingF∗n− j−1(−tJ) → F j has degree zero. Using the nota-

tion stated in Section 2, we have thatF j = ⊕
n j
k=1Rβ jk (−b jk) and F∗n− j−1(−tJ) =

⊕
nn− j−1
h=1 Rβn− j−1,h(−tJ+d−bn− j−1,h), and so we have to prove thattJ−d−bn− j−1,h−

b jk > 0 for everyh andk. By substituting the regularity ofR/J we get

tJ − d − bn− j−1,h − b jk = n+ reg(R/J)− d − bn− j−1,h − b jk ≥

≥ n+ 2 reg(R/I )− bn− j−1,h − b jk ≥

≥ n− (n− j − 1)− j = 1

(2)

where the first inequality follows from our hypothesis ond and the second one from
the definition of regularity. Then, no cancellation can be performed and the resolution
is minimal.

REMARK 8. The regularity reg(R/J ′) of R/J ′ is equal to reg(R/J ′) =
reg(R/J) − d. If d ≤ reg(R/J) − 2 reg(R/I ) then reg(R/J ′) ≥ 2 reg(R/I ) and
so R/I is a tight annihilating ring forR/J ′ by Proposition 9.

Before ending the section, we compute the residual ofJ with respect toJ ′.

PROPOSITION14. Let J be an Artinian Gorenstein ideal, let I⊆ J be a tight
resolving ideal for J and let J′ = J : f R where f∈ [R]d is a regular form for I, with
d ≤ reg(R/J)− reg(R/I ). Then, J: J ′ = J + f R.

Proof. The inclusionJ ⊆ J ′, observed in Remark 5, induces a map of complexes
between the minimal free resolution ofJ andJ ′:

0 → R(−tJ) → Hn−1 → . . . → H1 → J → 0
↓ ↓ ↓ ↓

0 → R(−tJ ′) → Gn−1 → . . . → G1 → J ′ → 0

and so we get the equalityJ : J ′ = J + gR whereg ∈ [R]tJ−tJ′=d represents the last
map R(−tJ) → R(−tJ ′) (see [2]). By the definition ofJ ′ we get f J ′ ⊆ J. Hence,
f ∈ J : J ′ = J + gR.

If f ∈ J, then f ∈ I , because of its degree, and this is not possible beingf
regular for I . It follows that f /∈ J and so f = ag+ h,a ∈ K − {0} , h ∈ J, i.e.
J : J ′ = J + f R.
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5. The main result

In this section, chosen a dimension 1 Cohen-Macaulay ringR/I that contains an ideal
G/I such thatR/G is an Artinian Gorenstein ring, we want to compare the ideals
which are basic double G-links ofG on I with the Artinian Gorenstein ideals contain-
ing I for which I is a tight annihilating ideal.

With this in mind, we construct an Artinian Gorenstein idealG as the sum ofI
and an idealI1 which is geometrically linked toI (see Theorem 3).

CONSTRUCTION1. Let J be a Gorenstein ideal that verifies the following con-
ditions

1. J ⊆ I ;

2. dimR/J = 1;

3. if I1 = J : I thenJ = I ∩ I1;

4. the minimal generators ofJ can be choosen among the minimal ones ofI .

Then, the idealG = I + I1 is an Artinian Gorenstein ideal, which is the sum of two
directly linked Cohen-Macaulay ideals.

Of course, there are dimension 1 Cohen-Macaulay rings for which the construc-
tion does not work, and that depends on the geometry of the schemes defined by those
rings, as the following example shows.

EXAMPLE 3. Let P2 = Proj(K [x, y, z]), and let X,Y, Z be three 0-dimen-
sional schemes of degree 11 defined by the idealsI X = (x3 − y2z, z4 − xy3, y5 −

x2z3), IY = (x3,−xy3, y5 − x2z3) and IZ = (x3,−xy3, y5), respectively. The three
schemes have the same Hilbert function

hX = hY = hZ = (1,3,6,9,11,→).

The minimal free resolution ofI X is

0→ R2(−6)
A
−→ R(−3)⊕ R(−4)⊕ R(−5)→ I X → 0

where

A =




y3 z3

x2 y2

z x


.

The first two generators ofI X form a regular sequence, and soJ = (x3−y2z, z4−xy3)

is a complete intersection ideal. The idealI1 = J1 : I X = (x, z) has degree 1 and
J1 = I X ∩ I1.

The minimal free resolution ofIY is

0→ R2(−6)
B
−→ R(−3)⊕ R(−4)⊕ R(−5)→ IY → 0
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where

B =




y3 z3

x2 y2

0 x


.

It is evident that, ifF ∈ [IY]4, thenx3, F is not a regular sequence because(x3, F) ⊆
(x). Hence, the minimal degrees of two generators ofIY that form a regular sequence
are 3,5, and the corresponding idealJ has degree 15.

The geometrical reason for that behavior is thatY contains a degree 5 sub-
schemeY′ contained in a line:IY′ = (x, y5) ⊇ IY.

The minimal free resolution ofIZ is

0→ R2(−6)
C
−→ R(−3)⊕ R(−4)⊕ R(−5)→ IZ → 0

where

C =




y3 0
x2 y2

0 x


.

Z is supported on the pointA(0 : 0 : 1) with I A = (x, y). If J1 ⊆ IZ is a complete
intersection with generators of degrees 3,5, then J1 = (x3, xy3l + y5) for somel ∈
[R]1.

We haveJ1 : IZ = (x2, y2+xl) = I1 andIZ∩ I1 = (x3, y3(y2+xl), xy3) ⊂ J
(in fact,xy3 = xy(y2+ xl)− yl(x2)) and hence no complete intersection idealJ gives
a geometric link ofZ with another scheme. This happens becauseZ is not locally
Gorenstein.

REMARK 9. We were informed by A. Iarrobino that M. Boij, in a talk at North-
eastern University, proved that there exists an Artinian Gorenstein idealJ ⊇ I with
I tight annihilating forJ if, and only if, the ringR/I is locally Gorenstein, i.e. every
localization ofR/I at a minimal prime is a Gorenstein ring.

It is natural to look for an idealJ of minimal socle degreeto construct the ideal
I1. Then, we define

DEFINITION 9. Let I be a Cohen-Macaulay ideal such that R/I has dimension
1 and is locally Gorenstein. We set

sI = min {reg(R/J)|J verifies the hypotheses of Construction 1} .

If we write a minimal free resolution of an idealJ of minimal socle degree we
have

0→ R(−sI − n+ 1)→ Qn−2→ · · · → Q1→ J → 0.

As we showed in Example 3, the integersI depends on the geometry of the ring
R/I .
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Let J be a Gorenstein ideal fulfilling all the assumptions of Construction 1, and
verifying reg(R/J) = sI . Then, we fix now and forever, the idealG = I + I1, where
I1 = J : I . A free resolution ofG was computed in Proposition 6(2).

Now, we want to construct a parameter space for the family of the Artinian
Gorenstein ideals obtained by basic double G-link fromG on I , that areI + f G =
I + f I1, for some f ∈ R regular forI .

The key property to construct this parameter space is the following:

PROPOSITION15. Let f1, f2 ∈ [R]d be two elements, regular for I. Then I+
f1I1 = I + f2I1 if, and only if, f1 = f2 mod (I ).

Proof. First, assumef1 = f2 mod (I ). Let g ∈ I + f2I1 be a form. Then, there exist
p ∈ I andq ∈ I1 such thatg = p+ f2q. By assumption, there existsh ∈ I such that
f2 = f1 + h. Hence,g = p+ f1q + hq = (p+ hq) + f1q = p1 + f1q ∈ I + f1I1
becausep1 = p+ hq ∈ I .

Vice versa, ifL1 = I + f1I1, L2 = I + f2I1 andL1 = L2 then,L1 : G = L2 :

G. By Proposition 14,I + f1R= I + f2R and thenf1− f2 ∈ I .

We are able to construct the parameter space for the family ofthe Artinian
Gorenstein ideals which are basic double G-links ofG on I .

THEOREM 6. Let I ⊆ R be a dimension1, locally Gorenstein, Cohen-
Macaulay ideal. Let

BDL(I , sI + d) = {L = I + f I1|deg( f ) = d, f regular for I}

be the family of the Artinian Gorenstein ideals that are basic double G-links of G on
I , of regularity reg(L) = sI + d. Then,BDL(I , sI + d) is parametrized by an open
subset of an affine space of dimension hR/I (d).

Proof. Every idealL ∈ BDL(I , sI + d) corresponds to the choice off ∈ [R]d such
that I : f R= I , that is an open condition.

By Proposition 15, the Artinian Gorenstein idealsL1 = I + f1I1 and L2 =

I + f2I1 are equal if, and only if,f1− f2 ∈ I .

Hence, the natural parameter space forBDL(I , sI + d) is the open subsetW of
the affine space[R/I ]d corresponding to the forms that are regular forI .

By definition, dimW = dimK [R/I ]d = hR/I (d).

Now, following [6], we construct the parameter space for theGorenstein ideals
for which I is a tight annihilating ideal.

THEOREM 7. Let I ⊆ R be a dimension1, locally Gorenstein, Cohen-
Macaulay ideal. Let

G(I , r ) = {L|I is a tight annihilating ideal for L, reg(L) = r }
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be the family of Artinian Gorenstein ideals L containing I astight annihilating ideal,
of regularityreg(L) = r. Then, the parameter space ofG(I , r ) is an open subset of an
affine space of dimensiondeg(R/I ).

Proof. The statement in the case of codimension 3 is part of the more general Theorem
5.31 in [6]. But the proof holds verbatim in our hypotheses.

Now, we can state our main result.

THEOREM 8. Let I ⊆ R be a dimension1, locally Gorenstein, Cohen-
Macaulay ideal. Let d≥ sI + 1 be an integer. ThenG(I , sI + d) = BDL(I , sI + d).

Proof. If d ≥ sI +1, thenhR/L( j ) = hR/I ( j ) ∀ j ≤ sI .Moreover, by using arguments
as in the proof of Proposition 13, we can prove that a minimal free resolution ofL is

0→ R(−t)→
Fn−1
⊕

F∗1 (−t)
→ · · · →

F1
⊕

F∗n−1(−t)
→ L → 0,

where t = sI + n + d − 1, and so I is a tight annihilating ideal for everyL ∈
BDL(I , sI+d).Hence,BDL(I , sI+d) ⊆ G(I , sI+d).Moreover, bothBDL(I , sI+d)
and G(I , sI + d) are parametrized by open subsets of affine spaces of dimension
deg(R/I ) = hR/I (d). Now, to prove thatBDL(I , sI + d) = G(I , sI + d), it is enough
to prove thatBDL(I , sI + d) is closed inG(I , sI + d).

If L ∈ G(I , sI + d), and it is the flat limit of a 1-parameter flat family of ideals
in BDL(I , sI + d), then there exists a 1-parameter family of polynomialsft ∈ [R]d
such thatL t = I + ft I1→ L for t → 0.

It is evident thatI + ft I1→ I + f0I1 = L , for t → 0, with f0 ∈ [R]d.

If f0 is not regular forI , then there exists a minimal homogeneous prime ideal
P ∈ R/I that containsf0R+ I , and so dim R

I+ f0 I1
6= 0. But this is a contradiction

becauseL is Artinian, and sof0 is regular forI .

Hence,L is a basic double G-link ofG on I , and so we get the claim.

The same argument as above proves also the following

PROPOSITION16. Let I, J be as above, and let1 ≤ d ≤ sI be an integer.
ThenBDL(I , sI + d) is a quasi projective subscheme ofG(I , sI + d) of codimension
deg(R/I )− hR/I (d).

In R= K [x, y, z], it is known that the first half of the Hilbert function of the Ar-
tinian Gorenstein ringR/L is admissible as Hilbert function of a dimension 1 Cohen-
Macaulay ringR/I . Moreover, ifhR/L( j ) = s for at least 3 consecutive integers, then
there exists a dimension 1 Cohen-Macaulay ringR/I of degree deg(R/I ) = s that is
a tight annihilating ring forL. In higher codimension, we could not find an analogous
numerical condition to guarantee the existence of a tight annihilating ring forL .
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FOUR-BY-FOUR PFAFFIANS
Dedicated to Paolo Valabrega on the occasion of his 60th birthday

Abstract. This paper shows that the general hypersurface of degree≥ 6 in projective four
space cannot support an indecomposable rank two vector bundle which is Arithmetically
Cohen-Macaulay and four generated. Equivalently, the defining polynomial of the hypersur-
face is not the Pfaffian of a four by four minimal skew-symmetric matrix.

1. Introduction

In this note, we study indecomposable rank two bundlesE on a smooth hypersurface
X in P4 which are Arithmetically Cohen-Macaulay. The existence ofsuch a bundle on
X is equivalent toX being the Pfaffian of a minimal skew-symmetric matrix of size
2k × 2k, with k ≥ 2. The general hypersurface of degree≤ 5 in P4 is known to be
Pfaffian ([1], [2], [6]) and the general sextic inP4 is known to be not Pfaffian ([4]).
One should expect the result of [4] to extend to all general hypersurfaces of degree
≥ 6. (Indeed the analogous statement for hypersurfaces inP5 was established in [8],
see also [5].) However, in this note we offer a partial resulttowards that conclusion.
We show that the general hypersurface inP4 of degree≥ 6 is not the Pfaffian of a
4× 4 skew-symmetric matrix. For a hypersurface of degreer to be the Pfaffian of a
2k × 2k skew-symmetric matrix, we must have 2≤ k ≤ r . It is quite easy to show
by a dimension count that the general hypersurface of degreer ≥ 6 in P4 is not the
Pfaffian of a 2r × 2r skew-symmetric matrix of linear forms. Thus, this note addresses
the lower extreme of the range fork.

2. Reductions

Let X be a smooth hypersurface inP4 of degreer ≥ 2. A rank two vector bundleE
on X will be called Arithmetically Cohen-Macaulay (or ACM) if⊕k∈ZH i (X, E(k))
equals 0 fori = 1,2. Since Pic(X) equalsZ, with generatorOX(1), the first Chern
classc1(E) can be treated as an integert . The bundleE has a minimal resolution over
P4 of the form

0→ L1
φ
→ L0→ E→ 0,

whereL0, L1 are sums of line bundles. By using the isomorphism ofE andE∨(t), we
obtain (see [2]) thatL1 ∼= L∨0 (t − r ) and the matrixφ (of homogeneous polynomials)
can be chosen as skew-symmetric. In particular,L0 has even rank and the defining
polynomial ofX is the Pfaffian of this matrix. The case whereφ is two by two is just
the case whereE is decomposable. The next case is whereφ is a four by four minimal
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matrix. These correspond to ACM bundlesE with four global sections (in possibly
different degrees) which generate it.

Our goal is to show that the generic hypersurface of degreer ≥ 6 in P4 does
not support an indecomposable rank two ACM bundle which is four generated, or
equivalently, that such a hypersurface does not have the Pfaffian of a four by four
minimal matrix as its defining polynomial.

So fix a degreer ≥ 6. Let us assume thatE is a rank two ACM bundle which
is four generated and which has been normalized so that its first Chern classt equals 0
or−1. If L0 = ⊕

4
i=1OP(ai ) with a1 ≥ a2 ≥ a3 ≥ a4, the resolution forE is given by

4
⊕

i=1
OP(t − ai − r )

φ
−→

4
⊕

i=1
OP(ai ).

Write the matrix ofφ as

φ =




0 A B C
−A 0 D E
−B −D 0 F
−C −E −F 0


.

Since X is smooth with equationAF − BE + C D = 0, the homogeneous entries
A, B,C, D, E, F are all non-zero and have no common zero onP4.

LEMMA 1. For fixed r and t (normalized), there are only finitely many possi-
bilities for (a1,a2,a3,a4).

Proof. Let a,b, c,d,e, f denote the degrees of the poynomialsA, B,C, D, E, F .
Since the Pfaffian of the matrix isAF − BE + C D, the degree of each matrix en-
try is bounded between 1 andr − 1. a = a1+ a2+ (r − t),b = a1+ a3+ (r − t) etc.
Thus if i 6= j , 0< ai + a j + r − t < r while

∑
ai = −r + 2t . From the inequality,

regardless of the sign ofa1, the other three valuesa2,a3,a4 are< 0. But again using
the inequality, their pairwise sums are> −r + t , hence there are only finitely many
choices for them. Lastly,a1 depends on the remaining quantities.

It suffices therefore to fixr ≥ 6 , t = 0 or−1 and a four-tuple(a1,a2,a3,a4)

and show that there is no ACM bundle on the general hypersurface of degreer which
has a resolution given by a matrixφ of the type(a1,a2,a3,a4), t .

From the inequalities onai , we obtain the inequalities

0< a ≤ b ≤ c,d ≤ e≤ f < r.

We do no harm by rewriting the matrixφ with the lettersC and D interchanged to
assume without loss of generality thatc ≤ d.

PROPOSITION1. Let X be a smooth hypersurface of degree≥ 3 in P4 support-
ing an ACM bundle E of type(a1 ≥ a2 ≥ a3 ≥ a4), t . The degrees of the entries ofφ
can be arranged (without loss of generality) as:

a ≤ b ≤ c ≤ d ≤ e≤ f.
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Then X will contain a curve Y which is the complete intersection of hypersurfaces
of the three lowest degrees in the arrangement and a curve Z which is the complete
intersection of hypersurfaces of the three highest degreesin the arrangement.

Proof. Consider the ideals(A, B,C) and(D, E, F). Since the equation ofX is AF−
BE + C D, these ideals give subschemes ofX. Take for example(A, B,C). If the
varietyY it defines has a surface component, this gives a divisor onX. As Pic(X)= Z,
there is a hypersurfaceS= 0 in P4 inducing this divisor. Now at a point inP4 where
S= D = E = F = 0, all six polynomialsA, . . . , F vanish, making a multiple point
for X. Hence,X being smooth,Y must be a curve onX. Thus(A, B,C) defines a
complete intersection curve onX.

To make our notations non-vacuous, we will assume that at least one smooth hy-
persurface exists of a fixed degreer ≥ 6 with an ACM bundle of type(a1 ≥ a2 ≥ a3 ≥

a4), t . Let F(a,b,c);r denote the Hilbert flag scheme that parametrizes all inclusions
Y ⊂ X ⊂ P4 where X is a hypersurface of degreer andY is a complete intersec-
tion curve lying onX which is cut out by three hypersurfaces of degreesa,b, c. Our
discussion above produces points inF(a,b,c);r andF(d,e, f );r .

LetHr denote the Hilbert scheme of all hypersurfaces inP4 of degreer and let
Ha,b,c denote the Hilbert scheme of all curves inP4 with the same Hilbert polynomial
as the complete intersection of three hypersurfaces of degreesa,b andc. Following J.
Kleppe ([7]), the Zariski tangent spaces of these three schemes are related as follows:
corresponding to the projections

F(a,b,c);r
p2
→ Ha,b,c

↓ p1

Hr

if T is the tangent space at the pointY
i
→֒ X ⊂ P4 of F(a,b,c);r , there is a Cartesian

diagram

T
p2
−→ H0(Y,NY/P)

↓ p1 ↓ α

H0(X,NX/P)
β
−→ H0(Y, i ∗NX/P)

of vector spaces.

Hencep1 : T → H0(X,NX/P) is onto if and only ifα : H0(Y,NY/P) →

H0(Y, i ∗NX/P) is onto. The mapα is easy to describe. It is the map given as

H0(Y,OY(a)⊕OY(b)⊕OY(c))
[F,−E,D]
−−−−−−→ H0(Y,OY(r )).

Hence

PROPOSITION2. Choose general forms A, B,C, D, E, F of degrees a,b, c,
d,e, f and let Y be the curve defined by A= B = C = 0. If the map

H0(Y,OY(a)⊕OY(b)⊕OY(c))
[F,−E,D]
−−−−−−→ H0(Y,OY(r ))
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is not onto, then the general hypersurface of degree r does not support a rank two ACM
bundle of type(a1,a2,a3,a4), t .

Proof. Consider a general Pfaffian hypersurfaceX of equationAF − BE+ C D = 0
whereA, B,C, D, E, F are chosen generally. Such anX contains such aY andX is
in the image ofp1. By our hypothesis,p1 : T → H0(X,NX/P) is not onto and (in
characteristic zero) it follows thatp1 : F(a,b,c);r → Hr is not dominant. Since all
hypersurfacesX supporting such a rank two ACM bundle are in the image ofp1, we
are done.

REMARK 1. Note that the last proposition can also be applied to the situation
whereY is replaced by the curveZ given byD = E = F = 0, with the map given by
[A,−B,C], with a similar statement.

3. Calculations

We are given general formsA, B,C, D, E, F of degreesa,b, c,d,e, f wherea+ f =
b+ e = c+ d = r and where without loss of generality, by interchangingC and D
we may assume that 1≤ a ≤ b ≤ c ≤ d ≤ e ≤ f < r . Assume thatr ≥ 6. We will
show that ifY is the curveA = B = C = 0 or if Z is the curveD = E = F = 0, de-

pending on the conditions ona,b, c,d,e, f , eitherH0(NY/P)
[F,−E,D]
−−−−−−→ H0(OY(r ))

or H0(NZ/P)
[A,−B,C]
−−−−−−→ H0(OZ(r )) is not onto. This will prove the desired result.

3.1. Case 1

b ≥ 3, c ≥ a+ 1, 2a+ b < r − 2.
In P5 (or in 6 variables) consider the homogeneous complete intersection ideal

I = (Xa
0, Xb

1, Xc
2, Xr−c

3 , Xr−b
4 , Xr−a

5 − Xc−a−1
2 Xr−c−a−1

3 Xa+2
4 )

in the polynomial ringS5 on X0, . . . , X5. Viewed as a module overS4 (the polynomial
ring on X0, . . . , X4), M = S5/I decomposes as a direct sum

M = N(0)⊕ N(1)X5⊕ N(2)X2
5 ⊕ · · · ⊕ N(r − a− 1)Xr−a−1

5 ,

where theN(i ) are gradedS4 modules. Consider the multiplication mapX5 : Mr−1→

Mr from the(r − 1)-st to ther -th graded pieces ofM . We claim it is injective and not
surjective.

Indeed, any elementm in the kernel is of the formnXr−a−1
5 where n is a

homogeneous element inN(r − a − 1) of degreea. SinceX5 · m = n · Xr−a
5 ≡

n · Xc−a−1
2 Xr−c−a−1

3 Xa+2
4 ≡ 0 mod(Xa

0, Xb
1, Xc

2, Xr−c
3 , Xr−b

4 ) we may assume that
n itself is represented by a monomial inX0, . . . , X4 of degreea. Our inequalities have
been chosen so that even in the case wheren is represented byXa

4, the exponents ofX4
in the product isa+ a+ 2 which is less thanr − b. Thusn and hence the kernel must
be 0.
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On the other hand, the elementXa−1
0 X2

1Xc−a−1
2 Xr−c−a−1

3 Xa+1
4 in Mr lies in its

first summandN(0)r . In order to be in the image of multiplication byX5, this element
must be a multiple ofXc−a−1

2 Xr−c−a−1
3 Xa+2

4 . By inspecting the factor inX4, this is
clearly not the case. So the multiplication map is not surjective.

Hence dimMr−1 < dim Mr . Now the Hilbert function of a complete intersec-
tion ideal likeI depends only on the degrees of the generators. Hence, for anycomplete
intersection idealI ′ in S5 with generators of the same degrees, for the corresponding
moduleM ′ = S5/I ′, dim M ′r−1 < dim M ′r .

Now coming back to our general six formsA, B,C, D, E, F in S4, of the same
degrees as the generators of the idealI above. Since they include a regular sequence
onP4, we can lift these polynomials to formsA′, B′,C′, D′, E′, F ′ in S5 which give a
complete intersection idealI ′ in S5.

The moduleM̄ = S4/(A, B,C, D, E, F) is the cokernel of the map

X5 : M
′(−1)→ M ′.

By our argument above, we conclude thatM̄r 6= 0.

Lastly, the mapH0(OY(a)⊕OY(b)⊕OY(c))
[F,−E,D]
−−−−−−→ H0(OY(r )) has cok-

ernel preciselyM̄r which is not zero, and hence the map is not onto.

3.2. Case 2

b ≤ 2.
Since the forms are general, the curveY given by A = B = C = 0 is a smooth
complete intersection curve, withωY ∼= OY(a+ b+ c− 5). Sincea+ b ≤ 4,OY(c)
is nonspecial.

1. SupposeOY(a) is nonspecial. Then all three ofOY(a),OY(b),OY(c) are non-
special. Henceh0(NY/P) = (a+b+c)δ+3(1−g) whereδ = abc is the degree
of Y andg is the genus. Alsoh0(OY(r )) = r δ+1−g+h1(OY(r )) ≥ r δ+1−g.
To show thath0(NY/P) < h0(OY(r )), it is enough to show that

(a+ b+ c)δ + 3(1− g) < r δ + 1− g.

Since 2g− 2= (a+ b+ c− 5)δ, this inequality becomes 5δ < r δ which is true
asr ≥ 6.

2. SupposeOY(a) is special (sob+ c ≥ 5), butOY(b) is nonspecial. By Clifford’s
theorem,h0(OY(a)) ≤

1
2aδ + 1. In this caseh0(NY/P) < h0(OY(r )) will be

true provided that

1

2
aδ + 1+ (b+ c)δ + 2(1− g) < r δ + (1− g)

or r > b+c
2 +

1
δ
+ 5

2.
Sincec ≤ r

2 andb ≤ 2, this is achieved if
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r > 2+r/2
2 + 1

δ
+ 5

2 which is the same asr > 14
3 +

4
3δ .

But c ≥ 3, soδ ≥ 3, hence the last inequality is true asr ≥ 6.

3. Suppose bothOY(a) andOY(b) are special. Hencea+ c ≥ 5. Using Clifford’s
theorem, in this caseh0(NY/P) < h0(OY(r )) will be true provided that
1
2(a+ b)δ + 2+ cδ + (1− g) < r δ + (1− g).
This becomesr > 1

2(a+ b)+ 2
δ
+ c. Usingc ≤ r

2, a+ b ≤ 4, andδ ≥ 3, this is
again true whenr ≥ 6.

3.3. Case 3

c < a+ 1.
In this casea = b = c andr ≥ 2a. Using the sequence

0→ IY(a)→ OP(a)→ OY(a)→ 0,

we geth0(NY/P) = 3h0(OY(a)) = 3[
(a+4

4

)
− 3] while h0(OY(r )) ≥ h0(OY(2a)) =(2a+4

4

)
−3

(a+4
4

)
+3. Hence the inequalityh0(NY/P) < h0(OY(r ))will be true provided(2a+4

4

)
> 6

(a+4
4

)
− 12. The reader may verify that it reduces to 10a4+ 20a3− 70a2−

200a+ 7(4!) > 0 and the last inequality is true whena ≥ 3. Thus we have settled this
case whenr ≥ 6 anda ≥ 3. If r ≥ 6 anda (and henceb) ≤ 2, we are back in the
previous case.

3.4. Case 4

2a+ b ≥ r − 2 andr ≥ 82.
For this case, we will study the curveZ given by D = E = F = 0 (of degrees
r − c, r − b, r − a) and consider the inequalityh0(NZ/P) < h0(OZ(r )).
Sincea,b, c ≤ r

2, 2a+2≥ r−b ≥ r
2, hencea ≥ r

4−1. Alsob ≥ a and 2a+b ≥ r−2,
henceb ≥ r

3 −
2
3. Likewise,c ≥ r

3 −
2
3.

Now h0(OZ(r − a)) = h0(OP(r − a)) − h0(IZ(r − a)) ≤
(r−a+4

4

)
− 1 etc.,

hence

h0(NZ/P) ≤
(r−a+4

4

)
+

(r−b+4
4

)
+

(r−c+4
4

)
− 3≤

( 3r
4 +5

4

)
+ 2

( 2r
3 +

14
3

4

)
− 3

or h0(NZ/P) ≤ G(r ), whereG(r ) is the last expression.

Looking at the Koszul resolution forOZ(r ), sincea + b+ c ≤ 3r
2 < 2r , the

last term in the resolution has no global sections. Henceh0(OZ(r )) ≥ h0(OP(r )) −
[h0(OP(a)) + h0(OP(b)) + h0(OP(c))] ≥

(r+4
4

)
−

(a+4
4

)
−

(b+4
4

)
−

(c+4
4

)
≥

(r+4
4

)
−

3
( r

2+4
4

)
, or h0(OZ(r )) ≥ F(r ), whereF(r ) is the last expression.

The reader may verify thatG(r ) < F(r ) for r ≥ 82.

3.5. Case 5

6≤ r ≤ 81, 2a+ b ≥ r − 2, b ≥ 3, c ≥ a+ 1.
We still haver

4 − 1 ≤ a ≤ r
2,

r
3 −

2
3 ≤ b, c ≤ r

2. For the curveY given by A = B =
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C = 0, we can explicitly computeh0(OY(k)) for anyk using the Koszul resolution for
OY(k). Hence both terms in the inequalityh0(NY/P) < h0(OY(r )) can be computed
for all allowable values ofa,b, c, r using a computer program like Maple and the
inequality can be verified. We will leave it to the reader to verify this claim.
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SYMMETRIC ALGEBRAS OF FINITELY GENERATED

GRADED MODULES AND s-SEQUENCES
Dedicated to Paolo Valabrega on the occasion of his 60th birthday

Abstract. We study properties of the symmetric algebra of finitely generated graded modules
M on a Noetherian ringR, generated bys-sequences. For these modules we investigate the
Eisenbud-Goto conjecture. IfR = K [X1, . . . , Xn] is a polynomial ring over a fieldK and
M has linear syzygies, we consider the jacobian dual module ofM in order to describe the
Rees algebra ofM .

1. Introduction

The aim of this paper is to study an interesting class of finitely generated modulesM
on a Noetherian ringR for which the initial ideal of the presentation idealJ of their
symmetric algebra is very simple. More precisely, with respect to a special order on
the variables that correspond to the generators of the module M , we have a good ex-
pression for the initial ideal ofJ. This area was investigated in [7], where the authors
computed some algebraic invariants of SymR(M) or their bounds in terms of special
ideals of the ringR. The theory gives definitive results ifR is the polynomial ring in
m variables on a fieldK of any characteristic by using the Gröbner basis theory (in the
following K always denotes a field). Here we would like to study an application of
previous results essentially in two directions. We have many areas of applications and
this is only the starting point of investigation vias-sequences. The first is to test the
Eisenbud-Goto conjecture (EGC) for the symmetric algebra of a moduleM generated
by ans-sequence. After we have given formulations in this case, webegin to work in
this direction. For regular sequences of forms in the polynomial ring (which are strong
s-sequences) we prove the (EGC). IfM has linear syzygies on the polynomial ring
R = K [X1, . . . , Xm], a nice construction of [12] leads to the jacobian dual module N
of M . N is a finitely generated module on the ringQ = K [Y1, . . . ,Yn] and we have
the isomorphism SymR(M) = SymQ(N). Then it is interesting to ask, whenM is gen-
erated by ans-sequence, ifN is generated by ans-sequence and viceversa, and this is
the second area. In this context it is possible to describe the Rees algebra of the module
M as a quotient of the symmetric algebra by its torsion submodule. In particular, in
section 1 we give the definition ofs-sequence introduced in [7], we recall some known
results and we formulate the Eisenbud-Goto conjecture for the symmetric algebra of a
finitely generated graded moduleM generated by ans-sequence on a Noetherian ring
in different ways. In particular, ifR= K [X1, . . . , Xm] is the polynomial ring, we give
it in terms of the annihilator ideals of thes-sequence. As an application, we verify
(EGC) for a regular sequence of forms ofR.
In section 2 we introduce the jacobian dual of a moduleM on a polynomial ring
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R = K [X1, . . . , Xm]. This module can be defined if the presentation matrix ofM
has linear entries in the variablesXi and its interest appears in many fields of commu-
tative algebra. If this moduleN over the polynomial ringK [Y1, . . . ,Yn] is generated
by a strongs-sequence, we obtain that the torsion submodule of SymR(M) coincides
with the first annihilator ideal of thes-sequence generatingN and it is an ideal ofQ.
The Rees algebra ofM , as a quotient of SymR(M) by its torsion submodule, can be
computed. As an example, we consider a monomial ideal with linear syzygies not gen-
erated by ans-sequence, whose jacobian dual is generated by ans-sequence. The idea
is to address our interest to many computations in this direction.

2. Preliminaries

Let R be any Noetherian ring andM a finitely generatedR-module with generators
f1, . . . , fn. If we consider a presentation ofM

Rm f
→ Rn→ M → 0,

then f is represented by ann×m matrix(ai j )with entries inR, 1≤ i ≤ n, 1≤ j ≤ m.
The symmetric algebra ofM on R, SymR(M) = ⊕i≥0Si (M), where, for eachi , Si (M)
is the component of degreei of SymR(M), has a presentation:

0→ J → SymR(R
n)→ SymR(M)→ 0

and SymR(R
n) ≃ R[Y1, . . . ,Yn] is the polynomial ring onR in the variablesYj , J is

the relation ideal of SymR(M), J = (g1, . . . , gm), with gi form of degree 1 in theYj ,
gi =

∑n
j=1 ai j Yj , for i = 1, . . . ,m, then SymR(M) ≃ R[Y1, . . . ,Yn]�J.

The main problem is how to compute standard algebraic invariants of the graded alge-
bra SymR(M) such as the dimension dim(SymR(M)), the multiplicity e(SymR(M)),
the depth depth(SymR(M)) with respect to the graded maximal ideal SymR(M)

+ =

⊕i>0Si (M), the regularity reg(M), in terms of the corresponding invariants of special
quotients of the ringR.
The first three invariants are classical. For the last invariant, we recall that reg(M) is
the Castelnuovo-Mumford regularity of the graded moduleM . Its importance is briefly
indicated in Eisenbud-Goto theorem which is an interestingdescription of regularity in
terms of the graded Betti numbers ofM ([2]).
They show that reg(M), when M is a graded finiteR-module, whereR =

K [X1, . . . , Xm], measures the “complexity” of the minimal free resolution of M as
anS-module. Therefore regularity plays an important role in many fields of commuta-
tive algebra.
More precisely, if we consider a graded minimal free resolution of M on S

0→ Fℓ→ · · · → F1→ F0→ M → 0,

if bi is the maximum degree of the generators of the free moduleFi , then

reg(M) = sup{bi − i, i ≥ 0}.



Symmetric algebras ands-sequences 481

In other words, reg(M) is the smallest integerm such that for everyj , the j -th syzygy
module ofM is generated in degree≤ m+ j (equivalently, reg(M) = sup{βi,i+ j 6=

0, for somei }, whereβi,ℓ are the graded Betti numbers ofM).
If R is not a polynomial ring, the regularity ofM can be infinite. A nice area of
investigation in commutative algebra is the study of gradedhomogeneous algebrasA
generated in the same degree such that regA(A/m+) = 0 as anA-module andm+ is
the maximal graded ideal ofA.

A computation of the previous invariants can be obtained fora finitely generated
R-module that is generated by ans-sequencef1, . . . , fn in the sense of [7]. Consider
the presentation of SymR(M)

SymR(M) = R[Y1, . . . ,Yn]/J.

The ideal SymR(M)
+ is generated by the residue classes of theYi that are calledf ∗i ,

because the variablesYi correspond to the generators of the moduleM = R f1 +
· · · + R fn in the presentation of SymR(M). For everyi = 1, . . . ,n, we setMi−1 =

R f1 + · · · + R fi−1 and let I i = Mi−1 :R fi be the colon ideal. We setI0 = (0) for
convenience. SinceMi /Mi−1 ≃ R/I i , so I i is the annihilator of the cyclic module
R/I i , I i is called an annihilator ideal of the sequencef1, . . . , fi .

Consider the polynomial ringR[Y1, . . . ,Yn] and let< be a monomial order on
the monomials ofR[Y1, . . . ,Yn] in the variablesYi such that

Y1 < Y2 < · · · < Yn.

We call< an admissible order.
With respect to this term order, iff =

∑
aαYα, Yα = Yα1

1 · · ·Y
αn
n , α ∈ Nn, we put

in< f = aαYα, whereYα is the largest monomial inf such thataα 6= 0.
If we assign degree 1 to each variableYi and degree 0 to the elements ofR, we have
the following facts:

1) J is a graded ideal,

2) the natural epimorphismS→ SymR(M) is a graded homomorphism of graded
algebras onR, S is a graded ring and SymR(M) is a graded ring.

DEFINITION 1. The sequence f1, . . . , fn is an s-sequence for M if

(I1Y1, I2Y2, . . . , InYn) = in<J.

If I1 ⊆ I2 ⊆ · · · ⊆ In, the sequence is a strong s-sequence.

EXAMPLE 1. Any d-sequence of elementsa1, . . . ,an in R is a strongs-se-
quence, with respect to the reverse lexicographic order on the Yi , with Y1 < Y2 <

· · · < Yn ([7], Cor. 3.3).
As a consequence regular sequences, proper sequences are strong s-sequences, since
they ared-sequences ([10]).
If I = (a1, . . . ,an), we have SymR(I ) = RR(I ), the Rees algebra ofI .
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If R = K [X1, . . . , Xm] we can use the Gröbner basis theory and Buchberger’s
algorithm to compute in<J.
If R = K [X1, . . . , Xm], then SymR(M) = K [X1, . . . , Xm,Y1, . . . ,Yn]/J. We can
introduce a term order on

S= K [X1, . . . , Xm,Y1, . . . ,Yn]

such thatY1 < Y2 < · · · < Yn andXi < Yi for any i .
For exampleX1 < X2 < · · · < Xm < Y1 < Y2 < · · · < Yn is such a term order.
If G is a Gr̈obner basis forJ ⊂ K [X1, . . . , Xm,Y1, . . . ,Yn], we have in<J
= (in<G) = (in< f, f ∈ J) and if the elements ofG are linear in theYi s, it follows
that f1, . . . , fn is ans-sequence forM .

REMARK 1. If R = K [X1, . . . , Xm], from the theory of Gr̈obner basis, if
f1, . . . , fn is ans-sequence with respect to any admissible term order<, then f1, . . . , fn
is ans-sequence for another admissible term order, too.

THEOREM 1 ([7]). Suppose R is a standard graded algebra, M is a graded
R-module which is generated by the homogeneous s-sequence f1, . . . , fn, where all fi
have the same degree, I1, . . . , In are the annihilator ideals of the sequence f1, . . . , fn.
Then:

i) dim SymR(M) = max
0≤r≤n

1≤r1≤···≤rn≤n

{dim R/(Ir1 + · · · + Irn)+ r }

ii) e(SymR(M)) =
∑

0≤r≤n
1≤r1≤···≤rn≤n

e(R/(Ir1 + · · · + Irn)),

wheredim R/(Ir1 + · · · + Irn) = d − r , d = dim SymR(M).

For a strong s-sequence we have:

d = dim SymR(M) = max
0≤r≤n

{dim R/Ir + r },

e(SymR(M)) =
∑

0≤r≤n
dim R/Ir=d−r

e(R/Ir ).

THEOREM 2 ([7]). If R = K [X1, . . . , Xm] and M is generated by elements of
the same degree, which are a strong s-sequence, then

1) reg(SymR(M)) ≤ max{reg(R/I i ), i = 1, . . . ,n} + 1,

2) depth(SymR(M)) ≥ min{depth(R/I i )+ i, i = 0, . . . ,n}.

The notion ofs-sequence can be useful essentially:

1) to test some conjectures for graded modulesM generated bys-sequences,
“via” conjectures about annihilator ideals ofM , in particular we are interested to test
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the Eisenbud-Goto conjecture (EGC) for SymR(M), when M has generators of the
same degree and the regularity is the ordinary regularity.

The (EGC), that involves all invariants of SymR(M), can be more easily verified
if M is generated by ans-sequence.

2) to describe the Rees algebra of theR-moduleM , R= K [X1, . . . , Xm],

RR(M) = SymR(M)/(SymR(M))0

and to test (EGC) in the case the matrix of the relations ofM is linear in the variables
X1, . . . , Xm. In this situation in fact we have a nice construction that collects many
cases of ideals and modules (in particular those ones with linear resolution): the jaco-
bian dual moduleN.
If N is the Jacobian dual ofM , then natural questions arise:

i) When the jacobian dualN of M is generated by ans-sequence?

ii) If it is the case, does SymQ(N) verify (EGC)?

3. Eisenbud-Goto conjecture

There are several conjectures to connect the measures of thecomplexity of an algebra.
One of the most important is the following:

CONJECTURE2. (EGC) If A is a standard graded domain on a fieldK then

reg(A) ≤ e(A)− codim(A),

where codim(A) = emb dim(A)− dim(A).

If A is Cohen-Macaulay, the conjecture is true and we have equality ([2]).
We will establish the (EGC) for symmetric algebras of finitely generated graded mod-
ule M generated bys-sequences.
We consider different formulations of the conjecture.

1) (EGC1) Eisenbud-Goto conjecture for the symmetric algebra of a moduleM
on a standard graded algebraR, generated onR by a strongs-sequence of elements of
the same degree, and such that SymR(M) is a domain

reg(SymR(M)) ≤ e(SymR(M))− codim(SymR(M))

2) (EGC2) If R = K [X1, . . . , Xm], M a gradedR-module generated by a
strongs-sequence of elements of the same degree, Eisenbud-Goto conjecture for the
symmetric algebra ofM in terms of the annihilator ideals of the strongs-sequence
generatingM is

max{reg(R/I i ) : i = 1, . . . ,n} + 1≤
n∑

i=1

e(R/I i )− (n+m)+ max
0≤i≤n

{dim(R/I i )+ i }
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3) (EGC3) Eisenbud-Goto conjecture for any annihilator prime idealof a strong
s-sequence of the same degree> 1, generating a gradedR-moduleM , R= K [X1, . . . ,

Xm], or R standard graded algebra that is a domain

(EGCi ) reg(R/I i ) ≤ e(R/I i )− codim(R/I i ), for i = 1, . . . ,n, dim R/I i = d − i .
(EGC’i ) reg(R/I i ) ≤ e(R/I i )−m+ dim(R/I i ), i = 1, . . . ,n, dim R/I i = d − i .
In 2) and 3)d = dim SymR(M).

4) The same conjecture formulated for the Rees algebraR(M), whenR(M) =
SymR(M), R a standard graded domain andM generated onR by a strongs-sequence
of elements of the same degree, becomes:
(EGC1’) reg(R(M)) ≤ e(R(M))− codim(R(M)).
If R = K [X1, . . . , Xm], M a graded finitely generatedR-module generated by an
s-sequence of elements of the same degree, Eisenbud-Goto conjecture ofR(M) =
SymR(M) in terms of annihilator ideals of the strongs-sequence generatingM (for
example,M is an ideal ofR= K [X1, . . . , Xm] generated by ad-sequence of elements
of R):

(EGC2’) max{reg(R/I i ) : i = 1, . . . ,n} ≤
n∑

i=1

e(R/I i )− n

(EGC3’) reg(R/I i ) ≤ e(R/I i )−m+ dim(R/I i )

Some implications:
(EGC2)⇒ (EGC1)
If R= K [X1, . . . , Xm], by Theorem 1 and Theorem 2, we have:

reg(SymR(M)) ≤ max{regR/I i : i = 1, . . . ,n} + 1

≤

n∑

i=1

e(R/I i )− (n+m)− max
0≤i≤n

{dim(R/I i + i )}

≤ e(SymR(M))− codim(SymR(M))

(EGC’i )⇒ (EGCi ), for any idealI i , i = 1, . . . ,n.

reg(R/I i ) ≤ e(R/I i )−m+ dim(R/I i ) ≤ e(R/I i )− codim(R/I i ).

(EGC’i ) for everyi = 1, . . . ,n⇒ (EGC2)

Since (EGC’i ) is true for everyi , i = 1, . . . ,n, we have:

max{regR/I i : i = 1, . . . ,n}

≤

n∑

i=1

e(R/I i )− (n+m)− (n− 2)m+ dim(R/Is)+

n∑

i=1
i 6=s

dim(R/I i )
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≤

n∑

i=1

e(R/I i )− (n+m)+
n∑

i=1
i 6=s

(dim(R/I i )−m)+ dim R/Is

≤

n∑

i=1

e(R/I i )− (n+m)+ dim R/Is + s− 1

sincen ≤ m.

If s is the integer such that dim(R/Is) + s = max
1≤i≤n

{dim(R/I i ) + i }, then we

have

max{regR/I i : i = 1, . . . ,n}

≤

n∑

i=1

e(R/I i )− (n+m)− (n− 2)m+ dim(R/Is)+

n∑

i=1
i 6=s

dim(R/I i )

≤

n∑

i=1

e(R/I i )− (n+m)+
n∑

i=1
i 6=s

(dim(R/I i )−m)+ dim R/Is

≤

n∑

i=1

e(R/I i )− (n+m)+ dim R/Is + s− 1

since dimR/I i −m≤ 0, i = 1, . . . ,n.

In order to state the (EGC) for the jacobian dual moduleN of M , we need some
facts onN. As a consequence we will give the formulation of (EGC) forN in the next
section.

EXAMPLE 2 (Regular sequences). LetRbe a Noetherian ring and letf1, . . . , fn
be a regular sequence of elements ofR. Then f1, . . . , fn is a strongs-sequence with
respect to any reverse lexicographic order on the variablesY1, . . . ,Yn such thatY1 <

Y2 < . . . < Yn with annihilator idealsI1 = (0), I2 = ( f1), . . . , In = ( f1, . . . , fn−1)

and in<J = (( f1)Y2, . . . , ( f1, . . . , fn−1)Yn).
In fact a regular sequence is ad-sequence, hence the assertion follows.

THEOREM 3. Let R be a Noetherian ring and let f1, . . . , fn be a regular se-
quence. Let I= ( f1, . . . , fn) andSymR(I ) = R[Y1, . . . ,Yn]/J . Then we have:

1) J is minimally generated by the elements gi j = fi Yj − f j Yi , 1≤ i < j ≤ n.

2) If R = K [X1, . . . , Xm], the set{gi j ,1 ≤ i < j ≤ n} is a Gröbner basis with
respect to any reverse lexicographic order on the Yj and such that Y1 < . . . <

Yn.
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Proof. 1) Putgi j = fi Yj − f j Yi , i < j and suppose that{gi j }1≤i< j≤n is not a minimal
system of generators ofJ. Then

fi Yj − f j Yi =
∑

(ρ,k) 6=(i, j )

hρkgρk,

fore somei, j , 1≤ i < j ≤ n.

Hence
fi =

∑

ρ> j

h jρ fρ +
∑

ρ< j

hρ j fρ

and this is a contradiction.

2) We have to consider theS-couples:

i) S(gi j , gik), j 6= k

ii) S(gi j , gk j ), i 6= k

iii) S(gi j , gkρ), i 6= k, j 6= ρ

For i), S(gi j , gik) = Yi (− fkYj + f j Yk).
For ii), S(gi j , gk j ) = f j (− fi Yk + fkYi ).
For iii), S(gi j , gkρ) = − fkYρgi j − f j Yi gkρ .
So, by Buchberger’s criterion we get in<(J) = (in<gi j ).

Now, let R = K [X1, . . . , Xm] be a polynomial ring and letI be an ideal ofR
generated by anR-sequencef1, . . . , fn of homogeneous elements.

Case I: f1, . . . , fn have the same degreea.

PROPOSITION1. reg(SymR(I )) ≤ (n− 1)(a− 1)+ 1.

Proof. Since f1, . . . , fn is a strongs-sequence, then we can apply the formula

reg(SymR(I )) ≤ max{reg(R/I i ),1≤ i ≤ n} + 1,

whereI0 = I1 = (0), I2 = ( f1), . . . , In = ( f1, . . . , fn−1). The result follows by the
Koszul resolution for the annihilator idealsI i , 2≤ i ≤ n.

PROPOSITION2. Let I = ( f1, . . . , fn) ⊂ R = K [X1, . . . , Xm] be generated
by a regular sequence of forms of the same degree a. Then(EGC2’) is true.

Proof. We have to prove that

max{reg(R/I i ),1≤ i ≤ n} ≤
∑

1≤i≤n

e(R/I i )− n
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that is

(n− 1)a− (n− 1) ≤
n∑

i=1

ai−1− n

(n− 1)a ≤ a+ a2+ · · · + an−1.

The assertion follows.

PROPOSITION3. Let I = ( f1, . . . , fn) ⊂ R = K [X1, . . . , Xm] be generated
by a regular sequence of forms of the same degree a≥ 2. Then(EGC’i ) is true for i ,
1≤ i ≤ n, such that the annihilator ideal Ii is a prime ideal.

Proof. We have to prove that reg(R/I i ) ≤ e(R/I i ) − i + 1, i.e.(i − 1)a− (i − 1) ≤
ai−1− i + 1 and(EGC’i ) is true.

REMARK 2.
1) For n > 1, in Proposition 1 we have in fact equality. The result can follow from
the resolution of the algebra SymR(I ) = R(I ), by employing the Eagon-Northcott
complex. LetS= K [X1, . . . , Xm;Y1, . . . ,Yn] and letF andG be finitely generated
free gradedS-modules of rank 2 andm respectively. Consider a graded homomorphism
of degree zerog : G→ F , g represented by the matrix

(
f1 ... fn
Y1 ... Yn

)
.

We can writeg : S(−a)n→ S2 and we consider the Koszul complex arising fromg.

K (g) : 0→
n∧

G⊗ S(F)(−n)→
n−1∧

G⊗ S(F)(−n+ 1)→ · · ·

· · · → G⊗ S(F)(−1)→ S(F)→ 0,

whereS(F) = SymS(F) = S[T] = S[T1, T2] and the differential

δ :

i∧
G⊗ S(F)(−i )→

i−1∧
G⊗ S(F)(−i + 1)

is defined by

δ(t1 ∧ t2 ∧ . . . ∧ ti ⊗ f (T)) =
i∑

j=1

(−1) j g(t j )t1 ∧ t2 ∧ . . . ∧ t̂ j ∧ . . . ∧ ti ⊗ f (T).

Sinceht(J) = n− 1, dimR(I ) = m+ 1= n+m− ht(J) andJ is perfect.
The complex

D0(g) : 0→
( 0∧

G⊗ Sn−2(F)
)∗
→

(
G⊗ Sn−3(F)(−1)

)∗
→ · · ·

→
( n−3∧

G⊗ S1(F)(−n+ 3)
)∗
→

( n−2∧
G⊗ S0(F)(−n+ 2)

)∗
→ S→ 0,
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resolvesS/J ([7], (2.16)).
Since any generator ofJ has degreea+ 1, the shift in the place 1 is−a, that isa is the
shift of the generators of the module(∧n−2G ⊗ S0(F))∗. Finally, the complex above
is the dual of a Koszul complex. Hence:

reg(S/J) = (n− 1)a− (n− 1)+ 1.

2) If f1, . . . , fn is a regular sequence ofn forms of degreea ≥ 2, SymR(I ) = R(I ),
I = ( f1, . . . , fn) and reg(R) ≤ regR(I ) ≤ max{regR+ 1, regR+ n(a − 1)} ([5],
Corollary 2.6).
For m= 1, regR= 0, regR(I ) = 0. The assertion follows and (EGC) is true.
For m> 1, regR= 0 and 0≤ regR(I ) ≤ max{1,n(a− 1)} = n(a− 1).

For n ≥ 3, what is needed isn(a− 1) ≤
n∑

i=1

ai−1 − n+ 1, na ≤
n∑

i=1

ai−1 + 1. If we

write na= a+ (a+ a)+ (n− 3)a, we havena≤ a+ a2+
∑n

i=4 ai−1 and (EGC) is
true.

Case II: f1, . . . , fn are forms of different degreesd1, . . . ,dn, d1 ≤ d2 ≤ . . . ≤ dn.
ConsiderR as a graded ring by assigning to each variableXi degree 0. ThenS =
R[Y1, . . . ,Yn] is a graded ring if we assign to each variableYi degree 1. Let< be
a monomial order on the monomials inY1, . . . ,Yn such thatY1 < Y2 < · · · <

Yn. Since f1, . . . , fn is a regular sequence, it is a strongs-sequence and in<J =
(I1Y1, . . . , InYn), I i = ( f1, . . . , fi−1) for i = 1, . . . ,n.
As a consequence

regR(I ) = regR[Y1, . . . ,Yn]/J ≤ regR[Y1, . . . ,Yn]/in<J =

= regR[Y1, . . . ,Yn]/(I1Y1, . . . , InYn) ≤ max{reg(R/I i ),1≤ i ≤ n} + 1.

But the last regularity is 0, since all matrices have entriesof degree 0 in the mini-
mal graded resolution of any annihilator idealI i . We needR(I ) is a standard graded
algebra for the formulation of (EGC).

4. Jacobian dual

Let R = K [X1, . . . , Xs] be a polynomial ring and letE be a finitely generatedR-
module with presentation :

Rm φ
→ Rn→ E→ 0

where the entries of then × m matrix A = (ai j ) that representsφ are homogeneous
linear forms.
The equations of the symmetric algebra ofE, SymR(E) = S(E) are

f j =

n∑

i=1

ai j Yi j = 1, . . . ,m.



Symmetric algebras ands-sequences 489

There is a naive duality forS(E), obtained from rewriting the equationsf j in the Xi ’s
variables.

f j =

n∑

i=1

ai j Yi =

s∑

i=1

bi j Xi j = 1, . . . ,m

andB = (bi j ) is ans×m matrix of homogeneous linear forms in theYi ’s variables.

We have:

At




Y1
...

Yn


 = Bt




X1
...

Xs


 =




f1
...

fm


.

Now we putQ = K [Y1, . . . ,Yn] and consider the cokernelN of the map

Qm 9
→ Qs→ N → 0,

where9 is the map represented byB.
N defines the Jacobian dual module ofE ([12], [14]).

EXAMPLE 3. We can write the relationf = (X1 − 2X2)Y1 + (X1 + X2)Y2 +

X3Y3 as f = (Y1+ Y2)X1+ (−2Y1+ Y2)X2+ Y3X3.

REMARK 3. SymR(E) ∼= SymQ(N).

EXAMPLE 4. Suppose thatA ∼= B, in the sense that the two matricesA andB
have the same elements under the substitutionXi −→ Yi , n = s. ThenR ∼= Q and
E ∼= N.

There is a nice situation that will be interesting in the following.
Let R = K [X1, . . . , Xn], I = m+ = (X1, . . . , Xn), SymR(m+) = R(m+) =
K [X1, . . . , Xn;Y1, . . . ,Yn]/J, whereJ is generated by the binomialsXi Yj − X j Yi ,
1≤ i < j ≤ n, the 2× 2-minors of the 2× n matrix

(
X1 X2 ... Xn

Y1 Y2 ... Yn

)
.

The binomials in theXi ’s give the dual matrixB of the relation matrixA of m+
under the substitutionXi → Yj , i, j = 1, . . . ,n.
Notice that the set of binomials is an universal Gröbner basis for the idealJ and this
impliesm+ is generated by ans-sequence linear in theYi ’s and linear in theXi ’s, too.

Another example is given bymi = (X1, . . . , Xi ), i < n.

SymR(mi ) = K [X1, . . . , Xn;Y1, . . . ,Yi ]/Ji

whereJi is generated by the binomialsXℓYs− XsYℓ, 1≤ ℓ < s ≤ i , the 2× 2 minors
of the matrix (

X1 X2 ... Xi

Y1 Y2 ... Yi

)
.
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Put S = K [Y1, . . . ,Yi ], SymR(mi ) = SymS(N) and X1, . . . , Xi is ans-sequence (it
is a regular sequence) formi and the sequence of 1-formsx∗1, . . . , x∗i is ans-sequence
for the jacobian dualN of mi , wherex1, . . . , xn are the residue classes ofX1, . . . , Xn

in S[X1, . . . , Xn]/Ji .

PROPOSITION 4. Let R = K [X1, . . . , Xm] be a polynomial ring and M a
graded R-module generated by forms f1, . . . , fn of the same degree. Suppose that the
relation ideal J ofSymR(M) is generated by forms that are linear in both sets of vari-
ables Xand Y, and let N be the jacobian dual of M generated by x1, . . . , xm, where
x∗1, . . . , x∗m are the images of the elements X1, . . . , Xm in the ring K[X1, . . . , Xm;

Y1, . . . ,Yn]/J .
Suppose J has a Gröbner basis linear in the Xand Y variables with respect to the
reverse lexicographic order on all variables and to the two orders of variables Xm >

. . . > X1 > Yn > . . . > Y1 and Yn > . . . > Y1 > Xm > . . . > X1.
Then M is generated by an s-sequence if and only if N is generated by an s-sequence.

Proof. It is a consequence of the previous facts.

REMARK 4. The strong case concernsJ with a universal Gr̈obner basis that is
linear in theX andY variables with respect to any permutation of variables.

REMARK 5. If we know the Gr̈obner basis ofJ that is linear in the variablesX
andY, with respect to the reverse lexicographic order and to the two orders of variables
Xm > . . . > X1 > Yn > . . . > Y1 andYn > . . . > Y1 > Xm > . . . > X1, then we
can write the annihilator ideals of the sequencesf1, . . . , fn andx1, . . . , xm by using
lemma 3.3 of [9].
The theorem gives the annihilator ideals for thes-sequence generating the jacobian
dual N of M , but the proof can be repeated to have the annihilator idealsof M .

EXAMPLE 5. Let I = (X2,Y2, XY) that is generated by ans-sequence ([7],
Examples 1.5(1)). The jacobian dualN of I is generated by ans-sequence, too, but the
relation idealJ has a Gr̈obner basis linear in theXi ’s, but not linear in theYi ’s ([7]).

Now consider SymR(M) = R[Y1, . . . ,Yn]/J ∼= Q[X1, . . . , Xm]/J =
SymQ(N). Let x∗1, . . . , x∗m be the images ofX1, . . . , Xm mod J that we can consider
as the generators ofN (we denote byx1, . . . , xm the generators ofN).

We recall some propositions:

PROPOSITION5. Let I ⊂ R be an ideal generated by f1, . . . , fn. Then the
following conditions are equivalent:

1) f1, . . . , fn is a d-sequence;

2) (0 : f1) ∩ I = 0 and f2, . . . , fn is a d-sequence in R/( f1).
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Proof. [7], Lemma 3.1.

PROPOSITION6. Let M be an R-module generated by f1, . . . , fn. Then the
following conditions are equivalent:

1) f1, . . . , fn is a strong s-sequence with respect to the lexicographic order induced
by Yn > Yn−1 > . . . > Y1;

2) f ∗1 , . . . , f ∗n is a d-sequence inSymR(M).

Proof. [7], Theorem 3.2.

PROPOSITION7. Let M be a finitely generated R-module, and let R be a do-
main. ThenSymR(M) is a domain if and only if(SymR(M))0 = 0, where(SymR(M))0
⊆ SymR(M) is the torsion submodule of M ([13]).

THEOREM4. Suppose N is generated by a strong s-sequence x1, . . . , xm. Then
we have

1. x∗1, . . . , x∗m is a d-sequence inSymQ(N);

2. the ideal(0 : x∗1) is generated by elements of Q;

3. if (0 : x∗1) is a prime ideal then

SymQ(N)/(0 : x
∗
1)
∼= R(M).

Proof. 1) If N is generated by a strongs-sequence, thenx∗1, . . . , x∗m is ad-sequence in
SymR(N) (by Proposition 6).
Then (0 : x∗1) ∩ (x

∗
1, . . . , x∗m) = (0) and (0 : x∗1) is generated by polynomials in

Y1, . . . ,Yn and we have 2).
3) Suppose(0 : x∗1) a prime ideal ofQ = K [Y1, . . . ,Yn]. So SymQ(N)/(0 : x∗1)

∼=

SymR(M)/(0 : x
∗
1) is a domain, then(0 : x∗1) ⊆ (SymR(M))0, where(SymR(M))0 is

the torsion submodule of SymR(M). SinceR is a domain,(0 : x∗1) = (SymR(M))0 (by
Proposition 7), then SymR(M)/(0 : x

∗
1)
∼= R(M), the Rees algebra ofM ([3]).

EXAMPLE 6.

M = I = (X2
1, X2

2, X1X2) ⊂ R= K [X1, X2], X2 > X1

R2 ϕ
→ R3→I → 0

A = (ai j ) =




X2 0
0 X1
−X1 −X2




J = ( f1, f2), where

f1 = X2Y1− X1Y3 = Y1X2− Y3X1
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f2 = X1Y2− X2Y3 = Y3X2− Y2X1

The sequenceX2
1, X2

2, X1X2 is a strongs-sequence for the idealI ([7], Ex. 1.5(1)).
Consider

B = (bi j ) =

(
−Y3 Y2
Y1 −Y3

)
.

If S= K [Y1,Y2,Y3], the jacobian dual moduleN of I is

0−→ S2 ψ
−→ S2 −→ N −→ 0

S( f1, f2) = Y3 f1+ Y1 f2 = (−Y2
3 + Y1Y2)X1 = f3.

Then a Gr̈obner basis w.r.t.X2 > X1 > Y3 > Y2 > Y1 is { f1, f2, f3},

in<J = ((Y1,Y3)X2, (Y
2
3 − Y1Y2)X1).

I ∗0 = (0), I ∗1 = (Y2
3 − Y1Y2), I ∗2 = (Y1,Y3), and sinceI ∗1 ⊂ I ∗2 , x1, x2 is a strong

s-sequence forN.
From f3 = (−Y2

3 + Y1Y2)X1, we have:(0 : x∗1) = (Y1Y2 − Y2
3 ). In order to prove

(Y2
3 − Y1Y2) is a prime ideal in SymQ(N) we remark thatJ ′ = ( f1, f2,Y2

3 − Y1Y2)

is a prime ideal in SymQ(N) if and only if (Y1Y2 − Y2
3 ) is a prime ideal in SymQ(N).

But J ′ is the ideal generated by the 2× 2-minors of the generic matrix
(

X1 Y3 Y1
X2 Y2 Y3

)
.

Then the assertion follows and(Y1Y2− Y2
3 ) is a prime ideal in SymQ(N) and

SymQ(N)/(0 : x
∗
1)
∼= SymR((X

2
1, X2

2, X1X2))/(0 : x
∗
1)
∼= R(I ) ∼=

∼= R[Y1,Y2,Y3]/(−Y3X1+ Y1X2,−Y2X1+ Y3X2,Y1Y2− Y3
2).

EXAMPLE 7 (Monomial square-free matroidal ideals). Now we follow the no-
tations used in [11, page 130].
Let I be a monomial ideal ofK [x1, . . . , xn] with the minimal set of generatorsG(I ) =
{xJ1, . . . , xJt }, wherexJ = x j1

1 · · · x
jn
n , J = ( j1, . . . , jn) andi = (0,0, . . . ,1, . . . ,0).

We set|J| = j1+ · · · + jn.
We can associate the vector

∑t
i=1 ai⊗xJi to a syzygy ofI

∑t
i=1 ai xJi , where⊗means

⊗K .
For any monomial order onK [x1, . . . , xn], we will say that

xi ⊗ xJ < xk ⊗ xk if xi x
J < xkxk.

If u ∈ G(I ), we putνi (u) = ji , if x ji
i appears in the monomialu.

Now, let I be a monomial ideal for which all generators have the same degree. I is
matroidal if it satisfies the following exchange property ([24]):
For allu, v ∈ G(I ) and all i withνi (u) > νi (v), there exists an integerj with ν j (v) >

ν j (u), such thatx j (u/xi ) ∈ G(I ).
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THEOREM 5. Let I be a matroidal square-free ideal with generators xJ1, . . . ,
xJN of the same degree. Then a minimal set of generators for the first syzygies of I has
the form

x j ⊗ xJi − xt ⊗ xJℓ , j + Ji = t + Jℓ, xJi , xJℓ ∈ G(I )

where j< t , t integer such that if Ji = (a1, . . . ,an), ak = bk, k = t + 1, . . . ,n and
such that bj > a j , for some xJk ∈ G(I ), Jk = (b1, . . . ,bn).

Proof. In the reverse lexicographic order we can suppose thatxJ1 > xJ2 > · · · > xJN .
Let xJi < xJk . Then there exists an integert such thatam = bm for m= t + 1, . . . ,n,
Ji = (a1, . . . ,an), Jk = (b1, . . . ,bn) andat > bt . Hence there exists an integerj
with b j > a j such thatu′ = x j (xJi /xt ) ∈ G(I ). Thus there is a syzygy of the form
x j ⊗ xJi − xt ⊗ xJℓ , xJℓ ∈ G(I ).

EXAMPLE 8.

I = (x1, x2)(x3, x4) = (x1x3, x1x4, x2x3, x2x4)

In the reverse lexicographic order and forx4 > x3 > x2 > x1

x4x2 > x3x2 > x4x1 > x3x1.

We consider the mappingY1 → xJ4 = x3x1, Y2 → xJ3 = x4x1, Y3 → xJ2 = x3x2,
Y4→ xJ1 = x4x2.
The syzygies are:

x1⊗ xJ2 − x2⊗ xJ4 −→ f1 = x2Y1− x1Y3;

x1⊗ xJ1 − x2⊗ xJ3 −→ f2 = x2Y2− x1Y4;

x3⊗ xJ3 − x4⊗ xJ4 −→ f3 = x4Y1− x3Y2;

x3⊗ xJ1 − x4⊗ xJ2 −→ f4 = x4Y3− x3Y4.

The relations matrix ofI is



x2 0 x4 0
0 x2 −x3 0
−x1 0 0 x4

0 −x1 0 −x3




and the dual matrix is 


−Y3 −Y4 0 0
Y1 Y2 0 0
0 0 −Y2 −Y4
0 0 Y1 Y3




Consider the orderx4 > · · · > x1 > Y4 > · · · > Y1, J has a Gr̈obner basis lin-
ear in thexi variables. In factJ = ( f1, f2, f3, f4) and a Gr̈obner basis ofJ is
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G = { f1, f2, f3, f4, f5, f6} with f5 = x4(Y2Y3 − Y1Y4), f6 = x2(Y2Y3 − Y1Y4),
in<J = ((Y3,Y4)x1, (Y3Y2)x2, (Y2,Y4)x3, (Y3Y2)x4), I ∗1 = (Y3,Y4), I ∗2 = (Y3Y2),
I ∗3 = (Y2,Y4), I ∗4 = (Y3Y2).
The jacobian dualN of I is generated by ans-sequencex∗1, . . . , x∗4 that is not a strong
s-sequence.
The torsion submodule of SymR(I ) can be read in the dual matrix:

0 : x∗1 =

(∣∣∣∣
−Y1 Y2
Y3 Y4

∣∣∣∣
)
= (Y1Y4− Y3Y2).

REMARK 6. The idealI is not generated by ans-sequence. The Gröbner basis
of J is not linear in the variablesY1, . . . ,Y4 for any admissible order such thatY4 >

Y3 > Y2 > Y1. Then we are forced in this case to study the invariants of SymQ(N) ∼=
SymR(M) “via” the jacobian dual.
The computation of the annihilator ideals of the s-sequencegeneratingN can be done
by the lemma 3.2 of [9]. Moreover this lemma can be used to compute the annhilator
ideals of a generating s-sequence ofM , changing the variablesxi ’s with theYj ’s and
for a term order on all variablesxi ’s andYj ’s, that is admissible forxi and forYj , for
examplexn > xn−1 > . . . > x1 > Yn > Yn−1 > . . . > Y1 or Yn > Yn−1 > . . . >

Y1 > xn > xn−1 > . . . > x1.

In general, it is possible thatM is not generated by ans-sequence andN is
generated by ans-sequence. If this is the case (Ex. 8), we can obtain the Rees algebra
of M by the quotient SymR(M)/I1

∗, I1
∗ = 0 : x1

∗ = (SymR(M))0, whereI1
∗ is a

prime ideal. Then (EGC) can be true forR(M) that is a domain,

(EGC1∗) reg(R(M)) ≤ e(R(M))− codim(R(M)).

Moreover we have, ifR = K [X1, . . . , Xm], M a graded finitely generatedR-module,
N the jacobian dual onQ = K [Y1, . . . ,Yn], generated by ans-sequence of elements of
Q of the same degree, Eisenbud-Goto conjecture for the symmetric algebra SymQ(N),
in terms of the annihilator idealsI ∗1 , . . . , I ∗m of Q.
(EGC2∗) max{reg(Q/I ∗i ) : i = 1, . . . ,m} + 1≤

∑m
i=1 e(Q/I ∗i )− (n+m)+

+max0≤i≤m{dim(Q/I ∗i )+ i }
(EGC∗i ) reg(Q/I ∗i ) ≤ e(Q/I ∗i )− codim(Q/I ∗i ), for i = 1, . . . ,m.
(EGC∗i

′) reg(Q/I ∗i ) ≤ e(Q/I ∗i )− n+ dim(Q/I ∗i ), for i = 1, . . . ,m.

EXAMPLE 9. I = (X2,Y2, XY), SymR(I ) verifies the inequality of (EGC2),
I0 = I1 = (0), I2 = (X2), I3 = (X,Y).

reg(R/I2) = 1, reg(R/I3) = 0, e(R/I2) = 2, e(R/I3) = 1

then:

max{reg(R/I i ), i = 1,2,3} <
3∑

i=1

e(R/I i )− 2
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is true. For the jacobian dual:I ∗1 = (Y
2
3 − Y1Y2), I ∗2 = (Y1,Y3)

reg(Q/I ∗1 ) = 1, reg(Q/I ∗2 ) = 0, e(Q/I ∗1 ) = 2, e(Q/I ∗2 ) = 1

then the inequality:

max{reg(Q/I ∗i ), i = 1,2} <
2∑

i=0

e(Q/I ∗i )− 2+ 1

is verified.

REMARK 7. Let M be a graded module onR = K [X1, . . . , Xm], let N be the
jacobian dual ofM . Suppose thatx1, . . . , xm is a strongs-sequence forN and(0 : x∗1)
is a prime ideal ofQ. Thenx∗1, . . . , x∗m is a d-sequence inR(M) = SymQ(N)/(0 :
x∗1).

Our attention actually applies to prove the conjecture via the annihilator ideals
of the jacobian dual of large classes of monomial ideals withlinear resolution.
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Sperone 31, 98166 Messina, ITALIA
e-mail:grest@dipmat.unime.it



CONTENTS OF VOLUME 64 (2006)

Volume 64, N. 1

L. Poggiolini,On local state optimality of bang-bang extremal. . . . . . . . . 1

C. Prieur,Robust stabilization of nonlinear control systems by meansof hybrid
feedbacks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

A. Ramos,New links and reductions between the Brockett nonholonomicinte-
grator and related systems. . . . . . . . . . . . . . . . . . . . . . . . . 39

L. Rifford, The stabilization problem on surfaces. . . . . . . . . . . . . . . . 55

R. C. Rodrigues – D. F. M. Torres,Generalized splines inRn and optimal control 63

D. F. M. Torres – A. Yu. Plakhov,Optimal control of Newton-type problems of
minimal resistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
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