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Abstract. We give a new proof of an existing theorem concerning maximalgr rates of
Betti numbers. Other results that use Poikcseries formulas to give upper bounds for the
growth of Betti numbers of finitely generated modules overlldcgs are then surveyed.

1. Introduction

Consider Notherian local ringgA, m,k) and (B,n,k), a finitely generated
B-moduleM, and a local morphisni : A — B inducing an isomorphism of residue
class fieldsA/m = B/n = k and through whiciB and M become finiteA-modules.
Denote then!" Betti numbers of8 and M over A by bA(B) andbA(M) respectively,
and thent" Betti number ofM over B by b2(M). The corresponding Poindaseries
are then the formal power seri®(B), PA(M), and PB(M) whose coefficients are
those Betti numbers.

With the additional technical assumption that 4k, B) is a k-vector space
when considered as B-module (which is automatically satisfied whédnis surjec-
tive), an inequality was established by the author and Pn&alin [9] that relates the
coefficients of the Poincérseries:

PAM)
t(PAB) - 1)

(1m) PE(M) < —

(The symbolx signifies that the inequality is among corresponding caetfiits of the
power series in the variabteon either side.) In terms of Betti number4,,) can be
expressed as

bE (M) +bE (M) < > bE ; (M)bf_;(B) + bi(M)
j=1

forn > 1, andbf (M) < b (M). The relationship is proved by considering the change
of rings spectral sequence with

2 B A A
E2, = TorB (Torq k, B), M) = Torp, q(k. M)

and then counting dimensions of approprigteector subspaces. The inequality is the
natural extension to finitely generated modules of one aigy stated by Serre [19] in
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the special case whel = k. In its general form(1y) gives implicit bounds for the
growth rates of the Betti numbers bf.

Questions concerning the growth rates of Betti numberslémses of modules
over local rings have been considered by several investigiagspecially Avramov. In
[2], he proved that the Betti numbers of arbitrary finitelyngeated modules over local
rings have at most strong exponential growth. The purposkeopresent article is to
reprove that and a related result directly from inequallty;). Then, with an upper
bound for the growth of Betti numbers in place, a review wdldiven of growth rates
at the extremes, namely, for modules over complete intBosecand Golod rings.

2. Exponential bounds for the growth rates of Betti numbers

We may assume, using the Cohen structure theorem, thatalldogs considered are
homomorphic images of regular local rings. That is, we mkg then-adic completion

B of local ring B to be isomorphic toA/b where(A, m, k) is regular ands € m2. As

B is flat overB, the homological data including the Betti numbers and Roiseries
will be the same forB and B, and the former may be replaced by the latter. The
conditionb € m?, which can always be achieved, assures thand B have the same
embedding dimension:@m A = dim(m/m?) = dimk(n/n?) = e.dimB. Bounds for
the growth rates of Betti numbers now follow usifigy ).

THEOREM 1. The Betti numbers of a finitely generated module M over any lo-
cal ring B have at most termwise exponential growth; thatdsa given module, there
exists a constart > 1 (which depends on M and B) and a sequence of positive inte-
gers{c,} such that ﬁ(M) <cpforeachn,andg> ach_qforalln > dimk(m/mz).

The bounding sequen¢e,} also exhibits strong exponential growth; namely, there ex-
ist constantsl < # < y such thatp" < ¢, < y" for all n > 2dimg(m/m?), and
therefore I§ (M) < y " for those n.

Proof. Both assertions follow from inequalit§ly,) applied to the surjective natural
map f: A— A/b = B whereA s regular and € m?. Define{cy} by setting

— PAM)
@) ngoc”t T 1 t(PAB) - 1)’

Then, by(1y), bB(M) < ¢, for eachn. The next part of the argument parallels
Peeva [18, Proposition 5] but in a slightly different conteX@As A is regular, both
the A-free minimal resolutions oM and B, XA(M) and XA(B), are finite, so the
Euler characteristics of these resolutions vanish impglyin= —1 is a root of both
PA(M) = 0 andPA(B) = 0. Thus, we may write

PAM) = 1+t)pm(t) and PA(B) = (1+1t)ps(t)

wherepy (t) and pg(t) are polynomials irt of degree< ¢ = dimy(m/m?).
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When B is not a hypersurface ring (so thef(B) > 2 anda, = b{\(B) —
bg'(B) # 0), denominator +t(PA(B) —1) = 1+t —tPA(B) = (1+t)(1—tps(t))
has the form

1_t(PA(B)—1)= (1+t)(1—t—a2t2_..._artf)

wherean, = >, (=1)'*1b} (B)for2 < n <r < ¢ andag, & # 0. It follows that
equation (2) can be rewritten as

ictn: pM(t)
S T It —at?—

from which for eachn > ¢,

) Ch=Cn-1+aCh—2+---+&Cnhr.

Localizing at(0) and considering the Euler characteristic of the appropeagact se-
quence, dim (Syz'(B)) — an = 0 (where Sy2(B) is then" syzygy module of
XA(B)), thereby showing for each < r thata, is a positive integer. Meanwhile,
starting from the bottom using (2, = bA(M) > 1 forn = 0, 1 (assumingM is not
A-free) and after simplification,

n
Cn =D Cn-jbj* 1(B) + byi(M)
j=2

for n > 2, which shows that, > 1 for alln < ¢. When combined with (3), this shows
thatc, > c,—1 for all n > ¢, providedB is not a hypersurface ring.

Once thec, strictly increase fon > ¢ — 1, seta = mm{é% . gi—:;}
Thena > 1, and for alln with ¢ < n < 2¢ — 1, it follows thatc, > ach—1. Suppose
that for somen > 2¢ it has already been shown thgt> acj_j foralle < j <n—1.

Then,
Ch=Ch-1+&Ch—2+ - +&Ch—r = aCh_2+a0Ch—3+ -+ & aCh—r—-1 = aCpn_1.

The inequalityc, > acy—1 now holds for alln > ¢ by induction, which establishes
the first assertion of the theorem for all except hyperserfawgs. For those rings,
Soocnt” = pm(t)/(1 —1t), in which casec, = cy—1 for n > ¢. Thus, the Betti
numbers of finitely generated modules over hypersurfaggsréme bounded and hence
eventually constant by a result of Eisenbud [4].

Strong exponential bounds for the Betti numbers over ngretsurface rings
can now be found using (3). To find an upper boynd- 1 such that, < y" for
n > 0, start by considering (3) with = 2¢:

Coe = Coe—1+@2C:—2+ -+ 8 Copr.

Seti = 1+ erzz aj. Then, becausey;_1 > --- > Cpr, it follows thatcy, <
JC2._1. Repeating the calculation usimg= 2¢ + 1 givescy,11 < ACp < A%Co._1.
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By induction, cp.4s < ASt1cy,_1 for anys > 0. Moreover,co,—1 > 1 so it may be
rewritten ascp,_1 = %1 with 4 > 1. Thus,co.4s < A5T1u%~1 for anys > 0.
If y = max4, u}, thenco,ys < pStly2—1 = 2+S with y > 1. In other words,
Ch < yNforalln> 2.

Finding a lower boung for which 8" < c, is even easier and so that argument
will be skipped. Note that the lower bound holds for ¢ + 1. Taken together, when
n > 2¢, both bounds apply anf" < c, < y". O

REMARK 1. In [2], Avramov proved the second part of the theorem infa di
ferent way by applying a theorem of Fatou, which says thatnwhg,_, cat" repre-
sents a rational function and the coefficieatsare eventually non-negative and non-
decreasing, then thg, exhibit strong exponential growth if and only if the radius o
convergence of the power series is less than 1. For the ghfionction considered in
equation (2) of Theorem 1, the denominator

1-t(PAB)—1) =1+t —tPAB)=1—bi(B)t?> — ... — bAB) 1,

is a polynomial with a single positive roat < 1 while the numerator has no positive
root. Hence, the radius of converge 4s 1 and so the growth of the, is strong
exponential by Fatou’s result.

3. Cases where Poincdr series inequality(1y) becomes an equality

We recall some relevant terminology:

DEFINITION 1. Alocal morphism f (A, m, k) — (B, n, k) for which inequal-
ity (1m) is an equality when M= k and for whichnH (X~(k) ® B) = 0 holds,
is called aGolod homomorphism In the second condition, A(Kk) denotes a mini-
mal A-free resolution of k over A and signifies reduced homology. This condition
holds automatically when f is surjective. When A is regulad g¢he natural map
f:A> B= A/b is a Golod homomorphism with € m?, the ring B is called a
Golod ring If M is a finitely generated B-module for whi¢hy ) is an equality, M is
called an -Golod module

There are various characterizations of Golod rings, Gotwddmorphisms, and
f-Golod modules. For example, results of Levin from [14],]]1%6] give conditions
equivalent to the defining ones and are summarized in thetwexheorems.

THEOREM2. The following are equivalent:

PAK)

1 t(PAB)_p 2™

(1) f is a Golod homomorphism; that is, Bk) =
nH(XA®K) ®a B) = 0.

(2) The induced map%$or?(k, k) — TorB(k, k) and TorA(k, n) — TorB(k, n) are
injective.
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(3) The induced majior”(k, k) — TorB(k, k) is injective andTor?(k, B) has trivial
Massey products.

(4) There exists a minimal set of generators V fotX”(k) ® B) and a trivial
Massey operation on V withim(y) c n(XA(k) @a B).

THEOREM3. The following are equivalent:
PAM)
1-t(PAB)—1)
(2) f is a Golod homomorphism and the induced ritap®(k, M) — TorB(k, M) is
injective.
(3) Tor*(k, M) — TorB(k, M) and TorA(k, SyZ (M)) — TorB(k, SyZ(M)) are
both injective.

(4) Foreveryi> 0, Syz2(M) is f-Golod.

(1) The B-module M is f-Golod; that is, ®RM) =

Some comments clarify these equivalences. Regarding shéhfiee conditions
in each theorem, recall that inequalitis ) is obtained from the change of rings spec-
tral sequence with

Ep.q(M, f) =Tory(Torg(k, B), M) = Torg, q(k, M).

Meanwhile, the induced maps mentioned in the second andl ¢binditions of each
theorem are specific cases of

H(f®lw)
_—

Tw(f): Tor*(k, M) = H(X @A M) = H((X ®a B) ®g M) Tor®(k, M)

whereX = XA(k) andY = YB(k) are minimal resolutions df over A and B respec-
tively, and f : X ® o B — Y is a lifting of 1. It turns out that the edge maps of the
spectral sequence together with the filtration that restdts its convergence lead to
a factorization ofTy (f) that forces injectivity ofTy () when inequality(1y) is an
equality. Conversely, iffx(f) and Ty (f) are injective, inequality1y) becomes an
equality. This suggests how the equivalence«1§2) in each theorem can be obtained.

For properties of Massey products see, for example, [119éaproducts are
used in essentially two ways in Theorem 2. First, Golod'giodl idea [6], updated by
Gulliksen [10] can be expressed in the following way:

LEMMA 1. If a connectedDG A-algebraA has trivial Massey products and is
free of finite type as an A-module, and iflT) denotes the tensor algebra of the graded
A-module L where § = 0and L is a free A-module of rank dimg(Hp—1(A) @ k),
then the differential o\ can be extended to a differential on=¥ A ® o T (L) so that
Y becomes an A-free resolution of k. If, moreogey, C mA and a trivial Massey
operationy can be chosen for a minimal set of generatordiafA) so thatim(y) c
mA, then Y is a minimal resolution of k.
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Basically, trivial Massey products guarantee existencetofial Massey oper-
atory, which is used to extend the differentialYo= A ® o T (L) in such a way tha¥
is acyclic and so becomes @afree algebra resolution & The additional conditions
dA Cc mA and Im(y) C mA ensure that this resolution is minimal. When the lemma
is applied in the context of the local morphisitdescribed in Theorem 2, the result is:

COROLLARY 1. Set X = XA(k). If there exists a trivial Massey ope-
ration y defined on a minimal set of generators fal (X ®a B) with
Im(y) C n(X ®a B), thenTor(k, k) — TorB(k, k) is injective and inequalityly)
with M = k is an equality.

Proof. LetL be the free, gradeB-module withLg = 0 and ranKL | = |H~n_1(X®A
B)| forn > 1. By the lemma(X ®a B) ®g T (L) is a minimalB-free resolution ok
and therefore Tét(k, k) = (X®ak)®@gT(L). At the same time, TdY(k, k) = X®ak
andTp(L) = B, so the natural maX @ a k — (X ®a k) ®g T (L) is injective, thus
demonstrating the first assertion.

The second assertion also follows from ¥dk, k) = (X @ k) ®g T(L). In
terms of Hilbert series, this identification becomes

PB(k) = H(X ®a KH(T (L)) = PA(K)/(1 — H(L)),
while H(L) = t(PA(B) — 1) holds by virtue of the construction &f. O

The corollary establishes (4 (1) and parts of (43 (2) and (3) of Theorem 2.
The remaining implications (2 (3) = (4) of that theorem follow by interpreting the
kernels of the map$y () in terms matric Massey products, which are generalizations
of Massey products that are due to May [17]. Details of howhguoducts are used
in Theorems 2 and 3 can be found in [15]. Details of the remgiminplications of
Theorem 3 can be found in [16].

Many Golod homomorphisms are surjective with A — A/b = B where
b € m2. The idealb is called aGolod ideal Examples of Golod ideals include the
following:

e b = 0. (In other words, the identitys: A — Ais a Golod homomorphism.)
e b = x| wherex e m is regular and either idealis proper orx € m?. [15]

b= Zi”:lyi li wherel; € --- C I € mandy; € m are such thay is regular,
and forj > 1,yj is regular onA/ 3" _; yili. (These ideals includef" - - - an’

where then; are generated by disjoint parts of a regular sequence.) [9]

b=m!forallt > 0. [14]

b = 1(r,s) = ideal ofs x s minors of arr x s matrix (r > s > 2) with entries
in m and depthyl (r,s) =r —s+ 1. [1]

b = (0: m) whereA is a 0-dimensional Gorenstein ring aflen > 1. [15]
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Another example of a Golod homomorphism [10] is the natuoahbmorphism
A — A(M) whereA(M) is the trivial extension oA by an A-moduleM.

In each of the first five examples, if the rigis regular,A/b is a Golod ring.
In the fourth exampleA/m" is a Golod ring for anyn > 2 when A is regular as a
consequence of either the third or the fifth example, or af [7]

By Theorem 2, Golod rings are also rings where”f&t B) has trivial Massey
products. Tof(k, B) can be computed ad (XA(k) ®a B) or asH(k ®a XA(B)).
Resolving the first argument with regular, X A(k) is just the Koszul complek # de-
fined by a minimal set of generators for maximal ideadf A. The conditionb € m?
ensures thak (k) @4 B = KA ®a B = KB, which is the corresponding Koszul
complex overB defined by a minimal set of generators for maximal ideah Golod
ring is therefore one wherg B has trivial Massey products. Note thatBfis a com-
plete intersectionH (K B) is an exterior algebra, sk B has trivial Massey products
only if Ho(K B) = 0 andK B has just one generator. Thus, hypersurface rings are both
complete intersections and Golod rings. In all other casamplete intersections be-
have quite differently from Golod rings. That differencelvwie discussed in the next
section.

When To(k, B) is computed using a resolution of the second arguniii,
a Golod ring provided that ® o X(B) has trivial Massey products whek*(B) is
a minimal resolution. In fact, it suffices thiat® A WA(B) has trivial Massey products
whereWA(B) is any free resolution oB over A. Rings of the formB = A/I (r, s)
whereA is regular and deptkl (r, s) = r — s+ 1 were first proved to be Golod by this
approach using a generalized Koszul complex to resBI{/d. Later, when an algebra
structure was given for the Eagon-Northcott complex [2Hicl serves as the minimal
resolution for such rings, triviality of Massey productsswveted there as well.

Examples off -Golod modules include:
e M = 0over anyAforany f.
e M = any finitely generated module over aAyand f = 15: A — A

M = any finitely generated module over afyand f : A — A/(X), wherex is
a non-zero-divisor and € m(annM). [20]

e M =kandM = Sy;B(k) for all i when f is a Golod homomorphism, by
Theorem 3. [16]

e M = any finitely generated module ov&ym" for n > 0 such tham"~1M = 0
andf: A— A/m". [15]

e M = any finitely generate@®-module such that0 : n)M = 0 in the case where
f: A — Bisastrong Golod homomorphisrhat is, where there is a chain map
H(XAk) ®a B) — XA(k) ®a B inducing an isomorphism on homology where
H(XA(k) ®a B) is regarded as a complex with trivial differential. (See][L5
Such modules include, in particular, the proper ideal8oft is shown in [15]
that strong Golod implies Golod. The maps A — A/m" for n >> 0 of the
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preceding example are strong Golod homomorphisms (anfl-thelod modules
of that example are precisely the ones with: n)M = 0.) Other examples of
strong Golod homomorphisms are trivial extensigiis> A(M) whereM is
a k-vector space, and — A/n" wheret € n — n? is such that? = 0 and
n' =tn "1,

e N = anyfinitely generated-module regarded as & M)-module andf : A —
A(M) is the natural map to the trivial extension Afby the finitely generated
A-moduleM, [16]. In this caseN becomes a\(M)-module via the projection
mapA(M) — A

For a Golod ring, the proof of Theorem 1 applies directly te fequence of
Betti numbers of the residue field and shows that this seguexlgibits strong expo-
nential growth. Put another way, over a Golod riBghe residue fielk is f-Golod,
wheref: A - A/b = B is the map definind® as a Golod ring. By Theorem 3, all
Syz,ﬂ3 (k) are f-Golod as well. The sequences of Betti numbers of these gynpglules
therefore also exhibit strong exponential growth, againgithe proof of Theorem 1.

Even if A is not regular,f,: A — A/m" is a strong Golod homomorphism
for sufficiently largen (determined using the Artin-Rees lemma). Mf is a finitely
generated A/m")-module, thenn”—lsyzf/mn(M) = 0, so this syzygy module and
therefore also all higher syzygies afig Golod. This was used in [8] to show for rings
of Krull dimensiond > 2 that the Betti numbel’eiA/mn(M) of non-free, finitely gen-
erated(A/m")-modules strictly increase for all> 2. The result was later improved
by Lescot [12] to show fod > 2, anyn > 2, andi > 1 that the sequenc{«biA/mn(M)}
strictly increases.

4. Rings and modules whose Betti numbers grow at the extremed the permissi-
ble range

Two questions: When are the bounds given in Theorem 1 for thethrrates of Betti
numbers achieved? What are the possible growth rates foesegs of Betti numbers
of finitely generated modules over a particular ring?

For Golod rings, the story is found in [2] and [18], which ussults from [5]
and [13] to obtain:

THEOREM 4. For a finitely generated module over a Golod ring A, precisely
one of the following situations must occur:
(1) pdaM < 0.
(2) A is a hypersurface ringgdy,M = oo, and the Betti numbers of M are eventually
constant and nonzero aftdepthA — depthM + 1. Moreover,Syz,’f(M) (and therefore
the minimal resolution) is periodic of peridtafter that point.
(3) Ais not a hypersurface ringgdyM = oo, and the Betti sequence of M has strong
exponential growth. In more detail, the Betti sequencesuoh snodules strictly in-
crease after degre®c — 1 wheree is the embedding dimension of A, exhibit termwise
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exponential growth after degrez, and have strong exponential growth after degree
3e.

The situation for complete intersections is in marked @asttrexcept for the
shared case of a hypersurface ring.cémplete intersectiors a local ringB whose
completion is of the fornB = A/a with A regular andh generated by ai-regular
sequence, ..., % C m2. If the embedding dimension @ is edimB = ¢ and
the codimension is = ¢ — depthB, thenB is characterized [22] by the form of the
Poincaé series associated with its residue fiéddwhich is:

&
PB(k) = (lLt)r
1-1?)

A hypersurface ring is a complete intersectiBrwith r = 1. In this case,
XA(B)isjust0— A5 A - A/(x1) — 0, making 1— t(PA(B) — 1) = 1 — t2.
The denominator thus has the right form for a Golod ring. Theerator also has the
right form: (1 +1)¢ = PA(k) because withA regular, the Koszul comple A defined
from A — A/m is a minimal A-free resolution ok and also an exterior algebra on
¢ generators. Therefore, in this special caBds both a complete intersection and a
Golod ring. In all other cases, complete intersections anb@rings behave quite
differently from each other.

The form of PB(k) for complete intersections implies that the Betti numbers
b2 (k) for all n > 0 are given by a polynomial in of degree — 1:

B s fe—r\(n+r—1—i
S0

i=0

Hence, the growth of these Betti numbers is polynomial ofeeg— 1. It turns out that

for finitely generated modules over complete intersectialigrowth of Betti numbers
is polynomial of specific degrees. The description, due teafwov, Gasharov and
Peeva [3], utilizes Avramov’s notion of complexity.

DEFINITION 2. Thecomplexity ofM over A, denotedxaM, is d if d—1is the
smallest degree of a polynomial in n that bound¥ M) from above. The zero poly-
nomial is assigned degreel, andcxaM = 0 means the zero polynomial eventually
bounds the Betti numbers; in other worgsl,, M < co.

Complexity cxa M = 1 means that a constant bounds the Betti numbers. Com-
plexity cxa M = oo signifies that no bounding polynomial exists. Polynomiaiveph
that is of degree — 1, for example, the growth of the Betti numbéfs(k), is expressed
by saying that c(k) = r = e.dimB — depthB. For all other finitely generatei,
formula(8.5) of [3] gives

pwm (t)

B —
(4m) P =T hearoe
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with pm (t) € Z[t] such thatpm (£1) # 0. (Note that integee should not be con-
fused with edimB = ¢.) In this setting, Theorem@.1) and(8.6) of [3] become the
following:

THEOREMS. If B is a complete intersection and M is a finitely generated B-
module whose Poincérseries is given bi#y ), thencxg M = d < e.dimB — depthB,
pm (1) > 0, and one of the following cases holds:

(0) d=0:e < 0ore=0with py(—1) > 0; also
degpm (t) = depthB — depthg M + e,

(1) d=1:e < 0anddegpwm(t) = depthB — depthgM + €.
(2)d=2:e<d—-21ore=d— 1with py(1) > |pm(=1)].

For case(2) with n > 0, the Betti numbers (M) are given by polynomials jan)
when n is even and_lin) when n is odd, with b(t), b_(t) € Q[t] and

b Ct

bi(t) = ——t9 1+ ———= 921 |ower order terms
O =%@-m1" T@a_2t T

with integers b, ¢, and e such that eithedd < e <d—-2,¢c; = c_,andb> 0,

orelsee=d—-1and b > |c;y — c_|. In particular, both difference polynomials

by (t + 1) — b (1) have degree d- 2 and positive leading coefficients.

REMARKS 1. In case (0) of the theorem whette= 0, pdsM < oo andPB(M)
is a polynomial. In case (1) of the theoremh,= 1 means the Betti numbers are
bounded. Eisenbud [4] showed that bounded sequences dhBatbers for finitely
generated modules over complete intersections are eWigntoastant and that they
become periodic of period 2 after at mgdim B) + 1 steps.

Incase (2)d > 2 and limy_ o b,E‘(M)/nd*l = the common leading coefficient
of the polynomials, (t). When it comes to limL, o (08 (M) —bE ; (M))/n%—2, how-
ever, the situation is different—the limit exists when = c_ but does not exist when
they are unequal.

To illustrate this, consideA = K[X, Y] andB = A/(X3,Y®). Thus,B is
a complete intersection with = 2 and codimension = 2, so by the Tate formula
shown abovePB(k) = (1 +t)%/(1 — t3)? = 1/(1 — t)?, which impliesb®(B/n) =
bE(k) = n+1 for eacm > 0. On the other han®2(B/n?) = 3n+ 1 for evemn > 0,
andbB(B/n?) = 3n + 3 for oddn > 1. (See [2].) These Betti numbers give different
values, namely 1 and 2, for (ever)(odd) as opposed to (odd) (even), so the limit
of the differences does not exist.

Thus, there is a complete description of the asymptotic\iehaf Betti num-
bers of finitely generate modules over complete intersestémd a different description
over Golod rings. For complete intersections, growth is/poimially bounded with
detail added using the notion of complexity; for Golod rirthat are not hypersurface
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rings, all growth is exponential. There are other rings avhich all growth is either
polynomial or exponential and where some of each occurs.

THEOREMG. [2], [3]. Let B a local ring that satisfies one of the conditions:
(1) B is one link from a complete intersection;
(2) B is two links from a complete intersection and B is Gorenstei
(3) edimB — depthB < 3;
(4) edimB — depthB = 4 and B is Gorenstein.

If M is a finite B-module whose Poin@rseries has radius of convergence
p > 1,thencxg M = d < edimB — depthB and there exist polynomials; and Ay,
each of degree & 2 with positive leading coefficients, such that fopn0,

A1(n) < bB(M) —bE (M) < Ax(n).

In particular, {b®(M)} is eventually either constant or eventually strictly irasing
and bounded by polynomial growth.

If M is a finite B-module whose Poind@arseries has radius of convergence
p < 1, then,{bB (M)} eventually strictly increases with strong exponentiaivgio
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LIAISON WITH COHEN-MACAULAY MODULES
Dedicated to Paolo Valabrega on the occasion of hi$ @irthday

Abstract. We describe some recent work concerning Gorenstein liaisoodimension two
subschemes of a projective variety. Applications make ugeetdligebraic theory of maximal
Cohen—Macaulay modules, which we review in an Appendix.

1. Introduction

The purpose of this paper is to report on some recent workdratea of Gorenstein
liaison. For me this is a pleasant topic, because it illtistrehe field of algebraic geom-
etry at its best. After all, algebraic geometry could be dbsd as the use of algebraic
techniques in geometry and the use of geometric methodsderstand algebra. In
the work | describe here, we found an unexpected connectbmeen the theory of
maximal Cohen—Macaulay modules about which there is ceraladle algebraic liter-
ature, and the notion of Gorenstein liaison, which has eetergcently as geometers
attempted to generalize results about curve®3ito varieties of higher codimension.

In Section 2, we review the “classical” case of curve® In §3 we describe
generalizations of the notion of liaison to schemes of higlimension and higher
codimension. Sections 4 and 5 develop the main new ideahvidinstead of working
directly with schemes of codimensign3 in P", to consider subschemes of codimen-
sion 2 of an arithmetically Gorenstein scheiden P". Any liaison in X is also a
liaison inP", so this method is useful to establish existence of liaisnri®", but it
cannot give negative results. We hope that the study obliais X may be interesting
in its own right, and give more insight into the nature ofdiai in general.

Section 6 gives some applications, and Section 7 describegeresting open
problem. The algebraic theory of maximal Cohen—Macaulagutes is reviewed in
an Appendix.

The principal new results described here are joint work WMtrta Casanellas
and Elena Drozd, given in detail in the papers [3] and [4]. Background on liai-
son, | recommend the book of Migliore [16], and for inforneation Cohen—Macaulay
modules, the book of Yoshino [18].

It was a pleasure to attend the conference Syzygy 2005 imdami honor of
Paolo Valabrega’s sixtieth birthday, and | dedicate thiggpaiespectively to him.

2. Curves inP3

We review the case of curves ¥, which has been known for some time, as a model
for the more general situations that we will consider below.

419
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We work over an algebraically closed fidkd A curveis a purely one-dimen-
sional scheme without embedded pointsC{fandC; are curves i3, we say they are
linkedby a complete intersection cur¥g if C{UC, = Y andZc, y = Hom(Oc;, Oy)
fori,j = 1,2,i # j. The equivalence relation generated by chains of linkages i
calledliaison. If a liaison is accomplished by an even number of linkages, ¢alled
even liaison To any curveC in P2 we associate itRao module M = H*l(Ic) =
@Bnez HEP3, I p3(n)). The basic results about curvesiif are the following

THEOREM1 (Rao [17]). a)Two curves ¢ and G are in the same even liaison
equivalence class if and only if their Rao moduleg M are isomorphic, up to a shift
in degrees.

b) For any finite-length graded R= K[xg, X1, X2, X3]-module M, there exists a
nonsingular irreducible curve C ii*®, whose Rao module is isomorphic to a shift of
M.

Thus the even liaison equivalence classes of curvé® iare in one-to-one
correspondence with finite length graded R-modules, upifb sh

For the next statement we need the notion of biliaison. IfraeC; lies on a
surfaceS, and ifC, ~ C14+mH, meaning linear equivalence in the sense of generalized
divisors [7] onS, whereH is the hyperplane section & andm is an integer, then we
say thatC, is obtained by arlementary biliaisorof heightm from Cy. If m > QO itis
anascendingelementary biliaison. It is easy to see that an elementdigidanin gives
an even liaison betwee@; andC,. It is also easy to calculate numerical invariants
of Cy, such as degree, genus, and postulation, from tho€g of terms ofm and the
degree ofS.

THEOREM2 (Lazarsfeld—Rao property [1], [15]). &) any even liaison equiv-
alence class of curves &%, the minimal curves(meaning those of minimal degree)
form an irreducible family.

b) Any curve that is not minimal in its even liaison equivalentzss can be
obtained by a sequence of ascending elementary biliaisomsfome minimal curve.

REMARK 1. These results generalize well to subschemesf codimension
two inP". The Rao module has to be replaced by a series of higher defjoieodules
HL(IV) for0 < i < dimV and certain extensions between them: the best way to ex-
press this is by an element of the derived category. Or one@sathe so-callefl-type
resolution, in which case the set of even liaison equivaeriasses of schemas of
codimension two is in one-to-one correspondence with aotiesheave§ (satisfying
some additional conditions), up to stable equivalence &ift) and this in turn is in
one-to-one correspondence with the quasi-isomorphisssetaof certain complexes
in the derived category replacing the Rao module.

The Lazarsfeld—Rao property also generalizes to codiroengio subschemes
of quite general schemes. See for example [9] for preciserstnts and further refer-
ences.
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3. Generalizations

When we consider curves Bf, or more generally, subschemes of codimensidin
anyP", the direct analogue of Rao’s theorem fails. There are tefinimany distinct
even liaison equivalence classes of curves all having the $2ao0 module, which can
be distinguished by other cohomological invariants [1X]sdems that liaison using
complete intersections, as we have defined it, is much tad figgive an analogous
theory in higher codimension.

The notion of Gorenstein liaison seems to be a better catedidageneralizing
the theory.

DEFINITION 1. Two subschemes; W, of P", equidimensional and without
embedded components, areliGked by an arithmetically Gorenstein scheme Y (mean-
ing the homogeneous coordinate ring of Y is a Gorenstein)iifing; U V> = Y and
Iv,,y = Hom(Oy;, Oy) fori, j = 1,2,i # j. The equivalence relation generated
by chains of G-links is calle@orenstein liaisorfor G-liaison for short), and if a G-
liaison can be accomplished by an even number of G-links cidlledevenG-liaison

It is easy to see for curves IP' that evenG-liaison preserves the Rao module
(up to shift), as in the case Bf, and this naturally leads to the converse problem:

PROBLEM 3. If two curves inP" have isomorphic Rao modules (up to shift),
are they in the same ev&iliaison class?

This problem is open at present. The special case when tharRdale is
zero is the case drithmetically Cohen—MacaulagACM) curves, meaning that the
homogeneous coordinate ring is a Cohen—Macaulay ring. imbigdes in particular
the complete intersection curves. So the problem, whichcawbe stated for schemes
of any dimension is

ProBLEM4. If V is an ACM scheme if?", isV in the Gorenstein liaison class
of a complete intersection (glicci for short)?

This problem is also open at present, though many species@s known (see
for example [11]). There are also candidates for countengkas (as yet unproven),
such as 20 general pointsiii, or a general curve of degree 20 and genus 28'if8].

Our approach in this paper, instead of studying the probleectly in P", will
be to study codimension two subscheme of an arithmeticadise@stein varietyX in
P". Liaisons inX can also be considered to be liaison®h and thus we study the
problem of higher codimension subschemeB'nndirectly. While most of our results
are valid forX of any dimension, for simplicity in this paper we will stiak timension
3.

So here is the set-up. L&t be a fixed normal arithmetically Gorenstein sub-
variety of dimension 3 iP". We also keep fixed the embedding and hence the sheaf
Ox (1) on X that defines the class of a hyperplane sectioaf X.
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If C1 andC; are curves irX, we say tha€C; andC; arelinkedby a curveY in X
if CtUCy, =Y andIc y = Hom((’)cj ,Ov)fori,j =1,2,i #j.If Yisacomplete
intersectionin X, meaning tha is the intersection of surfaces defined by sections of
Ox (@), Ox(b)in X, thenwe say itis & | -linkage If Y is arithmetically Gorenstein (in
the ambienP"), it is aG-linkage These linkages give rise to the equivalence relations
of Cl-liaisonandeven C-liaisorandG-liaisonandeven G-liaisoras before.

Note that &C I -liaison in X is not necessarily & | -liaison inP", unlessX itself
is a complete intersection. HoweverGaliaison in X is also aG-liaison inP".

If Sis a surface inX containing a curveC, and if C’ is another curve ors,
with C’ ~ C 4+ mH, meaning linear equivalence of generalized divisorsSpwhere
H is the hyperplane section, we s@yis obtained fronC by anelementary biliaison
from C. If Sis a complete intersection K (corresponding t@x (a) for somea) it
is aC l-biliaison. If Sis an ACM scheme (if®") it is a G-biliaison It is easy to see
that aC | -biliaison is an everC I-liaison. In fact, the equivalence relation generated
by CI-biliaisons is the same as evén -liaison (proof similar to [7, 4]). One can
show also that &-biliaison is an everG-liaison [11], [10, 36], however in general
the equivalence relation generated ®ybiliaisons is not the same as evénliaison,
as we can see from the following example.

EXAMPLE 1. LetX be a nonsingular quadric hypersurfac@fh Every surface
on X is a complete intersection, and in particular has even @edrbusG-biliaisons
preserve the parity of the degree of a curve. On the other, lihadinion of a rational
guartic curve with a line meeting it at two points is an arigtiwally Gorenstein elliptic
quintic, so the two curves a@-linked. One line can also be linked to another line by
a conic, so we see that evenliaison does not preserve parity of degree.

In studyingG-liaison andG-biliaison onX, an important role is played by the
category of ACM sheaves oX. An ACM sheafis a coherent shedf on X that is
locally Cohen—Macaulay and has vanishing intermediatewcatogy: H; (£) = 0 for
i =1,2. If X isP3, the only ACM sheaves are tlissoce sheaves, i.e., direct sums
of line bundlesOx (a;), by a theorem of Horrocks. However, X is notP3, there are
others, and the category of these sheaves reflects inteygstiperties okX.

To see why these sheaves are importan@draison andG-biliaison, we first
mention the following result relating them to ACM surfacasX and arithmetically
Gorenstein (AG) curves iiX.

PropPosITIONL. a)lf S is anACM surface in X, then its ideal she@g x is a
rank 1 ACM sheaf on X. Conversely & is a rank1l ACM sheaf on X, then for any
a > 0, the sheafl(—a) is isomorphic to the ideal shedk x of an ACM surface in
X.

b) If Y is anAG curve in X, then there is an exact sequence
0— Ox(—a) — N—> IY,X -0

for some ac Z, where/\ is a rank2 ACM sheaf on X with gNV) = —a. Conversely
if A is anyorientable(meaning ¢(\) = Ox(a) for some ac Z) rank 2 ACM sheaf
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on X, and if s is a sufficiently general section\dfa) for a >> 0, then s induces an
exact sequence

0— Ox S N(@) — Zy,x(b) — 0
for someAG curve Y in X and some b Z.

Proof. Part a) is elementary, while part b) is the usual Serre cpordence [4, B].
O

Thus we see that the ACM surfaces and AG curves, which are tosaefine
G-biliaison andG-liaison, respectively, correspond in a natural way to ramkd rank
2 ACM sheaves orX. In the following two sections, we will studé-biliaison and
G-liaison separately.

4. Gorenstein biliaison

As in the previous section, we consider a normal arithmii§i€@orenstein 3-foldX,
and we will consider Gorenstein biliaison of curvesXn

First of all, let's see what happens with a single elemenBusenstein biliaison.
Let Sbe an ACM surface ifX, letC be a curve ir5, and letC’ ~ C+mHon S. Then
by constructionZc s = Zc,s(—m). Thus we can write exact sequences

0 — IS e IC’ d IC’,S g 0

0 — Is(—m) — Ic(—m) — Ic’s(—m) — 0.

If we let F be the fibered sum dfc: andZc (—m) overZc s = Zc s(—m), we obtain
sequences
0 — Is - F - Ic(-m) — O

0 - Zg(-m) — F — Io — O

Note here that the same coherent stiEappears in the middle of each sequence, and
that the sheaves on the left are rank 1 ACM sheaveX @hat are isomorphic, up to
twist.

Conversely, given exact sequences
O - £ - F - Ic@d@d — O
0 - £ —- F — Ic@) — 0

with the same coherent shea&fin the middle, where€C, C’ are curves inX, a, @’ inte-
gers, andZ, £’ rank 1 ACM sheaves that are isomorphic up to twist, it folldinet C’

is obtained by a single elementaBybiliaison fromC. The idea of proof is to consider
the composed maff’ — F — Zc(a). If this mapis 0, thei€’ = C, which is a trivial
G-biliaison. If it is not zero, composing with the inclusidg (a) € Ox(a) identifies
L' (—a) with the ideal sheafs of an ACM surface orX and then one sees easily that
C' ~C+ (@ —aHonS[3,31,33].
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With a little more work, one can arrive at an analogous dotefor two curves
to be related by a finite succession of elemen@Gsyiliaisons.

THEOREM3 ([3, 3.1]). Two curves CC’ on the normal arithmetically Goren-
stein 3-fold X are in the same Gorenstein biliaison equivalenceslé and only if
there exist exact sequences

0 - & - N —- Ic@ — O
0 - & - N —- Ic@) — 0

with the same coherent she&f in the middle, where g’ are integers, and wheré
and &£’ are ACM sheaves each having a filtration whose quotients are tafCM
sheaves (we call thetayered ACMsheaves), and such that the rahlquotients of
these filtrations of and&’ are isomorphic up to order and twists.

The point is that eaclG-biliaison contributes a rank 1 ACM factor, but that
these make up the two sheaveand¢’ in a different order, and with different twists
associated to each.

If £ is alayered ACM sheaf as above, the filtration with rank 1 AQMtipnts
may not be unique. Taking advantage of this are two “exch#smgenas” [3, 34, 4.6]
that allow one to replace orteby anotheig’ having the same factors, in sequences as
in Theorem 3, after passing to another curve in the s@nibdiaison class. These form
a sort of converse to Theorem 3, and allow us to formulate assaecy and sufficient
condition for the property analogous to Problem £&gmamely that every ACM curve
on X should be in th&-biliaison class of a complete intersectionX¥nThis condition
is a bit complicated to state (see [3244.3]), so instead here we will explain the result
only in one interesting special case.

THEOREM4 ([3, 6.2]). Let X be the cone over a nonsingular quadric surface
in P2, (Thus X is a normal quadric hypersurfacelifi having one double point.) Then
two curves C and Con X are in the same Gorenstein biliaison equivalence cfaasd
only if their Rao modules are isomorphic, up to shift. In pardar, all ACM curves
are equivalent for G-biliaison.

Idea of Proof.lIt is obvious that Gorenstein biliaison preserves the Radut® up to
shift, so one direction is clear.

For the other direction, le€ be any curve inX, with Rao moduleM. Our
strategy is to construct another cu@éthat depends only oW, and then show that
andC’ are in the samé&-biliaison equivalence class, which will prove the theorem

Given M, let M* be the dual module, and take a resolution
0-G->FR->FR—>F—>M"->0

over R, the homogeneous coordinate ring Xf where theF; are free gradedR-
modules, ands is the kernel. Let\” be the sheaf associated &', and let£’ be
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a dissock sheaf of rank one less mappinghto so as to define a curve’ by its coker-
nel:
0> L >N — Zc/(a/) — 0.

On the other hand, let
O0—-L—>N-—>1Ic—0

be anN-type resolutiorof C, i.e., with £ dissocé and\ coherent, locally Cohen—
Macaulay, andH1(AV) = M andHZ(\) = 0. LetN = H2(\) and take a resolution

0O->P—-Li—>Lo—>N—>0
over Rwith L; free andP the kernel. Dualizing gives an exact sequence
0> N> Ljy—>L{—>P" > M -0

Now there is a natural map of the earlier free resolutiomdfinto this one, and
this gives us a map d& to NV, from which we obtain a natural may’ — A’. By
adding extra free factors if necessary, we may assume itjiecsire, and then lef be
the kernel:

0> E&—>N-—->N =0

Since N and A" both haveH! = M andH2 = 0, we see thaf is an ACM sheaf
on X. Furthermore, taking the composed map franto Z¢ (a’) we obtain an exact

sequence
0-EDL >N —Ic(@) — 0.

In order to apply the criterion of Theorem 3 we now need to hsespecial
property of the quadric 3-folK (see Appendix), which tells us first that every ACM
sheaf onX is layered, secondly that the only rank 1 ACM sheavesofup to twist)
areOx, Ip, andZg, whereD, E represent the two types of planesXn and thirdly
that there is an exact sequence

0—>ID—>(’)§(—>ZE(1)—>O.

In the ACM sheaf, copies offp andZg (and their twists) must occur in equal
numbers, becausgis orientable. Then the exchange lemmas referred to abtore al
us to replace afip plus anZg by anoi. Thusé & L is replaced by a dissdzisheaf,
and then Theorem 3 tells us tHatandC’ are in the sam&-biliaison class. (For more
details see [3, 4, 6.2].)

5. Gorenstein liaison

Let us consider a normal AG 3-fold, as before, and study Gorenstein liaison equiva-
lence of curves irK. Since the AG curves iX are associated to rank 2 ACM sheaves
on X, as we saw above, we expect to see them play a role.

First of all, let us see what happens with a single Gorendiason. We track
this behavior using th&/-type resolution of a curve.
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PROPOSITION2. Let C be a curve in X withV-type resolutior0 — £ —
N — Zc — 0, and suppose that C is linked to a curvélfy theAG curve Y. Then
C’ has an\/-type resolution of the form

0— E/—),/\/‘/—) Icf(a/) —0
with £’ dissocg, and where\” is an extension
0> LVpEY > N> N°Y =0,

where€ is the rank2 ACM sheaf associated to Y, and®" denotes the dual of the
first syzygy sheaf of’.

To prove this (see [4,.3]) one first uses the usual cone construction of the map
Iy C ZIc, and this gives the sequence

0> NY =LV ®E&Y - Ic(a) — 0.

This is not anN-type resolution, but by using the syzygy shgéf of A, one can
transform it into the desired/-type resolution.

Note what happens to the Rao modile From the definition of the syzygy
sheaf

O-N° > F—->N-—=>0

with F dissoce, we see thaM = HI(N) = HZ(N?). By Serre duality then
HI(W?Y) = M*, the dual ofM, and this shows that the Rao module@fis M*
shifted, as we would expect from a single liaison.

This proposition shows us that a singteliaison complexifies the\/-type res-
olution by throwing in a dual of a syzygy, and adding an extam$gy a rank 2 ACM
sheaf. There is a sort of converse to this, showing how tolgiyrgm A -type resolution
by removing a rank 2 ACM sheaf. In general, this cannot beraptished by a single
G-liaison, but requires a more complicated procedure.

PROPOSITION3. Let C be a curve with aw-type resolution
0> L—>N—>1Ic—0,
and suppose given an exact sequence
0>EE->N->N -0

with £ a rank 2 ACM sheaf andV’ a locally CM sheaf of rank> 2. Then there
is a curve C in the same even G-liaison equivalence class as C haviny/ dgpe
resolution

0L - N - Ic@)— 0.

Proof. See [4, 34]. O
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Using these two propositions, it is possible to give a daterin terms of the
N-type resolutions, for when two curves are in the s&akaison class [4, 8]. The
exact statement, which involves successive extensionsily 2 ACM sheaves and
their syzygy duals (which may no longer be of rank 2), is ratt@mplicated, so we
omit it here. Using this theorem, one can also give a critefiw every ACM curve to
be in the Gorenstein liaison class of a complete interse¢4ip5.4]. Here we will just
give one special case, albeit an interesting one.

THEOREM 5. Let X be a nonsingular quadric hypersurface®fi. Then two
curves are in the same even G-liaison class if and only ifftRaio modules are iso-
morphic, up to shift.

Sketch of Proofcf. [4, 6.2]). Let C be any curve, with Rao moduld, and letC’ be
another curve with the same Rao modie constructed as in the proof of Theorem 4
above. Following the plan of that proof we havétype resolutions

0> L>N—>Ic—0
0—- L >N —-ZIc@)—0

and an exact sequence
0-&—->N->N =0

wheref is an ACM sheaf orX.

Now we invoke the special property of the nonsingular quagkiold X, which
is that every ACM sheaf is a direct sum of a disgosheaf and copies of twists of
a single rank 2 ACM sheafp, associated to a line iX (see Appendix). We apply
Proposition 3 repeatedly to remove copiegg@hnd its twists fromV, thus eventually
obtaining a curveC”, in the same evefs-liaison class a€, and having anV-type
resolution whose middle sheaf” differs from A" only by a disso@& sheaf. Thetv”
andN” are stably equivalent, and € andC’ are in the same eved|-liaison class,
by Rao’s theorem, and a fortiori in the same e@ifliaison class.

Note that in the case of the nonsingular quadric 3-f@ehiliaison is just the
same a€ | -biliaison, hence is much too restrictive to provide a reléke this theorem.

6. Applications

In [11, 8.10] the authors showed, by an exhaustive listing of all fidsACM curves
on these surfaces, that any ACM curve lying on a general dmratibnal ACM surface
in P is glicci. The rational ACM surfaces iB* (not counting those i3, for which
the theorem is known) are the cubic scroll, the Del Pezzoasarbf degree 4, the
Castelnuovo surface of degree 5, and the Bordiga surfacegvéd 6.

For the cubic scroll, the Del Pezzo, and the Castelnuovaserthis result is an
immediate consequence of our Theorem 4, because each efsindaces is contained
in a quadric 3-fold with one double point. Our method doesaply to the Bordiga
surface, which is not contained in any quadric hypersurface
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In his paper [14], Lesperance studied curveB4rof the following form. LetC
be the disjoint uniorC; U C, of two plane curve€;, Co, lying in two planes that meet
at a single poinP. Let them have degreel, d>, and assume either a)2d; < dy or
b) 2 < d; andC; contains the poinP. The Rao module is theM = R/(I1p + R>g,),
which depends only on the poift and the integed;. Lesperance shows that all the
curves of type a) and some of those of type b) are in the samenGiain liaison class,
by using explicitly constructe-liaisons.

Since a union of two planes meeting at a point is containedjuaalric hyper-
surface with one double point, it follows from our Theorenhdttall the above curves
with the same Rao module are equivalent@fiaison [3, 64].

A third application is the following

THEOREM 6. Any arithmetically Gorenstein scheme VRh is in the Goren-
stein liaison class of a complete intersection (glicci).

For the proof [4, 71] we use the higher-dimensional analogues of the results
described in this paper for an AG 3-fold. By a Bertini-type theorem of Altman
and Kleiman, one can find a complete intersection sch¥nmeP", containingV, of
dimension two greater thavi, and smooth outside &f. ThenX is normal and AG,
andV is a codimension two AG scheme X so there is an exact sequence

0— Ox(-a) > E&—>2Zyx—0

wheref is a rank 2 ACM sheaf oiX. Let M be a rank 2 dissoeisheaf onX and
consider the new\-type resolution of/,

00— Ox(—&)@M—)g@M%IV,X%O.

Then we apply the analogue of Proposition 3, which is [4],30 remove&
and obtain another subscheMécC X, in the same eve@-liaison class a¥, with an
N-type resolution

0—- L > M- ZV/’x(a/) — 0.

Since M is rank 2 dissod, it follows thatV’ is a complete intersection X, and since
X is itself a complete intersection #f', V'’ is also a complete intersectionl#fl. Since
G-liaisons inX are alsdG-liaisons inP", we find thatV is glicci, as required.

7. An open problem

If there is a moral to all the investigations of Gorensteaision so far, it seems to
me that good results are obtained for schemes with somead®taicture, such as
determinantal schemes [11], or schemes of codimensioro®itkgree hypersurfaces,
such as the ones considered in Sections 4,5 above.

To describe a situation on the border between what is knowlnvwdrat is not
known, | would like to consider the case of zero-dimensianddschemes of a non-
singular cubic surface 3. Though of one dimension lower than the discussions
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earlier in this paper, | think it is a good arena to test thesesal difficulties of the
subject.

So, let X be a nonsingular cubic surface B¥. We consider zero-schemes
Z < X. Any zero-scheme is ACM, so there are two problems to conside

PROBLEM 5. Is every zero-schem& C X in the G-biliaison equivalence class
of a point?

PROBLEM 6. Is every zero-schemé C X in the G-liaison equivalence class
of a point?

Both problems are open at present. | will discuss what is knalout them so
far.

Using explicitG-liaisons ands-biliaisons on ACM curves oiX, one can show
that any se of n points in general position oK is G-liaison equivalent to a point [8,
2.4]. The proof of this result is curious, in that one uses seges of liaisons where
the number of points may have to increase before it decre&srexample, starting
with 18 general points, one makes links to the following nenstof points (always in
general position): 18> 20 - 28 - 22 - 16 > 13 - 7 —-> 5 —> 3 — 1. For
points in special position, it seems hopeless to genertiizenethod.

Another approach, more in the spirit of this paper, is to stk category of
ACM sheaves orX. Faenzi [6] has classified the rank 2 ACM sheaves<onUp to
twist, there is a finite number of possible Chern classes fanfixed Chern classes,
the possible sheaves form algebraic families of dimensiobs Already the presence
of families of dimension- 1 shows that we are in a situation of “wild CM-type” (see
Appendix). Looking at Faenzi's results, again it seems hegseto achieve a complete
classification of ACM sheaves of all ranks o One can show, however, that there
are families of arbitrarily high dimension of indecompoeaBCM sheaves of higher
rank.

However, to answer the two problems above, one would not assmmplete
classification of ACM sheaves oX. For an affirmative answer to Problem 5, it would
be sufficient to show [3,.3].

(x) Every orientable ACM shedf on X has a resolution
O->-F—->FL—-E—0

whereF7; and.F; are layered ACM sheaves (i.e., successive extensions lofiraCM
sheaves).

In regard to this property, there are examples of rank 2 ACkhsast on X,
that are not layered themselves, but do have a resolutidmfdrm. So there seems
to be some hope that this may hold.

For an affirmative answer to Problem 6, it would be sufficierghiow [4, 54].

(xx) Every orientable ACM sheaf ofi is stably equivalent to double-layered
sheaf onX (which is a successive extension of rank 2 ACM sheaves aivsiaygies).
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Appendix. MCM modules and ACM sheaves

In this appendix we give a brief outline of some algebraicltsshat are needed to jus-
tify the results on ACM sheaves on quadric hypersurfaced ims8ections 4,5 above.

Let R,m be a Cohen—Macaulay local ring. #aximal Cohen—-Macaulay
(MCM) moduleis a finitely generatedr-module M, with depthM = dimR and
SuppM = SpecR.

For example, ifR is a regular local ring, every MCM module has homological
dimension zero, and so is free. ConverselyRjfm is a Cohen—Macaulay local ring
over which every MCM is free, theR is regular. Indeed, for aniR-moduleN, con-
sider a free resolution of length = dim R, and letM be the kernel at the last step.
ThenM is an MCM module, hence free, and Bohas a finite free resolution. Thus the
ring R has finite global homological dimension, and by a theoreneofes this implies
thatR is regular.

Thus the presence of non-trivial MCM modules charactenwasregular local
rings, and the category of MCM modules is an interesting mneasf the complexity
of the singularity of the local ring.

In certain circumstances, Y. Drozd [5] has shown that locgjs can be divided
into three classes, depending on the behavior of the MCM tesdut is true in any
case that an MCM module can be written uniquely as a directaflindecomposable
MCM modules, namely those that allow no further direct surrodeposition. We say
that R is of finite CM-typeif there is only a finite humber of indecomposable MCM
modules. We say is of tameCM-typeif the indecomposable MCM modules form a
countable number of families of dimension at most one. WeRs&yof wild CM-type
if there are families of arbitrarily large dimension of imtenposable MCM modules.
The tame-wild dichotomy theorem says (in certain caseg)dhly these cases can
occur. While to my knowledge this has not been proved in géneeacan keep it in
mind as a principle of what to expect when studying MCM mosdule

The same definitions apply to the case of graded rings aneédmaddules, and
thus admit a translation into sheaves on projective scheifies is a ACM scheme
in P", we have defined an ACldheafon X to be a locally Cohen-Macaulay coherent
sheaf€ on X with no intermediate cohomology, (£) = 0for0 < i < dimX. If
R is the homogeneous coordinate ringgfthen we obtain a correspondence between
ACM sheaves oiX and graded MCM modules dR by sending a shedfto the module
E = HY(€), and sending the modulE to the associated she&f= E. In carrying
over results and definitions from the local case, we shouldider graded modules up
to shift, and ACM sheaves up to twist. So we can Xaig of finite CM-type if there
is only a finite number (up to twist) of isomorphism classendecomposable ACM
sheaves.

To illustrate the different CM-types in the projective camete that ifX is a
nonsingular curve if*", then an ACM sheaf oiX is just a locally free sheaf, also
called a vector bundle. IX is rational, of degred, the only indecomposable vector
bundles (up to twist by (1)) are line bundles of degreesOe < d, so X is of finite
CM-type. If X is an elliptic curve, then by the classification theorem ayat, for each
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rank and degreémodd = degX) there is a one-parameter family of isomorphism
classes of indecomposable vector bundles of rankd degree. ThusX is of tame
CM-type. And if the genus oK isg > 2, then as the rank grows, so does the dimension
of the moduli space of stable vector bundlesXsis of wild CM-type.

In the complex-analytic and complete local ring case, thosal rings of iso-
lated hypersurface singularities of finite CM type have beassified [13], [2]. They
are the local rings of simple singularities in the sense afofd; in each dimension
they are associated with Dynkin diagrams, Dy, Es, E7, Eg, and their equations can
be written explicitly.

Carrying these results over to the graded case, one obthstefall projective
schemes of finite CM-type [18], hamely, projective spacessimgular quadric hyper-
surfaces in any dimension, the rational cubic scrolPfpand the Veronese surface in
IP5. Furthermore, the indecomposable ACM sheaves on thessiearcan be described
explicitly, and this is where we find that there is just one4trdrial indecomposable
ACM sheaf on the nonsingular quadric 3-fold, mentioned aghoof of Theorem 5.

The main tools for studying MCM modules on hypersurface giagties, or
ACM sheaves on hypersurfaces i, are the matrix factorization, and the double
branched covers and periodicity theorems ofbKar [13]. We explain these in the
projective case.

Let X be a hypersurface i&", and let€ be an ACM sheaf orX. Since the
associated graded module = Hf(S) has depthn over the coordinate ring® =
K[Xo, ..., Xn] of P, there is a resolution

0= L13 Lo—>E—0

by dissoce sheave<; on P" of the same rankn. This gives a square matrix of
homogeneous forms iR. Then one shows that there is another mairigf the same
rank, with the property thay - ¢ = ¢ - w = f -id, where f is the equation of the
hypersurface. This is callednaatrix factorizatiorof f. One sees also that det= f',
wherer =rank&. These constraints allow one to gain information about tesible
ACM sheaves when the numbers are small enough.

The other technique is Kimrer's double branched cover, and periodicity theo-
rems, which allow one to pass from a hypersurfxcan P" defined by a polynomial
f € P to the hypersurfacX’ in P"*1 defined byf + x2, or the hypersurfac&” in
P"+2 defined byf + x2 + y2, wherex andy are new variables.

In the paper [3], we use these techniques to show that thalainguadric 3-fold
X in P* with one double point is ofountableCM-type namely it has only countably
many indecomposable ACM sheaves (up to twist), and thes®ar€p, Zg, where
D, E are the two types of planes X, and two infinite sequences and&;, for £ =
1,2, ..., of rank 2 ACM sheaves that are each extensions of suitaldéstaf Zp and
Ze [3, 6.2], hence layered. This is the result needed for the proohefbfem 4 above.

A good reference for the material described in this appetdizides the original
papers, is the survey article [12] and the book of Yoshing.[18
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DEFORMATIONS OF SPACE CURVES: CONNECTEDNESS OF

HILBERT SCHEMES
Dedicated to Paolo Valabrega on the occasion of hi @irthday

Abstract. We survey the Hilbert schemedy g of Cohen-Macaulay space curves having
degreed and genug, giving their geography and the current state of the comulmgss
problem. Focusing on a specific example, we then describerdauiible families of curves
in Hy _gg and explain the connectedness, paying special attentioartain deformations
on the double quadric surface. We close with some new resigtsymining which families
of degree four curves are subcanonical and showing how soarapies of Chiantini and
Valabrega fit into this classification.

1. Introduction

Early in the development of scheme theory in algebraic gégm@rothendieck con-
structed the fine moduli space for flat families of subschemée®&”, known as the
Hilbert scheme [15]. Since the Hilbert polynomial is coms$téor flat families over a
connected base, the Hilbert scheme Hitian be written as a disjoint union of pieces
Hilbg(z) indexed by the corresponding Hilbert polynomials. As a firedoii space,
these schemes come equipped with universal flat family
X C Hilbg(z) x PN

(1) K

Hl|bp(z)

having fibres with Hilbert polynomigb(z) such that for any flat family

Y Cc TxP"

2 !
T

with fibres of Hilbert polynomialp(z), there is a unique map — Hilb] , such that

diagram (2) is obtained from diagram (1) by pull-back. Thus studies the Hilbert
scheme by producing flat families. As Grothendieck showadlthib} ,, is projective

over Spe, the set of all projective subschemes is encoded by eqsatigh integer

coefficients.

Since flat families over a connected base have constantrtbl/nomial, it's
natural to ask whether the converse is true: given two swmseh inP" with the
same Hilbert polynomial, is there a connected flat family diick both are a mem-
ber? Equivalently, is the Hilbert scheme connected? Thisamawered by Hartshorne
in his PhD thesis [19].
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THEOREM 1 (Hartshorne, 1962)For any p(z) € Q[z] and any field k, the
Hilbert schemeHiIbB(Z) for closed subschemes & P} with Hilbert polynomial gz)
is connected whenever it is non-empty.

Thegeographyis an important aspect of any moduli problem: for which naltur
invariants of the problem is the moduli space non-empty? rdlaee at least three
characterizations of the polynomigt§z) € Q[z] for which there is a subschenve c
P" having Hilbert polynomialp(z). One follows from Macaulay’s theorem on the
growth of the Hilbert function of a standakdalgebra [17], another is a consequence
of Hartshorne’s thesis [19] and a third occurs naturallyrfr@reen’s interpretation of
Macaulay’s bound in terms of restricted linear series [B4ummary and comparison
is given in [4].

We now specialize to space curves: take 3 and let Hilly g denote the Hilbert
scheme of subschemeslia with Hilbert polynomialp(z) = dz+ 1 — g, the curves of
degreed and arithmetic genug. Classically one is interested in the open subscheme

Hg 4 C Hilba g

corresponding to smooth connected curves. The geographiyi$groblem (the pairs
(d, g) for which Hg, is non-empty) was known to Halphen and completely proved
by Gruson and Peskine a hundred years later [16]. As to cteaeess, we have the
following results of Harris [18] and Ein [10].

THEOREM2 (Harris, 1982). Hé”g is irreducible if d > %g +1.
THEOREM3 (Ein, 1986). HY , is irreducible if d> g + 3.

ExampPLE 1. The Hilbert schemeiﬁé’@J are not connected in general: the

smallest example iH&lO [20, IV, Ex. 6.4.3], which has two connected components,
the curves of typ€3, 6) on a smooth quadric and complete intersections of two cubics
More generally,HC?’g is not connected fod > 9 andg = 2d — 8. Indeed, the curves

C of type (3, d — 3) on a smooth quadric satish?Oc (2) = 9 andh®Z¢(2) = 1 while
curvesD not lying on a quadric satisfii®Op(2) > 10 andh®Zp(2) = 0. By semi-
continuity, it follows that the curves of typ@, d — 3) form a connected component
of Hg,zd—s- Note that there exist other components, as such curvesa@xia cubic

or quartic surface. Guffroy conjectures thaj’,g is irreducible forg < 2d — 8 (i.e.

d > %g + 4) and proves it fod < 11 [17]. If true, the conjecture would strongly
improve the results above.

The subject of this survey is yet a third moduli space, nare\Hilbert scheme
of locally Cohen-Macaulay curves without isolated poitk® pure one-dimensional
subschemes d#° of degreed and genug). Following Martin-Deschamps and Perrin
[27, 29], we denote these Hilbert schemedHyg,, which sit between the two extremes
considered above:

Hg 4 C Ha.g C Hilbg g.
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The Hilbert schemesBly g are natural from the perspective of liaison theory, whick ha
seen a great deal of activity over the last 25 years: Migkdbeok [31] provides an
excellent survey of this work. The point is that liaison gne®s the property of being
locally Cohen-Macaulay [31, Cor. 5.2.12] but does not presgeometric properties
such as smoothness, irreducibility, or reducedness. Onttier hand, even the most
general locally Cohen-Macaulay curves can be brought toltssical curves through
a sequence of liaisons, as proved by Rao [38, Thm. 2.6].

THEOREM 4 (Rao, 1979).Every liaison class contains a smooth connected
curve.

Thus the schemesBly,g are the result of starting with the smooth connected
curves and closing off under the equivalence relation efdia. In view of the connec-
tivity results above, the following question is natural:

PrRoOBLEM 7. For which pairgd, g) is Hq g connected?

REMARK 1. This does not follow in any easy way from the proof of Theore
1, as Hartshorne constructs deformations which typicallysphrough (non-reduced)
subschemes having embedded points. The real questionsheteether curves with
embedded points can be avoided.

In addressing the status of Problem 7, we begin with the ggdgrof locally
Cohen-Macaulay space curves in 82. This includes (a) therméetation of the pairs
(d, g) for which Hg, g is non-empty and (b) the cohomological bounds leading to the
special families of extremal and subextremal curves. Theemal curves become
prominent in 83 when we give connectedness results for thigeHischemes. We
follow this up with an example in 84, describing all the inethle components of
the Hilbert scheméH, _g9 and explaining why this scheme is connected. In 85 we
discuss deformations of curves on a double surface and shevaldisjoint union of
two double lines can be deformed to a multiplicity four lingheut adding embedded
points, a crucial part of the proof thils _gg is connected. Finally, in 86 we determine
which families of degree four curves are sub-canonical. driipular, we show how
examples of Chiantini and Valabrega [6, Ex. 3.1 and 3.2] fi our classification.

The author thanks E. Cabral Balreira for his help with makimg figures and
Mario Valenzano for corrections on the first draft.

2. The geography of Cohen-Macaulay curves

In this section we describe the pafts g) for which our Hilbert schemelly 4 are non-

empty. As a byproduct of the proof, we will encounter the extal curves, which play
an important role in the following section. The startingrgag the following theorem
[28, Thm. 2.5 and Cor. 2.6].

THEOREM 5 (Martin-Deschamps and Perrin, 1993ssume char k= 0. If
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C € Hg,g is non-planar, then the Rao functiod T (n) is bounded by the function
depicted in Figure 1. In particular, g (dgz).

»
\ 4 >

d—2 n

Figure 1: Bound of Theorem 5 dniZ¢ (n) for non-planar curves

This generalizes to curves in higher dimensional projectipace [8], though
the bounding function is more complicated. The charadterzgro hypotheses is used
to prove that ifC is a curve of degred > 3 not contained in a plane, then the general
hyperplane sectioil N C is not contained in a line. While this fails in characteristic
p > 0[21, Ex. 2.3], the bound on cohomology still holds [32, Prd{], as does the
bound on the genus [21, Cor. 3.6]:

THEOREM6 (Hartshorne 1994)The Hilbert scheme &, is non-empty if and
only if either

(@ d>1andg= (%%, or
(b) d > 2and g< (%39

One way to prove thatly g is non-empty forg < (dgz) is to observe that there
are curves which achieve equality in Theorem 5 [29, Prog: 0.5

THEOREM 7 (Martin-Deschamps and Perrin, 1996pr alld > 2 and g <
(dgz) there are curves (& Hq g giving equality in Theorem 5 for all n.

The curves of Theorem 7 are callegtremal curvesind have some interesting
properties. For example, the subset of extremal curvesfamirreducible component
E C Hq,g [29, Thm. 3.7], which is non-reduced except whekr= 2 (double lines),

g= (dgz) (ACM extremal curves) od = 3 andg = —1 [29, Thm. 5.3].

REMARK 2. The following are equivalent:
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1. Cis an extremal curve.

2. C is a minimal curve for a complete intersection module ahaied by two
linear forms (this allows one to write the total ideal and mmial resolutions for
extremal curves [29, Prop. 0.5, 0.6 and Thm. 1.1]).

3. Cis non-planar of degregt and contains a planar subcurve of degteel ([11,
82, Thm. 8] or [32, Prop. 2.2)).

Assuming chak = 0, Ellia observed [11, 82, Prop. 9] that a curve which is
neither planar nor extremal satisfies even stronger boumdiseoRao function. Using
Schlesinger'sspectrumof a curve [40], this bound was refined while removing the
characteristic zero hypothesis [32, Thm. 2.11]:

THEOREM 8 (Ellia and Nollet, 1997).I1f C € Hg g is a non-planar and non-
extremal, then the Rao functiodZr (n) is bounded by the function depicted in Figure
2. In particular, g < (df’) +1.

d—3
( P )—g+]1/= o

1 d-3

S VY

Figure 2: The bound of Theorem 8 bAZc (n) for non-extremal curves

A curve C € Hyg g is subextremalf it achieves the bound of Theorem 8 for
all n. A curveC € Hqg is subextremal if and only if it is a height one elementary
biliaison of an extremal curv€’ € Hy_» g+3—-4 0N a quadric surface [32, Thm. 2.14]
and hence exist for all > 4 andg < (d§3) + 1: letting S C Hg, g denote the family
of subextremal curves, the universal biliaison scheme atii®eschamps and Perrin
shows thasSis irreducible. Indeed, iE C Hg_2 g4+3-4 is the extremal component, we
can consider the sé& of triples (C, C’, Q) for which C is a height one biliaison o’
on the quadric surfac®. The natural projections
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are smooth and irreducible [27, VII, §84], hence irredudipidf E implies irreducibility
of S.

REMARK 3. Given Theorem 5 and Theorem 8, one might expect that curves
which are neither planar nor extremal nor subextremal sheatisfy even stronger
bounds. This fails, however: there are curves which giveakiyuin Theorem 8 for
some values afi, but not others [32, Ex. 2.15 and 2.17].

REMARK 4. As the extremal curves form an irreducible component,roiggt
expect that the closure of the subextremal curSes Hg g to form an irreducible
component as well (thoug8itself is not closed: its closure contains extremal curves
[34]). Uwe Nagel has informed me that this is indeed true ancurrent joint work
between he, Nadia Chiarli and Silvio Greco.

Figure 3: The geography for locally Cohen-Macaulay curves

3. Connectedness results

In this section we summarize the current state of Problemé&wW begin with some
general results about families of curves that can be defdimextremal curves and
then proceed to particular ranges. In terms of the geograpBghen-Macaulay curves
(Figure 3), we will see in Theorems 10 and 11 thitg is connected for pairéd, g)
near the boundaries at the top and to the left.

Many families of curves can be deformed to extremal curvethut passing
through curves with embedded points).
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THEOREM9. The following families of curves can be deformed ingHo ex-
tremal curves.

(1) Disjoint unions of lines.

(2) Smooth rational curves.

(3) Smooth connected curves withedg + 3.

(4) ACM curves.

(5) The disjoint union of an extremal curve and a line.

(6) The union of an extremal curve and a line meeting at a point.

(7) Any curve in the liaison class of an extremal curve.
Proof. (1)-(6) are results of Hartshorne [22] and (7) is due to Rddr8]. O

When the arithmetic genusis large relative to the degrek the Hilbert scheme
Hg,q has few irreducible components, making it relatively easshteck connectedness.
The following result is the work of several authors.

THEOREM10. If g > (%3%) — 1, then Hy 4 is connected.

Proof. According to Theorem 6, either= (dgl) (in which caseHq g is the irreducible
family of plane curves) og < (dgz). In the range(dj;) +1l<gc< (dgz), Theorem
8 shows thaHgy g = E is the family of extremal curves, which is irreducible by the
work of Martin-Deschamps and Perrin [29].

There are three more arithmetic genera to check, but thiagsrbe more deli-

cate, afHq, g is not irreducible.

If g = (%% + 1, then Theorem 8 shows that each cuéves Hq g is ex-
tremal or ACM, since the bound dnZc (n) is zero. Conversely each ACM curve in
Hg,g is subextremal by definition, hen¢ty g = E U S consists only of extremal and
subextremal curves. Finallg N'S # @ by [34] and Hg,q is connected.

If g = (dg?’), then the non-extremal curve satisfy hZc(n) < 1. Samir
Ait-Amrane showed [1] thaHg g has three irreducible components for laje(a)
extremal curves, (b) subextremal curves and (c) bilinksedgit one from a double
line of genus—1 on a surface of degregt — 2. Both families (b) and (c) specialize
to family (a) by Theorem 9(7), but Samir's method was to usettiads developed by
Hartshorne, Martin-Deschamps and Perrin [23].

If g= (dg?’) — 1, then the non-extremal curv@ssatisfyh'Zc(n) < 2. Irene
Sabadini showed [39] thady 4 has 4 irreducible components fdr> 9: (a) extremal
curves, (b) subextremal curves, (c) bilinks of height omerfra double line of genus
—2 on a surface of degrek— 2 and (d) disjoint unions of an ACM extremal curve of
degreed — 1 and a line. Families (b) and (c) specialize to (a) by Theo®m and
family (d) specializes to (a) by Theorem 9(5). O
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THEOREM11. For d < 4, Hq g is connected whenever it is non-empty.

Proof. SinceHy g is irreducible forg = (dgl), we may assume that > 2 andg <

(dgz) by Theorem 6. There are just three cases to consider.

If d = 2, thenH 4 consists only of double lines, which were classified by
Migliore [30]. These form an irreducible family.

If d =3, thenHz 4 has exactM‘“Tfﬁ irreducible components, most consisting
only of triple lines. In this case there are curves whichti¢he intersection of all the
irreducible components [33, Prop. 3.6 and Remark 3.9], énéhg is connected.

Finally if d = 4, thenHg g has roughlyg—f1 irreducible components, most of the

families consisting of 4-lines (there are roughlgg families whose general member
is not supported on a line). In work of the author and Enricbl&inger [36], these
components were classified and connectedness was estdbifgiough a variety of
methods (see next two sections). One new feature to thisgraathe existence of an
irreducible component which doest intersect the extremal component: the general
curve is a multiplicity four structure on a line which has gen embedding dimension
three. O

Looking at the number of irreducible components of the Hillsehemes, one
might guess thaHg,g has on the order o§®~2 irreducible components, at least for
g << 0. For degreed = 2 andd = 3, the reason for the large number of components
is the number of different families of multiplicity structs on a line. Will this behavior
persist for larged? At the other edge, there are few componentgfer (d§3). Can
one find an upper bound on the number?

ProBLEM 8. How many irreducible components dadg 4 have?

(@) Forg << 0? Is it of ordergd—2? Can one show this is a lower asymptotic
bound?
(b) Forg near(dgs)? Can one find an upper bound?

4. The Hilbert schemeHg, _g9

In this section we fully describe an example, the Hilbertesnh Hy, _g0. We list the
irreducible components and their dimensions, as well asrithésg the general curve
in the corresponding family. Complete proofs for generaharetic genugy can be
found in [36].

REMARK 5. The following refer to Table 1.

(a) Notation: L always denotes a lind) a smooth conicZ a curve of degree two
with given genus, an@V a triple line.

(b) In family G1g,m, we sete(m) = 0 form > 1,€(1) = 1 ande(0) = 3.
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(©)

(d)

Most of the families consist of multiplicity structures a line.

(1) Thethick 4-lines that occur in familyG4 are curve<C with linear support
such thatZc C Z? (they containL ).

(2) A multiplicity structureC of degreek on a lineL which is not thick is called
guasi-primitive[2] and has a Cohen-Macaulay filtration

LcZ,cZzCc---CcZ=C

with quotientsZ /Zz, = OL(a), Zz,/Zz, = OL(2a + b) and (if necessary)
Zz,/Zz, = OL(3a + ¢) with b < ¢. The numbers, b andc give thetype of
the multiple line: thus a double line has typea triple line has typéa, b) and

a quadruple line has typ@, b, c). We do not give the type for double lines,
because the type is determined by the genus.

The last five families listed come with parameters, megitat there are several
irreducible components. For example, there are actuallyr8ducible families
of curves ofGg 4 (each consists of a disjoint union of a triple line and a redic
line), one for each 1< a < 32. Similarly there are 33 families of typ@7 a,
32 of typeGg.a, 50 of typeGiom and 376 of typeG11 4, for a total of 529
irreducible components.

(e) We prove connectedness by the following plan:

Go,a G10,0/G101 Ge G3
N J v J

Gga — E=G; «~ Gy — Gy <~  Givab
/! 0 0

G7.a Gs Girom-1 C Gioms1

Each arrow represents a specialization of curves. Theregtreomponents;
draws several arrows. The arro& — Gi1, Gga — Gi1,Gga — G1 and
G10,0/G10,1 — G follow from Theorem 9, parts (5) and (6) and results in [33].
The arrowsG, — G; andGs — Gj can be found in [25], as the relevant curves
lie on a double plane. The arro®7, — G is obtained by actually writing
down equations of the deformation. The arrd#s — G4 andG3z — G4 arise
by varying a resolution for the Rao module [36, Prop. 4.2 ari, 4vhile the
arrowGi1a,h — Gy arises by a tricky deformation of a resolution for the ideals
using the Buchsbaum-Eisenbud criterion [5] to check exastifi36, Prop. 2.4].

Finally, the curves irGigm with m > 1 consist of disjoint unions of double
lines of genus< —1. As the support of these curves lies on a smooth quadric,
the curves themselves lie on a double quadric. On this sukacwere able to
deform these curves to a quasi-primitive 4-lineGa1om—1 on a fixed double
quadric: we explain this in the next section. The quasi-fiiim4-lines deform

to G4 as in arrowG11.ap — Ga.
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Table 1: The 529 Irreducible ComponentsHyf g9

Label General Curve Dimension
G Duz
Extremall cUIves D smooth conic 213
pa(Z) = —102, lengtiD N Z) = 4
G, Li1Uzp ZUzg L2
Subextremal curves Linla=¢ 211
pa(Z) = —101
D Uyp Z
Gs D smooth conic 211
Pa(Z) = —100
Gy thick 4-line 306
Gs double conic 211
Z Usp L1UL>
G 209
° Pa(Z) = —99
G WuUsp L
7.a W quasiprimitive 3-line 209—a
1<a<33
of type(a, 99 — 3a)
G W Uzp L
8a W quasiprimitive 3-line 208—a
l<ax<32
of type (a, 98 — 3a)
wuUL
Ggaa . . . .
W quasiprimitive 3-line 206—a
l<a<32
of type(a, 96 — 3a)
Gio Z1UZ5
m
’ Pa(Z1) = —m 206+ e(m)
0<m<49
T Pa(Z2) =m—98
Girab TN
1Satie | Qe e | s
0<b<48-3a ype(a.b.c=

5. Curves on the double quadric

Hartshorne and Schlesinger gave a satisfying classifitaficurves lying on the dou-
ble plane [25], describing all the irreducible componemts showing connectedness.
Their primary tool was a certain triple associated to suctiraec(Definition 1 below).
In this section we describe joint work of Enrico Schlesinged the author [35], which
uses these triples on a double surface to give a criteriowlfien the underlying triple
of a curve can be spread out in a flat family. As an applicatierottain in Example 3
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(a) the inclusion

3) Gi1om-1 C Giom

needed to show connectedness$af_gg (See Remark 5 (e)).

To set the scene, I& be a smooth surface on a smooth threefdldith dou-
bling X = 2F. More generally one can take to be aribbon over F in the sense of
Eisenbud and Bayer [3].

DEFINITION 1. For each curve CC X, the triple T(C) = {Z, R, P} is defined
as follows:

1. P isthe support of C, the one dimensional part gh €.
2. Risthe curve part of C residual to P.

3. Z is the zero-dimensional part of @F, soZcnr,r = Zz,r (—P).

REMARK 6. If T(C) = {Z, R, P},thenZ C Ris zero-dimensional and Goren-
stein [35, Prop. 2.1] an& c P are divisors orf. The arithmetic genus is given by

(4) Pa(C) = pa(P) + pa(R) + degzrOr(F) — degZ — 1.

EXAMPLE 2. We show below that both families of curves involved in usibn
(3) lie on a double quadric i3 and compute their triples.

(a) A curveC in the family G1om is a disjoint unionC = D1 U D2 of double
lines of genera-mandm—98. The support 1 UL » being contained in a 3-dimensional
family of smooth quadrics, we can choose such a qua@rontaining neitheD1 nor
D». ThenC lies on the double quadri¥ = 2Q and

T(C)={Z1UZp, L1 ULy, L1ULp}

whereZ, C Lj has lengtim + 1 andZ, c L2 as length 99- m > m + 1 by formula
(4). ForC general,Z; can be taken to be reduced sets of points.

(b) A curveC in the family G11,0,m—1 IS @ quasi-primitive 4-line supported on
L of type(0, m— 1, 97— m) (see Remark 5 (c)) and has underlying double line of type
0 and hence genusl. Such a double line necessarily lies on a smooth quadriacaur
Q [33, Remark 1.5], hence€ itself lies on the double quadri¥ = 2Q. It takes some
work [36, Prop. 3.1], but one finds that

TC)={Z,2L,2L},

where 4 is the double line o) andZ consists of 98- 2m reduced points anch + 1
double points on B, none of which are contained In.

REMARK 7. Looking at the triples in Example 2, we note that triple artb)
is a limit of the triples in part (a): The two linds; andL, come together o to form
the double line 2, and the sets of reduced poirig and Z, can be brought together
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in this limit to formm + 1 double points and 98 2m reduced points. If we could lift
this flat family of triples to a flat family of curves ok = 2Q, we would have proved
the inclusion (3).

Thus we consider the map — T(C) = {Z, R, P}, which yields a natural

transformation of functors .
H— D

whereH is the set of flat families of curves od = 2F and D is the set of triples
{Z, R, P}. The functorD is represented by a disjoint union of locally closed sub-
schemed, p, where{z, r, p} are the respective Hilbert polynomials of the entries in
the triple{Z, R, P}. The pre-images undeéstratify the Hilbert schemeél into locally
closed subschemés, , ;. The mapt has a nice structure over the locus of the triples
in D given by a vanishing [35, Thm. 3.2]:

THEOREM 12 (Nollet and Schlesinger, 2003)et V C Dz, p be the open
subscheme corresponding to triplga, R, P} satisfying H(Or(Z + P — F)) = 0.
Then the mapt!(V) — V is the composition of an open immersion and an affine
bundle projection. In particular, if YC V is irreducible, thent(Y) is also irreducible
(hence connected).

ExamPLE 3. Here are two applications of Theorem 12.

(a) In view of Remark 7, Theorem 12 will prove the inclusiohif3he vanishing
H1(Or(Z + P — Q)) = 0 holds for both the triples in Example 2. This is easy for the
triples in (a): writingR = L1UL » the vanishing boils down tel 1(O|, (Zi +1-2)) = 0
fori = 1,2, which is immediate because dé&g> 0. The vanishing for family (b)
uses the Cohen-Macaulay filtration (Remark 5 (c)) for thené-C [36, Prop. 3.1].

(b) Some of the deformations used in showing the connecssdféls ¢ follow
from Theorem 12, for example [33, Prop. 3.3].

We close this section with some open questions involvinditites of the map
t : H — D. Given atripleT = {Z, R, P} € D on F, the fibret=1(T) is the set of
locally Cohen-Macaulay curves C X with T(C) = T (there may be none). There is
a bijection between such curv€sand surjection® : Zp ® Or — Or(Z — F) such
thaty o © = o, where

T=(0OFF) > Ip)®0r 0 =(0r(—2) = Or)Q Or(Z - F)

are the natural maps [35, Prop. 2.2], hence these maps cdefitified with an open
subset
U C Homg(Or(—P), Or(Z — F)) = HY(OR(Z + P - F)).

PrROBLEM 9. Under what conditions is the open &ehon-empty? When does
a given tripleT = {Z, R, P} arise from a curv&€ C X?

REMARK 8. Obviously a solution to Problem 9 will have applicatioostas-
sifying non-reduced curves of low degree. Here are somépesults.
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(a) FortripleT = {Z, R, P}, the open subsét is non-empty if any of the following
conditions hold [35, Remark 2.7 and Prop. 2.5]:

(1) HY(OR(Z + P — F)) = 0 andOR(Z + P — F) is generated by global
sections.
(2) HY(OR(Z + P — F — H)) = 0 for a very ample divisoH on R.
(3) HY(Or(P ~ F)) = 0.
(b) For the double planX = 2H c P3, the subset is non-empty for any triple,
because condition (3) above holds. Chiarli, Greco and Naae# described the

curves with fixed triple using a matrix of homogeneous poiyials overH,
giving a certain “normal form” to such curvé&s[9].

(c) The double quadriX = 2Q c 3 is more interesting [35, Ex. 2.8]. Lt =
{Z, R, P} be a triple withZ Gorenstein of dimension zero.

(1) If R = P is a smooth rational curve, théh arises from a curve with one
exception:R = P is a conic andZ is a reduced point.

(2) If P is ample onQ andR # P, thenT arises from a curve.

(3) If R ¢ P are disjoint unions of rulings o, thenT arises from a curve if
and only ifZ N L # ¢ for each rulingL C R.

PrROBLEM 10. Answer the question implicit in pait) above: Which triples on
a smooth quadric if*® come from a curve on the double quadric? Describe the Hilbert
schemedy 4(2Q).

PROBLEM 11 (Hartshorne). Which curves on a double surfaBe @ P° are
flat limits of curves orsmoothsurfaces? For example, the thick triple libé? on
the double plane 2 is a flat limit of twisted cubic curves lying on smooth quadric
surfaces. What is special about the cun¥@ or its triple {#, L, 2L} that allow it to be
such a limit?

6. Subcanonical curves

In view of Paolo Valabrega’s research interests [6, 7, 13, w& thought it would
be interesting to determine which families of curvesHn _gg are subcanonical. A
local complete intersection cunéis a-subcanonical iftoc = Oc(a). The following
restricts our attention to just a few families iy, _go.

PrRoPOSITIONL. Suppose that & Hy _og is subcanonical. Then
(D wc = Oc(-50).
(2) C has no smooth rational irreducible components.

(3) C is one of the following:
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(a) A double conic.
(b) A union of two double lines.
(c) A quasi-primitived-line.

Proof. An a-subcanonical curve of degrekand genug satisfiesda = 2g — 2 in
general, hence = —50 in our case.

Suppose tha€ has a smooth rational compondrt Then degR # 4 because
thenC = R has genus @ —99. Also degR # 3 because theG = RU L (L aline)
forcespa(C) = degRNL)— 1> —1is not equal to-99. ThusR is a line or a conic.
We writeC = SU R and restrict the exact sequence

0— ws® wr — wc — wshr — 0

to R. Usingwc = Oc (—50) we obtain

ws|r ® wr f) ORr(-50) - wshr — O.

Now the sheatns|r is torsion andwg is either isomorphiecwr = Or(-2) (if R is
a line) orOr(-1) (if Ris a conic), hence is the zero map. This proves (2) by
contradiction, since the cokernel ¢fis finitely supported.

Let B = SuppC. Then deB < 4 (sinceg < —3) and ded # 3 (since then
C consists of a double line and a reduced curve of degree twia)s GedB = 2 or
1 andC is either (a) a double conic, (b) a union of two double linegodra multiple
line by part (2). IfC were a thick 4-line supported dn, then it contains the triple
line with ideaIIE, which has degree 3 and genus 0 (a degenerate twisted cuib&).cu
According to [36, Lem. 4.1]C has spectrum

{-98,0, 1%},

which is a shorthand way of saying that the functlgg(n) = A2h%Oc (n) satisfies
hc(—98) = 1, hc(0) = 1, hc(l) = 2 andhc(n) = 0 otherwise. Such a curve
C cannot satisfyoc = Oc(—50), for in this case it would not satisfy the symmetry
hc(n) = hc(=50+ 2 — n)) [40, Prop. 2.15]. O

ProPOSITION2. There arel8irreducible components of 4199 whose gen-
eral member i—50)-subcanonical, as listed in Table 2.

Proof. By Proposition 1 we need only consider (a) double conicsy@ns of double
lines, and (c) quasi-primitive 4-lines. The double conigs automatically subcanon-
ical, for if D is the support of a double coni€, then the Cohen-Macaulay filtration
is

0—Zc —>Ip — Op(49 — 0.

Noting thatOp (49) = wp(50), we see tha€ arises by the Ferrand construction [12]
and hence is subcanonical.
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Table 2: Irreducible families of subcanonical curvesif_go

Label from Table 1 Dimension Spectrum
Gs
Double conics 211 (=49, -48,0, 1}
G10,49
Disjoint union of two double 206 {—48%, 0%}

lines of genus-49
GlLa,48—3a forO<a<16
Quasi-primitive 4-line

205—3a | {—48, —-48+a,—a, 0}

Next consider a unio@ = Dj U D2 of double lines. IfC is connected, then
the support is planar ar@ is contained in the double plane. It follows tl@is a limit
of double conics by Theorem 12 or [25, Thm. 5.1], so we neey cohsider disjoint
unions of double lines. Since a double line of gegis(g— 1)-subcanonical, a disjoint
union of such can only be subcanonical if the double lineeltlag same genus, which
in this case must be 49.

Now let C be a quasi-primitive 4-line of typéa, b, ¢) with 0 < a < 16, 0<
b < 48— 3a andc = 96 — 6a — b. This means that there are locally Cohen-Macaulay
curvesL ¢ D ¢ W ¢ C with quotientsZ| /Zp = O (@), Zp/Iw = OL(2a+ b) and
Iw/Zc = OL(3a+ ¢) (see Remark 5 (c)). Piecing together the exact sequences and
usinga > 0, the spectrum of is

{-3a—c,—2a— b, —a,0}.

To be (—50)-subcanonical, this sequence of integers must be symnadidat—24
[40, Prop. 2.15], which forcels = 48 — 3a andc = 48 — 3a. It now suffices to show
that the general 4-lin€ of type (a, 48 — 3a, 48 — 3a) is subcanonical.

The exact sequence
(5) 0->7Zp—>7ZL > OL(@— 0
shows that the underlying double lif@ c C arises from the Ferrand construction
and is(—a — 2)-subcanonical, sinc€ (a) = w.(a + 2). In fact, D is a divisor on a
smooth surfac& c P2 of degreea+ 2 by [33, Rmk. 1.5]. In view of the isomorphisms
Is = Ops(—a—2) andZp,s®0p = Os(—D)@0p = ws®wp* with ws = Os(a—4)
andwp = Op(—a — 2), restricting the exact sequence

0—-Zs—Ip—>1Ips—0

to D yields

(6) Op(—a—2) 5> Ny 5 Op(2a—2) — 0.
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Sincer is a surjection of bundles oD, the kernel is a line bundle ob. Since any
surjection of line bundles is an isomorphismis injective and sequence (6) is short
exact.

Exact sequence (5) shows th&Op (m) = hZp(m) = 0 form < —a, hence
sequence (6) yields the vanishiitf (Vp ® wp(m)) L HONY(-m) = 0 form >
3a— 2. Therefore\Vp ® wp is (3a)-regular and s&Vp ® wp () is generated by global
sections fon > 3a by the Castelnuovo-Mumford theorem. Sireces 16, we have in
particular that\Vp ® wp (50) is generated by global sections and we obtain a nowhere
vanishing section yielding a surjectid® — N — «p(50) whose kernefc is the
ideal sheaf for §—50)-subcanonical curv€ by Ferrand’s construction. Cleanty is
supported ok and the sequence

0— op(B0) - Oc - Op —> 0

shows that the spectrum €f is {—48, —48 + a, —a, 0}, so C is quasi-primitive of
type (a, 48 — 3a,48 — 3a). For curves with fixed spectrum, the property of being
subcanonical is open and we conclude. O

REMARK 9. Chiantini and Valabrega have given equations of suchesuj®,
Examples 3.1 and 3.2]. Fon,n,u > 0 andp > maxm, n}, they observe that the
curveV with homogeneous ideal

lv = (X", yMH, zP7"%" — wP™My™ = ¢)

is (1 — u)p + (M + n)u — 4)-subcanonical. Setting 4 degV = mnuy, we find just
a few possibilities. When = 1 we obtain plane curvesn= 4, n = 1) and complete
intersections of two quadricsn(= n = 2). More interesting are these:

(@ m=2,n=1andu = 2. To obtain a(—50)-subcanonical curve we take
p = degp = 52. This is a quasi-primitive 4-line of type-1, 50, 52). It does
not appear in Table 1 because such 4-lines are limits of éazdilics. This one
is a Ferrand doubling of the plane curve with idéaly?).

(b) m = n = 1 andu = 4. To obtain a(—50)-subcanonical curve we take =
degp = 54. This curve is a quasi-primitive 4-line of ty&6, 0, 0).

REMARK 10. Here we make a list of the families of subcanonical cunfes
degree four. There are none whgis even. Forg = 3 there are plane curves and for
g = 1 there are complete intersections of two quadrics. Forgoed0 we have:

1. Double conics.

2. Disjoint unions of two lines of genu%“—l.

3. Quasi-primitive 4-lines of typéa, ~94+3-% —9+3-0) tr g < g < =93 (this

last family is empty foig > —9, as no such exist).
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PROPERTIES OF SOME

ARTINIAN GORENSTEIN RINGS
Dedicated to Paolo Valabrega on the occasion of hi @irthday

Abstract. In this paper, we fix a Cohen-Macaulay idéatc R = K[x1, ..., Xn] of dimen-
sion 1 and we construct a parameter sgade r) for the family of Artinian Gorenstein ideals

J with reg(J) = r for which | is a tight annihilating ideal. We compute the dimension of
G(1,r)and we prove that if 3> 0 (see section 5 for a precise bound) therdadl G(I,r) are

a basic doublé&-link of G on | whereG is a suitable Artinian Gorenstein ideal containing
l.

1. Introduction

In recent years many authors focus their attention to stuoketein ideals and the
role that they play in various of the applications of ComntiueaAlgebra such as Al-
gebraic Geometry, Algebraic Combinatorics and Number Theo

It is well known that in codimension 2 Gorenstein ideals aoihplete intersec-
tion ideals coincide; and in codimension 3 Gorenstein &laaté completely described
from an algebraic point of view by the beautiful structuredhkem of Buchsbaum and
Eisenbud which allows one to associate an alternating xnafrbdd order to each
Gorenstein ideal of codimension 3. Unfortunately the geomappearance of Goren-
steinideald c K|[xi,..., Xn] is less understood. For this reason, many authors have
given geometric constructions of some particular familegs[2], [7], [9], [10] among
others). In this paper, we construct a parameter spaceddathily of Artinian Goren-
stein ideals] with fixed regularity and fixed tight annihilating idelabnd we prove that
if the regularity is big enough then all these Gorensteimlisié are obtained by basic
doubleG-link of G on | whereG is a suitable Artinian Gorenstein ideal containing

Next we outline the structure of the paper. Section 2 pravaérief glossary
of definitions. In section 3 we recall some constructions oféastein ideals and we
point out some features of the constructed ideals. All ofitleave been successfully
applied in the context of liaison to produce Gorensteindik given ideals and to
study the Gorenstein liaison classes of some particulaisddn section 4, we first
introduce the notion of tight annihilating rinB/1 for an Artinian Gorenstein ring
R/J of arbitrary codimension, given by A. larrobino and V. Karie[6]. Then we
introduce the new definition of tight resolving rifRy | for an Artinian Gorenstein ring
R/J which generalizes the other one in the codimension 3 caseelaie the Hilbert
function of an Artinian Gorenstein rinB/J to the Hilbert function of a tight resolving

*Partially supported by MTM 2004-00666.
TMembers of GNSAGA of INdAM.
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ring for R/ J, and we compare the two notions. We prove that if a Cohen-Magaing
R/1 of dimension 1 is a tight annihilating or resolving ring far Artinian Gorenstein
ring R/J and f € [R]q is a regular form forl then the ideald’ = J : fRis an
Artinian Gorenstein ideal] is a basic double link o’ on | if the degreed of f is not
too large, andR/| is not necessarily either a tight annihilating ring or a tiggsolving
ring for R/J’. We end this section giving a numerical criterion to asshe¢ R/ is
also a tight resolving ring forR/J’.

Section 5 contains the main results of this paper. We fix a Gdhacaulay ideal
I c Rof dimension 1 and we construct the parameter sgdter) for the Artinian
Gorenstein ideal& with reg(G) = r and for whichl is a tight annihilating ideal. We
prove thaiG(l,r) is an open subset of an affine space of dimensioiiR&g. We also
construct the parameter spaB®L(l, s, + d) for the family of Artinian Gorenstein
idealsL = | + f G with regularity redL) = s; +d (s depends on the geometry bf
which are basic doubl&-links of G on | whereG is the suml + |, of two suitable
directly linked ideals. We prove th&D/L(l, s + d) is an open subset of an affine
space of dimensiohg,| (d). The main result of this paper states that i s 41 then
g(l,s +d)=BDL(,s +d).

2. Preliminaries and notation

LetR = K[X1, ..., Xn] be the polynomial ring in the variables, . . ., x, over the field
K, algebraically closed and of characteristic diar = 0. We assume ddgj) = 1,
fori = 1,...,n, and we consideR with the usual induced graduation ovér i.e.

R = ®nen[RIn, Where[R], contains the homogeneous polynomials of degree
DEFINITION 1. Given a homogeneous ideald R, the function
j €Z — hgy(j) =dimg[R/11];

is the Hilbert function of the ring R, wheredimk means the dimension asKector
space.

From the definition it follows that, if # R, thenhg, (0) = 1.
In the following, the dimension of a ring means its Krull dinséon.

DEFINITION 2. Let | € R be a homogeneous ideal.diim R/l = 0, we say
that | is an Artinian ideal, and Rl is an Artinian ring.

Because of the noetherianity of the rifyg this definition is equivalent to the
usual definition (see [1], Ch.6).

Letl € Rbe a homogeneous ideal, and let
(1) O F—->F.1—>--—>F—>1->0

be a minimal free resolution df with Fj = 69?‘:1 RAii (—bhij).
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Following the sheaf theory, we define the regularity of araidand of its quo-
tient ring.

DEFINITION 3. Let | € R be a homogeneous ideal. Then the regularity of
R/lisreg(R/1) = max{bij —i |i =1,...,c} while the regularity of | igeg(l) =
reg(R/1) + 1.

Now, we define the properties of the ideals we are mainly éstexd in.

DEFINITION 4. | is a Cohen-Macaulay ideal if e dimR — dimR/l =n —
dimR/I. Equivalently, Rl is a Cohen-Macaulay ring.

DEFINITION 5. | is a Gorenstein ideal if | is a Cohen-Macaulay ideal and
rank(F¢) = _Z'j‘_‘::l Bej =1, i.e. ke ~ R(—t;) for some integent Equivalently, Rl is
a Gorenstein ring.

We recall now the definition of regular element and some wahkn properties
that we will use in the sequel.

DEFINITION 6. Let | € R be an ideal witdim R/l = 1, and let f € [R]g.
The element f isregularfor 1 ift fR=1.

PropPosSITIONL. If f € [R]q is a regular element for a Cohen-Macaulay ideal
| € R, then the sequence

R R
0— “(=d) - = - -0
| I T+ fR

isexactand R/ +tr(j) = hr/1 (j) — hgyi1 (j —d).

Now, we collect the properties of the Hilbert function negdater on in the
cases dinR/l =0, 1.

PrROPOSITION2. Let | € R be a Cohen-Macaulay homogeneous ideal.

1. If I is Artinian, then fr/ (j) =0, for j > 0.

2. Let R/l be an Artinian Gorenstein ring of regularityf s= reg(R/1). Let k. >~
R(—t;) be the last module in the minimal free resolution oThen

i.sg =t —n;

ii. hr/1(j) = hry(s — j) forevery j e N, and so tg/(s)) = 1 and
st =max{j € N| hg/(j) #0}.

The proof follows from [1], Corollaries 4.1.4 and 4.1.6.

The integers; = reg(R/1) is also calledocle degreef the Artinian Gorenstein
ring R/I.
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PROPOSITIONS. Let | € R be a homogeneous Cohen-Macaulay ideal of di-
mension 1, and regularity;r=reg(R/1). Then:

1. hr/(j +1) = hgy(j), for j >0
2. hryi(r)) = hgy (ry +i) foreveryie N.

The integethg, (r) is called the degree deg/I) of R/I.

The Gorenstein property gives constraints not only on thiedtti function of a
ring, but also on its minimal free resolution.

In fact, using the graded version of [5], Theorem 1.5, oneprane

ProPOSITION4. Let | € R be a Gorenstein ideal. Then, the minimal free
resolution of | is self-dual, i.e.

1 Fej > Fi(-t);
2. 0c—j : Fe—j = Fe_j_1is equal tos*(—t) : F]-*(—t|) — Ff‘+1(—t|)

where F* = Hom(F, R) is the dual module of the free module F

3. Some construction of Artinian Gorenstein rings

In this section we recall some well-known methods to cormstiromogeneous Artinian
Gorenstein ideals iR and some properties that the corresponding quotient riags. h

The first method is the Buchsbaum-Eisenbud structure Thedoe codimen-
sion 3 graded Gorenstein rings ([5], Theorem 2.1).

THEOREM1. Let g > 3 be an odd integer, and,d< --- < dgq be a sequence
of positive integers; set &= gTzl(dl + .-+ + dg) and suppose this is an integer, let
g =d—dj,and j=d — 3, and we supposé < d;,dy < j + 1(so g > 2).

Let ¥ be an alternating gx g matrix with entries from the ring Rsuch that
the entryyij is homogeneous of degreg-ed; if > dj and zero otherwise (so the
entries belong to the maximal ideal of R). Mgtbe the(g — 1) x (g — 1) alternating
matrix obtained by deleting the-th row and column o¥. Then the pfaffiafPf(¥;) is
homogeneous of degreg det | be the ideaPf(¥) generated byPf(¥;),i =1,..., 9.
Then | has grade (heights 3in R. If | has grade3, then | is a graded Gorenstein
ideal of height3, and the socle degree of/Ris j =d — 3.

Let . be the column vector with entrigs = (—1)' Pf(¥;).

i. Suppose | has the maximal possible gr&d&hen | has minimal free resolution
A g Y g AT
0 — R(-d) — ®;_;R(-&) — &;_;R(-d)) — | — 0.

ii. Conversely, if | # R is a height3 graded Gorenstein ideal of ,Rhere is an
alternating matrix¥’ as above, such that+ Pf(\¥).
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No generalization of Theorem 1 is known for height4 graded Gorenstein
ideals.

A second method of constructing Artinian Gorenstein idésithe following
(see [4], Ex. 3.2.11):

THEOREM?2. Letg : [R]s — K be a non-degenerate linear map. Let

- [kerg : (X1,..., %)% 1] if j<s
U= [ry, it j>s

Then I= @jez[1]; is an Artinian Gorenstein ideal of regulariteg(l) = s+ 1.

This construction is equivalent to Macaulay’s inverse eystand allows us to
construct every Artinian Gorenstein ideal with given sodégree. It is a very hard
open problem to relate the linear mapo the minimal free resolution df or at least
to the Hilbert function ofR/I.

The next two methods allow one to construct Gorenstein ririgghatever di-
mension, but we state them only in the Artinian case.

We state the first one as a particular case of [8], Theorem bRt it was first
proved in [10].

THEOREM 3. Let I3, I2 € R be homogeneous Cohen-Macaulay ideals such
thatdimR/11 = dimR/I; = 1. Assume that J= I1 N I, is a Gorenstein ideal such
thatdimR/J = 1. Then G= |1 + |2 is an Artinian Gorenstein ideal.

REMARK 1. (1) Two ideald; andl; satisfying the hypotheses of the previous

theorem are directly linked, ar@ is said the sum of directly linked Cohen-Macaulay
ideals.
(2) The Gorenstein ideals arising as sum of two Cohen-Magalitectly linked ideals
were studied in various papers ([11], [12], [13], for exa@)phnd it is known that not
every Gorenstein ideal can be obtained by using that carigiru(see [11], Example
4.1).

The second and last method is the so-called basic doublekGfi], Lemma
4.8).

THEOREMA4. Let | € J € R be homogeneous ideals such thm R/1 = 1
anddimR/J = 0. Let f € [R]q be a regular form for | Then it holds:

degl + fJ) =ddeql) + degJ).
If 1 is perfect and J is unmixed, thenH f J is unmixed.
J/ =+ f3)/1(d).

if R/l and J/I are Cohen-Macaulay and/J has Cohen-Macaulay type 1 then
J and I + f J are Artinian Gorenstein ideals.

A 0w bR
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REMARK 2. In the same hypotheses as above, the idealf J is called basic
double G-link ofJ on|. Itis known that this construction does not give every Agimi
Gorenstein ideal (see [2], Example 5.13).

Now, we want to give more details on the Gorenstein ideatsrayifrom Theo-
rems 3 and 4. In particular, we will determine how their ratioh looks like.

PROPOSITIONS. In the same notation and hypotheses as Theorem 34f s
reg(R/J), then

1. hryi,(j) = hrya(j) + hryiy (s — j — 1) — degR/11);
2. regR/G)=s—-1;
3. hr/c(j) = hr/,(J) + hryi (s — j — 1) —degR/11);

4, if0— Fh_1 — ---— F1 — |1 — 0is a minimal free resolution of, lthen

Fn—1 F1
0— R(-9 — @ — = @ —-G—->0
Fi (=9 Fr (=9

is a free resolution of Gnot necessarily minimal, whereSs+n — 1.

Proof. Recalling thatl, = J : 11, we compute the first difference of the Hilbert
functions:
Ahgry1,(j) = Ahgya(s—j) — Ahgyi (s —j)

Ahgr/i,(j =1) = Ahgyy(s—j +1) — Ahgj(s—j+1)
and so on, until
AhRr/1,(0) = Ahr/3(s — 0) — Ahgr/,(s = 0).
By adding all the equations we get:
hr/1,(J) = hr/a(s) —hra(s—j —1) — hgryi, () + hr/i,(s—j = 1.

Because of the symmetry of the functiarhr,/; (Ahgr/3(j) = Ahgr/a(s — j)), the
previous equality can be written as

hr/1,(J) = hr/a(j) = hryi (S) + hryi(s—j — 1)

and so the first claim is proved.

The claims(2) and(3) follow from the knowledge of the resolution &. Then,
it is enough to prove the claiif#). The resolution ofc can be computed by mapping
cone procedure from the short exact sequence

0—->J—->11®06lp—>-G—>0
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that relates all the ideals involved in the constructioioBY using the minimal free
resolutions ofi1, J and standard results from liaison theory, it is possibleotojgute a
free resolution of ;. From that last one, we get the claim on the free resolutioB.of
Also if the resolution is non minimal, it is not possible tmcal the last from the left
free module in its resolution, becauSeis Artinian, and so we get also the result on
the regularity ofR/G. O

PROPOSITIONG. In the same notation and hypotheses of Theorem 4,4 d
deq f) then

1. hri+ta()) =hryi(j) +hrya(j —d) = hgy (j —d);

2. if0— Fy_1 — -+ — F1 — | — 0is a minimal free resolution of, Ithen

Fn-1 I:1
0—> R(-S) —» @ e &) —-J—=0
FI (=S Fao1(=9

is a free resolution of Jnot necessarily minimal, for some integer S
3. regR/I + fJ) =regR/J) +d.

Proof. At first, we have the following equality: N fJ = f1.

The inclusion2 is evident. The inverse inclusion is an easy consequendeatfu-
larity of f for I. In fact, if fg € | for someg € Jtheng € | : fR = | and hence
fge fl.

Now, we have that the short sequence
0> I(-d) > @ J(—d) > 1 +fJ—>0

is exact, and so we get the claim on the Hilbert functiofrgf + f J.
From the proof of Lemma 4.8 in [7] we know that the two sequence

O—-1—-J—>J/1 =0

and
O—->1—->14+fJ—=>J/I(-d)—0

are exact, with botld andl + f J Artinian Gorenstein ideals.

We can choosé sufficiently large so that the generatorslof- fJ not in |
have degree at least2reg(R/1). Then, we can apply Theorem 3.2 in [3] and we get
that a minimal free resolution af/1 (—d) is

0— R(-s) = F{(-=8) > - > F}_1(-s) > J/I(-d) > 0

for some integes. Hence, the claim on the free resolutionbfollows, too. O
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4. A class of Artinian Gorenstein ideals

One of the most studied class of Gorenstein rings of dimensie 0 is the class of
quotients of Cohen-Macaulay rings of dimenstbnal. Geometrically, they correspond
to divisors on arithmetically Cohen-Macaulay projectiohames. In particular, it is
very interesting the case when the two rings have the sanfettilunction in small
degrees, and hence we recall the definition of tight anriihdaing given by larrobino
and Kanev ([6], Definition 5.1), which describes that siitmt

DEFINITION 7. Let R/J be an Artinian Gorenstein ring. Let £ J be a
homogeneous ideal such that IRs a dimension 1 Cohen-Macaulay ring. We say that
R/I is a tight annihilating ring for R J if hgr,3(j) = hry (j) for j < reg(R/I), and
hr/3(j) < hryi (reg(R/1)) = degR/1), for every je Z.

REMARK 3. We know that the Hilbert function of the Artinian Gorenstgng
R/J is symmetric, while the one of the rirlg/1 is increasing until it reaches its max-
imum value de@¢R/1). Then, if | is tight annihilating forJ, the Hilbert function of
R/J increases as the one Bf/|, reaches the value d€g/ 1), and after that, it takes
the same value for some integers, and when it takes a diffeadume, it can be com-
pleted by symmetry. Then, reB/J) > 2regR/1).

In codimension 3, we can characterize the minimal free utiemi of an Artinian
Gorenstein ideal having a tight annihilating idedl. In fact, it holds:

PrROPOSITIONY. Let| € R = K[X, Y, z] be a Cohen-Macaulay homogeneous
ideal such thadimR/l = 1and hr/ (1) = 3. Let J 2 | be an Artinian Gorenstein
ideal for which | is tight annihilating. 10 - F» — F1 — | — 0is a minimal free
resolution of | then there exists an integgrt 3 + 2reg R/I) such that

F2 F1
0 — R(-t3) — ® — @ —-J—0
Fi-t)  Fi(-t)

is the minimal free resolution of. J

Proof. See [6], Theorems 5.31, 5.39, 5.46, and Remark 5.43. Thd jgrdased on
the Buchsbaum-Eisenbud structure theorem for codimerss{®arenstein ideals. [J

This property is shared also from the ideals arising fromoféms 3 and 4.
Then, we choose this last property for defining the tight Ikebring for an Artinian
Gorenstein ringR/J of whatever codimension.

DEFINITION 8. Let R/I be a graded Cohen-Macaulay ring of dimension 1 with
minimal free resolution

O->F1—>Fr2—> ---—>F—>R—>R/l >0
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We say that RI is a tight resolving ring for the Artinian Gorenstein gradieing R/J
(or | is a tight resolving ideal for J) if the minimal free rdstion of R/J is

Fn-1 I:1
0— R(-tj) — ® - ® —-R—>R/J—0
Fi(=ty) Fa_1(=t3)

for some integert > n+ 2regR/1).

PROPOSITIONS. Let R/I be a tight resolving ring for the Artinian Gorenstein
graded ring R J. Then, the Hilbert function of RJ is equal to

hr/a(j) = hry (j) +hryi1 (rea(R/J) — j) — degR/1).

Proof. From the additivity of the Hilbert function on exact sequesic we have
hrii (j) = Y15 (—1) dimk [Fi1j, whereFo = R, and, if Fi = @p_, R(—bin)#in,

then dink [Fi1j = >n_, (*T"-27%). Of course,

n

hr/a (i) =D (=D [dimk [F1j + dimk [Fy_i1j1,] =

i=0
n-1 ) n _

= Z(_l)l dimK[Fi]j + Z(—l)I dimK[Fr’,Li]j_tJ.
i=0 i=1

The sequence
0— R(—ty) = F{(-t3) =» -+ > F_1(—ty)

is a free resolution of the canonical moduleR)fl and so

n
S (1) dimg [Fy1j—t, = dimg [Ext“_l(R/I, R)]_ .
4 -0
i=1
It is well known that

dimg [Ext”—l(R/l,R)]j_t = dimg [Ext‘“‘z(l,R(—rl))]j+n_t :

and by Serre’s duality, we have that

dimg [Ext“*zu, R(—n))] - h'@" %, Z(ty —n—}))

j+n-
whereZ is the ideal sheaf obtained by sheaffifing the saturated Idé&nce, the claim
follows. O

REMARK 4. Because of the description of the Hilbert function of a@ision
1 Cohen-Macaulay graded rirfg/1, we known thathg,| (k) < degR/I) for every
k € Z. Hencehr,3(j) < degR/I), for everyj € Z.
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Now, we compare the notion of tight annihilating and tighgaleing ideal for
an Artinian Gorenstein ideal.

PROPOSITIONY. Let J € R be an Artinian Gorenstein ideal and letd J be
a tight resolving ideal for JThen, | is a tight annihilating ideal for J if, and only if,
reg(R/J) > 2regR/1).

Proof. We proved in Proposition 8 above that
hr/a(j) = hry1 (j) + hryi (reg(R/J) — j) — degR/1).

It follows thathgr,3(j) = hr/ (j) for everyj < reg(R/1) if, and only if, regR/J) —
j = reg(R/1) for eachj <reg(R/1), i.e.redR/J) > 2regR/I). O

On the other hand, in the codimension 3 case, we have thatidfeah is tight
annihilating for an Artinian Gorenstein idedlthen it is tight resolving fol, too, as
explained in Proposition 7. Because of the absence of atsteutheorem for Goren-
stein ideals in codimension 4, the best we can say is the following:

ProrPoOSITION1O. Let J € R be an Artinian Gorenstein ideal and letd J
be a tight annihilating ideal for JThen, if the degrees of the minimal generators of J
notin | are at leas® + reg(R/1), then | is a tight resolving ideal for.J

Proof. The claim is [3], Theorem 3.2. O

Now, we want to construct new Artinian Gorenstein idealsfi@given one.

THEOREMDb. Let | € J be homogeneous ideals in Rssume that RJ is an
Artinian Gorenstein ring and that R is a dimension 1 Cohen-Macaulay ring. Letd
be an integer such thatdy;(d) = hgr/ (d), and let f € [R]g be a regular form for |
Then, J = J : f R is an Artinian Gorenstein ideal.

Proof. At first, we prove that)’ is an Artinian ideal. In fact,
hr/3(reg(R/J) 4+ 1) = hr/s(reg(R/J) +i) = O for everyi > 1,

and this is equivalent to the equality]; = [R]; for j > reg(R/J) + 1.

If g € [R]j_d, with j > reg(R/J)+ 1, thengf € [R]j = [J];, and hencegy
[J: fR]j_g = [J']j—d, and this proves thdt)’]j = [R]; for eachj > reg(R/J) —
d+1,i.e.J is an Artinian ideal.

Now, we prove thatl’ is a Gorenstein ideal.

Leto : [Rlregr/3) — K be a non-degenerate—linear map such that ker =
[Jlregr/3)- We definey : [Rlregqr/3)-d — K to be theK—linear map such that
w(g) = p(gf). According to Theorem 2, we prove thatis non degenerate and that

[kery : (X1, - .., %n) TregR/3)—d—j = [J'Treq(R/I)—d—]-
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If w(g) = O for everyg € [Rlregr/J)—d. thenp(gf) = O for everyg e
[RlregR/3)—d i-€. f € [Kerp : (X, ..., Xn) IR/ D=y = [J]g, with d < reg(R/J) —
reo(R/1). Buthr/3(d) = hry (d) and so[J]g = [l 14. Hence,f € [I1q and sof is
not regular forl . This contradiction proves that is non degenerate.

Now, g € [kery : (Xa, ..., %n) lregr/3)—d—j if and only if p(gfh) = O for
everyh € (Xi,...,Xn)!. By definition, this means thajf € [Jlegr/3)—j i.€.0 €
[J: fRlreqr/3)—d—j = [ lreqR/3)—d—j-

Conversely, ifg € [Jlregqr/3)—d—j. thengf e kerp : (X1, ..., %)) and

deggf) = reg(R/J) — j, i.e. p(gfh)y = O,Vh € (xl,...,xn)J. From the defini-
tion of y, it follows that y (gh) = 0 for eachh € (x1,..., X)) and sog € [kery :
(X1, -+ Xn) JregR/3)—d—j - O

REMARK 5. Letl, J, J' be as above. Thenc J C J'.

REMARK 6. If 1 < d < reg(R/J) —reg(R/1) thenhg,;(d) = hg/ (d) both
in the casd is a tight annihilating ideal fod and in the case is a tight resolving ideal
for J.

Now, we give an example to show that the Hilbert functiorRgf)’ depends on
J and f and not only onJ andd = deq f).

EXAMPLE 1. Letl € R= K[x, y, z] be the ideal generated ly§ — xz2, x3 —
y?z, 2% — x?y. Its minimal free resolution is

R-4
0> @& ——S5R(-3—1-0
R(-5)

where

z ¥
A=y Z |
X Y2

The ideall; = (x, y?) is geometrically linked td via the complete intersection ideal
(y3 — x2, x3 — y?2), and the formsf = x5 + y® + 76 andg = x°y + y°z + x2 are
regular forl .

Hence,J = | + fl1is an Artinian Gorenstein ideal with Hilbert function

hr/3 =(1,3,6,7,7,7,7,6,3,1).

Theideals)y = J: fR=(x,y% %) andJ, = J : gR= (X2 —xy — 22, xy —
xz—yz, y?—3xz—2yz— 7°) are Artinian Gorenstein with different Hilbert functions.
In fact, we have

hr/y, =(1,2,2,1)

while
hr/, =(1,3,3,1)
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and so the degree of the regular form is not enough to compatklitbert function of
the new Artinian Gorenstein ideal.

However, if the degred of f is not too large, then the Hilbert function df
depends only od andd. In fact, it holds:

PrRopPOSITION11. In the same hypotheses of Theorem 5, assume furthermore
that | is a tight annihilating (resp. tight resolving) ide&dr J. If d < reg(R/J) —
2regR/1) 4+ 1, then

hr/3(j) = hry1 (j) + hryi (reg(R/J’) — j) — deg R/1).

Proof. We know thatd € J’ and sd J]x C [J]k for every integek.

Letg e [J']k. By constructiongf € [J]k+d. If K+ d < reg(R/J) — reg(R/1)
then[Jlk+d = [l Jk+d by previous Remark 6, and gpe [l ]k becausef is regular
for 1. Hence,[J]x = [J']k for everyk such thak + d < reg(R/J) — reg(R/1) i.e.

k <reg(R/J) —reg(R/1) — d. We proved that)’ is an Artinian Gorenstein ideal and
so its Hilbert function is symmetric. Then, the Hilbert ftion of R/J’ is completely
determined if the conditiok < reg(R/J)—reg(R/1)—d covers at least the first half of
the range where the Hilbert function is non zero. The larddet which that happens
isd =reg(R/J) — 2regR/1) + 1 and the claim follows. O

REMARK 7. If d = reg(§) — 2reg ®) + 1, then reg®) = 2reg ¥) — 1 and
the Hilbert function ofR/J’ is the one ofR/J after erasing its flat part, that is to say,
the values where it reaches d&y1).

We will show how the ideald, | andJ’ are related. To this aim, we need some
properties which we collect in the following lemma.

LEMMA 1. Let |, J, J' and f € [R]q be as in Theorem 5. Then:
@ Infl=fl;
2 J/1 : TR/I = /1.

Proof. 1) The inclusionl N fJ" > f1 follows from the fact that C J'.

Letg € | be an element suchthgt= fh,h e J'. Then,hel : fR=1 and
sog € fl, and the other inclusion is verified.

2) It is evident thal € J’, becausd < J < J'. Then, we can consider the
idealsJ/1, J’/1, and T R/1 of R/I, wheref is the class off in R/l. We want to
prove thatd/I : TR/l = J//I.

Now, if g € J’/I theng + h € J’ for someh € |. But| < J’, and sog =
(g+h)—h e J'. By its definition,gf € J and sogf € J/I. Henceg e J/I : TR/I.

Conversely, ifg € J/I : TR/I, thengf e J/I. Of course, there exists € |
such thatgf + h € J. As for the reverse inclusion, frorh C J we get thatgf =
(gf + h) — h € J. By its definition, it holds thag € J : fR=J",i.e.ge J/I. O
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Now, we can prove that, il is not too large, thed is a basic double link o8’
onl.

PrRoOPOSITION12. Let I,J,J and f € [R]q be as in Theorem 5. More-
over assume that | is either tight annihilating or tight résog for J. Then, if d <
regR/J) —2regR/1)+ 1, then J=1 + fJ'.

Proof. We know thatfJ’ € J and sol + fJ’ C J. Then, the equality follows if
they have the same Hilbert function. The Hilbert functior ef f J’ was computed in
Proposition 6(1) and it is

hr/i4+t3()) =hryi(j) + hr/y(j —d) —hgry (j —d).
By Proposition 11, we have
hr/14+13(J) = hr/ () + hry (reg(R/J) — |) —dedgR/1) = hgr/a(])
and the claim follows. O

Now, we show with an example th&/1 could be neither a tight annihilating
ring nor a tight resolving ideal foR/J’.

EXAMPLE 2. LetR = K[x, Y, z] be a polynomial ring in 3 unknowns, and let
| € Rbe the ideal generated lyf — xz x2 — yz z2 — xy whose resolution is

0— R¥(-3) 5 R¥(-2) > 1 >0

z X
A=y z|.
Xy

The Hilbert function ofR/l ishr/ = (1,3, =), and so regR/l) = 1.
Let J = (y? — xz x? — yz 7% — xy, Xz, —xy) be an Artinian Gorenstein ideal,
whose minimal free resolution is

where

0— R(=5) - R5(=3) =% R5(—2) > J — 0

where
0 0 —x z X
0 0 0 vy z
B = X 0 0 x vy
-z -y -x 0 O
—-X —-z -y 0 O

We havel C J, andt; =5, reg(R/J) = 2. Itis evident thatR/I is a tight annihilating
ring for R/J. We can control the Hilbert function d®/J’ for everyd < 1.

The elemenk € [R]1 is general foll ; in fact,| : xR=|. MoreoverJ : XR=
(y,z x%) = J andR/I is not a tight annihilating ring foR/J’, because the Hilbert
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function of R/J’ verifieshr, /(1) = 1 # hgr/ (1) = 3. Moreover, the minimal free
resolution ofR/J’ is

R(-2) R2(—1)
0— R(—4) — ® — o —-R—->R/J =0
R2(—3) R(—2)

and it does not contain the minimal free resolutiorRf as a subcomplex, and hence
R/ is not a tight resolving ideal foR/J’.

Now, we compute the shape of a free resolutiofRpd’.

LEMMA 2. In the same hypotheses as above, the shape of a free resabditio
R/J is

Fno1 F1
0— R(-ty) — ® — s ® - R—->R/J -0
Fi(=ty) Fa_1(=ty)

where ty =t3 —d.

Proof. From the assumptions on the minimal free resolutionRof andR/J it fol-
lows the diagram

In—1
0 — Fr—1 — - F1 — R - R/l =0
4 { 1 1
Fn—1 F1
0— R(-t3) — &) — - — ® — R - R/J =0
Fi(-ta) Fr_1(-t2)
{ { |
0—- R(-t3) — Ff (-t3) — = Fl;kfl(_t\]) — COkel(()‘:'71) — 0

with exact rows and split exact columns.

Hence, 0— coker(d;_,)(-t;) - R/l — R/J — Ois ashort exact sequence.
It follows that J/1 ~ cokel(d;;_,)(—ty).

But, we know that)/I ~ T(J’/I)andthatf : R/I (—d) — R/l is an injective
map. It follows thatd’/I ~ cokeld}_,)(—t; + d) = cokeld;}_,)(—ty). A free
resolution ofJ’/l is then

0— R(-ty) - F{(-ty) » --- = Fy_;(—ty) — coket(d;_;)(—ty) = O

and so
Fn-1 F1
0— R(~ty) — ® - @ - R—->R/J =0
Fi(=ty) Fa1(=ty)
is a (eventually non minimal) free resolution@f J’. O

Now, we give a numerical criterion to guarantee tha a tight resolving ideal
for J’, too.
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PROPOSITION1S3. Let |, J, J' be as above. If & reg(R/J)—2reg R/1) then
R/ is a tight resolving ring for RJ’".

Proof. At first, we check thahg,y(j) = hgr/ (j) for j <reg(R/I).

Thanks to Proposition 11, we verify thhak, (tyy — j —n) = degR/I) for
everyj <reg(R/1), i.e.thatty —d —n— j > reg(R/I) for everyj < reg(R/1). By
hypothesis, re@R/J) —d > 2reg R/I1), and so the previous inequality can be written
as 2regR/1) — j = reg(R/I) that holds for evenj < reg(R/I).

Now, we want to check that the resolution Bf J’ we computed is minimal.
The resolution is obtained by mapping cone, and so we havédokcthat no en-
try of a matrix representin@ﬁ_j_l(—tj) — Fj has degree zero. Using the nota-
tion stated in Section 2, we have thaf = @Ejle/”ik(—bjk) and F:_j_l(—tj) =
@E":‘lj‘l Rfn-i-1h(—ty4+d—bn_j_1,n), and so we have to prove thgt-d—bn_j_1.n—
bjk > 0 for everyh andk. By substituting the regularity dR/J we get

ty—d—bn_j_ih—bjk=n+regR/J) —d—bn_j_1h — bjk >
2 >n+2regR/l) —bn_j_1n — bjk >
>n-Mn-j-1-j=1
where the first inequality follows from our hypothesis @rand the second one from

the definition of regularity. Then, no cancellation can begrened and the resolution
is minimal. O

REMARK 8. The regularity re¢R/J’) of R/J’ is equal to re¢R/J") =
regR/J) — d. If d < reg(R/J) — 2regR/l) then regR/J’") > 2regR/Il) and
so R/l is a tight annihilating ring folR/J’ by Proposition 9.

Before ending the section, we compute the residudl with respect tal’.

PrROPOSITION14. Let J be an Artinian Gorenstein ideal, letd J be a tight
resolving ideal for J and letJ= J : f R where fc [R]q is a regular form for | with
d <reg(R/J) —reg(R/1).Then, J: ' =J + fR.

Proof. The inclusiond € J/, observed in Remark 5, induces a map of complexes
between the minimal free resolution éfand J’:

0 - R(-t;) - Hy1 - ... > H - J — 0
\: \: A A
0 - R(-t3) - Gpo1 - ... - G - J — 0

and so we get the equality: J’ = J + gRwhereg < [R]t,t, =d represents the last
map R(—t3) — R(—ty) (see [2]). By the definition o)’ we getfJ’ C J. Hence,
feld:J=J+¢gR

If f € J,thenf € I, because of its degree, and this is not possible béing
regular forl. It follows that f ¢ J and sof = ag+h,ae K —{0},h € J, i.e.
J:JV=J+fR O
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5. The main result

In this section, chosen a dimension 1 Cohen-MacaulayRflgthat contains an ideal
G/I such thatR/G is an Artinian Gorenstein ring, we want to compare the ideals
which are basic double G-links & on | with the Artinian Gorenstein ideals contain-
ing | for which | is a tight annihilating ideal.

With this in mind, we construct an Artinian Gorenstein id€ahs the sum of
and an ideal1 which is geometrically linked td (see Theorem 3).

CONSTRUCTIONL. LetJ be a Gorenstein ideal that verifies the following con-
ditions

1.JC;

2. dmR/J =1;

3.ifly=J:1thend =1nNly;

4. the minimal generators @f can be choosen among the minimal ones.of

Then, the ideaG = | + |1 is an Artinian Gorenstein ideal, which is the sum of two
directly linked Cohen-Macaulay ideals.

Of course, there are dimension 1 Cohen-Macaulay rings factwthe construc-
tion does not work, and that depends on the geometry of trenses defined by those
rings, as the following example shows.

ExAMPLE 3. LetP?2 = Proj(K[x, Y, z]), and letX, Y, Z be three 0-dimen-
sional schemes of degree 11 defined by the ideals= (x3 — y2z, 7% — xy3, y® —
X228, Iy = (x3, —xy3, y® — x22%) andlz = (x3, —xy?, y°), respectively. The three
schemes have the same Hilbert function

hx =hy =hz=(1,3,6,9,11 —).
The minimal free resolution dfy is
0— R%(—6) 2 R(=3)® R(—4) ® R(=5) — Ix — 0

where

v A
A= x2 y?
z X

The first two generators df form a regular sequence, ande= (x3—y?z, z* —xyd)
is a complete intersection ideal. The idéal= J; : Ix = (X, z) has degree 1 and
Ji=IxnNlq.

The minimal free resolution dfy is

0— R2(—6) —> R(=3) ® R(—4) ® R(—5) — Iy — 0
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where
y3 28
B=| x® y?
0 x

It is evident that, ifF € [ly]a, thenx®, F is not a regular sequence becagsg F)
(X). Hence, the minimal degrees of two generator$yothat form a regular sequence
are 3 5, and the corresponding idedlhas degree 15.

The geometrical reason for that behavior is tiMatontains a degree 5 sub-
schemeY’ contained in a linely: = (x, y°) 2 ly.

The minimal free resolution dfy is

0— R2(—6) -S> R(=3) ® R(—4) & R(—5) — |7 — 0

where
y> o
C=|[ x%2 y?
0 x

Z is supported on the poir&(0 : 0 : 1) with Io = (X, y). If J1 C Iz is a complete
intersection with generators of degree$3then J; = (x3, xy?l + y®) for somel ¢
[Rl1.

We haved; : Iz = (X2, y?+xI) = I1andlzN 1 = (x3, y3(y?+x1), xy%) ¢ J
(in fact,xy® = xy(y? 4 xl) — yl(x?)) and hence no complete intersection id@aives
a geometric link ofZ with another scheme. This happens becatise not locally
Gorenstein.

REMARK 9. We were informed by A. larrobino that M. Boij, in a talk at itlo-
eastern University, proved that there exists an Artiniame@stein ideall 2 | with
| tight annihilating forJ if, and only if, the ringR/1 is locally Gorenstein, i.e. every
localization of R/l at a minimal prime is a Gorenstein ring.

It is natural to look for an ideal of minimal socle degret® construct the ideal
I1. Then, we define

DEFINITION 9. Let | be a Cohen-Macaulay ideal such thatIRhas dimension
1 and is locally Gorenstein. We set

s = min{reg(R/J)|J verifies the hypotheses of Constructign 1

If we write a minimal free resolution of an idedlof minimal socle degree we
have
0—- R(-sf—n+1) - Qn2—>:--—>Q1—>J—0.

As we showed in Example 3, the integgrdepends on the geometry of the ring
R/1.
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Let J be a Gorenstein ideal fulfilling all the assumptions of Camgion 1, and
verifying regR/J) = s;. Then, we fix now and forever, the ide@l = | + 11, where
1 =J: . Afree resolution ofG was computed in Proposition 6(2).

Now, we want to construct a parameter space for the familyhefArtinian
Gorenstein ideals obtained by basic double G-link fr@non I, that arel + fG =
I + flq, forsomef € Rregular forl.

The key property to construct this parameter space is th@nfivig:

PrRoOPOSITION15. Let f1, f2 € [R]g be two elements, regular for Then |+
fily =1 + fol1if,and only if, § = fo mod (1).

Proof. First, assume, = fo mod (l). Letg € | + f2l; be aform. Then, there exist
p € | andq € 11 such thag = p + f2q. By assumption, there exiskse | such that
fo=fi+h Henceg=p+ fiq+hg=(p+hqg)+ fig=p1+ fig e | + f1l1
becausgp1 = p+hqgel.

Vice versa, ifLy = | + f1l1, Lo =1 + falgandLy = Lo then,L1 : G =Ly
G. By Proposition 14) + fiR =1+ fRand thenf; — fo € I. O

We are able to construct the parameter space for the famithefArtinian
Gorenstein ideals which are basic double G-link&adn | .

THEOREM 6. Let | € R be a dimensiorl, locally Gorenstein, Cohen-
Macaulay ideal. Let

BDL(l,s +d)={L =1+ fli|deg f) =d, f regular for 1}

be the family of the Artinian Gorenstein ideals that are bakiuble G-links of G on
I, of regularityreg(L) = s; + d. Then,BDL(l, s + d) is parametrized by an open
subset of an affine space of dimensiggtd).

Proof. Every idealL € BDL(l, s + d) corresponds to the choice éf € [R]q such
thatl : f R=1, thatis an open condition.

By Proposition 15, the Artinian Gorenstein idedls = | + f1l; andLy =
| + fol; are equal if, and only iffy — fo € I.

Hence, the natural parameter spaceA®L(1, s + d) is the open subs&V of
the affine spacgR/I1]q corresponding to the forms that are regularifor

By definition, dimW = dimg [R/11q = hgry (d). O

Now, following [6], we construct the parameter space for@mrenstein ideals
for which | is a tight annihilating ideal.

THEOREM 7. Let | € R be a dimensiorl, locally Gorenstein, Cohen-
Macaulay ideal. Let

G(l,r) = {L|lis a tight annihilating ideal for L reg(L) =r}
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be the family of Artinian Gorenstein ideals L containing |teght annihilating ideal,
of regularityreg(L) = r. Then, the parameter space®fl, r) is an open subset of an
affine space of dimensiateg R/1).

Proof. The statement in the case of codimension 3 is part of the nerergl Theorem
5.31in [6]. But the proof holds verbatim in our hypotheses. O

Now, we can state our main result.

THEOREM 8. Let | € R be a dimensiorl, locally Gorenstein, Cohen-
Macaulay ideal. Let &> s + 1 be aninteger. Theg(l, s, +d) = BDL(l, s + d).

Proof. If d > s; +1, thenhgr, (j) = hr/1(j) Y] < s/. Moreover, by using arguments
as in the proof of Proposition 13, we can prove that a minimesd fesolution ot is

Fn-1 I:1
0— R(-t) — ® - @ — L —0,
Fi(-t) Fa_1(=1)

wheret = 51 + n+d — 1, and sol is a tight annihilating ideal for every <
BDL(l, s +d). Hence BDL(I, s1+d) € G(I, s +d). Moreover, botit3DL(1, s +d)
and G(l,s + d) are parametrized by open subsets of affine spaces of dinmensio
degR/1) = hgy (d). Now, to prove thaBDL(l, s; +d) = G(I, s +d), itis enough
to prove thatBDL(l, s) + d) is closed inG(l, s + d).

If L e G(l,s +d), anditis the flat limit of a 1-parameter flat family of ideals
in BDL(l,s + d), then there exists a 1-parameter family of polynomils [R]g
suchthaty =1 + fil; — L fort — 0.

Itis evidentthatl + fil; — | + fgl1 =L, fort — 0, with fy € [R]g.

If fois notregular forl, then there exists a minimal homogeneous prime ideal

P € R/I that containsfoR + |, and so dimﬁ # 0. But this is a contradiction
becausd. is Artinian, and sofg is regular forl .
Hence,L is a basic double G-link o on |, and so we get the claim. O

The same argument as above proves also the following

PROPOSITION16. Let I, J be as above, and lét < d < s; be an integer.
ThenBDL(l,s + d) is a quasi projective subschemedfl, s; + d) of codimension
degR/1) — hg (d).

In R = K[X, y, z], itis known that the first half of the Hilbert function of the Ar
tinian Gorenstein rindR/L is admissible as Hilbert function of a dimension 1 Cohen-
Macaulay ringR/1. Moreover, ifthg,_(j) = s for at least 3 consecutive integers, then
there exists a dimension 1 Cohen-Macaulay fiyd of degree de@R/1) = sthatis
a tight annihilating ring fol. In higher codimension, we could not find an analogous
numerical condition to guarantee the existence of a tighihalating ring forL .
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FOUR-BY-FOUR PFAFFIANS
Dedicated to Paolo Valabrega on the occasion of hi$ @irthday

Abstract. This paper shows that the general hypersurface of degréen projective four
space cannot support an indecomposable rank two vectoréowtdth is Arithmetically
Cohen-Macaulay and four generated. Equivalently, the iefipolynomial of the hypersur-
face is not the Pfaffian of a four by four minimal skew-symmetricnrat

1. Introduction

In this note, we study indecomposable rank two bun@esn a smooth hypersurface
X in P* which are Arithmetically Cohen-Macaulay. The existenceudh a bundle on
X is equivalent toX being the Pfaffian of a minimal skew-symmetric matrix of size
2k x 2k, with k > 2. The general hypersurface of degrees in P* is known to be
Pfaffian ([1], [2], [6]) and the general sextic Rf* is known to be not Pfaffian ([4]).
One should expect the result of [4] to extend to all generalehsurfaces of degree
> 6. (Indeed the analogous statement for hypersurfaces imas established in [8],
see also [5].) However, in this note we offer a partial retmitards that conclusion.
We show that the general hypersurfacePthof degree> 6 is not the Pfaffian of a
4 x 4 skew-symmetric matrix. For a hypersurface of degrée be the Pfaffian of a
2k x 2k skew-symmetric matrix, we must have2k < r. It is quite easy to show
by a dimension count that the general hypersurface of degrees in P* is not the
Pfaffian of a 2 x 2r skew-symmetric matrix of linear forms. Thus, this note addes
the lower extreme of the range flr

2. Reductions

Let X be a smooth hypersurface Rt of degreer > 2. A rank two vector bundI&
on X will be called Arithmetically Cohen-Macaulay (or ACM) @#yczH' (X, E(K))
equals 0 fori = 1, 2. Since PicK) equalsZ, with generator©Ox (1), the first Chern
classcy(E) can be treated as an intedgeThe bundleE has a minimal resolution over
P* of the form

0— ng Lo— E— 0,

wherelL g, Ly are sums of line bundles. By using the isomorphisrE@ndEY (), we
obtain (see [2]) thak 1 = L (t — r) and the matrix) (of homogeneous polynomials)
can be chosen as skew-symmetric. In particularhas even rank and the defining
polynomial of X is the Pfaffian of this matrix. The case whefés two by two is just
the case wher€& is decomposable. The next case is whiie a four by four minimal

471
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matrix. These correspond to ACM bundIg&swith four global sections (in possibly
different degrees) which generate it.

Our goal is to show that the generic hypersurface of degree6 in P* does
not support an indecomposable rank two ACM bundle which ig fgenerated, or
equivalently, that such a hypersurface does not have thifidpfaf a four by four
minimal matrix as its defining polynomial.

So fix a degree > 6. Let us assume th& is a rank two ACM bundle which
is four generated and which has been normalized so thatstfivern class equals 0
or—1.IfLg= eaf‘zl(’)p(ai) with a; > ap > ag > ag, the resolution folE is given by

4 ) 4
& Opt—a —1) > & Op(@).

Write the matrix of¢ as

0O A B C
|-A 0 D E
=B D 0 F|

-C -E -F 0

Since X is smooth with equatiotAF — BE + CD = 0, the homogeneous entries
A, B, C, D, E, F are all non-zero and have no common zerd®4n

LEMMA 1. For fixed r and t (normalized), there are only finitely many gos
bilities for (a1, a, az, a4).

Proof. Let a, b, c,d, e, f denote the degrees of the poynomi#isB,C, D, E, F.
Since the Pfaffian of the matrix i8F — BE + CD, the degree of each matrix en-
try is bounded between land-1.a=a; +a+ (r —t),b=a; +az+ (r —t) etc.
Thusifi #j,0 <& +a; +r —t <r while } a = —r + 2t. From the inequality,
regardless of the sign @f, the other three values, as, a4 are < 0. But again using
the inequality, their pairwise sums ase —r + t, hence there are only finitely many
choices for them. Lastly; depends on the remaining quantities. O

It suffices therefore to fix > 6 ,t = 0 or —1 and a four-tupl€ay, ap, as, a4)
and show that there is no ACM bundle on the general hypersaidadegree which
has a resolution given by a matkixof the type(a, a2, as, as), t.

From the inequalities og;, we obtain the inequalities
O<a<b<cd<e<f<r.

We do no harm by rewriting the matrik with the lettersC and D interchanged to
assume without loss of generality thtak d.

PROPOSITIONL. Let X be a smooth hypersurface of degre8 in P* support-
ing an ACM bundle E of typey > ap > ag > a4), t. The degrees of the entries ®f
can be arranged (without loss of generality) as:

a<b<c<d=<ex<Hf.
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Then X will contain a curve Y which is the complete intersectf hypersurfaces
of the three lowest degrees in the arrangement and a curve izhvidithe complete
intersection of hypersurfaces of the three highest degrethe arrangement.

Proof. Consider the ideal6A, B, C) and(D, E, F). Since the equation of is AF —
BE + CD, these ideals give subschemesXaf Take for examplg€ A, B, C). If the
varietyY it defines has a surface component, this gives a divisok.0As Pic(X)=Z,
there is a hypersurfac® = 0 in P* inducing this divisor. Now at a point iR* where

S=D = E = F =0, all six polynomialsA, ..., F vanish, making a multiple point
for X. Hence,X being smooth)Y must be a curve oiX. Thus(A, B, C) defines a
complete intersection curve o O

To make our notations non-vacuous, we will assume that st éege smooth hy-
persurface exists of a fixed degree: 6 with an ACM bundle of typga; > ap > az >
ay),t. Let Fap,c);r denote the Hilbert flag scheme that parametrizes all inohssi
Y c X c P*whereX is a hypersurface of degreeandY is a complete intersec-
tion curve lying onX which is cut out by three hypersurfaces of degrads, c. Our
discussion above produces pointsip b c).;r andFd.e, f);r -

Let H, denote the Hilbert scheme of all hypersurfaceBirof degree and let
Ha,p.c denote the Hilbert scheme of all curveshfiwith the same Hilbert polynomial
as the complete intersection of three hypersurfaces otdegyb andc. Following J.
Kleppe ([7]), the Zariski tangent spaces of these threemsekeaare related as follows:
corresponding to the projections

P2
f(a,b,c);r - Ha,b,c
i« P1
Hr

if T is the tangent space at the poihtc'—> X c P* of Fab,c)r» there is a Cartesian
diagram
T P HOY, Ay p)
I n Ja
HOX, M) & HOCY, i"Ap)

of vector spaces.

Hencep: : T — HO(X, Nx/p) is onto if and only ifa : HO(Y, Ay /p) —
HO(Y, i*Nx p) is onto. The map: is easy to describe. It is the map given as

[F,—E,D]
_—

HO(Y, Oy (a) ® Oy (b) ® Oy (c)) HO(Y, Oy ().

Hence
PrRopPoOsITION2. Choose general forms B, C, D, E, F of degrees ab, c,

d,e, f andletY be the curve defined by=AB = C = 0. If the map

[F,—E,D]
-

HO(Y, Oy (a) ® Oy (b) ® Ov(c)) HOY, Oy(r))
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is not onto, then the general hypersurface of degree r doesupport a rank two ACM
bundle of typdas, ap, az, as), t.

Proof. Consider a general Pfaffian hypersurfacef equationAF — BE+ CD =0
whereA, B, C, D, E, F are chosen generally. Such Xncontains such & and X is
in the image ofp;. By our hypothesisp; : T — HO(X,Nx/p) is not onto and (in
characteristic zero) it follows thaty : Fab,c:r — Hr is not dominant. Since all
hypersurfaceX supporting such a rank two ACM bundle are in the imag@gfwe
are done. O

REMARK 1. Note that the last proposition can also be applied to tivatson
whereY is replaced by the curvg given byD = E = F = 0, with the map given by
[A, —B, C], with a similar statement.

3. Calculations

We are given general forms, B, C, D, E, F of degrees, b, ¢, d, e, f wherea+ f =
b+ e = c+d = r and where without loss of generality, by interchang@@nd D
we may assumethatd a<b<c<d=<e=< f <r. Assume that > 6. We will
show that ifY is the curveA= B =C =0 orif Zisthe curveD = E = F = 0, de-

pending on the conditions an b, ¢, d, e, f, eitherHO(\y /p) IF.—EDl HO(Oy (1))

or HO(Nz/p) LB’C]> HO(Oz(r)) is not onto. This will prove the desired resuilt.

3.1. Casel

b>3 c>a+1 2a+b<r —2.
In P° (or in 6 variables) consider the homogeneous completesiettion ideal

_ a b C yr—c r—b r—a c—a—1yr—c—a—1ya+2
I = (X3, X0, X§, X57¢, X0, X[ — X§5271x], X5§+2)

in the polynomial ringSs on Xo, . .., Xs5. Viewed as a module oveé3; (the polynomial
ring onXo, ..., X4), M = S/1 decomposes as a direct sum

M=NO®NDHXs®@NXZ® - & Nr —a—1Xg 21,

where theN (i) are gradedy modules. Consider the multiplication m3@g : M;_; —
M; from the(r — 1)-st to ther -th graded pieces d¥1. We claim it is injective and not
surjective.

Indeed, any elemenn in the kernel is of the forrm Xg‘a‘l wheren is a
homogeneous element M(r — a — 1) of degreea. SinceX5-m = n- xg*a =
n- X$a X, 1x3 2 = 0 mod (X3, X, XS, X5, X, ~®) we may assume that
n itself is represented by a monomialXy, ..., X4 of degreea. Our inequalities have
been chosen so that even in the case whésaepresented b3, the exponents aX4
in the product isa + a + 2 which is less than — b. Thusn and hence the kernel must
be 0.
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On the other hand, the elemex§*X2X5~2"1X5¢"2~1 X2 in M, liesinits
first summand\ (0), . In order to be in the image of multiplication s, this element
must be a multiple oX$2X57¢"2"1x2+2, By inspecting the factor X4, this is
clearly not the case. So the multiplication map is not stifjec

Hence dimM,_1 < dim M,. Now the Hilbert function of a complete intersec-
tion ideal likel depends only on the degrees of the generators. Hence, fopamplete
intersection ideal’ in S with generators of the same degrees, for the corresponding
moduleM’ = S/I”, dim M/_; < dim M/.

Now coming back to our general six formds B, C, D, E, F in §, of the same
degrees as the generators of the ideabove. Since they include a regular sequence
onP*, we can lift these polynomials to form#, B/, C’, D', E’, F’ in S which give a
complete intersection idedl in Ss.

The moduleM = &/(A, B, C, D, E, F) is the cokernel of the map

X5 : M'(-1) - M’
By our argument above, we conclude tihét + 0.

Lastly, the maH%(Oy (a) ® Oy (b) & Oy (c)) F2EPL Loy (r)) has cok-
ernel preciselyM; which is not zero, and hence the map is not onto.

3.2. Case 2

b<2.

Since the forms are general, the cuivegiven by A = B = C = 0 is a smooth
complete intersection curve, withy = Oy(a+ b+ ¢ —5). Sincea+ b < 4, Oy(c)
is nonspecial.

1. Suppos&®y (a) is nonspecial. Then all three @ty (a), Oy (b), Oy(c) are non-
special. Henceo(/\/’y/p) = (a+b+c¢)d+3(1— g) whered = abcis the degree
of Y andg is the genus. Alsb%(Oy (r)) = ré+1—g+h1(Oy(r)) > réo+1—g.
To show thahO(J\/'y/p) < hO%(Oy(r)), it is enough to show that

@+b+cpd+31-9g) <ré+1-g.

Since 3 — 2 = (a+ b+ ¢ — 5)d, this inequality becomesi5< rd which is true
asr > 6.

2. Suppos®y (a) is special (st + ¢ > 5), butOy (b) is nonspecial. By Clifford’s
theoremh®(Oy(a)) < 3ad + 1. In this casen®(Ny/p) < hO(Oy(r)) will be
true provided that

1
580+ 14+ (B+0i+21-g) <ri+(1-g)

orr > e 145
Sincec < r? andb < 2, this is achieved if
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241/2 | 1 | 5 pink 14 , 4
r>T+3+§wh|ch|sthesameas>§+3—(5.

Butc > 3, sod > 3, hence the last inequality is trueras 6.

3. Suppose botty(a) andOy (b) are special. Henca + ¢ > 5. Using Clifford’s
theorem, in this casleO(Ny/p) < h%(Oy (r)) will be true provided that

f@+b)d+2+ci+(1-9g) <rd+(1-0g.
This becomes > %(a+ b) + % +c. Usingc < §,a+b < 4, ands > 3, thisis
again true whem > 6.

3.3. Case 3

c<a+1.
In this casea = b = candr > 2a. Using the sequence

0— Zv(a) — Op(a) — Oy(a) — 0O,
we geth®(\yp) = 3h%(Oy (@) = 3[(*}?) — 3] while hO(Oy (1)) = h%(Oy(2a)) =
(% —3(*2%) +3. Hence the inequality®(\y p) < h%(Oy (r)) will be true provided
(3 > 6(*;%) — 12. The reader may verify that it reduces t@i@- 20a° — 70a% —
200a + 7(4!) > 0 and the last inequality is true whare 3. Thus we have settled this

case whem > 6 anda > 3. If r > 6 anda (and hencé) < 2, we are back in the
previous case.

3.4. Case4

2a+b>r —2andr > 82.

For this case, we will study the cun& given byD = E = F = 0 (of degrees

r —c,r —b,r —a)and consider the inequalit)P(Nz/p) < hO%Oz(r)).

Sincea,b,c < §,2a+2>r—b> 5, hencea > 7 —1. Alsob > aand 2+b > r -2,
r 2 r 2

henceb > 5 — 5. Likewise,c > 5 — 3.

Now h%(Oz(r — a)) = h%(Op(r — a)) — h°Zz(r —a)) < ("5 — 1 etc,,
hence

OWze) < (T3 + (5 + (5 —3= (3,9 +2(31%) -3

or hO(Nz/p) < G(r), whereG(r) is the last expression.

Looking at the Koszul resolution faPz(r), sincea+ b + ¢ < %r < 2r, the
last term in the resolution has no global sections. Héf¢@z(r)) > h%(Op(r)) —
[h%(Op (@) + h%(Op () + h°(Op(ED] = (3% = (§H) = 3 - €1 = (1Y) -
3(5:{4), orh®Oz(r)) > F(r), whereF (r) is the last expression.

The reader may verify th&(r) < F(r) forr > 82.

3.5. Case 5

6<r<8l,2a+b>r-2,b>3,c>a+1.
2

We stillhave; —1<a< 5,5 — 5 <b,c < 5. Forthe curvey given byA = B =
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C = 0, we can explicitly computh®(Oy (k)) for anyk using the Koszul resolution for
Ov (k). Hence both terms in the inequallﬂ?(/\/y/p) < h%Oy(r)) can be computed
for all allowable values of, b, c,r using a computer program like Maple and the
inequality can be verified. We will leave it to the reader toifyethis claim.
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SYMMETRIC ALGEBRAS OF FINITELY GENERATED

GRADED MODULES AND s-SEQUENCES
Dedicated to Paolo Valabrega on the occasion of hi @irthday

Abstract. We study properties of the symmetric algebra of finitely getegrgraded modules
M on a Noetherian rindr, generated bg-sequences. For these modules we investigate the

Eisenbud-Goto conjecture. R = K[X4, ..., Xp] is a polynomial ring over a fiel&k and
M has linear syzygies, we consider the jacobian dual moduM of order to describe the
Rees algebra df1.

1. Introduction

The aim of this paper is to study an interesting class of fingenerated modulel!

on a Noetherian rindR for which the initial ideal of the presentation idelof their
symmetric algebra is very simple. More precisely, with egto a special order on
the variables that correspond to the generators of the mmddulwe have a good ex-
pression for the initial ideal of. This area was investigated in [7], where the authors
computed some algebraic invariants of Sytl) or their bounds in terms of special
ideals of the ringR. The theory gives definitive results R is the polynomial ring in

m variables on a fieldk of any characteristic by using the &@mer basis theory (in the
following K always denotes a field). Here we would like to study an apjineof
previous results essentially in two directions. We haveyraras of applications and
this is only the starting point of investigation viasequences. The first is to test the
Eisenbud-Goto conjecture (EGC) for the symmetric algebemoduleM generated
by ans-sequence. After we have given formulations in this caseb&gn to work in
this direction. For regular sequences of forms in the patyiabring (which are strong
s-sequences) we prove the (EGC).NF has linear syzygies on the polynomial ring
R = K[X31, ..., Xm], @ nice construction of [12] leads to the jacobian dual medul

of M. N is a finitely generated module on the ri@g= K|[Y1,..., Y] and we have
the isomorphism Syg(M) = Symg(N). Then itis interesting to ask, whewi is gen-
erated by ars-sequence, ilN is generated by asrsequence and viceversa, and this is
the second area. In this context it is possible to describ®&tes algebra of the module
M as a quotient of the symmetric algebra by its torsion subneodu particular, in
section 1 we give the definition sfsequence introduced in [7], we recall some known
results and we formulate the Eisenbud-Goto conjecturénsymmetric algebra of a
finitely generated graded modulé generated by as-sequence on a Noetherian ring
in different ways. In particular, iR = K[X4y, ..., Xm] is the polynomial ring, we give

it in terms of the annihilator ideals of thesequence. As an application, we verify
(EGC) for a regular sequence of formsRf

In section 2 we introduce the jacobian dual of a modMleon a polynomial ring

479
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R = K[X4,..., Xm]. This module can be defined if the presentation matriVof
has linear entries in the variabl&s and its interest appears in many fields of commu-
tative algebra. If this modul®&l over the polynomial rin&K[Ys, ..., Yn] is generated
by a strongs-sequence, we obtain that the torsion submodule of WY coincides
with the first annihilator ideal of the-sequence generating and it is an ideal ofQ.
The Rees algebra d¥l, as a quotient of Syg(M) by its torsion submodule, can be
computed. As an example, we consider a monomial ideal witrali syzygies not gen-
erated by ars-sequence, whose jacobian dual is generated lsysaguence. The idea
is to address our interest to many computations in this timec

2. Preliminaries

Let R be any Noetherian ring anill a finitely generatedr-module with generators
f1,..., fn. If we consider a presentation bf

r™ . R" > M — 0,

thenf is represented by anx m matrix (g ) withentries inR, 1 <i <n,1<j <m.
The symmetric algebra ofl on R, Symg(M) = @i>0S (M), where, for each, S (M)
is the component of degréef Symg (M), has a presentation:

0— J - Symg(R") - Symg(M) — 0

and Syng(R") >~ R[Y1, ..., Yn] is the polynomial ring orR in the variablesy;, J is
the relation ideal of Syg(M), J = (01, ..., Om), with g; form of degree 1 in the’j,

g = Z?Zlainj,fori =1,...,m,then Synx(M) ~ R[Y1, ..., Yn],/J.

The main problem is how to compute standard algebraic iamgsiof the graded alge-
bra Symg(M) such as the dimension d{®ymg(M)), the multiplicity Symg(M)),
the depth depittBymg(M)) with respect to the graded maximal ideal Syiv)™ =
®i-0S (M), the regularity regM), in terms of the corresponding invariants of special
quotients of the rindR.

The first three invariants are classical. For the last imvdriwe recall that regM) is
the Castelnuovo-Mumford regularity of the graded modulelts importance is briefly
indicated in Eisenbud-Goto theorem which is an interesiiegrription of regularity in
terms of the graded Betti numbersdf ([2]).

They show that regM), when M is a graded finiteR-module, whereR =
K[X1,..., Xm], measures the “complexity” of the minimal free resolutidn\d as
an S module. Therefore regularity plays an important role imgnfields of commuta-
tive algebra.

More precisely, if we consider a graded minimal free resotubf M on S

O—-F— - - -—>F—->F—>M-=0,
if by is the maximum degree of the generators of the free maogulnen

reg(M) = supbj —i,i > 0}.
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In other words, regM) is the smallest integen such that for every, the j-th syzygy
module ofM is generated in degree m 4+ j (equivalently, regM) = sugfi i+j #
0, for somei}, wherep; , are the graded Betti numbers ).
If R is not a polynomial ring, the regularity df1 can be infinite. A nice area of
investigation in commutative algebra is the study of gradechogeneous algebra#s
generated in the same degree such that(Agm™) = 0 as anA-module andn™ is
the maximal graded ideal @.

A computation of the previous invariants can be obtained fianitely generated
R-module that is generated by arsequencdy, ..., f, in the sense of [7]. Consider
the presentation of Syg(M)

Symg(M) = R[Y4, ..., Yal/J.

The ideal Symy(M)* is generated by the residue classes of¥ththat are calledf;*,
because the variableg correspond to the generators of the modle= Rf; +
.-+ 4+ Rfy in the presentation of Syg(M). For everyi = 1,...,n, we setM;_; =
Rfi +---+ Rf_1 and letl; = Mj_1 :r fi be the colon ideal. We sé§ = (0) for
convenience. Sinc®lj/M;_1 >~ R/Il;, sol; is the annihilator of the cyclic module

R/1;, lj is called an annihilator ideal of the sequerfge. . ., fi.
Consider the polynomial rin@[Y1, ..., Yn] and let< be a monomial order on
the monomials oR[Yy, ..., Yn] in the variables; such that

Yr<Yo <. <Yy

We call < an admissible order.

With respect to this term order, f = > a,Y*, Y* = Yfl - Y5", o € N", we put
in. f =a, Y%, whereY” is the largest monomial ifi such that,, # 0.

If we assign degree 1 to each variableand degree 0 to the elementsRfwe have
the following facts:

1) Jis a graded ideal,

2) the natural epimorphist® — Symg(M) is a graded homomorphism of graded
algebras orR, Sis a graded ring and SygtiM) is a graded ring.

DEFINITION 1. The sequence;f..., fyis an s-sequence for M if
(11Y1, 12Y2, ..., 1nYn) = in_J.
If 1, C I C--- C Iy, the sequence is a strong s-sequence.

EXAMPLE 1. Any d-sequence of elements, ..., a, in R is a strongs-se-
guence, with respect to the reverse lexicographic ordeheryit, with Y1 < Yo <
- < Yp ([7], Cor. 3.3).
As a consequence regular sequences, proper sequence®agsstequences, since
they ared-sequences ([10]).
If I = (a1, ...,an), we have Syra(l) = Rr(l), the Rees algebra of
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If R=K[Xg,..., Xm] we can use the @bner basis theory and Buchberger's
algorithm to compute inJ.
If R = K[Xq,..., Xm], then Symxg(M) = K[Xq,..., Xm, Y1,..., Yal/J. We can
introduce a term order on

S=K[X1,..., Xm, Y1, ..., Yn]

suchthaty; < Yz <--- < YyandX; <Y; for anyi.

For exampleX; < X2 < -+ < Xjp < Y1 < Y2 < --- < Y is such a term order.

If G is a GiBbner basis forJ C K[X1,..., Xm, Y1,..., Yn], we have inJ
= (in.G) = (in. f, f € J) and if the elements dB are linear in they;s, it follows
that f1, ..., f, is ans-sequence foM.

REMARK 1. If R = K[Xjy,..., Xpn], from the theory of Gibner basis, if
f1,..., fpisans-sequence with respect to any admissible term otdéhnenfy, ..., f,
is ans-sequence for another admissible term order, too.

THEOREM 1 ([7]). Suppose R is a standard graded algebra, M is a graded
R-module which is generated by the homogeneous s-sequgnce, ff,, where all f

have the same degreg, | ..., |, are the annihilator ideals of the sequencg .f. ., fj.
Then:
i) dimSymy(M) = max {dmR/(ly, +---+ 1;,) +r1}
0<r=<n

1<ri<--<rn=n

i) eSymgM) = D eR/(lry 4+ Ir,),

O<r<n
1<ri<--<rp=n

wheredimR/(ly; +--- + Ir,) =d —r, d = dim Symg(M).
For a strong s-sequence we have:
d = dim Symg(M) = Omax{dim R/l +r},
<r<n
eSymg(M) = > eR/I).
dim I%ﬂrsid—r

THEOREMZ2 ([7]). If R = K[X4,..., Xm] and M is generated by elements of
the same degree, which are a strong s-sequence, then

1) reg(Symgr(M)) < maxreg(R/l1;),i =1,...,n}+1,
2) depth(Symg(M)) > min{depthR/l;) +i,i =0, ..., n}.

The notion ofs-sequence can be useful essentially:

1) to test some conjectures for graded modVegenerated by-sequences,
“via” conjectures about annihilator ideals bf, in particular we are interested to test
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the Eisenbud-Goto conjecture (EGC) for Sy¢M), when M has generators of the
same degree and the regularity is the ordinary regularity.

The (EGC), that involves all invariants of SytM), can be more easily verified
if M is generated by asrsequence.

2) to describe the Rees algebra of tRenoduleM, R = K[X1, ..., Xm],

RR(M) = Symg(M)/(Symg(M))o

and to test (EGC) in the case the matrix of the relationslast linear in the variables
X1, ..., Xm. In this situation in fact we have a nice construction thdtects many
cases of ideals and modules (in particular those ones wigtatiresolution): the jaco-
bian dual moduleN.
If N is the Jacobian dual dfl, then natural questions arise:

i) When the jacobian dudll of M is generated by asrsequence?

ii) If it is the case, does Syg(N) verify (EGC)?

3. Eisenbud-Goto conjecture

There are several conjectures to connect the measures ajriiy@exity of an algebra.
One of the most important is the following:

CONJECTURE2. (EGC) If Ais a standard graded domain on a figldhen
reg(A) < e(A) — codim(A),
where codinGA) = emb din{A) — dim(A).

If A is Cohen-Macaulay, the conjecture is true and we haveaktyu[2]).
We will establish the (EGC) for symmetric algebras of finitgenerated graded mod-
ule M generated bg-sequences.
We consider different formulations of the conjecture.

1) (EGC1) Eisenbud-Goto conjecture for the symmetric algebra of duteVi
on a standard graded algeliRagenerated oiR by a strongs-sequence of elements of
the same degree, and such that RYM) is a domain

reg(Symg(M)) < e(Symg(M)) — codim(Symg(M))

2) BEGC2) If R = K[X4,..., Xm], M a gradedR-module generated by a
strongs-sequence of elements of the same degree, Eisenbud-Ggexitoa for the
symmetric algebra oM in terms of the annihilator ideals of the stroegequence
generatingM is

maxreg(R/1i) :i=1,...,n}+1< Ze(R/Ii) — (n+m)+0max{dim(R/Ii)+i}
i=1 =i=n
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3) (EGC3) Eisenbud-Goto conjecture for any annihilator prime idga strong
s-sequence of the same degred, generating a gradégmoduleM, R = K[X4, ..
Xm], or R standard graded algebra that is a domain
(EGGC;) reg(R/1i) < e(R/lj) —codim(R/l;), fori =1,...,n,dmR/l; =d —1i.
(EGCY) regR/li) <e(R/l)) —m+dim(R/l;),i =1,...,n,dmR/l; =d —i.
In 2) and 3)d = dim Symg(M).

4) The same conjecture formulated for the Rees alg&liid ), whenR (M) =
Symg(M), R a standard graded domain alWdgenerated ok by a strongs-sequence
of elements of the same degree, becomes:

(EGCY) regR(M)) < e(R(M)) — codim(R(M)).

If R = K[X1,...,Xm], M a graded finitely generateB-module generated by an
s-sequence of elements of the same degree, Eisenbud-Ggecttoa of R(M) =
Symg(M) in terms of annihilator ideals of the strosgsequence generating (for
exampleM is anideal ofR = K[X4, ..., Xm] generated by d-sequence of elements
of R):

L

n

(EGC2') maxireg(R/1i) :i =1,....n} < > e(R/li) —n
i=1
(EGC3") regR/1;) < e(R/lj) —m+ dim(i?/li)
Some implications:
(EGC2) = (EGCY)
If R=K[X1,..., Xm], by Theorem 1 and Theorem 2, we have:
reg(Symg(M)) < maxregR/l; :i=1,...,n}+1
n
< ;e(R/li) — (n4m) — max{dim(R/li +1)}
< e(Symg(M)) — codim(Symg(M))
(EGC’) = (EGC;), for any ideallj,i =1,...,n.
regR/1i) < e(R/lj) = m+dim(R/l;) < e(R/1j) — codim(R/1;).
(EGCj) foreveryi =1,...,n= (EGC2)
Since EGC) is true for evenyi,i = 1,..., n, we have:

maxXregR/l; :i =1,...,n}

< D eR/li) = (n+m) — (n—2)m-+dim(R/ls) + > dim(R/1;)
i=1 i=1

i #s
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< E e(R/lj) = (n4+m) + E (dim(R/lj) —m) +dimR/Ig
i=1 =1
i#£s

n
<D eR/l)—(+m)+dmR/ls+s—1
i=1

sincen < m.

If sis the integer such that difR/ls) + s = lrn_ax{dim(R/Ii) + i}, then we
<i<n

have
max{regR/l; :i=1,...,n}
< D eR/li) = (n+m) — (n—2)m+dim(R/ls) + > dim(R/1;)
i=1 ii;ls
< D e(R/1) — (n+m) + > dim(R/1;) —m) + dim R/l
i=1 ii;ls
<D e®R/li)—(n+m)+dimR/ls+s—1
i=1
since dimR/l; —m<0,i =1,...,n.

In order to state the (EGC) for the jacobian dual modulef M, we need some
facts onN. As a consequence we will give the formulation of (EGC) fbin the next
section.

ExaMPLE 2 (Regular sequences). LRibe a Noetherianringand lég, ..., f,
be a regular sequence of elementfnfThen fy, ..., f, is a strongs-sequence with
respect to any reverse lexicographic order on the variahles ., Y, such thaty; <
Y2 < ... < Yn with annihilator ideald; = (0), I2 = (f1), ..., In = (f1,..., fa_1)
andincJ = ((fo)Yz, ..., (f1, ..., fam1)Yn).

In fact a regular sequence islasequence, hence the assertion follows.

THEOREM 3. Let R be a Noetherian ring and let,f..., f, be a regular se-
quence. Let I= (fq, ..., fn) andSymg(1) = R[Y1, ..., Yal/J. Then we have:
1) Jis minimally generated by the elemenisg fiYj — f;Y;, 1 <i < j <n.

2) If R = K[Xy,..., Xn], the sef{gijj,1 < i < j < n}is a Grobner basis with
respect to any reverse lexicographic order on theavid such that ¥ < ... <
Yh.
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Proof. 1) Putgij = fiY; — f;Yi,i < j and suppose thajj }1<i <j<n is not a minimal
system of generators &f. Then

fiYi—fYi= Z h,kGpks
(p,K)AG, )

foresomd, j,1<i < j <n.

Hence
fi = Zhjpfp+zhpj fy
p>] p<i

and this is a contradiction.
2) We have to consider th&-couples:

) S(gij, Gik), ] #kK
i) S(gij, 9kj), | #K
i) S(gij, ko)1 #K ] #p
Fori), S$(gij, Gik) = Yi(—fkYj + fjYk).
Forii), S(gij, oj) = fj(—fiYk + fkYi).

Foriii), S(gij, k) = —fkY,0ij — fjYigk-
So, by Buchberger’s criterion we getiJ) = (in<gij ). O

Now, letR = K[X4, ..., Xm] be a polynomial ring and ldt be an ideal ofR
generated by aR-sequencds, ..., f, of homogeneous elements.
Case I:f4, ..., fn have the same degree

PropPOSITIONL. regSymg(l)) < (n—1D@—-1)+ 1.
Proof. Sincefy, ..., f,is a strongs-sequence, then we can apply the formula

reg(Symg (1)) < max{reg(R/li),1 <i <n}+1,

wherelg = 11 = (0), I2 = (f1),..., In = (f1, ..., fn_1). The result follows by the
Koszul resolution for the annihilator idedls 2 <i < n. O
PROPOSITION2. Let | = (f1,..., fy) € R= K[Xy,..., Xn] be generated

by a regular sequence of forms of the same degree a. [H®BG2")is true.

Proof. We have to prove that

maxreg(R/1i),1<i <n} < > e(R/li)—n

1<i<n
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that is N
(n-Da—(n-1 <> at-n
i=1
(h—la<a+a’+---+a" L
The assertion follows. O
PROPOSITIONS. Let | = (fq,..., fh) € R = K[Xy,..., Xn] be generated

by a regular sequence of forms of the same degreea Then(EGC;) is true for i,
1 <i < n, such that the annihilator idea] Is a prime ideal.

Proof. We have to prove that r¢g/li) < e(R/lij) —i +1,i.e.(i —Da—( —1) <
a~! —i +1and(EGC)) is true. O

REMARK 2.
1) Forn > 1, in Proposition 1 we have in fact equality. The result cdiofofrom
the resolution of the algebra Sy(l) = R(l), by employing the Eagon-Northcott
complex. LetS = K[X1,..., Xm; Y1,..., Ya] and letF andG be finitely generated
free gradeds-modules of rank 2 anh respectively. Consider a graded homomorphism
of degree zerg : G — F, g represented by the matrix

f]_ fn
Y. . Yo
We can writeg : S(—a)" — S? and we consider the Koszul complex arising frgm
n n—-1
K@) :0— /\G®S(F)(—n)—> /\ GR®S(F)(—n+1)— ---
o> G S(F)(-1) — S(F) — 0,
whereS(F) = Symg(F) = S[T] = §[T1, T2] and the differential
i i-1
6: NG®S(F)(—i) > N\ G®S(F)(—i +1)
is defined by
[
St AtaA .. AL ® T(T)) =Z(—l)jg(tj)tl/\tgA.../\ﬁ/\.../\ti ® f(T).
j=1

Sinceht(J) =n—1,dimR(l) = m+1=n+m— ht(J) andJ is perfect.
The complex

0
Do(@): 0~ ( \G®Si2(F)) > (G& Sia(F)-D) - -
n—-2

N (n/_\se ®S(F)(-n+3) - (\GeSFI(-N+2) > S-0
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resolvesS/J ([7], (2.16)).

Since any generator o&f has degrea + 1, the shift in the place 1 isa, that isa is the
shift of the generators of the module"—2G ® S(F))*. Finally, the complex above
is the dual of a Koszul complex. Hence:

regS/J)=n—-la—(h—1)+ 1

2) If f1,..., fn is a regular sequence offorms of degrea > 2, Synix(l) = R(l),
| = (fy,..., fn) and regR) < regR(l) < max{regR + 1,regR + n(a — 1)} ([5],
Corollary 2.6).
Form =1, regR = 0, regR(l) = 0. The assertion follows and (EGC) is true.
Form > 1,regR=0and 0< regR(l) < maxl,n(a— 1)} =n(a—1).

n n

Forn > 3, whatis neededis(a—1) < > a '—n+1na< > a '+1 Ifwe
i=1 i=1

writtna=a+ (a+a)+ (n —3)a, we havena<a+a?+ > ,a~tand (EGC)is

true.

Case ll: f1, ..., fy are forms of different degreek, ..., d,, d1 <dz < ... < dy.
ConsiderR as a graded ring by assigning to each variakledegree 0. Thers =
R[Y1, ..., Yn] is a graded ring if we assign to each variabledegree 1. Lei< be
a monomial order on the monomials ¥, ..., Y, such thaty; < Y2 < -+ <
Yn. Since fy,..., fy is a regular sequence, it is a strosgequence and in] =
(|1Y1,..., InYn)a li = (f]_,..., fi_1)f0ri =1,...,n

As a consequence

regR(l) =regR[Y1, ..., Yal/J <regR[Y1,...,Ynl/in.J =
=regR[Y1, ..., Yal/(I1Y1, ..., InYn) < max{reg(R/li),1 <i <n}+ 1

But the last regularity is 0, since all matrices have entokdegree 0 in the mini-
mal graded resolution of any annihilator iddal We needR (1) is a standard graded
algebra for the formulation of (EGC).

4. Jacobian dual

Let R = K[Xy,..., Xs] be a polynomial ring and IeE be a finitely generatedk-
module with presentation :

R" 4 R 5 E—0
where the entries of the x m matrix A = (g;j) that representg are homogeneous
linear forms.
The equations of the symmetric algebraegfSymg(E) = S(E) are

n
fj=Zaini ji=1,...,m
i=1
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There is a naive duality foB(E), obtained from rewriting the equatiorfg in the X;'s

variables. . .
fj=Za”Yi=Zbini j=1,...,m
i=1 i=1

andB = (bjj) is ans x m matrix of homogeneous linear forms in tigs variables.

We have:
Y1 Xl fl
/A\t . = Bt . = .
Yn XS fm
Now we putQ = K[Ys, ..., Ys] and consider the cokernil of the map

oL s N,

whereV is the map represented I8/
N defines the Jacobian dual moduleE®{[12], [14]).

ExXAMPLE 3. We can write the relatiof = (X1 — 2X2)Y1 + (X1 + X2)Y2 +
XsYzasf = (Y1 + Y2) X1 + (—2Y1 + Y2) X2 + Y3X3.

REMARK 3. Synmg(E) = Symg(N).

EXAMPLE 4. Suppose thah = B, in the sense that the two matricAsand B
have the same elements under the substitupr— Y;, n = s. ThenR = Q and
E = N.

There is a nice situation that will be interesting in theduling.
Let R = K[Xg,...,Xnl, | = my = (X1,..., Xn), Symg(my) = R(My) =
K[X1,..., Xn; Y1,..., Yna]l/J, whereJ is generated by the binomial§ Y; — XjY;,
1<i < | <n,the 2x 2-minors of the 2x n matrix

Yl Y2 Yn ’
The binomials in theX;’s give the dual matrixB of the relation matrixA of m,.
under the substitutioX; — Yj,i, j =1,...,n.

Notice that the set of binomials is an universab@mer basis for the ideal and this
impliesm,. is generated by asrsequence linear in thg’s and linear in theX;’s, too.

Another example is given by, = (X4, ..., Xj),i <n.
Symg(m;i) = K[X1, ..., Xn; Y1,..., Yil/J

whereJ; is generated by the binomia¥sYs — XsY,, 1 < ¢ < s <i, the 2x 2 minors

of the matrix
X1 X2 ... X
Y. Yo ... Y )
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PutS = K[Y1,...,Yi], Symg(m;) = Symg(N) and X4, ..., X| is ans-sequence (it
is a regular sequence) foi; and the sequence of 1-forms, . .., x* is ans-sequence
for the jacobian duaN of m;, wherexy, ..., X, are the residue classesXi, ..., X,
in (X1, ..., Xnl/J.

PROPOSITION4. Let R = K[X4,..., Xm] be a polynomial ring and M a
graded R-module generated by forms .f ., f, of the same degree. Suppose that the
relation ideal J ofSymg(M) is generated by forms that are linear in both sets of vari-
ables Xand Y, and let N be the jacobian dual of M generated hy .., Xm, where
Xi,..., Xy are the images of the elementg,X. ., Xy in the ring K[Xy, ..., Xm;

Y1, ..., Ynl/Jd.

Suppose J has a @Gbner basis linear in the Xand Y variables with respect to the
reverse lexicographic order on all variables and to the twdess of variables ¥, >
o> X1>Ya> o> Yiand Yy > ..o > Y1 > X > LLL> Xl

Then M is generated by an s-sequence if and only if N is ges@iat an s-sequence.

Proof. Itis a consequence of the previous facts. O

REMARK 4. The strong case concerdswvith a universal Gobner basis that is
linear in theX andY variables with respect to any permutation of variables.

REMARK 5. If we know the Gobner basis ofl that is linear in the variableX
andY, with respect to the reverse lexicographic order and totleeorders of variables
Xm>...>X1>Ya>...>YrandYy > ... > Y1 > Xpn > ... > Xq, thenwe
can write the annihilator ideals of the sequendes .., fy andxs, ..., Xm by using
lemma 3.3 of [9].

The theorem gives the annihilator ideals for tieequence generating the jacobian
dualN of M, but the proof can be repeated to have the annihilator icdai.

EXAMPLE 5. Letl = (X2, Y2, XY) that is generated by assequence ([7],
Examples 1.5(1)). The jacobian dudlof | is generated by asrsequence, too, but the
relation ideald has a Gbobner basis linear in th¥;’s, but not linear in thév;’s ([7]).

Now consider Sy|g(M) = R[Y1,...,Ynl/d = Q[X1,...,Xml/J =
Symg(N). Let Xi, ..., Xy be the images oKy, ..., X,m mod J that we can consider
as the generators & (we denote by, ..., Xy the generators dfl).

We recall some propositions:

PrROPOSITIONS. Let | ¢ R be an ideal generated by,f .., f,. Then the
following conditions are equivalent:

1) fq,..., fhisad-sequence;

2) (0: fi)nl =0and b, ..., f,isad-sequence in Rfy).
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Proof. [7], Lemma 3.1. O

PROPOSITIONG. Let M be an R-module generated by, f.., f,. Then the
following conditions are equivalent;

1) fi,..., fyisastrong s-sequence with respect to the lexicographierdriiuced
by Ya > Yn_1> ... > Yq;

2) ff, ..., fyisad-sequence iBymg(M).
Proof. [7], Theorem 3.2. O

PROPOSITIONY. Let M be a finitely generated R-module, and let R be a do-
main. TherBymg (M) is a domain if and only ifSymg(M))o = 0, where(Symg(M))o
C Symg(M) is the torsion submodule of M ([13]).

THEOREMA4. Suppose N is generated by a strong s-sequence X Xm. Then
we have

1. X3, ..., Xy is ad-sequence iBYmMg(N);
2. the ideal(0 : x7) is generated by elements of Q;
3. if (0: x7) is a prime ideal then

Symo(N)/(0: x§) = R(M).

Proof. 1) If N is generated by a strorsgsequence, thexi, . .., X, is ad-sequence in
Symg(N) (by Proposition 6).

Then(0 : x7) N (X],...,x5) = (0) and (0 : xi) is generated by polynomials in
Y1, ..., Yy and we have 2

3) Suppos€0 : x7) a prime ideal ofQ = K[Y1,..., Yn]. So Synp(N)/(0: x}) =
Symr(M)/(0 : x7) is a domain, theri0 : x;) € (Symg(M))o, where(Symg(M))o is
the torsion submodule of SyniM). SinceRis a domain(0 : x7) = (Symg(M))o (by
Proposition 7), then Syg(tM) /(0 : x7) = R(M), the Rees algebra &fl ([3]). O
EXAMPLE 6.
M =1 = (X2, X2, X1X2) C R=K[Xg, X2], X2> X1

RRA RS 0

Xo 0

A= (aj) = 0 X1
—X1 —Xo

fi = XoY1 — X1Y3 = Y1 Xo — Y3X1

J = (fq, f2), where
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fo = X1Y2 — XoY3 = Y3Xs — Yo X3
The sequenc&?, X2, X1 X, is a strongs-sequence for the idedl ([7], Ex. 1.5(1)).

Consider
o Y Y2
B =(bj) = ( Y, Y )
If S= K[Y1, Y2, Y3], the jacobian dual modul™ of | is

0—- 4L P _N—0

S(f1, f2) = Yafy + Yoo = (=YZ + Y1Y2) X1 = fa.
Then a Gobner basis w.r.tXo > X1 > Yz > Yo > Ypis{fq, fo, f3},

in-J = ((Y1, Y3) X2, (Y2 — Y1Y2) X1).

Ig = (0), 17 = (Y2 = Y1Y2), I3 = (Y1, Y3), and sincel} C I3, X1, X2 is a strong
s-sequence foN.

From f3 = (—Y32 + Y1Y2) X1, we have: (0 : x7) = (Y1Y2 — Y32). In order to prove
(Y2 — Y1Y») is a prime ideal in Sym(N) we remark thatl’ = (fy, f2, Y2 - Y1Y2)
is a prime ideal in Syg(N) if and only if (Y1Y2 — Y32) is a prime ideal in Syrg(N).
But J’ is the ideal generated by the22-minors of the generic matrix

X1 Y3 Y1
X2 Y2 Y3 )
Then the assertion follows arfdf;1 Y, — Yg) is a prime ideal in Syg(N) and

Symo(N)/(0 1 X§) = Symg((X2, X3, X1X2))/(0: x}) = R(1) =
= R[Y1, Y2, Yal/(=YaX1 + Y1 X2, —=Y2X1 + Y3X2, Y1Y2 — Y32).

ExampPLE 7 (Monomial square-free matroidal ideals). Now we followe tio-
tations used in [11, page 130].
Let| be a monomial ideal oK [xy, . .., Xa] with the minimal set of generato@(1) =
{x%, ..., x%), wherex? = x{*---x", 3 = (j1, ..., jn) andi = (0,0,...,1,...,0).
WesetlJ| = j1+ -+ jn.
We can associate the vec@le a; ®x” to asyzygy of Zitzl ajx¥, where® means
K -
For any monomial order oK [X4, ..., Xn], we will say that

xi @ x? < xe @ xK if xixI < xexK.
If ue G(l), we puty; (u) = jj, if xiJi appears in the monomial
Now, let | be a monomial ideal for which all generators have the sameedeg is
matroidal if it satisfies the following exchange proper34]J):
Forallu,» € G(I) and all i withvj (u) > vj (v), there exists an integgrwith vj (v) >
vj(u), such tha; (u/x;) € G(I).
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THEOREMS. Let | be a matroidal square-free ideal with generator8 x . .,
xIN of the same degree. Then a minimal set of generators for stesfizygies of | has
the form

xj @ x¥ —x @ x¥, i+ 3 =t+J, x¥, x¥ € G(I)

where j < t, t integer such thatif J= (a1, ...,an), &k = by, k=t+1,...,nand
such that b > aj, for some X« € G(1), k = (by, ..., bp).

Proof. In the reverse lexicographic order we can supposextfiat x%2 > ... > xN,
Letx¥ < x*. Then there exists an integesuch thaty, = bpyform=t+1,...,n,

J = (@,...,an), k = (by,...,by) anda; > b;. Hence there exists an integgr
with bj > a; such thats’ = x; (x¥ /%) € G(l). Thus there is a syzygy of the form
Xj @ x¥ —x @ x¥, x¥ e G(I). O

EXAMPLE 8.
I = (X1, X2) (X3, Xa) = (X1X3, X1X4, X2X3, X2Xa)
In the reverse lexicographic order and fQr> X3 > X2 > X1
Xg4X2 > X3X2 > XgX1 > X3X1.
We consider the mapping — X% = xax1, Y2 — X% = x4x1, Y3 — X922 = X3xp,
Y4 — X% = xq%0.

The syzygies are:

X1 ® X2 — X @ X% f1 = x2Y1 — X1Y3;

f3 = X4Y1 — X3Y2;
fa = XaY3 — X3Y4.

X3 ® X —xg ® X

—
X1 ® X‘]l — X2 ® X'J3 — o =XxoY2 — X1Yg;
—
Ji Jo
X3RQX™* —Xg®X™ —>

The relations matrix of is

—X1 0 0

and the dual matrix is
-Y35 -Ys O 0
Y1 Y, 0 0
0 0 —-Yo —Ya
0 0 Y1 Y3

Consider the ordexg > --- > X1 > Y4 > --- > Y1, J has a Gbbner basis lin-
ear in thex; variables. In factd = (f1, fo, f3, f4) and a Gbébner basis of] is
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G = {f1, f2, f3, fa, f5, f6} with fs = xa(Y2Y3 — Y1Ya), f6 = X2(Y2Y3 — Y1Ya),
incd = ((Ya, Ya)xa, (YaY2)Xz, (Y2, Ya)Xs, (YaY2)X4), I{ = (Y3, Ya), I3 = (Y3Y2),
13 = (Y2, Ya), I = (Y3Y2).

The jacobian duaN of | is generated by asrsequence, .. ., X, thatis not a strong
s-sequence.

The torsion submodule of Sygil ) can be read in the dual matrix:

-Y1 Y2
ek
0.xl_(‘ Ya Y

) = (Y1Y4 — Y3Y2).

REMARK 6. The ideall is not generated by assequence. The Gbner basis
of J is not linear in the variable¥s, ..., Y4 for any admissible order such théf >
Y3 > Y2 > Yi1. Then we are forced in this case to study the invariants of Sy =
Symg(M) “via” the jacobian dual.

The computation of the annihilator ideals of the s-sequgeceratingN can be done
by the lemma 3.2 of [9]. Moreover this lemma can be used to coenfhe annhilator
ideals of a generating s-sequenceMf changing the variableg’s with the Y;’s and
for a term order on all variableg’s andY;’s, that is admissible fox; and forYj, for
examplex, > Xp—1 > ... > X1 > Yp > Ypo1 > ... > Yr0orYy > Ypo1 > ... >
Y1 > Xp > Xp—1 > ... > X1.

In general, it is possible tha¥l is not generated by asrsequence andl is
generated by as-sequence. If this is the case (Ex. 8), we can obtain the Rgebra
of M by the quotient Sym(M)/I1*, I1* = 0 : x1* = (Symg(M))o, wherel1* is a
prime ideal. Then (EGC) can be true fR(M) that is a domain,

(EGCT) regR(M)) < e(R(M)) — codimR(M)).

Moreover we have, iR = K[X1, ..., Xm], M a graded finitely generatdgmodule,
N the jacobian dual o® = K[Y1, ..., Yal, generated by asrsequence of elements of
Q of the same degree, Eisenbud-Goto conjecture for the syneratgebra Sym (N),

in terms of the annihilator ideals’, . . ., 1}, of Q.

(EGCZ) maxregQ/1*) :i=1,... m+1< Zim:l e(Q/1) — (n4+m)+

+ maxo<i <m{dim(Q/ ;") + i}
(EGC) regQ/I") < e(Q/I*) —codim(Q/I*), for i =1,...,m.
(EGG”) regQ/1") <=e(Q/1*) —n+dim(Q/I;*), fori=1,...,m.

EXAMPLE 9. | = (X2,Y2, XY), Symg(l) verifies the inequality of (EGC2),
lo=11=(0), I2 = (X?), I3= (X, Y).

regqR/12) = 1, reg(R/13) = 0, e(R/I2) = 2, &(R/I3) = 1

then:
3

maxreg(R/1i),i = 1,2, 3} < Ze(R/Ii) -2

i=1
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is true. For the jacobian dualy = (YZ — Y1Y2), 15 = (Y1, Y3)

reg(Q/17) =1, reg(Q/13) =0, e(Q/17) =2, e(Q/13) =1
then the inequality:

2
maxreg(Q/1;").i =1,2} < > e(Q/I) —2+1
i=0
is verified.

REMARK 7. LetM be a graded module oR = K[X4, ..., Xm], let N be the
jacobian dual oM. Suppose thaty, ..., Xm is a strongs-sequence foN and(0 : x})
is a prime ideal ofQ. Thenxy, ..., X, is ad-sequence irR(M) = Symg(N)/(0 :
X7)-

Our attention actually applies to prove the conjecture h@annihilator ideals
of the jacobian dual of large classes of monomial ideals ln#ar resolution.
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