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PROPERTIES OF SOME

ARTINIAN GORENSTEIN RINGS
Dedicated to Paolo Valabrega on the occasion of hi @irthday

Abstract. In this paper, we fix a Cohen-Macaulay idéatc R = K[x1, ..., Xn] of dimen-
sion 1 and we construct a parameter sgade r) for the family of Artinian Gorenstein ideals

J with reg(J) = r for which | is a tight annihilating ideal. We compute the dimension of
G(1,r)and we prove that if 3> 0 (see section 5 for a precise bound) therdadl G(I,r) are

a basic doublé&-link of G on | whereG is a suitable Artinian Gorenstein ideal containing
l.

1. Introduction

In recent years many authors focus their attention to stuoketein ideals and the
role that they play in various of the applications of ComntiueaAlgebra such as Al-
gebraic Geometry, Algebraic Combinatorics and Number Theo

It is well known that in codimension 2 Gorenstein ideals aoihplete intersec-
tion ideals coincide; and in codimension 3 Gorenstein &laaté completely described
from an algebraic point of view by the beautiful structuredhkem of Buchsbaum and
Eisenbud which allows one to associate an alternating xnafrbdd order to each
Gorenstein ideal of codimension 3. Unfortunately the geomappearance of Goren-
steinideald c K|[xi,..., Xn] is less understood. For this reason, many authors have
given geometric constructions of some particular familegs[2], [7], [9], [10] among
others). In this paper, we construct a parameter spaceddathily of Artinian Goren-
stein ideals] with fixed regularity and fixed tight annihilating idelabnd we prove that
if the regularity is big enough then all these Gorensteimlisié are obtained by basic
doubleG-link of G on | whereG is a suitable Artinian Gorenstein ideal containing

Next we outline the structure of the paper. Section 2 pravaérief glossary
of definitions. In section 3 we recall some constructions oféastein ideals and we
point out some features of the constructed ideals. All ofitleave been successfully
applied in the context of liaison to produce Gorensteindik given ideals and to
study the Gorenstein liaison classes of some particulaisddn section 4, we first
introduce the notion of tight annihilating rinB/1 for an Artinian Gorenstein ring
R/J of arbitrary codimension, given by A. larrobino and V. Karie[6]. Then we
introduce the new definition of tight resolving rifRy | for an Artinian Gorenstein ring
R/J which generalizes the other one in the codimension 3 caseelaie the Hilbert
function of an Artinian Gorenstein rinB/J to the Hilbert function of a tight resolving
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ring for R/ J, and we compare the two notions. We prove that if a Cohen-Magaing
R/1 of dimension 1 is a tight annihilating or resolving ring far Artinian Gorenstein
ring R/J and f € [R]q is a regular form forl then the ideald’ = J : fRis an
Artinian Gorenstein ideal] is a basic double link o’ on | if the degreed of f is not
too large, andR/| is not necessarily either a tight annihilating ring or a tiggsolving
ring for R/J’. We end this section giving a numerical criterion to asshe¢ R/ is
also a tight resolving ring forR/J’.

Section 5 contains the main results of this paper. We fix a Gdhacaulay ideal
I c Rof dimension 1 and we construct the parameter sgdter) for the Artinian
Gorenstein ideal& with reg(G) = r and for whichl is a tight annihilating ideal. We
prove thaiG(l,r) is an open subset of an affine space of dimensioiiR&g. We also
construct the parameter spaB®L(l, s, + d) for the family of Artinian Gorenstein
idealsL = | + f G with regularity redL) = s; +d (s depends on the geometry bf
which are basic doubl&-links of G on | whereG is the suml + |, of two suitable
directly linked ideals. We prove th&D/L(l, s + d) is an open subset of an affine
space of dimensiohg,| (d). The main result of this paper states that i s 41 then
g(l,s +d)=BDL(,s +d).

2. Preliminaries and notation

LetR = K[X1, ..., Xn] be the polynomial ring in the variables, . . ., x, over the field
K, algebraically closed and of characteristic diar = 0. We assume ddgj) = 1,
fori = 1,...,n, and we consideR with the usual induced graduation ovér i.e.

R = ®nen[RIn, Where[R], contains the homogeneous polynomials of degree
DEFINITION 1. Given a homogeneous ideald R, the function
j €Z — hgy(j) =dimg[R/11];

is the Hilbert function of the ring R, wheredimk means the dimension asKector
space.

From the definition it follows that, if # R, thenhg, (0) = 1.
In the following, the dimension of a ring means its Krull dinséon.

DEFINITION 2. Let | € R be a homogeneous ideal.diim R/l = 0, we say
that | is an Artinian ideal, and Rl is an Artinian ring.

Because of the noetherianity of the rifyg this definition is equivalent to the
usual definition (see [1], Ch.6).

Letl € Rbe a homogeneous ideal, and let
(1) O F—->F.1—>--—>F—>1->0

be a minimal free resolution df with Fj = 69?‘:1 RAii (—bhij).
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Following the sheaf theory, we define the regularity of araidand of its quo-
tient ring.

DEFINITION 3. Let | € R be a homogeneous ideal. Then the regularity of
R/lisreg(R/1) = max{bij —i |i =1,...,c} while the regularity of | igeg(l) =
reg(R/1) + 1.

Now, we define the properties of the ideals we are mainly éstexd in.

DEFINITION 4. | is a Cohen-Macaulay ideal if e dimR — dimR/l =n —
dimR/I. Equivalently, Rl is a Cohen-Macaulay ring.

DEFINITION 5. | is a Gorenstein ideal if | is a Cohen-Macaulay ideal and
rank(F¢) = _Z'j‘_‘::l Bej =1, i.e. ke ~ R(—t;) for some integent Equivalently, Rl is
a Gorenstein ring.

We recall now the definition of regular element and some wahkn properties
that we will use in the sequel.

DEFINITION 6. Let | € R be an ideal witdim R/l = 1, and let f € [R]g.
The element f isregularfor 1 ift fR=1.

PropPosSITIONL. If f € [R]q is a regular element for a Cohen-Macaulay ideal
| € R, then the sequence

R R
0— “(=d) - = - -0
| I T+ fR

isexactand R/ +tr(j) = hr/1 (j) — hgyi1 (j —d).

Now, we collect the properties of the Hilbert function negdater on in the
cases dinR/l =0, 1.

PrROPOSITION2. Let | € R be a Cohen-Macaulay homogeneous ideal.

1. If I is Artinian, then fr/ (j) =0, for j > 0.

2. Let R/l be an Artinian Gorenstein ring of regularityf s= reg(R/1). Let k. >~
R(—t;) be the last module in the minimal free resolution oThen

i.sg =t —n;

ii. hr/1(j) = hry(s — j) forevery j e N, and so tg/(s)) = 1 and
st =max{j € N| hg/(j) #0}.

The proof follows from [1], Corollaries 4.1.4 and 4.1.6.

The integers; = reg(R/1) is also calledocle degreef the Artinian Gorenstein
ring R/I.
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PROPOSITIONS. Let | € R be a homogeneous Cohen-Macaulay ideal of di-
mension 1, and regularity;r=reg(R/1). Then:

1. hr/(j +1) = hgy(j), for j >0
2. hryi(r)) = hgy (ry +i) foreveryie N.

The integethg, (r) is called the degree deg/I) of R/I.

The Gorenstein property gives constraints not only on thiedtti function of a
ring, but also on its minimal free resolution.

In fact, using the graded version of [5], Theorem 1.5, oneprane

ProPOSITION4. Let | € R be a Gorenstein ideal. Then, the minimal free
resolution of | is self-dual, i.e.

1 Fej > Fi(-t);
2. 0c—j : Fe—j = Fe_j_1is equal tos*(—t) : F]-*(—t|) — Ff‘+1(—t|)

where F* = Hom(F, R) is the dual module of the free module F

3. Some construction of Artinian Gorenstein rings

In this section we recall some well-known methods to cormstiromogeneous Artinian
Gorenstein ideals iR and some properties that the corresponding quotient riags. h

The first method is the Buchsbaum-Eisenbud structure Thedoe codimen-
sion 3 graded Gorenstein rings ([5], Theorem 2.1).

THEOREM1. Let g > 3 be an odd integer, and,d< --- < dgq be a sequence
of positive integers; set &= gTzl(dl + .-+ + dg) and suppose this is an integer, let
g =d—dj,and j=d — 3, and we supposé < d;,dy < j + 1(so g > 2).

Let ¥ be an alternating gx g matrix with entries from the ring Rsuch that
the entryyij is homogeneous of degreg-ed; if > dj and zero otherwise (so the
entries belong to the maximal ideal of R). Mgtbe the(g — 1) x (g — 1) alternating
matrix obtained by deleting the-th row and column o¥. Then the pfaffiafPf(¥;) is
homogeneous of degreg det | be the ideaPf(¥) generated byPf(¥;),i =1,..., 9.
Then | has grade (heights 3in R. If | has grade3, then | is a graded Gorenstein
ideal of height3, and the socle degree of/Ris j =d — 3.

Let . be the column vector with entrigs = (—1)' Pf(¥;).

i. Suppose | has the maximal possible gr&d&hen | has minimal free resolution
A g Y g AT
0 — R(-d) — ®;_;R(-&) — &;_;R(-d)) — | — 0.

ii. Conversely, if | # R is a height3 graded Gorenstein ideal of ,Rhere is an
alternating matrix¥’ as above, such that+ Pf(\¥).
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No generalization of Theorem 1 is known for height4 graded Gorenstein
ideals.

A second method of constructing Artinian Gorenstein idésithe following
(see [4], Ex. 3.2.11):

THEOREM?2. Letg : [R]s — K be a non-degenerate linear map. Let

- [kerg : (X1,..., %)% 1] if j<s
U= [ry, it j>s

Then I= @jez[1]; is an Artinian Gorenstein ideal of regulariteg(l) = s+ 1.

This construction is equivalent to Macaulay’s inverse eystand allows us to
construct every Artinian Gorenstein ideal with given sodégree. It is a very hard
open problem to relate the linear mapo the minimal free resolution df or at least
to the Hilbert function ofR/I.

The next two methods allow one to construct Gorenstein ririgghatever di-
mension, but we state them only in the Artinian case.

We state the first one as a particular case of [8], Theorem bRt it was first
proved in [10].

THEOREM 3. Let I3, I2 € R be homogeneous Cohen-Macaulay ideals such
thatdimR/11 = dimR/I; = 1. Assume that J= I1 N I, is a Gorenstein ideal such
thatdimR/J = 1. Then G= |1 + |2 is an Artinian Gorenstein ideal.

REMARK 1. (1) Two ideald; andl; satisfying the hypotheses of the previous

theorem are directly linked, ar@ is said the sum of directly linked Cohen-Macaulay
ideals.
(2) The Gorenstein ideals arising as sum of two Cohen-Magalitectly linked ideals
were studied in various papers ([11], [12], [13], for exa@)phnd it is known that not
every Gorenstein ideal can be obtained by using that carigiru(see [11], Example
4.1).

The second and last method is the so-called basic doublekGfi], Lemma
4.8).

THEOREMA4. Let | € J € R be homogeneous ideals such thm R/1 = 1
anddimR/J = 0. Let f € [R]q be a regular form for | Then it holds:

degl + fJ) =ddeql) + degJ).
If 1 is perfect and J is unmixed, thenH f J is unmixed.
J/ =+ f3)/1(d).

if R/l and J/I are Cohen-Macaulay and/J has Cohen-Macaulay type 1 then
J and I + f J are Artinian Gorenstein ideals.

A 0w bR
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REMARK 2. In the same hypotheses as above, the idealf J is called basic
double G-link ofJ on|. Itis known that this construction does not give every Agimi
Gorenstein ideal (see [2], Example 5.13).

Now, we want to give more details on the Gorenstein ideatsrayifrom Theo-
rems 3 and 4. In particular, we will determine how their ratioh looks like.

PROPOSITIONS. In the same notation and hypotheses as Theorem 34f s
reg(R/J), then

1. hryi,(j) = hrya(j) + hryiy (s — j — 1) — degR/11);
2. regR/G)=s—-1;
3. hr/c(j) = hr/,(J) + hryi (s — j — 1) —degR/11);

4, if0— Fh_1 — ---— F1 — |1 — 0is a minimal free resolution of, lthen

Fn—1 F1
0— R(-9 — @ — = @ —-G—->0
Fi (=9 Fr (=9

is a free resolution of Gnot necessarily minimal, whereSs+n — 1.

Proof. Recalling thatl, = J : 11, we compute the first difference of the Hilbert
functions:
Ahgry1,(j) = Ahgya(s—j) — Ahgyi (s —j)

Ahgr/i,(j =1) = Ahgyy(s—j +1) — Ahgj(s—j+1)
and so on, until
AhRr/1,(0) = Ahr/3(s — 0) — Ahgr/,(s = 0).
By adding all the equations we get:
hr/1,(J) = hr/a(s) —hra(s—j —1) — hgryi, () + hr/i,(s—j = 1.

Because of the symmetry of the functiarhr,/; (Ahgr/3(j) = Ahgr/a(s — j)), the
previous equality can be written as

hr/1,(J) = hr/a(j) = hryi (S) + hryi(s—j — 1)

and so the first claim is proved.

The claims(2) and(3) follow from the knowledge of the resolution &. Then,
it is enough to prove the claiif#). The resolution ofc can be computed by mapping
cone procedure from the short exact sequence

0—->J—->11®06lp—>-G—>0
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that relates all the ideals involved in the constructioioBY using the minimal free
resolutions ofi1, J and standard results from liaison theory, it is possibleotojgute a
free resolution of ;. From that last one, we get the claim on the free resolutioB.of
Also if the resolution is non minimal, it is not possible tmcal the last from the left
free module in its resolution, becauSeis Artinian, and so we get also the result on
the regularity ofR/G. O

PROPOSITIONG. In the same notation and hypotheses of Theorem 4,4 d
deq f) then

1. hri+ta()) =hryi(j) +hrya(j —d) = hgy (j —d);

2. if0— Fy_1 — -+ — F1 — | — 0is a minimal free resolution of, Ithen

Fn-1 I:1
0—> R(-S) —» @ e &) —-J—=0
FI (=S Fao1(=9

is a free resolution of Jnot necessarily minimal, for some integer S
3. regR/I + fJ) =regR/J) +d.

Proof. At first, we have the following equality: N fJ = f1.

The inclusion2 is evident. The inverse inclusion is an easy consequendeatfu-
larity of f for I. In fact, if fg € | for someg € Jtheng € | : fR = | and hence
fge fl.

Now, we have that the short sequence
0> I(-d) > @ J(—d) > 1 +fJ—>0

is exact, and so we get the claim on the Hilbert functiofrgf + f J.
From the proof of Lemma 4.8 in [7] we know that the two sequence

O—-1—-J—>J/1 =0

and
O—->1—->14+fJ—=>J/I(-d)—0

are exact, with botld andl + f J Artinian Gorenstein ideals.

We can choosé sufficiently large so that the generatorslof- fJ not in |
have degree at least2reg(R/1). Then, we can apply Theorem 3.2 in [3] and we get
that a minimal free resolution af/1 (—d) is

0— R(-s) = F{(-=8) > - > F}_1(-s) > J/I(-d) > 0

for some integes. Hence, the claim on the free resolutionbfollows, too. O
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4. A class of Artinian Gorenstein ideals

One of the most studied class of Gorenstein rings of dimensie 0 is the class of
quotients of Cohen-Macaulay rings of dimenstbnal. Geometrically, they correspond
to divisors on arithmetically Cohen-Macaulay projectiohames. In particular, it is
very interesting the case when the two rings have the sanfettilunction in small
degrees, and hence we recall the definition of tight anriihdaing given by larrobino
and Kanev ([6], Definition 5.1), which describes that siitmt

DEFINITION 7. Let R/J be an Artinian Gorenstein ring. Let £ J be a
homogeneous ideal such that IRs a dimension 1 Cohen-Macaulay ring. We say that
R/I is a tight annihilating ring for R J if hgr,3(j) = hry (j) for j < reg(R/I), and
hr/3(j) < hryi (reg(R/1)) = degR/1), for every je Z.

REMARK 3. We know that the Hilbert function of the Artinian Gorenstgng
R/J is symmetric, while the one of the rirlg/1 is increasing until it reaches its max-
imum value de@¢R/1). Then, if | is tight annihilating forJ, the Hilbert function of
R/J increases as the one Bf/|, reaches the value d€g/ 1), and after that, it takes
the same value for some integers, and when it takes a diffeadume, it can be com-
pleted by symmetry. Then, reB/J) > 2regR/1).

In codimension 3, we can characterize the minimal free utiemi of an Artinian
Gorenstein ideal having a tight annihilating idedl. In fact, it holds:

PrROPOSITIONY. Let| € R = K[X, Y, z] be a Cohen-Macaulay homogeneous
ideal such thadimR/l = 1and hr/ (1) = 3. Let J 2 | be an Artinian Gorenstein
ideal for which | is tight annihilating. 10 - F» — F1 — | — 0is a minimal free
resolution of | then there exists an integgrt 3 + 2reg R/I) such that

F2 F1
0 — R(-t3) — ® — @ —-J—0
Fi-t)  Fi(-t)

is the minimal free resolution of. J

Proof. See [6], Theorems 5.31, 5.39, 5.46, and Remark 5.43. Thd jgrdased on
the Buchsbaum-Eisenbud structure theorem for codimerss{®arenstein ideals. [J

This property is shared also from the ideals arising fromoféms 3 and 4.
Then, we choose this last property for defining the tight Ikebring for an Artinian
Gorenstein ringR/J of whatever codimension.

DEFINITION 8. Let R/I be a graded Cohen-Macaulay ring of dimension 1 with
minimal free resolution

O->F1—>Fr2—> ---—>F—>R—>R/l >0
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We say that RI is a tight resolving ring for the Artinian Gorenstein gradieing R/J
(or | is a tight resolving ideal for J) if the minimal free rdstion of R/J is

Fn-1 I:1
0— R(-tj) — ® - ® —-R—>R/J—0
Fi(=ty) Fa_1(=t3)

for some integert > n+ 2regR/1).

PROPOSITIONS. Let R/I be a tight resolving ring for the Artinian Gorenstein
graded ring R J. Then, the Hilbert function of RJ is equal to

hr/a(j) = hry (j) +hryi1 (rea(R/J) — j) — degR/1).

Proof. From the additivity of the Hilbert function on exact sequesic we have
hrii (j) = Y15 (—1) dimk [Fi1j, whereFo = R, and, if Fi = @p_, R(—bin)#in,

then dink [Fi1j = >n_, (*T"-27%). Of course,

n

hr/a (i) =D (=D [dimk [F1j + dimk [Fy_i1j1,] =

i=0
n-1 ) n _

= Z(_l)l dimK[Fi]j + Z(—l)I dimK[Fr’,Li]j_tJ.
i=0 i=1

The sequence
0— R(—ty) = F{(-t3) =» -+ > F_1(—ty)

is a free resolution of the canonical moduleR)fl and so

n
S (1) dimg [Fy1j—t, = dimg [Ext“_l(R/I, R)]_ .
4 -0
i=1
It is well known that

dimg [Ext”—l(R/l,R)]j_t = dimg [Ext‘“‘z(l,R(—rl))]j+n_t :

and by Serre’s duality, we have that

dimg [Ext“*zu, R(—n))] - h'@" %, Z(ty —n—}))

j+n-
whereZ is the ideal sheaf obtained by sheaffifing the saturated Idé&nce, the claim
follows. O

REMARK 4. Because of the description of the Hilbert function of a@ision
1 Cohen-Macaulay graded rirfg/1, we known thathg,| (k) < degR/I) for every
k € Z. Hencehr,3(j) < degR/I), for everyj € Z.
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Now, we compare the notion of tight annihilating and tighgaleing ideal for
an Artinian Gorenstein ideal.

PROPOSITIONY. Let J € R be an Artinian Gorenstein ideal and letd J be
a tight resolving ideal for JThen, | is a tight annihilating ideal for J if, and only if,
reg(R/J) > 2regR/1).

Proof. We proved in Proposition 8 above that
hr/a(j) = hry1 (j) + hryi (reg(R/J) — j) — degR/1).

It follows thathgr,3(j) = hr/ (j) for everyj < reg(R/1) if, and only if, regR/J) —
j = reg(R/1) for eachj <reg(R/1), i.e.redR/J) > 2regR/I). O

On the other hand, in the codimension 3 case, we have thatidfeah is tight
annihilating for an Artinian Gorenstein idedlthen it is tight resolving fol, too, as
explained in Proposition 7. Because of the absence of atsteutheorem for Goren-
stein ideals in codimension 4, the best we can say is the following:

ProrPoOSITION1O. Let J € R be an Artinian Gorenstein ideal and letd J
be a tight annihilating ideal for JThen, if the degrees of the minimal generators of J
notin | are at leas® + reg(R/1), then | is a tight resolving ideal for.J

Proof. The claim is [3], Theorem 3.2. O

Now, we want to construct new Artinian Gorenstein idealsfi@given one.

THEOREMDb. Let | € J be homogeneous ideals in Rssume that RJ is an
Artinian Gorenstein ring and that R is a dimension 1 Cohen-Macaulay ring. Letd
be an integer such thatdy;(d) = hgr/ (d), and let f € [R]g be a regular form for |
Then, J = J : f R is an Artinian Gorenstein ideal.

Proof. At first, we prove that)’ is an Artinian ideal. In fact,
hr/3(reg(R/J) 4+ 1) = hr/s(reg(R/J) +i) = O for everyi > 1,

and this is equivalent to the equality]; = [R]; for j > reg(R/J) + 1.

If g € [R]j_d, with j > reg(R/J)+ 1, thengf € [R]j = [J];, and hencegy
[J: fR]j_g = [J']j—d, and this proves thdt)’]j = [R]; for eachj > reg(R/J) —
d+1,i.e.J is an Artinian ideal.

Now, we prove thatl’ is a Gorenstein ideal.

Leto : [Rlregr/3) — K be a non-degenerate—linear map such that ker =
[Jlregr/3)- We definey : [Rlregqr/3)-d — K to be theK—linear map such that
w(g) = p(gf). According to Theorem 2, we prove thatis non degenerate and that

[kery : (X1, - .., %n) TregR/3)—d—j = [J'Treq(R/I)—d—]-
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If w(g) = O for everyg € [Rlregr/J)—d. thenp(gf) = O for everyg e
[RlregR/3)—d i-€. f € [Kerp : (X, ..., Xn) IR/ D=y = [J]g, with d < reg(R/J) —
reo(R/1). Buthr/3(d) = hry (d) and so[J]g = [l 14. Hence,f € [I1q and sof is
not regular forl . This contradiction proves that is non degenerate.

Now, g € [kery : (Xa, ..., %n) lregr/3)—d—j if and only if p(gfh) = O for
everyh € (Xi,...,Xn)!. By definition, this means thajf € [Jlegr/3)—j i.€.0 €
[J: fRlreqr/3)—d—j = [ lreqR/3)—d—j-

Conversely, ifg € [Jlregqr/3)—d—j. thengf e kerp : (X1, ..., %)) and

deggf) = reg(R/J) — j, i.e. p(gfh)y = O,Vh € (xl,...,xn)J. From the defini-
tion of y, it follows that y (gh) = 0 for eachh € (x1,..., X)) and sog € [kery :
(X1, -+ Xn) JregR/3)—d—j - O

REMARK 5. Letl, J, J' be as above. Thenc J C J'.

REMARK 6. If 1 < d < reg(R/J) —reg(R/1) thenhg,;(d) = hg/ (d) both
in the casd is a tight annihilating ideal fod and in the case is a tight resolving ideal
for J.

Now, we give an example to show that the Hilbert functiorRgf)’ depends on
J and f and not only onJ andd = deq f).

EXAMPLE 1. Letl € R= K[x, y, z] be the ideal generated ly§ — xz2, x3 —
y?z, 2% — x?y. Its minimal free resolution is

R-4
0> @& ——S5R(-3—1-0
R(-5)

where

z ¥
A=y Z |
X Y2

The ideall; = (x, y?) is geometrically linked td via the complete intersection ideal
(y3 — x2, x3 — y?2), and the formsf = x5 + y® + 76 andg = x°y + y°z + x2 are
regular forl .

Hence,J = | + fl1is an Artinian Gorenstein ideal with Hilbert function

hr/3 =(1,3,6,7,7,7,7,6,3,1).

Theideals)y = J: fR=(x,y% %) andJ, = J : gR= (X2 —xy — 22, xy —
xz—yz, y?—3xz—2yz— 7°) are Artinian Gorenstein with different Hilbert functions.
In fact, we have

hr/y, =(1,2,2,1)

while
hr/, =(1,3,3,1)
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and so the degree of the regular form is not enough to compatklitbert function of
the new Artinian Gorenstein ideal.

However, if the degred of f is not too large, then the Hilbert function df
depends only od andd. In fact, it holds:

PrRopPOSITION11. In the same hypotheses of Theorem 5, assume furthermore
that | is a tight annihilating (resp. tight resolving) ide&dr J. If d < reg(R/J) —
2regR/1) 4+ 1, then

hr/3(j) = hry1 (j) + hryi (reg(R/J’) — j) — deg R/1).

Proof. We know thatd € J’ and sd J]x C [J]k for every integek.

Letg e [J']k. By constructiongf € [J]k+d. If K+ d < reg(R/J) — reg(R/1)
then[Jlk+d = [l Jk+d by previous Remark 6, and gpe [l ]k becausef is regular
for 1. Hence,[J]x = [J']k for everyk such thak + d < reg(R/J) — reg(R/1) i.e.

k <reg(R/J) —reg(R/1) — d. We proved that)’ is an Artinian Gorenstein ideal and
so its Hilbert function is symmetric. Then, the Hilbert ftion of R/J’ is completely
determined if the conditiok < reg(R/J)—reg(R/1)—d covers at least the first half of
the range where the Hilbert function is non zero. The larddet which that happens
isd =reg(R/J) — 2regR/1) + 1 and the claim follows. O

REMARK 7. If d = reg(§) — 2reg ®) + 1, then reg®) = 2reg ¥) — 1 and
the Hilbert function ofR/J’ is the one ofR/J after erasing its flat part, that is to say,
the values where it reaches d&y1).

We will show how the ideald, | andJ’ are related. To this aim, we need some
properties which we collect in the following lemma.

LEMMA 1. Let |, J, J' and f € [R]q be as in Theorem 5. Then:
@ Infl=fl;
2 J/1 : TR/I = /1.

Proof. 1) The inclusionl N fJ" > f1 follows from the fact that C J'.

Letg € | be an element suchthgt= fh,h e J'. Then,hel : fR=1 and
sog € fl, and the other inclusion is verified.

2) It is evident thal € J’, becausd < J < J'. Then, we can consider the
idealsJ/1, J’/1, and T R/1 of R/I, wheref is the class off in R/l. We want to
prove thatd/I : TR/l = J//I.

Now, if g € J’/I theng + h € J’ for someh € |. But| < J’, and sog =
(g+h)—h e J'. By its definition,gf € J and sogf € J/I. Henceg e J/I : TR/I.

Conversely, ifg € J/I : TR/I, thengf e J/I. Of course, there exists € |
such thatgf + h € J. As for the reverse inclusion, frorh C J we get thatgf =
(gf + h) — h € J. By its definition, it holds thag € J : fR=J",i.e.ge J/I. O
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Now, we can prove that, il is not too large, thed is a basic double link o8’
onl.

PrRoOPOSITION12. Let I,J,J and f € [R]q be as in Theorem 5. More-
over assume that | is either tight annihilating or tight résog for J. Then, if d <
regR/J) —2regR/1)+ 1, then J=1 + fJ'.

Proof. We know thatfJ’ € J and sol + fJ’ C J. Then, the equality follows if
they have the same Hilbert function. The Hilbert functior ef f J’ was computed in
Proposition 6(1) and it is

hr/i4+t3()) =hryi(j) + hr/y(j —d) —hgry (j —d).
By Proposition 11, we have
hr/14+13(J) = hr/ () + hry (reg(R/J) — |) —dedgR/1) = hgr/a(])
and the claim follows. O

Now, we show with an example th&/1 could be neither a tight annihilating
ring nor a tight resolving ideal foR/J’.

EXAMPLE 2. LetR = K[x, Y, z] be a polynomial ring in 3 unknowns, and let
| € Rbe the ideal generated lyf — xz x2 — yz z2 — xy whose resolution is

0— R¥(-3) 5 R¥(-2) > 1 >0

z X
A=y z|.
Xy

The Hilbert function ofR/l ishr/ = (1,3, =), and so regR/l) = 1.
Let J = (y? — xz x? — yz 7% — xy, Xz, —xy) be an Artinian Gorenstein ideal,
whose minimal free resolution is

where

0— R(=5) - R5(=3) =% R5(—2) > J — 0

where
0 0 —x z X
0 0 0 vy z
B = X 0 0 x vy
-z -y -x 0 O
—-X —-z -y 0 O

We havel C J, andt; =5, reg(R/J) = 2. Itis evident thatR/I is a tight annihilating
ring for R/J. We can control the Hilbert function d®/J’ for everyd < 1.

The elemenk € [R]1 is general foll ; in fact,| : xR=|. MoreoverJ : XR=
(y,z x%) = J andR/I is not a tight annihilating ring foR/J’, because the Hilbert
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function of R/J’ verifieshr, /(1) = 1 # hgr/ (1) = 3. Moreover, the minimal free
resolution ofR/J’ is

R(-2) R2(—1)
0— R(—4) — ® — o —-R—->R/J =0
R2(—3) R(—2)

and it does not contain the minimal free resolutiorRf as a subcomplex, and hence
R/ is not a tight resolving ideal foR/J’.

Now, we compute the shape of a free resolutiofRpd’.

LEMMA 2. In the same hypotheses as above, the shape of a free resabditio
R/J is

Fno1 F1
0— R(-ty) — ® — s ® - R—->R/J -0
Fi(=ty) Fa_1(=ty)

where ty =t3 —d.

Proof. From the assumptions on the minimal free resolutionRof andR/J it fol-
lows the diagram

In—1
0 — Fr—1 — - F1 — R - R/l =0
4 { 1 1
Fn—1 F1
0— R(-t3) — &) — - — ® — R - R/J =0
Fi(-ta) Fr_1(-t2)
{ { |
0—- R(-t3) — Ff (-t3) — = Fl;kfl(_t\]) — COkel(()‘:'71) — 0

with exact rows and split exact columns.

Hence, 0— coker(d;_,)(-t;) - R/l — R/J — Ois ashort exact sequence.
It follows that J/1 ~ cokel(d;;_,)(—ty).

But, we know that)/I ~ T(J’/I)andthatf : R/I (—d) — R/l is an injective
map. It follows thatd’/I ~ cokeld}_,)(—t; + d) = cokeld;}_,)(—ty). A free
resolution ofJ’/l is then

0— R(-ty) - F{(-ty) » --- = Fy_;(—ty) — coket(d;_;)(—ty) = O

and so
Fn-1 F1
0— R(~ty) — ® - @ - R—->R/J =0
Fi(=ty) Fa1(=ty)
is a (eventually non minimal) free resolution@f J’. O

Now, we give a numerical criterion to guarantee tha a tight resolving ideal
for J’, too.
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PROPOSITION1S3. Let |, J, J' be as above. If & reg(R/J)—2reg R/1) then
R/ is a tight resolving ring for RJ’".

Proof. At first, we check thahg,y(j) = hgr/ (j) for j <reg(R/I).

Thanks to Proposition 11, we verify thhak, (tyy — j —n) = degR/I) for
everyj <reg(R/1), i.e.thatty —d —n— j > reg(R/I) for everyj < reg(R/1). By
hypothesis, re@R/J) —d > 2reg R/I1), and so the previous inequality can be written
as 2regR/1) — j = reg(R/I) that holds for evenj < reg(R/I).

Now, we want to check that the resolution Bf J’ we computed is minimal.
The resolution is obtained by mapping cone, and so we havédokcthat no en-
try of a matrix representin@ﬁ_j_l(—tj) — Fj has degree zero. Using the nota-
tion stated in Section 2, we have thaf = @Ejle/”ik(—bjk) and F:_j_l(—tj) =
@E":‘lj‘l Rfn-i-1h(—ty4+d—bn_j_1,n), and so we have to prove thgt-d—bn_j_1.n—
bjk > 0 for everyh andk. By substituting the regularity dR/J we get

ty—d—bn_j_ih—bjk=n+regR/J) —d—bn_j_1h — bjk >
2 >n+2regR/l) —bn_j_1n — bjk >
>n-Mn-j-1-j=1
where the first inequality follows from our hypothesis @rand the second one from

the definition of regularity. Then, no cancellation can begrened and the resolution
is minimal. O

REMARK 8. The regularity re¢R/J’) of R/J’ is equal to re¢R/J") =
regR/J) — d. If d < reg(R/J) — 2regR/l) then regR/J’") > 2regR/Il) and
so R/l is a tight annihilating ring folR/J’ by Proposition 9.

Before ending the section, we compute the residudl with respect tal’.

PrROPOSITION14. Let J be an Artinian Gorenstein ideal, letd J be a tight
resolving ideal for J and letJ= J : f R where fc [R]q is a regular form for | with
d <reg(R/J) —reg(R/1).Then, J: ' =J + fR.

Proof. The inclusiond € J/, observed in Remark 5, induces a map of complexes
between the minimal free resolution éfand J’:

0 - R(-t;) - Hy1 - ... > H - J — 0
\: \: A A
0 - R(-t3) - Gpo1 - ... - G - J — 0

and so we get the equality: J’ = J + gRwhereg < [R]t,t, =d represents the last
map R(—t3) — R(—ty) (see [2]). By the definition o)’ we getfJ’ C J. Hence,
feld:J=J+¢gR

If f € J,thenf € I, because of its degree, and this is not possible béing
regular forl. It follows that f ¢ J and sof = ag+h,ae K —{0},h € J, i.e.
J:JV=J+fR O
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5. The main result

In this section, chosen a dimension 1 Cohen-MacaulayRflgthat contains an ideal
G/I such thatR/G is an Artinian Gorenstein ring, we want to compare the ideals
which are basic double G-links & on | with the Artinian Gorenstein ideals contain-
ing | for which | is a tight annihilating ideal.

With this in mind, we construct an Artinian Gorenstein id€ahs the sum of
and an ideal1 which is geometrically linked td (see Theorem 3).

CONSTRUCTIONL. LetJ be a Gorenstein ideal that verifies the following con-
ditions

1.JC;

2. dmR/J =1;

3.ifly=J:1thend =1nNly;

4. the minimal generators @f can be choosen among the minimal ones.of

Then, the ideaG = | + |1 is an Artinian Gorenstein ideal, which is the sum of two
directly linked Cohen-Macaulay ideals.

Of course, there are dimension 1 Cohen-Macaulay rings factwthe construc-
tion does not work, and that depends on the geometry of trenses defined by those
rings, as the following example shows.

ExAMPLE 3. LetP?2 = Proj(K[x, Y, z]), and letX, Y, Z be three 0-dimen-
sional schemes of degree 11 defined by the ideals= (x3 — y2z, 7% — xy3, y® —
X228, Iy = (x3, —xy3, y® — x22%) andlz = (x3, —xy?, y°), respectively. The three
schemes have the same Hilbert function

hx =hy =hz=(1,3,6,9,11 —).
The minimal free resolution dfy is
0— R%(—6) 2 R(=3)® R(—4) ® R(=5) — Ix — 0

where

v A
A= x2 y?
z X

The first two generators df form a regular sequence, ande= (x3—y?z, z* —xyd)
is a complete intersection ideal. The idéal= J; : Ix = (X, z) has degree 1 and
Ji=IxnNlq.

The minimal free resolution dfy is

0— R2(—6) —> R(=3) ® R(—4) ® R(—5) — Iy — 0
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where
y3 28
B=| x® y?
0 x

It is evident that, ifF € [ly]a, thenx®, F is not a regular sequence becagsg F)
(X). Hence, the minimal degrees of two generator$yothat form a regular sequence
are 3 5, and the corresponding idedlhas degree 15.

The geometrical reason for that behavior is tiMatontains a degree 5 sub-
schemeY’ contained in a linely: = (x, y°) 2 ly.

The minimal free resolution dfy is

0— R2(—6) -S> R(=3) ® R(—4) & R(—5) — |7 — 0

where
y> o
C=|[ x%2 y?
0 x

Z is supported on the poir&(0 : 0 : 1) with Io = (X, y). If J1 C Iz is a complete
intersection with generators of degree$3then J; = (x3, xy?l + y®) for somel ¢
[Rl1.

We haved; : Iz = (X2, y?+xI) = I1andlzN 1 = (x3, y3(y?+x1), xy%) ¢ J
(in fact,xy® = xy(y? 4 xl) — yl(x?)) and hence no complete intersection id@aives
a geometric link ofZ with another scheme. This happens becatise not locally
Gorenstein.

REMARK 9. We were informed by A. larrobino that M. Boij, in a talk at itlo-
eastern University, proved that there exists an Artiniame@stein ideall 2 | with
| tight annihilating forJ if, and only if, the ringR/1 is locally Gorenstein, i.e. every
localization of R/l at a minimal prime is a Gorenstein ring.

It is natural to look for an ideal of minimal socle degret® construct the ideal
I1. Then, we define

DEFINITION 9. Let | be a Cohen-Macaulay ideal such thatIRhas dimension
1 and is locally Gorenstein. We set

s = min{reg(R/J)|J verifies the hypotheses of Constructign 1

If we write a minimal free resolution of an idedlof minimal socle degree we
have
0—- R(-sf—n+1) - Qn2—>:--—>Q1—>J—0.

As we showed in Example 3, the integgrdepends on the geometry of the ring
R/1.
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Let J be a Gorenstein ideal fulfilling all the assumptions of Camgion 1, and
verifying regR/J) = s;. Then, we fix now and forever, the ide@l = | + 11, where
1 =J: . Afree resolution ofG was computed in Proposition 6(2).

Now, we want to construct a parameter space for the familyhefArtinian
Gorenstein ideals obtained by basic double G-link fr@non I, that arel + fG =
I + flq, forsomef € Rregular forl.

The key property to construct this parameter space is th@nfivig:

PrRoOPOSITION15. Let f1, f2 € [R]g be two elements, regular for Then |+
fily =1 + fol1if,and only if, § = fo mod (1).

Proof. First, assume, = fo mod (l). Letg € | + f2l; be aform. Then, there exist
p € | andq € 11 such thag = p + f2q. By assumption, there exiskse | such that
fo=fi+h Henceg=p+ fiq+hg=(p+hqg)+ fig=p1+ fig e | + f1l1
becausgp1 = p+hqgel.

Vice versa, ifLy = | + f1l1, Lo =1 + falgandLy = Lo then,L1 : G =Ly
G. By Proposition 14) + fiR =1+ fRand thenf; — fo € I. O

We are able to construct the parameter space for the famithefArtinian
Gorenstein ideals which are basic double G-link&adn | .

THEOREM 6. Let | € R be a dimensiorl, locally Gorenstein, Cohen-
Macaulay ideal. Let

BDL(l,s +d)={L =1+ fli|deg f) =d, f regular for 1}

be the family of the Artinian Gorenstein ideals that are bakiuble G-links of G on
I, of regularityreg(L) = s; + d. Then,BDL(l, s + d) is parametrized by an open
subset of an affine space of dimensiggtd).

Proof. Every idealL € BDL(l, s + d) corresponds to the choice éf € [R]q such
thatl : f R=1, thatis an open condition.

By Proposition 15, the Artinian Gorenstein idedls = | + f1l; andLy =
| + fol; are equal if, and only iffy — fo € I.

Hence, the natural parameter spaceA®L(1, s + d) is the open subs&V of
the affine spacgR/I1]q corresponding to the forms that are regularifor

By definition, dimW = dimg [R/11q = hgry (d). O

Now, following [6], we construct the parameter space for@mrenstein ideals
for which | is a tight annihilating ideal.

THEOREM 7. Let | € R be a dimensiorl, locally Gorenstein, Cohen-
Macaulay ideal. Let

G(l,r) = {L|lis a tight annihilating ideal for L reg(L) =r}
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be the family of Artinian Gorenstein ideals L containing |teght annihilating ideal,
of regularityreg(L) = r. Then, the parameter space®fl, r) is an open subset of an
affine space of dimensiateg R/1).

Proof. The statement in the case of codimension 3 is part of the nerergl Theorem
5.31in [6]. But the proof holds verbatim in our hypotheses. O

Now, we can state our main result.

THEOREM 8. Let | € R be a dimensiorl, locally Gorenstein, Cohen-
Macaulay ideal. Let &> s + 1 be aninteger. Theg(l, s, +d) = BDL(l, s + d).

Proof. If d > s; +1, thenhgr, (j) = hr/1(j) Y] < s/. Moreover, by using arguments
as in the proof of Proposition 13, we can prove that a minimesd fesolution ot is

Fn-1 I:1
0— R(-t) — ® - @ — L —0,
Fi(-t) Fa_1(=1)

wheret = 51 + n+d — 1, and sol is a tight annihilating ideal for every <
BDL(l, s +d). Hence BDL(I, s1+d) € G(I, s +d). Moreover, botit3DL(1, s +d)
and G(l,s + d) are parametrized by open subsets of affine spaces of dinmensio
degR/1) = hgy (d). Now, to prove thaBDL(l, s; +d) = G(I, s +d), itis enough
to prove thatBDL(l, s) + d) is closed inG(l, s + d).

If L e G(l,s +d), anditis the flat limit of a 1-parameter flat family of ideals
in BDL(l,s + d), then there exists a 1-parameter family of polynomils [R]g
suchthaty =1 + fil; — L fort — 0.

Itis evidentthatl + fil; — | + fgl1 =L, fort — 0, with fy € [R]g.

If fois notregular forl, then there exists a minimal homogeneous prime ideal

P € R/I that containsfoR + |, and so dimﬁ # 0. But this is a contradiction
becausd. is Artinian, and sofg is regular forl .
Hence,L is a basic double G-link o on |, and so we get the claim. O

The same argument as above proves also the following

PROPOSITION16. Let I, J be as above, and lét < d < s; be an integer.
ThenBDL(l,s + d) is a quasi projective subschemedfl, s; + d) of codimension
degR/1) — hg (d).

In R = K[X, y, z], itis known that the first half of the Hilbert function of the Ar
tinian Gorenstein rindR/L is admissible as Hilbert function of a dimension 1 Cohen-
Macaulay ringR/1. Moreover, ifthg,_(j) = s for at least 3 consecutive integers, then
there exists a dimension 1 Cohen-Macaulay fiyd of degree de@R/1) = sthatis
a tight annihilating ring fol. In higher codimension, we could not find an analogous
numerical condition to guarantee the existence of a tighihalating ring forL .
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