Rend. Sem. Mat. Univ. Pol. Torino - Vol. 64, 4 (2006)
Syzygy 2005

G. Restuccia

SYMMETRIC ALGEBRAS OF FINITELY GENERATED

GRADED MODULES AND s-SEQUENCES
Dedicated to Paolo Valabrega on the occasion of hi @irthday

Abstract. We study properties of the symmetric algebra of finitely getegrgraded modules
M on a Noetherian rindr, generated bg-sequences. For these modules we investigate the

Eisenbud-Goto conjecture. R = K[X4, ..., Xp] is a polynomial ring over a fiel&k and
M has linear syzygies, we consider the jacobian dual moduM of order to describe the
Rees algebra df1.

1. Introduction

The aim of this paper is to study an interesting class of fingenerated modulel!

on a Noetherian rindR for which the initial ideal of the presentation idelof their
symmetric algebra is very simple. More precisely, with egto a special order on
the variables that correspond to the generators of the mmddulwe have a good ex-
pression for the initial ideal of. This area was investigated in [7], where the authors
computed some algebraic invariants of Sytl) or their bounds in terms of special
ideals of the ringR. The theory gives definitive results R is the polynomial ring in

m variables on a fieldk of any characteristic by using the &@mer basis theory (in the
following K always denotes a field). Here we would like to study an apjineof
previous results essentially in two directions. We haveyraras of applications and
this is only the starting point of investigation viasequences. The first is to test the
Eisenbud-Goto conjecture (EGC) for the symmetric algebemoduleM generated
by ans-sequence. After we have given formulations in this caseb&gn to work in
this direction. For regular sequences of forms in the patyiabring (which are strong
s-sequences) we prove the (EGC).NF has linear syzygies on the polynomial ring
R = K[X31, ..., Xm], @ nice construction of [12] leads to the jacobian dual medul

of M. N is a finitely generated module on the ri@g= K|[Y1,..., Y] and we have
the isomorphism Syg(M) = Symg(N). Then itis interesting to ask, whewi is gen-
erated by ars-sequence, ilN is generated by asrsequence and viceversa, and this is
the second area. In this context it is possible to describ®&tes algebra of the module
M as a quotient of the symmetric algebra by its torsion subneodu particular, in
section 1 we give the definition sfsequence introduced in [7], we recall some known
results and we formulate the Eisenbud-Goto conjecturénsymmetric algebra of a
finitely generated graded modulé generated by as-sequence on a Noetherian ring
in different ways. In particular, iR = K[X4y, ..., Xm] is the polynomial ring, we give

it in terms of the annihilator ideals of thesequence. As an application, we verify
(EGC) for a regular sequence of formsRf

In section 2 we introduce the jacobian dual of a modMleon a polynomial ring
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R = K[X4,..., Xm]. This module can be defined if the presentation matriVof
has linear entries in the variabl&s and its interest appears in many fields of commu-
tative algebra. If this modul®&l over the polynomial rin&K[Ys, ..., Yn] is generated
by a strongs-sequence, we obtain that the torsion submodule of WY coincides
with the first annihilator ideal of the-sequence generating and it is an ideal ofQ.
The Rees algebra d¥l, as a quotient of Syg(M) by its torsion submodule, can be
computed. As an example, we consider a monomial ideal witrali syzygies not gen-
erated by ars-sequence, whose jacobian dual is generated lsysaguence. The idea
is to address our interest to many computations in this timec

2. Preliminaries

Let R be any Noetherian ring anill a finitely generatedr-module with generators
f1,..., fn. If we consider a presentation bf

r™ . R" > M — 0,

thenf is represented by anx m matrix (g ) withentries inR, 1 <i <n,1<j <m.
The symmetric algebra ofl on R, Symg(M) = @i>0S (M), where, for each, S (M)
is the component of degréef Symg (M), has a presentation:

0— J - Symg(R") - Symg(M) — 0

and Syng(R") >~ R[Y1, ..., Yn] is the polynomial ring orR in the variablesy;, J is
the relation ideal of Syg(M), J = (01, ..., Om), with g; form of degree 1 in the’j,

g = Z?Zlainj,fori =1,...,m,then Synx(M) ~ R[Y1, ..., Yn],/J.

The main problem is how to compute standard algebraic iamgsiof the graded alge-
bra Symg(M) such as the dimension d{®ymg(M)), the multiplicity Symg(M)),
the depth depittBymg(M)) with respect to the graded maximal ideal Syiv)™ =
®i-0S (M), the regularity regM), in terms of the corresponding invariants of special
quotients of the rindR.

The first three invariants are classical. For the last imvdriwe recall that regM) is
the Castelnuovo-Mumford regularity of the graded modulelts importance is briefly
indicated in Eisenbud-Goto theorem which is an interesiiegrription of regularity in
terms of the graded Betti numbersdf ([2]).

They show that regM), when M is a graded finiteR-module, whereR =
K[X1,..., Xm], measures the “complexity” of the minimal free resolutidn\d as
an S module. Therefore regularity plays an important role imgnfields of commuta-
tive algebra.

More precisely, if we consider a graded minimal free resotubf M on S

O—-F— - - -—>F—->F—>M-=0,
if by is the maximum degree of the generators of the free maogulnen

reg(M) = supbj —i,i > 0}.
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In other words, regM) is the smallest integen such that for every, the j-th syzygy
module ofM is generated in degree m 4+ j (equivalently, regM) = sugfi i+j #
0, for somei}, wherep; , are the graded Betti numbers ).
If R is not a polynomial ring, the regularity df1 can be infinite. A nice area of
investigation in commutative algebra is the study of gradechogeneous algebra#s
generated in the same degree such that(Agm™) = 0 as anA-module andn™ is
the maximal graded ideal @.

A computation of the previous invariants can be obtained fianitely generated
R-module that is generated by arsequencdy, ..., f, in the sense of [7]. Consider
the presentation of Syg(M)

Symg(M) = R[Y4, ..., Yal/J.

The ideal Symy(M)* is generated by the residue classes of¥ththat are calledf;*,
because the variableg correspond to the generators of the modle= Rf; +
.-+ 4+ Rfy in the presentation of Syg(M). For everyi = 1,...,n, we setM;_; =
Rfi +---+ Rf_1 and letl; = Mj_1 :r fi be the colon ideal. We sé§ = (0) for
convenience. Sinc®lj/M;_1 >~ R/Il;, sol; is the annihilator of the cyclic module

R/1;, lj is called an annihilator ideal of the sequerfge. . ., fi.
Consider the polynomial rin@[Y1, ..., Yn] and let< be a monomial order on
the monomials oR[Yy, ..., Yn] in the variables; such that

Yr<Yo <. <Yy

We call < an admissible order.

With respect to this term order, f = > a,Y*, Y* = Yfl - Y5", o € N", we put
in. f =a, Y%, whereY” is the largest monomial ifi such that,, # 0.

If we assign degree 1 to each variableand degree 0 to the elementsRfwe have
the following facts:

1) Jis a graded ideal,

2) the natural epimorphist® — Symg(M) is a graded homomorphism of graded
algebras orR, Sis a graded ring and SygtiM) is a graded ring.

DEFINITION 1. The sequence;f..., fyis an s-sequence for M if
(11Y1, 12Y2, ..., 1nYn) = in_J.
If 1, C I C--- C Iy, the sequence is a strong s-sequence.

EXAMPLE 1. Any d-sequence of elements, ..., a, in R is a strongs-se-
guence, with respect to the reverse lexicographic ordeheryit, with Y1 < Yo <
- < Yp ([7], Cor. 3.3).
As a consequence regular sequences, proper sequence®agsstequences, since
they ared-sequences ([10]).
If I = (a1, ...,an), we have Syra(l) = Rr(l), the Rees algebra of
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If R=K[Xg,..., Xm] we can use the @bner basis theory and Buchberger's
algorithm to compute inJ.
If R = K[Xq,..., Xm], then Symxg(M) = K[Xq,..., Xm, Y1,..., Yal/J. We can
introduce a term order on

S=K[X1,..., Xm, Y1, ..., Yn]

suchthaty; < Yz <--- < YyandX; <Y; for anyi.

For exampleX; < X2 < -+ < Xjp < Y1 < Y2 < --- < Y is such a term order.

If G is a GiBbner basis forJ C K[X1,..., Xm, Y1,..., Yn], we have inJ
= (in.G) = (in. f, f € J) and if the elements dB are linear in they;s, it follows
that f1, ..., f, is ans-sequence foM.

REMARK 1. If R = K[Xjy,..., Xpn], from the theory of Gibner basis, if
f1,..., fpisans-sequence with respect to any admissible term otdéhnenfy, ..., f,
is ans-sequence for another admissible term order, too.

THEOREM 1 ([7]). Suppose R is a standard graded algebra, M is a graded
R-module which is generated by the homogeneous s-sequgnce, ff,, where all f

have the same degreg, | ..., |, are the annihilator ideals of the sequencg .f. ., fj.
Then:
i) dimSymy(M) = max {dmR/(ly, +---+ 1;,) +r1}
0<r=<n

1<ri<--<rn=n

i) eSymgM) = D eR/(lry 4+ Ir,),

O<r<n
1<ri<--<rp=n

wheredimR/(ly; +--- + Ir,) =d —r, d = dim Symg(M).
For a strong s-sequence we have:
d = dim Symg(M) = Omax{dim R/l +r},
<r<n
eSymg(M) = > eR/I).
dim I%ﬂrsid—r

THEOREMZ2 ([7]). If R = K[X4,..., Xm] and M is generated by elements of
the same degree, which are a strong s-sequence, then

1) reg(Symgr(M)) < maxreg(R/l1;),i =1,...,n}+1,
2) depth(Symg(M)) > min{depthR/l;) +i,i =0, ..., n}.

The notion ofs-sequence can be useful essentially:

1) to test some conjectures for graded modVegenerated by-sequences,
“via” conjectures about annihilator ideals bf, in particular we are interested to test
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the Eisenbud-Goto conjecture (EGC) for Sy¢M), when M has generators of the
same degree and the regularity is the ordinary regularity.

The (EGC), that involves all invariants of SytM), can be more easily verified
if M is generated by asrsequence.

2) to describe the Rees algebra of tRenoduleM, R = K[X1, ..., Xm],

RR(M) = Symg(M)/(Symg(M))o

and to test (EGC) in the case the matrix of the relationslast linear in the variables
X1, ..., Xm. In this situation in fact we have a nice construction thdtects many
cases of ideals and modules (in particular those ones wigtatiresolution): the jaco-
bian dual moduleN.
If N is the Jacobian dual dfl, then natural questions arise:

i) When the jacobian dudll of M is generated by asrsequence?

ii) If it is the case, does Syg(N) verify (EGC)?

3. Eisenbud-Goto conjecture

There are several conjectures to connect the measures ajriiy@exity of an algebra.
One of the most important is the following:

CONJECTURE2. (EGC) If Ais a standard graded domain on a figldhen
reg(A) < e(A) — codim(A),
where codinGA) = emb din{A) — dim(A).

If A is Cohen-Macaulay, the conjecture is true and we haveaktyu[2]).
We will establish the (EGC) for symmetric algebras of finitgenerated graded mod-
ule M generated bg-sequences.
We consider different formulations of the conjecture.

1) (EGC1) Eisenbud-Goto conjecture for the symmetric algebra of duteVi
on a standard graded algeliRagenerated oiR by a strongs-sequence of elements of
the same degree, and such that RYM) is a domain

reg(Symg(M)) < e(Symg(M)) — codim(Symg(M))

2) BEGC2) If R = K[X4,..., Xm], M a gradedR-module generated by a
strongs-sequence of elements of the same degree, Eisenbud-Ggexitoa for the
symmetric algebra oM in terms of the annihilator ideals of the stroegequence
generatingM is

maxreg(R/1i) :i=1,...,n}+1< Ze(R/Ii) — (n+m)+0max{dim(R/Ii)+i}
i=1 =i=n
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3) (EGC3) Eisenbud-Goto conjecture for any annihilator prime idga strong
s-sequence of the same degred, generating a gradégmoduleM, R = K[X4, ..
Xm], or R standard graded algebra that is a domain
(EGGC;) reg(R/1i) < e(R/lj) —codim(R/l;), fori =1,...,n,dmR/l; =d —1i.
(EGCY) regR/li) <e(R/l)) —m+dim(R/l;),i =1,...,n,dmR/l; =d —i.
In 2) and 3)d = dim Symg(M).

4) The same conjecture formulated for the Rees alg&liid ), whenR (M) =
Symg(M), R a standard graded domain alWdgenerated ok by a strongs-sequence
of elements of the same degree, becomes:

(EGCY) regR(M)) < e(R(M)) — codim(R(M)).

If R = K[X1,...,Xm], M a graded finitely generateB-module generated by an
s-sequence of elements of the same degree, Eisenbud-Ggecttoa of R(M) =
Symg(M) in terms of annihilator ideals of the strosgsequence generating (for
exampleM is anideal ofR = K[X4, ..., Xm] generated by d-sequence of elements
of R):

L

n

(EGC2') maxireg(R/1i) :i =1,....n} < > e(R/li) —n
i=1
(EGC3") regR/1;) < e(R/lj) —m+ dim(i?/li)
Some implications:
(EGC2) = (EGCY)
If R=K[X1,..., Xm], by Theorem 1 and Theorem 2, we have:
reg(Symg(M)) < maxregR/l; :i=1,...,n}+1
n
< ;e(R/li) — (n4m) — max{dim(R/li +1)}
< e(Symg(M)) — codim(Symg(M))
(EGC’) = (EGC;), for any ideallj,i =1,...,n.
regR/1i) < e(R/lj) = m+dim(R/l;) < e(R/1j) — codim(R/1;).
(EGCj) foreveryi =1,...,n= (EGC2)
Since EGC) is true for evenyi,i = 1,..., n, we have:

maxXregR/l; :i =1,...,n}

< D eR/li) = (n+m) — (n—2)m-+dim(R/ls) + > dim(R/1;)
i=1 i=1

i #s
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< E e(R/lj) = (n4+m) + E (dim(R/lj) —m) +dimR/Ig
i=1 =1
i#£s

n
<D eR/l)—(+m)+dmR/ls+s—1
i=1

sincen < m.

If sis the integer such that difR/ls) + s = lrn_ax{dim(R/Ii) + i}, then we
<i<n

have
max{regR/l; :i=1,...,n}
< D eR/li) = (n+m) — (n—2)m+dim(R/ls) + > dim(R/1;)
i=1 ii;ls
< D e(R/1) — (n+m) + > dim(R/1;) —m) + dim R/l
i=1 ii;ls
<D e®R/li)—(n+m)+dimR/ls+s—1
i=1
since dimR/l; —m<0,i =1,...,n.

In order to state the (EGC) for the jacobian dual modulef M, we need some
facts onN. As a consequence we will give the formulation of (EGC) fbin the next
section.

ExaMPLE 2 (Regular sequences). LRibe a Noetherianringand lég, ..., f,
be a regular sequence of elementfnfThen fy, ..., f, is a strongs-sequence with
respect to any reverse lexicographic order on the variahles ., Y, such thaty; <
Y2 < ... < Yn with annihilator ideald; = (0), I2 = (f1), ..., In = (f1,..., fa_1)
andincJ = ((fo)Yz, ..., (f1, ..., fam1)Yn).

In fact a regular sequence islasequence, hence the assertion follows.

THEOREM 3. Let R be a Noetherian ring and let,f..., f, be a regular se-
quence. Let I= (fq, ..., fn) andSymg(1) = R[Y1, ..., Yal/J. Then we have:
1) Jis minimally generated by the elemenisg fiYj — f;Y;, 1 <i < j <n.

2) If R = K[Xy,..., Xn], the sef{gijj,1 < i < j < n}is a Grobner basis with
respect to any reverse lexicographic order on theavid such that ¥ < ... <
Yh.
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Proof. 1) Putgij = fiY; — f;Yi,i < j and suppose thajj }1<i <j<n is not a minimal
system of generators &f. Then

fiYi—fYi= Z h,kGpks
(p,K)AG, )

foresomd, j,1<i < j <n.

Hence
fi = Zhjpfp+zhpj fy
p>] p<i

and this is a contradiction.
2) We have to consider th&-couples:

) S(gij, Gik), ] #kK
i) S(gij, 9kj), | #K
i) S(gij, ko)1 #K ] #p
Fori), S$(gij, Gik) = Yi(—fkYj + fjYk).
Forii), S(gij, oj) = fj(—fiYk + fkYi).

Foriii), S(gij, k) = —fkY,0ij — fjYigk-
So, by Buchberger’s criterion we getiJ) = (in<gij ). O

Now, letR = K[X4, ..., Xm] be a polynomial ring and ldt be an ideal ofR
generated by aR-sequencds, ..., f, of homogeneous elements.
Case I:f4, ..., fn have the same degree

PropPOSITIONL. regSymg(l)) < (n—1D@—-1)+ 1.
Proof. Sincefy, ..., f,is a strongs-sequence, then we can apply the formula

reg(Symg (1)) < max{reg(R/li),1 <i <n}+1,

wherelg = 11 = (0), I2 = (f1),..., In = (f1, ..., fn_1). The result follows by the
Koszul resolution for the annihilator idedls 2 <i < n. O
PROPOSITION2. Let | = (f1,..., fy) € R= K[Xy,..., Xn] be generated

by a regular sequence of forms of the same degree a. [H®BG2")is true.

Proof. We have to prove that

maxreg(R/1i),1<i <n} < > e(R/li)—n

1<i<n
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that is N
(n-Da—(n-1 <> at-n
i=1
(h—la<a+a’+---+a" L
The assertion follows. O
PROPOSITIONS. Let | = (fq,..., fh) € R = K[Xy,..., Xn] be generated

by a regular sequence of forms of the same degreea Then(EGC;) is true for i,
1 <i < n, such that the annihilator idea] Is a prime ideal.

Proof. We have to prove that r¢g/li) < e(R/lij) —i +1,i.e.(i —Da—( —1) <
a~! —i +1and(EGC)) is true. O

REMARK 2.
1) Forn > 1, in Proposition 1 we have in fact equality. The result cdiofofrom
the resolution of the algebra Sy(l) = R(l), by employing the Eagon-Northcott
complex. LetS = K[X1,..., Xm; Y1,..., Ya] and letF andG be finitely generated
free gradeds-modules of rank 2 anh respectively. Consider a graded homomorphism
of degree zerg : G — F, g represented by the matrix

f]_ fn
Y. . Yo
We can writeg : S(—a)" — S? and we consider the Koszul complex arising frgm
n n—-1
K@) :0— /\G®S(F)(—n)—> /\ GR®S(F)(—n+1)— ---
o> G S(F)(-1) — S(F) — 0,
whereS(F) = Symg(F) = S[T] = §[T1, T2] and the differential
i i-1
6: NG®S(F)(—i) > N\ G®S(F)(—i +1)
is defined by
[
St AtaA .. AL ® T(T)) =Z(—l)jg(tj)tl/\tgA.../\ﬁ/\.../\ti ® f(T).
j=1

Sinceht(J) =n—1,dimR(l) = m+1=n+m— ht(J) andJ is perfect.
The complex

0
Do(@): 0~ ( \G®Si2(F)) > (G& Sia(F)-D) - -
n—-2

N (n/_\se ®S(F)(-n+3) - (\GeSFI(-N+2) > S-0
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resolvesS/J ([7], (2.16)).

Since any generator o&f has degrea + 1, the shift in the place 1 isa, that isa is the
shift of the generators of the module"—2G ® S(F))*. Finally, the complex above
is the dual of a Koszul complex. Hence:

regS/J)=n—-la—(h—1)+ 1

2) If f1,..., fn is a regular sequence offorms of degrea > 2, Synix(l) = R(l),
| = (fy,..., fn) and regR) < regR(l) < max{regR + 1,regR + n(a — 1)} ([5],
Corollary 2.6).
Form =1, regR = 0, regR(l) = 0. The assertion follows and (EGC) is true.
Form > 1,regR=0and 0< regR(l) < maxl,n(a— 1)} =n(a—1).

n n

Forn > 3, whatis neededis(a—1) < > a '—n+1na< > a '+1 Ifwe
i=1 i=1

writtna=a+ (a+a)+ (n —3)a, we havena<a+a?+ > ,a~tand (EGC)is

true.

Case ll: f1, ..., fy are forms of different degreek, ..., d,, d1 <dz < ... < dy.
ConsiderR as a graded ring by assigning to each variakledegree 0. Thers =
R[Y1, ..., Yn] is a graded ring if we assign to each variabledegree 1. Lei< be
a monomial order on the monomials ¥, ..., Y, such thaty; < Y2 < -+ <
Yn. Since fy,..., fy is a regular sequence, it is a strosgequence and in] =
(|1Y1,..., InYn)a li = (f]_,..., fi_1)f0ri =1,...,n

As a consequence

regR(l) =regR[Y1, ..., Yal/J <regR[Y1,...,Ynl/in.J =
=regR[Y1, ..., Yal/(I1Y1, ..., InYn) < max{reg(R/li),1 <i <n}+ 1

But the last regularity is 0, since all matrices have entokdegree 0 in the mini-
mal graded resolution of any annihilator iddal We needR (1) is a standard graded
algebra for the formulation of (EGC).

4. Jacobian dual

Let R = K[Xy,..., Xs] be a polynomial ring and IeE be a finitely generatedk-
module with presentation :

R" 4 R 5 E—0
where the entries of the x m matrix A = (g;j) that representg are homogeneous
linear forms.
The equations of the symmetric algebraegfSymg(E) = S(E) are

n
fj=Zaini ji=1,...,m
i=1
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There is a naive duality foB(E), obtained from rewriting the equatiorfg in the X;'s

variables. . .
fj=Za”Yi=Zbini j=1,...,m
i=1 i=1

andB = (bjj) is ans x m matrix of homogeneous linear forms in tigs variables.

We have:
Y1 Xl fl
/A\t . = Bt . = .
Yn XS fm
Now we putQ = K[Ys, ..., Ys] and consider the cokernil of the map

oL s N,

whereV is the map represented I8/
N defines the Jacobian dual moduleE®{[12], [14]).

ExXAMPLE 3. We can write the relatiof = (X1 — 2X2)Y1 + (X1 + X2)Y2 +
XsYzasf = (Y1 + Y2) X1 + (—2Y1 + Y2) X2 + Y3X3.

REMARK 3. Synmg(E) = Symg(N).

EXAMPLE 4. Suppose thah = B, in the sense that the two matricAsand B
have the same elements under the substitupr— Y;, n = s. ThenR = Q and
E = N.

There is a nice situation that will be interesting in theduling.
Let R = K[Xg,...,Xnl, | = my = (X1,..., Xn), Symg(my) = R(My) =
K[X1,..., Xn; Y1,..., Yna]l/J, whereJ is generated by the binomial§ Y; — XjY;,
1<i < | <n,the 2x 2-minors of the 2x n matrix

Yl Y2 Yn ’
The binomials in theX;’s give the dual matrixB of the relation matrixA of m,.
under the substitutioX; — Yj,i, j =1,...,n.

Notice that the set of binomials is an universab@mer basis for the ideal and this
impliesm,. is generated by asrsequence linear in thg’s and linear in theX;’s, too.

Another example is given by, = (X4, ..., Xj),i <n.
Symg(m;i) = K[X1, ..., Xn; Y1,..., Yil/J

whereJ; is generated by the binomia¥sYs — XsY,, 1 < ¢ < s <i, the 2x 2 minors

of the matrix
X1 X2 ... X
Y. Yo ... Y )
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PutS = K[Y1,...,Yi], Symg(m;) = Symg(N) and X4, ..., X| is ans-sequence (it
is a regular sequence) foi; and the sequence of 1-forms, . .., x* is ans-sequence
for the jacobian duaN of m;, wherexy, ..., X, are the residue classesXi, ..., X,
in (X1, ..., Xnl/J.

PROPOSITION4. Let R = K[X4,..., Xm] be a polynomial ring and M a
graded R-module generated by forms .f ., f, of the same degree. Suppose that the
relation ideal J ofSymg(M) is generated by forms that are linear in both sets of vari-
ables Xand Y, and let N be the jacobian dual of M generated hy .., Xm, where
Xi,..., Xy are the images of the elementg,X. ., Xy in the ring K[Xy, ..., Xm;

Y1, ..., Ynl/Jd.

Suppose J has a @Gbner basis linear in the Xand Y variables with respect to the
reverse lexicographic order on all variables and to the twdess of variables ¥, >
o> X1>Ya> o> Yiand Yy > ..o > Y1 > X > LLL> Xl

Then M is generated by an s-sequence if and only if N is ges@iat an s-sequence.

Proof. Itis a consequence of the previous facts. O

REMARK 4. The strong case concerdswvith a universal Gobner basis that is
linear in theX andY variables with respect to any permutation of variables.

REMARK 5. If we know the Gobner basis ofl that is linear in the variableX
andY, with respect to the reverse lexicographic order and totleeorders of variables
Xm>...>X1>Ya>...>YrandYy > ... > Y1 > Xpn > ... > Xq, thenwe
can write the annihilator ideals of the sequendes .., fy andxs, ..., Xm by using
lemma 3.3 of [9].

The theorem gives the annihilator ideals for tieequence generating the jacobian
dualN of M, but the proof can be repeated to have the annihilator icdai.

EXAMPLE 5. Letl = (X2, Y2, XY) that is generated by assequence ([7],
Examples 1.5(1)). The jacobian dudlof | is generated by asrsequence, too, but the
relation ideald has a Gbobner basis linear in th¥;’s, but not linear in thév;’s ([7]).

Now consider Sy|g(M) = R[Y1,...,Ynl/d = Q[X1,...,Xml/J =
Symg(N). Let Xi, ..., Xy be the images oKy, ..., X,m mod J that we can consider
as the generators & (we denote by, ..., Xy the generators dfl).

We recall some propositions:

PrROPOSITIONS. Let | ¢ R be an ideal generated by,f .., f,. Then the
following conditions are equivalent:

1) fq,..., fhisad-sequence;

2) (0: fi)nl =0and b, ..., f,isad-sequence in Rfy).
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Proof. [7], Lemma 3.1. O

PROPOSITIONG. Let M be an R-module generated by, f.., f,. Then the
following conditions are equivalent;

1) fi,..., fyisastrong s-sequence with respect to the lexicographierdriiuced
by Ya > Yn_1> ... > Yq;

2) ff, ..., fyisad-sequence iBymg(M).
Proof. [7], Theorem 3.2. O

PROPOSITIONY. Let M be a finitely generated R-module, and let R be a do-
main. TherBymg (M) is a domain if and only ifSymg(M))o = 0, where(Symg(M))o
C Symg(M) is the torsion submodule of M ([13]).

THEOREMA4. Suppose N is generated by a strong s-sequence X Xm. Then
we have

1. X3, ..., Xy is ad-sequence iBYmMg(N);
2. the ideal(0 : x7) is generated by elements of Q;
3. if (0: x7) is a prime ideal then

Symo(N)/(0: x§) = R(M).

Proof. 1) If N is generated by a strorsgsequence, thexi, . .., X, is ad-sequence in
Symg(N) (by Proposition 6).

Then(0 : x7) N (X],...,x5) = (0) and (0 : xi) is generated by polynomials in
Y1, ..., Yy and we have 2

3) Suppos€0 : x7) a prime ideal ofQ = K[Y1,..., Yn]. So Synp(N)/(0: x}) =
Symr(M)/(0 : x7) is a domain, theri0 : x;) € (Symg(M))o, where(Symg(M))o is
the torsion submodule of SyniM). SinceRis a domain(0 : x7) = (Symg(M))o (by
Proposition 7), then Syg(tM) /(0 : x7) = R(M), the Rees algebra &fl ([3]). O
EXAMPLE 6.
M =1 = (X2, X2, X1X2) C R=K[Xg, X2], X2> X1

RRA RS 0

Xo 0

A= (aj) = 0 X1
—X1 —Xo

fi = XoY1 — X1Y3 = Y1 Xo — Y3X1

J = (fq, f2), where
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fo = X1Y2 — XoY3 = Y3Xs — Yo X3
The sequenc&?, X2, X1 X, is a strongs-sequence for the idedl ([7], Ex. 1.5(1)).

Consider
o Y Y2
B =(bj) = ( Y, Y )
If S= K[Y1, Y2, Y3], the jacobian dual modul™ of | is

0—- 4L P _N—0

S(f1, f2) = Yafy + Yoo = (=YZ + Y1Y2) X1 = fa.
Then a Gobner basis w.r.tXo > X1 > Yz > Yo > Ypis{fq, fo, f3},

in-J = ((Y1, Y3) X2, (Y2 — Y1Y2) X1).

Ig = (0), 17 = (Y2 = Y1Y2), I3 = (Y1, Y3), and sincel} C I3, X1, X2 is a strong
s-sequence foN.

From f3 = (—Y32 + Y1Y2) X1, we have: (0 : x7) = (Y1Y2 — Y32). In order to prove
(Y2 — Y1Y») is a prime ideal in Sym(N) we remark thatl’ = (fy, f2, Y2 - Y1Y2)
is a prime ideal in Syg(N) if and only if (Y1Y2 — Y32) is a prime ideal in Syrg(N).
But J’ is the ideal generated by the22-minors of the generic matrix

X1 Y3 Y1
X2 Y2 Y3 )
Then the assertion follows arfdf;1 Y, — Yg) is a prime ideal in Syg(N) and

Symo(N)/(0 1 X§) = Symg((X2, X3, X1X2))/(0: x}) = R(1) =
= R[Y1, Y2, Yal/(=YaX1 + Y1 X2, —=Y2X1 + Y3X2, Y1Y2 — Y32).

ExampPLE 7 (Monomial square-free matroidal ideals). Now we followe tio-
tations used in [11, page 130].
Let| be a monomial ideal oK [xy, . .., Xa] with the minimal set of generato@(1) =
{x%, ..., x%), wherex? = x{*---x", 3 = (j1, ..., jn) andi = (0,0,...,1,...,0).
WesetlJ| = j1+ -+ jn.
We can associate the vec@le a; ®x” to asyzygy of Zitzl ajx¥, where® means
K -
For any monomial order oK [X4, ..., Xn], we will say that

xi @ x? < xe @ xK if xixI < xexK.
If ue G(l), we puty; (u) = jj, if xiJi appears in the monomial
Now, let | be a monomial ideal for which all generators have the sameedeg is
matroidal if it satisfies the following exchange proper34]J):
Forallu,» € G(I) and all i withvj (u) > vj (v), there exists an integgrwith vj (v) >
vj(u), such tha; (u/x;) € G(I).
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THEOREMS. Let | be a matroidal square-free ideal with generator8 x . .,
xIN of the same degree. Then a minimal set of generators for stesfizygies of | has
the form

xj @ x¥ —x @ x¥, i+ 3 =t+J, x¥, x¥ € G(I)

where j < t, t integer such thatif J= (a1, ...,an), &k = by, k=t+1,...,nand
such that b > aj, for some X« € G(1), k = (by, ..., bp).

Proof. In the reverse lexicographic order we can supposextfiat x%2 > ... > xN,
Letx¥ < x*. Then there exists an integesuch thaty, = bpyform=t+1,...,n,

J = (@,...,an), k = (by,...,by) anda; > b;. Hence there exists an integgr
with bj > a; such thats’ = x; (x¥ /%) € G(l). Thus there is a syzygy of the form
Xj @ x¥ —x @ x¥, x¥ e G(I). O

EXAMPLE 8.
I = (X1, X2) (X3, Xa) = (X1X3, X1X4, X2X3, X2Xa)
In the reverse lexicographic order and fQr> X3 > X2 > X1
Xg4X2 > X3X2 > XgX1 > X3X1.
We consider the mapping — X% = xax1, Y2 — X% = x4x1, Y3 — X922 = X3xp,
Y4 — X% = xq%0.

The syzygies are:

X1 ® X2 — X @ X% f1 = x2Y1 — X1Y3;

f3 = X4Y1 — X3Y2;
fa = XaY3 — X3Y4.

X3 ® X —xg ® X

—
X1 ® X‘]l — X2 ® X'J3 — o =XxoY2 — X1Yg;
—
Ji Jo
X3RQX™* —Xg®X™ —>

The relations matrix of is

—X1 0 0

and the dual matrix is
-Y35 -Ys O 0
Y1 Y, 0 0
0 0 —-Yo —Ya
0 0 Y1 Y3

Consider the ordexg > --- > X1 > Y4 > --- > Y1, J has a Gbbner basis lin-
ear in thex; variables. In factd = (f1, fo, f3, f4) and a Gbébner basis of] is
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G = {f1, f2, f3, fa, f5, f6} with fs = xa(Y2Y3 — Y1Ya), f6 = X2(Y2Y3 — Y1Ya),
incd = ((Ya, Ya)xa, (YaY2)Xz, (Y2, Ya)Xs, (YaY2)X4), I{ = (Y3, Ya), I3 = (Y3Y2),
13 = (Y2, Ya), I = (Y3Y2).

The jacobian duaN of | is generated by asrsequence, .. ., X, thatis not a strong
s-sequence.

The torsion submodule of Sygil ) can be read in the dual matrix:

-Y1 Y2
ek
0.xl_(‘ Ya Y

) = (Y1Y4 — Y3Y2).

REMARK 6. The ideall is not generated by assequence. The Gbner basis
of J is not linear in the variable¥s, ..., Y4 for any admissible order such théf >
Y3 > Y2 > Yi1. Then we are forced in this case to study the invariants of Sy =
Symg(M) “via” the jacobian dual.

The computation of the annihilator ideals of the s-sequgeceratingN can be done
by the lemma 3.2 of [9]. Moreover this lemma can be used to coenfhe annhilator
ideals of a generating s-sequenceMf changing the variableg’s with the Y;’s and
for a term order on all variableg’s andY;’s, that is admissible fox; and forYj, for
examplex, > Xp—1 > ... > X1 > Yp > Ypo1 > ... > Yr0orYy > Ypo1 > ... >
Y1 > Xp > Xp—1 > ... > X1.

In general, it is possible tha¥l is not generated by asrsequence andl is
generated by as-sequence. If this is the case (Ex. 8), we can obtain the Rgebra
of M by the quotient Sym(M)/I1*, I1* = 0 : x1* = (Symg(M))o, wherel1* is a
prime ideal. Then (EGC) can be true fR(M) that is a domain,

(EGCT) regR(M)) < e(R(M)) — codimR(M)).

Moreover we have, iR = K[X1, ..., Xm], M a graded finitely generatdgmodule,
N the jacobian dual o® = K[Y1, ..., Yal, generated by asrsequence of elements of
Q of the same degree, Eisenbud-Goto conjecture for the syneratgebra Sym (N),

in terms of the annihilator ideals’, . . ., 1}, of Q.

(EGCZ) maxregQ/1*) :i=1,... m+1< Zim:l e(Q/1) — (n4+m)+

+ maxo<i <m{dim(Q/ ;") + i}
(EGC) regQ/I") < e(Q/I*) —codim(Q/I*), for i =1,...,m.
(EGG”) regQ/1") <=e(Q/1*) —n+dim(Q/I;*), fori=1,...,m.

EXAMPLE 9. | = (X2,Y2, XY), Symg(l) verifies the inequality of (EGC2),
lo=11=(0), I2 = (X?), I3= (X, Y).

regqR/12) = 1, reg(R/13) = 0, e(R/I2) = 2, &(R/I3) = 1

then:
3

maxreg(R/1i),i = 1,2, 3} < Ze(R/Ii) -2

i=1
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is true. For the jacobian dualy = (YZ — Y1Y2), 15 = (Y1, Y3)

reg(Q/17) =1, reg(Q/13) =0, e(Q/17) =2, e(Q/13) =1
then the inequality:

2
maxreg(Q/1;").i =1,2} < > e(Q/I) —2+1
i=0
is verified.

REMARK 7. LetM be a graded module oR = K[X4, ..., Xm], let N be the
jacobian dual oM. Suppose thaty, ..., Xm is a strongs-sequence foN and(0 : x})
is a prime ideal ofQ. Thenxy, ..., X, is ad-sequence irR(M) = Symg(N)/(0 :
X7)-

Our attention actually applies to prove the conjecture h@annihilator ideals
of the jacobian dual of large classes of monomial ideals ln#ar resolution.
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