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GRADED MODULES AND s-SEQUENCES
Dedicated to Paolo Valabrega on the occasion of his 60th birthday

Abstract. We study properties of the symmetric algebra of finitely generated graded modules
M on a Noetherian ringR, generated bys-sequences. For these modules we investigate the
Eisenbud-Goto conjecture. IfR = K [X1, . . . , Xn] is a polynomial ring over a fieldK and
M has linear syzygies, we consider the jacobian dual module ofM in order to describe the
Rees algebra ofM .

1. Introduction

The aim of this paper is to study an interesting class of finitely generated modulesM
on a Noetherian ringR for which the initial ideal of the presentation idealJ of their
symmetric algebra is very simple. More precisely, with respect to a special order on
the variables that correspond to the generators of the module M , we have a good ex-
pression for the initial ideal ofJ. This area was investigated in [7], where the authors
computed some algebraic invariants of SymR(M) or their bounds in terms of special
ideals of the ringR. The theory gives definitive results ifR is the polynomial ring in
m variables on a fieldK of any characteristic by using the Gröbner basis theory (in the
following K always denotes a field). Here we would like to study an application of
previous results essentially in two directions. We have many areas of applications and
this is only the starting point of investigation vias-sequences. The first is to test the
Eisenbud-Goto conjecture (EGC) for the symmetric algebra of a moduleM generated
by ans-sequence. After we have given formulations in this case, webegin to work in
this direction. For regular sequences of forms in the polynomial ring (which are strong
s-sequences) we prove the (EGC). IfM has linear syzygies on the polynomial ring
R = K [X1, . . . , Xm], a nice construction of [12] leads to the jacobian dual module N
of M . N is a finitely generated module on the ringQ = K [Y1, . . . ,Yn] and we have
the isomorphism SymR(M) = SymQ(N). Then it is interesting to ask, whenM is gen-
erated by ans-sequence, ifN is generated by ans-sequence and viceversa, and this is
the second area. In this context it is possible to describe the Rees algebra of the module
M as a quotient of the symmetric algebra by its torsion submodule. In particular, in
section 1 we give the definition ofs-sequence introduced in [7], we recall some known
results and we formulate the Eisenbud-Goto conjecture for the symmetric algebra of a
finitely generated graded moduleM generated by ans-sequence on a Noetherian ring
in different ways. In particular, ifR = K [X1, . . . , Xm] is the polynomial ring, we give
it in terms of the annihilator ideals of thes-sequence. As an application, we verify
(EGC) for a regular sequence of forms ofR.
In section 2 we introduce the jacobian dual of a moduleM on a polynomial ring
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R = K [X1, . . . , Xm]. This module can be defined if the presentation matrix ofM
has linear entries in the variablesXi and its interest appears in many fields of commu-
tative algebra. If this moduleN over the polynomial ringK [Y1, . . . ,Yn] is generated
by a strongs-sequence, we obtain that the torsion submodule of SymR(M) coincides
with the first annihilator ideal of thes-sequence generatingN and it is an ideal ofQ.
The Rees algebra ofM , as a quotient of SymR(M) by its torsion submodule, can be
computed. As an example, we consider a monomial ideal with linear syzygies not gen-
erated by ans-sequence, whose jacobian dual is generated by ans-sequence. The idea
is to address our interest to many computations in this direction.

2. Preliminaries

Let R be any Noetherian ring andM a finitely generatedR-module with generators
f1, . . . , fn. If we consider a presentation ofM

Rm f
→ Rn → M → 0,

then f is represented by ann×m matrix(ai j )with entries inR, 1 ≤ i ≤ n, 1 ≤ j ≤ m.
The symmetric algebra ofM on R, SymR(M) = ⊕i≥0Si (M), where, for eachi , Si (M)
is the component of degreei of SymR(M), has a presentation:

0 → J → SymR(R
n) → SymR(M) → 0

and SymR(R
n) ≃ R[Y1, . . . ,Yn] is the polynomial ring onR in the variablesYj , J is

the relation ideal of SymR(M), J = (g1, . . . , gm), with gi form of degree 1 in theYj ,
gi =

∑n
j =1 ai j Yj , for i = 1, . . . ,m, then SymR(M) ≃ R[Y1, . . . ,Yn]�J.

The main problem is how to compute standard algebraic invariants of the graded alge-
bra SymR(M) such as the dimension dim(SymR(M)), the multiplicity e(SymR(M)),
the depth depth(SymR(M)) with respect to the graded maximal ideal SymR(M)

+ =

⊕i>0Si (M), the regularity reg(M), in terms of the corresponding invariants of special
quotients of the ringR.
The first three invariants are classical. For the last invariant, we recall that reg(M) is
the Castelnuovo-Mumford regularity of the graded moduleM . Its importance is briefly
indicated in Eisenbud-Goto theorem which is an interestingdescription of regularity in
terms of the graded Betti numbers ofM ([2]).
They show that reg(M), when M is a graded finiteR-module, whereR =

K [X1, . . . , Xm], measures the “complexity” of the minimal free resolution of M as
anS-module. Therefore regularity plays an important role in many fields of commuta-
tive algebra.
More precisely, if we consider a graded minimal free resolution of M on S

0 → Fℓ → · · · → F1 → F0 → M → 0,

if bi is the maximum degree of the generators of the free moduleFi , then

reg(M) = sup{bi − i, i ≥ 0}.
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In other words, reg(M) is the smallest integerm such that for everyj , the j -th syzygy
module ofM is generated in degree≤ m + j (equivalently, reg(M) = sup{βi,i+ j 6=

0, for somei }, whereβi,ℓ are the graded Betti numbers ofM).
If R is not a polynomial ring, the regularity ofM can be infinite. A nice area of
investigation in commutative algebra is the study of gradedhomogeneous algebrasA
generated in the same degree such that regA(A/m+) = 0 as anA-module andm+ is
the maximal graded ideal ofA.

A computation of the previous invariants can be obtained fora finitely generated
R-module that is generated by ans-sequencef1, . . . , fn in the sense of [7]. Consider
the presentation of SymR(M)

SymR(M) = R[Y1, . . . ,Yn]/J.

The ideal SymR(M)
+ is generated by the residue classes of theYi that are calledf ∗

i ,
because the variablesYi correspond to the generators of the moduleM = R f1 +

· · · + R fn in the presentation of SymR(M). For everyi = 1, . . . ,n, we setMi−1 =

R f1 + · · · + R fi−1 and let I i = Mi−1 :R fi be the colon ideal. We setI0 = (0) for
convenience. SinceMi /Mi−1 ≃ R/I i , so I i is the annihilator of the cyclic module
R/I i , I i is called an annihilator ideal of the sequencef1, . . . , fi .

Consider the polynomial ringR[Y1, . . . ,Yn] and let< be a monomial order on
the monomials ofR[Y1, . . . ,Yn] in the variablesYi such that

Y1 < Y2 < · · · < Yn.

We call< an admissible order.
With respect to this term order, iff =

∑
aαYα, Yα = Yα1

1 · · · Yαn
n , α ∈ Nn, we put

in< f = aαYα, whereYα is the largest monomial inf such thataα 6= 0.
If we assign degree 1 to each variableYi and degree 0 to the elements ofR, we have
the following facts:

1) J is a graded ideal,

2) the natural epimorphismS → SymR(M) is a graded homomorphism of graded
algebras onR, S is a graded ring and SymR(M) is a graded ring.

DEFINITION 1. The sequence f1, . . . , fn is an s-sequence for M if

(I1Y1, I2Y2, . . . , InYn) = in<J.

If I1 ⊆ I2 ⊆ · · · ⊆ In, the sequence is a strong s-sequence.

EXAMPLE 1. Any d-sequence of elementsa1, . . . ,an in R is a strongs-se-
quence, with respect to the reverse lexicographic order on the Yi , with Y1 < Y2 <

· · · < Yn ([7], Cor. 3.3).
As a consequence regular sequences, proper sequences are strong s-sequences, since
they ared-sequences ([10]).
If I = (a1, . . . ,an), we have SymR(I ) = RR(I ), the Rees algebra ofI .
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If R = K [X1, . . . , Xm] we can use the Gröbner basis theory and Buchberger’s
algorithm to compute in<J.
If R = K [X1, . . . , Xm], then SymR(M) = K [X1, . . . , Xm,Y1, . . . ,Yn]/J. We can
introduce a term order on

S = K [X1, . . . , Xm,Y1, . . . ,Yn]

such thatY1 < Y2 < · · · < Yn andXi < Yi for any i .
For exampleX1 < X2 < · · · < Xm < Y1 < Y2 < · · · < Yn is such a term order.
If G is a Gr̈obner basis forJ ⊂ K [X1, . . . , Xm,Y1, . . . ,Yn], we have in<J
= (in<G) = (in< f, f ∈ J) and if the elements ofG are linear in theYi s, it follows
that f1, . . . , fn is ans-sequence forM .

REMARK 1. If R = K [X1, . . . , Xm], from the theory of Gr̈obner basis, if
f1, . . . , fn is ans-sequence with respect to any admissible term order<, then f1, . . . , fn
is ans-sequence for another admissible term order, too.

THEOREM 1 ([7]). Suppose R is a standard graded algebra, M is a graded
R-module which is generated by the homogeneous s-sequence f1, . . . , fn, where all fi
have the same degree, I1, . . . , In are the annihilator ideals of the sequence f1, . . . , fn.
Then:

i) dim SymR(M) = max
0≤r ≤n

1≤r1≤···≤rn≤n

{dim R/(Ir1 + · · · + Irn)+ r }

ii) e(SymR(M)) =
∑

0≤r ≤n
1≤r1≤···≤rn≤n

e(R/(Ir1 + · · · + Irn)),

wheredim R/(Ir1 + · · · + Irn) = d − r , d = dim SymR(M).

For a strong s-sequence we have:

d = dim SymR(M) = max
0≤r ≤n

{dim R/Ir + r },

e(SymR(M)) =
∑

0≤r ≤n
dim R/Ir =d−r

e(R/Ir ).

THEOREM 2 ([7]). If R = K [X1, . . . , Xm] and M is generated by elements of
the same degree, which are a strong s-sequence, then

1) reg(SymR(M)) ≤ max{reg(R/I i ), i = 1, . . . ,n} + 1,

2) depth(SymR(M)) ≥ min{depth(R/I i )+ i, i = 0, . . . ,n}.

The notion ofs-sequence can be useful essentially:

1) to test some conjectures for graded modulesM generated bys-sequences,
“via” conjectures about annihilator ideals ofM , in particular we are interested to test
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the Eisenbud-Goto conjecture (EGC) for SymR(M), when M has generators of the
same degree and the regularity is the ordinary regularity.

The (EGC), that involves all invariants of SymR(M), can be more easily verified
if M is generated by ans-sequence.

2) to describe the Rees algebra of theR-moduleM , R = K [X1, . . . , Xm],

RR(M) = SymR(M)/(SymR(M))0

and to test (EGC) in the case the matrix of the relations ofM is linear in the variables
X1, . . . , Xm. In this situation in fact we have a nice construction that collects many
cases of ideals and modules (in particular those ones with linear resolution): the jaco-
bian dual moduleN.
If N is the Jacobian dual ofM , then natural questions arise:

i) When the jacobian dualN of M is generated by ans-sequence?

ii) If it is the case, does SymQ(N) verify (EGC)?

3. Eisenbud-Goto conjecture

There are several conjectures to connect the measures of thecomplexity of an algebra.
One of the most important is the following:

CONJECTURE2. (EGC) If A is a standard graded domain on a fieldK then

reg(A) ≤ e(A)− codim(A),

where codim(A) = emb dim(A)− dim(A).

If A is Cohen-Macaulay, the conjecture is true and we have equality ([2]).
We will establish the (EGC) for symmetric algebras of finitely generated graded mod-
ule M generated bys-sequences.
We consider different formulations of the conjecture.

1) (EGC1) Eisenbud-Goto conjecture for the symmetric algebra of a moduleM
on a standard graded algebraR, generated onR by a strongs-sequence of elements of
the same degree, and such that SymR(M) is a domain

reg(SymR(M)) ≤ e(SymR(M))− codim(SymR(M))

2) (EGC2) If R = K [X1, . . . , Xm], M a gradedR-module generated by a
strongs-sequence of elements of the same degree, Eisenbud-Goto conjecture for the
symmetric algebra ofM in terms of the annihilator ideals of the strongs-sequence
generatingM is

max{reg(R/I i ) : i = 1, . . . ,n} + 1 ≤

n∑

i=1

e(R/I i )− (n + m)+ max
0≤i≤n

{dim(R/I i )+ i }
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3) (EGC3) Eisenbud-Goto conjecture for any annihilator prime idealof a strong
s-sequence of the same degree> 1, generating a gradedR-moduleM , R = K [X1, . . . ,

Xm], or R standard graded algebra that is a domain

(EGCi ) reg(R/I i ) ≤ e(R/I i )− codim(R/I i ), for i = 1, . . . ,n, dim R/I i = d − i .
(EGC’i ) reg(R/I i ) ≤ e(R/I i )− m + dim(R/I i ), i = 1, . . . ,n, dim R/I i = d − i .
In 2) and 3)d = dim SymR(M).

4) The same conjecture formulated for the Rees algebraR(M), whenR(M) =

SymR(M), R a standard graded domain andM generated onR by a strongs-sequence
of elements of the same degree, becomes:
(EGC1’) reg(R(M)) ≤ e(R(M))− codim(R(M)).
If R = K [X1, . . . , Xm], M a graded finitely generatedR-module generated by an
s-sequence of elements of the same degree, Eisenbud-Goto conjecture ofR(M) =

SymR(M) in terms of annihilator ideals of the strongs-sequence generatingM (for
example,M is an ideal ofR = K [X1, . . . , Xm] generated by ad-sequence of elements
of R):

(EGC2’) max{reg(R/I i ) : i = 1, . . . ,n} ≤

n∑

i=1

e(R/I i )− n

(EGC3’) reg(R/I i ) ≤ e(R/I i )− m + dim(R/I i )

Some implications:
(EGC2) ⇒ (EGC1)
If R = K [X1, . . . , Xm], by Theorem 1 and Theorem 2, we have:

reg(SymR(M)) ≤ max{regR/I i : i = 1, . . . ,n} + 1

≤

n∑

i=1

e(R/I i )− (n + m)− max
0≤i≤n

{dim(R/I i + i )}

≤ e(SymR(M))− codim(SymR(M))

(EGC’i ) ⇒ (EGCi ), for any idealI i , i = 1, . . . ,n.

reg(R/I i ) ≤ e(R/I i )− m + dim(R/I i ) ≤ e(R/I i )− codim(R/I i ).

(EGC’i ) for everyi = 1, . . . ,n ⇒ (EGC2)

Since (EGC’i ) is true for everyi , i = 1, . . . ,n, we have:

max{regR/I i : i = 1, . . . ,n}

≤

n∑

i=1

e(R/I i )− (n + m)− (n − 2)m + dim(R/Is)+

n∑

i =1
i 6=s

dim(R/I i )



Symmetric algebras ands-sequences 485

≤

n∑

i=1

e(R/I i )− (n + m)+

n∑

i =1
i 6=s

(dim(R/I i )− m)+ dim R/Is

≤

n∑

i=1

e(R/I i )− (n + m)+ dim R/Is + s − 1

sincen ≤ m.

If s is the integer such that dim(R/Is) + s = max
1≤i≤n

{dim(R/I i ) + i }, then we

have

max{regR/I i : i = 1, . . . ,n}

≤

n∑

i=1

e(R/I i )− (n + m)− (n − 2)m + dim(R/Is)+

n∑

i =1
i 6=s

dim(R/I i )

≤

n∑

i=1

e(R/I i )− (n + m)+

n∑

i =1
i 6=s

(dim(R/I i )− m)+ dim R/Is

≤

n∑

i=1

e(R/I i )− (n + m)+ dim R/Is + s − 1

since dimR/I i − m ≤ 0, i = 1, . . . ,n.

In order to state the (EGC) for the jacobian dual moduleN of M , we need some
facts onN. As a consequence we will give the formulation of (EGC) forN in the next
section.

EXAMPLE 2 (Regular sequences). LetRbe a Noetherian ring and letf1, . . . , fn
be a regular sequence of elements ofR. Then f1, . . . , fn is a strongs-sequence with
respect to any reverse lexicographic order on the variablesY1, . . . ,Yn such thatY1 <

Y2 < . . . < Yn with annihilator idealsI1 = (0), I2 = ( f1), . . . , In = ( f1, . . . , fn−1)

and in<J = (( f1)Y2, . . . , ( f1, . . . , fn−1)Yn).
In fact a regular sequence is ad-sequence, hence the assertion follows.

THEOREM 3. Let R be a Noetherian ring and let f1, . . . , fn be a regular se-
quence. Let I= ( f1, . . . , fn) andSymR(I ) = R[Y1, . . . ,Yn]/J . Then we have:

1) J is minimally generated by the elements gi j = fi Yj − f j Yi , 1 ≤ i < j ≤ n.

2) If R = K [X1, . . . , Xm], the set{gi j ,1 ≤ i < j ≤ n} is a Gröbner basis with
respect to any reverse lexicographic order on the Yj and such that Y1 < . . . <

Yn.
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Proof. 1) Putgi j = fi Yj − f j Yi , i < j and suppose that{gi j }1≤i< j ≤n is not a minimal
system of generators ofJ. Then

fi Yj − f j Yi =
∑

(ρ,k) 6=(i, j )

hρkgρk,

fore somei, j , 1 ≤ i < j ≤ n.

Hence
fi =

∑

ρ> j

h jρ fρ +
∑

ρ< j

hρ j fρ

and this is a contradiction.

2) We have to consider theS-couples:

i) S(gi j , gik), j 6= k

ii) S(gi j , gk j ), i 6= k

iii) S(gi j , gkρ), i 6= k, j 6= ρ

For i), S(gi j , gik) = Yi (− fkYj + f j Yk).
For ii), S(gi j , gk j ) = f j (− fi Yk + fkYi ).
For iii), S(gi j , gkρ) = − fkYρgi j − f j Yi gkρ .
So, by Buchberger’s criterion we get in<(J) = (in<gi j ).

Now, let R = K [X1, . . . , Xm] be a polynomial ring and letI be an ideal ofR
generated by anR-sequencef1, . . . , fn of homogeneous elements.

Case I: f1, . . . , fn have the same degreea.

PROPOSITION1. reg(SymR(I )) ≤ (n − 1)(a − 1)+ 1.

Proof. Since f1, . . . , fn is a strongs-sequence, then we can apply the formula

reg(SymR(I )) ≤ max{reg(R/I i ),1 ≤ i ≤ n} + 1,

whereI0 = I1 = (0), I2 = ( f1), . . . , In = ( f1, . . . , fn−1). The result follows by the
Koszul resolution for the annihilator idealsI i , 2 ≤ i ≤ n.

PROPOSITION2. Let I = ( f1, . . . , fn) ⊂ R = K [X1, . . . , Xm] be generated
by a regular sequence of forms of the same degree a. Then(EGC2’) is true.

Proof. We have to prove that

max{reg(R/I i ),1 ≤ i ≤ n} ≤
∑

1≤i≤n

e(R/I i )− n
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that is

(n − 1)a − (n − 1) ≤

n∑

i=1

ai−1 − n

(n − 1)a ≤ a + a2 + · · · + an−1.

The assertion follows.

PROPOSITION3. Let I = ( f1, . . . , fn) ⊂ R = K [X1, . . . , Xm] be generated
by a regular sequence of forms of the same degree a≥ 2. Then(EGC’i ) is true for i ,
1 ≤ i ≤ n, such that the annihilator ideal Ii is a prime ideal.

Proof. We have to prove that reg(R/I i ) ≤ e(R/I i ) − i + 1, i.e.(i − 1)a − (i − 1) ≤

ai−1 − i + 1 and(EGC’i ) is true.

REMARK 2.
1) For n > 1, in Proposition 1 we have in fact equality. The result can follow from
the resolution of the algebra SymR(I ) = R(I ), by employing the Eagon-Northcott
complex. LetS = K [X1, . . . , Xm; Y1, . . . ,Yn] and letF andG be finitely generated
free gradedS-modules of rank 2 andm respectively. Consider a graded homomorphism
of degree zerog : G → F , g represented by the matrix

(
f1 ... fn
Y1 ... Yn

)
.

We can writeg : S(−a)n → S2 and we consider the Koszul complex arising fromg.

K (g) : 0 →

n∧
G ⊗ S(F)(−n) →

n−1∧
G ⊗ S(F)(−n + 1) → · · ·

· · · → G ⊗ S(F)(−1) → S(F) → 0,

whereS(F) = SymS(F) = S[T] = S[T1, T2] and the differential

δ :

i∧
G ⊗ S(F)(−i ) →

i−1∧
G ⊗ S(F)(−i + 1)

is defined by

δ(t1 ∧ t2 ∧ . . . ∧ ti ⊗ f (T)) =

i∑

j =1

(−1) j g(t j )t1 ∧ t2 ∧ . . . ∧ t̂ j ∧ . . . ∧ ti ⊗ f (T).

Sinceht(J) = n − 1, dimR(I ) = m + 1 = n + m − ht(J) andJ is perfect.
The complex

D0(g) : 0 →
( 0∧

G ⊗ Sn−2(F)
)∗

→
(
G ⊗ Sn−3(F)(−1)

)∗
→ · · ·

→
( n−3∧

G ⊗ S1(F)(−n + 3)
)∗

→
( n−2∧

G ⊗ S0(F)(−n + 2)
)∗

→ S → 0,
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resolvesS/J ([7], (2.16)).
Since any generator ofJ has degreea + 1, the shift in the place 1 is−a, that isa is the
shift of the generators of the module(∧n−2G ⊗ S0(F))∗. Finally, the complex above
is the dual of a Koszul complex. Hence:

reg(S/J) = (n − 1)a − (n − 1)+ 1.

2) If f1, . . . , fn is a regular sequence ofn forms of degreea ≥ 2, SymR(I ) = R(I ),
I = ( f1, . . . , fn) and reg(R) ≤ regR(I ) ≤ max{regR + 1, regR + n(a − 1)} ([5],
Corollary 2.6).
For m = 1, regR = 0, regR(I ) = 0. The assertion follows and (EGC) is true.
For m> 1, regR = 0 and 0≤ regR(I ) ≤ max{1,n(a − 1)} = n(a − 1).

For n ≥ 3, what is needed isn(a − 1) ≤

n∑

i=1

ai−1 − n + 1, na ≤

n∑

i=1

ai−1 + 1. If we

write na = a + (a + a)+ (n − 3)a, we havena ≤ a + a2 +
∑n

i=4 ai−1 and (EGC) is
true.

Case II: f1, . . . , fn are forms of different degreesd1, . . . ,dn, d1 ≤ d2 ≤ . . . ≤ dn.
ConsiderR as a graded ring by assigning to each variableXi degree 0. ThenS =

R[Y1, . . . ,Yn] is a graded ring if we assign to each variableYi degree 1. Let< be
a monomial order on the monomials inY1, . . . ,Yn such thatY1 < Y2 < · · · <

Yn. Since f1, . . . , fn is a regular sequence, it is a strongs-sequence and in<J =

(I1Y1, . . . , InYn), I i = ( f1, . . . , fi−1) for i = 1, . . . ,n.
As a consequence

regR(I ) = regR[Y1, . . . ,Yn]/J ≤ regR[Y1, . . . ,Yn]/in<J =

= regR[Y1, . . . ,Yn]/(I1Y1, . . . , InYn) ≤ max{reg(R/I i ),1 ≤ i ≤ n} + 1.

But the last regularity is 0, since all matrices have entriesof degree 0 in the mini-
mal graded resolution of any annihilator idealI i . We needR(I ) is a standard graded
algebra for the formulation of (EGC).

4. Jacobian dual

Let R = K [X1, . . . , Xs] be a polynomial ring and letE be a finitely generatedR-
module with presentation :

Rm φ
→ Rn → E → 0

where the entries of then × m matrix A = (ai j ) that representsφ are homogeneous
linear forms.
The equations of the symmetric algebra ofE, SymR(E) = S(E) are

f j =

n∑

i=1

ai j Yi j = 1, . . . ,m.
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There is a naive duality forS(E), obtained from rewriting the equationsf j in the Xi ’s
variables.

f j =

n∑

i=1

ai j Yi =

s∑

i=1

bi j Xi j = 1, . . . ,m

andB = (bi j ) is ans × m matrix of homogeneous linear forms in theYi ’s variables.

We have:

At




Y1
...

Yn


 = Bt




X1
...

Xs


 =




f1
...

fm


.

Now we putQ = K [Y1, . . . ,Yn] and consider the cokernelN of the map

Qm 9
→ Qs → N → 0,

where9 is the map represented byB.
N defines the Jacobian dual module ofE ([12], [14]).

EXAMPLE 3. We can write the relationf = (X1 − 2X2)Y1 + (X1 + X2)Y2 +

X3Y3 as f = (Y1 + Y2)X1 + (−2Y1 + Y2)X2 + Y3X3.

REMARK 3. SymR(E) ∼= SymQ(N).

EXAMPLE 4. Suppose thatA ∼= B, in the sense that the two matricesA andB
have the same elements under the substitutionXi −→ Yi , n = s. ThenR ∼= Q and
E ∼= N.

There is a nice situation that will be interesting in the following.
Let R = K [X1, . . . , Xn], I = m+ = (X1, . . . , Xn), SymR(m+) = R(m+) =

K [X1, . . . , Xn; Y1, . . . ,Yn]/J, whereJ is generated by the binomialsXi Yj − X j Yi ,
1 ≤ i < j ≤ n, the 2× 2-minors of the 2× n matrix

(
X1 X2 ... Xn

Y1 Y2 ... Yn

)
.

The binomials in theXi ’s give the dual matrixB of the relation matrixA of m+

under the substitutionXi → Yj , i, j = 1, . . . ,n.
Notice that the set of binomials is an universal Gröbner basis for the idealJ and this
impliesm+ is generated by ans-sequence linear in theYi ’s and linear in theXi ’s, too.

Another example is given bymi = (X1, . . . , Xi ), i < n.

SymR(mi ) = K [X1, . . . , Xn; Y1, . . . ,Yi ]/Ji

whereJi is generated by the binomialsXℓYs − XsYℓ, 1 ≤ ℓ < s ≤ i , the 2× 2 minors
of the matrix (

X1 X2 ... Xi

Y1 Y2 ... Yi

)
.
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Put S = K [Y1, . . . ,Yi ], SymR(mi ) = SymS(N) and X1, . . . , Xi is ans-sequence (it
is a regular sequence) formi and the sequence of 1-formsx∗

1, . . . , x∗
i is ans-sequence

for the jacobian dualN of mi , wherex1, . . . , xn are the residue classes ofX1, . . . , Xn

in S[X1, . . . , Xn]/Ji .

PROPOSITION 4. Let R = K [X1, . . . , Xm] be a polynomial ring and M a
graded R-module generated by forms f1, . . . , fn of the same degree. Suppose that the
relation ideal J ofSymR(M) is generated by forms that are linear in both sets of vari-
ables Xand Y, and let N be the jacobian dual of M generated by x1, . . . , xm, where
x∗

1, . . . , x∗
m are the images of the elements X1, . . . , Xm in the ring K[X1, . . . , Xm;

Y1, . . . ,Yn]/J .
Suppose J has a Gröbner basis linear in the Xand Y variables with respect to the
reverse lexicographic order on all variables and to the two orders of variables Xm >

. . . > X1 > Yn > . . . > Y1 and Yn > . . . > Y1 > Xm > . . . > X1.
Then M is generated by an s-sequence if and only if N is generated by an s-sequence.

Proof. It is a consequence of the previous facts.

REMARK 4. The strong case concernsJ with a universal Gr̈obner basis that is
linear in theX andY variables with respect to any permutation of variables.

REMARK 5. If we know the Gr̈obner basis ofJ that is linear in the variablesX
andY, with respect to the reverse lexicographic order and to the two orders of variables
Xm > . . . > X1 > Yn > . . . > Y1 andYn > . . . > Y1 > Xm > . . . > X1, then we
can write the annihilator ideals of the sequencesf1, . . . , fn andx1, . . . , xm by using
lemma 3.3 of [9].
The theorem gives the annihilator ideals for thes-sequence generating the jacobian
dual N of M , but the proof can be repeated to have the annihilator idealsof M .

EXAMPLE 5. Let I = (X2,Y2, XY) that is generated by ans-sequence ([7],
Examples 1.5(1)). The jacobian dualN of I is generated by ans-sequence, too, but the
relation idealJ has a Gr̈obner basis linear in theXi ’s, but not linear in theYi ’s ([7]).

Now consider SymR(M) = R[Y1, . . . ,Yn]/J ∼= Q[X1, . . . , Xm]/J =

SymQ(N). Let x∗
1, . . . , x∗

m be the images ofX1, . . . , Xm mod J that we can consider
as the generators ofN (we denote byx1, . . . , xm the generators ofN).

We recall some propositions:

PROPOSITION5. Let I ⊂ R be an ideal generated by f1, . . . , fn. Then the
following conditions are equivalent:

1) f1, . . . , fn is a d-sequence;

2) (0 : f1) ∩ I = 0 and f2, . . . , fn is a d-sequence in R/( f1).
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Proof. [7], Lemma 3.1.

PROPOSITION6. Let M be an R-module generated by f1, . . . , fn. Then the
following conditions are equivalent:

1) f1, . . . , fn is a strong s-sequence with respect to the lexicographic order induced
by Yn > Yn−1 > . . . > Y1;

2) f ∗
1 , . . . , f ∗

n is a d-sequence inSymR(M).

Proof. [7], Theorem 3.2.

PROPOSITION7. Let M be a finitely generated R-module, and let R be a do-
main. ThenSymR(M) is a domain if and only if(SymR(M))0 = 0, where(SymR(M))0
⊆ SymR(M) is the torsion submodule of M ([13]).

THEOREM4. Suppose N is generated by a strong s-sequence x1, . . . , xm. Then
we have

1. x∗
1, . . . , x∗

m is a d-sequence inSymQ(N);

2. the ideal(0 : x∗
1) is generated by elements of Q;

3. if (0 : x∗
1) is a prime ideal then

SymQ(N)/(0 : x∗
1)

∼= R(M).

Proof. 1) If N is generated by a strongs-sequence, thenx∗
1, . . . , x∗

m is ad-sequence in
SymR(N) (by Proposition 6).
Then (0 : x∗

1) ∩ (x∗
1, . . . , x∗

m) = (0) and (0 : x∗
1) is generated by polynomials in

Y1, . . . ,Yn and we have 2).
3) Suppose(0 : x∗

1) a prime ideal ofQ = K [Y1, . . . ,Yn]. So SymQ(N)/(0 : x∗
1)

∼=

SymR(M)/(0 : x∗
1) is a domain, then(0 : x∗

1) ⊆ (SymR(M))0, where(SymR(M))0 is
the torsion submodule of SymR(M). SinceR is a domain,(0 : x∗

1) = (SymR(M))0 (by
Proposition 7), then SymR(M)/(0 : x∗

1)
∼= R(M), the Rees algebra ofM ([3]).

EXAMPLE 6.

M = I = (X2
1, X2

2, X1X2) ⊂ R = K [X1, X2], X2 > X1

R2 ϕ
→ R3→I → 0

A = (ai j ) =




X2 0
0 X1

−X1 −X2




J = ( f1, f2), where

f1 = X2Y1 − X1Y3 = Y1X2 − Y3X1
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f2 = X1Y2 − X2Y3 = Y3X2 − Y2X1

The sequenceX2
1, X2

2, X1X2 is a strongs-sequence for the idealI ([7], Ex. 1.5(1)).
Consider

B = (bi j ) =

(
−Y3 Y2
Y1 −Y3

)
.

If S = K [Y1,Y2,Y3], the jacobian dual moduleN of I is

0 −→ S2 ψ
−→ S2 −→ N −→ 0

S( f1, f2) = Y3 f1 + Y1 f2 = (−Y2
3 + Y1Y2)X1 = f3.

Then a Gr̈obner basis w.r.t.X2 > X1 > Y3 > Y2 > Y1 is { f1, f2, f3},

in<J = ((Y1,Y3)X2, (Y
2
3 − Y1Y2)X1).

I ∗
0 = (0), I ∗

1 = (Y2
3 − Y1Y2), I ∗

2 = (Y1,Y3), and sinceI ∗
1 ⊂ I ∗

2 , x1, x2 is a strong
s-sequence forN.
From f3 = (−Y2

3 + Y1Y2)X1, we have:(0 : x∗
1) = (Y1Y2 − Y2

3 ). In order to prove
(Y2

3 − Y1Y2) is a prime ideal in SymQ(N) we remark thatJ ′ = ( f1, f2,Y2
3 − Y1Y2)

is a prime ideal in SymQ(N) if and only if (Y1Y2 − Y2
3 ) is a prime ideal in SymQ(N).

But J ′ is the ideal generated by the 2× 2-minors of the generic matrix
(

X1 Y3 Y1
X2 Y2 Y3

)
.

Then the assertion follows and(Y1Y2 − Y2
3 ) is a prime ideal in SymQ(N) and

SymQ(N)/(0 : x∗
1)

∼= SymR((X
2
1, X2

2, X1X2))/(0 : x∗
1)

∼= R(I ) ∼=

∼= R[Y1,Y2,Y3]/(−Y3X1 + Y1X2,−Y2X1 + Y3X2,Y1Y2 − Y3
2).

EXAMPLE 7 (Monomial square-free matroidal ideals). Now we follow the no-
tations used in [11, page 130].
Let I be a monomial ideal ofK [x1, . . . , xn] with the minimal set of generatorsG(I ) =

{xJ1, . . . , xJt }, wherexJ = x j1
1 · · · x jn

n , J = ( j1, . . . , jn) andi = (0,0, . . . ,1, . . . ,0).
We set|J| = j1 + · · · + jn.
We can associate the vector

∑t
i=1 ai ⊗xJi to a syzygy ofI

∑t
i=1 ai xJi , where⊗ means

⊗K .
For any monomial order onK [x1, . . . , xn], we will say that

xi ⊗ xJ < xk ⊗ xk if xi x
J < xkxk.

If u ∈ G(I ), we putνi (u) = ji , if x ji
i appears in the monomialu.

Now, let I be a monomial ideal for which all generators have the same degree. I is
matroidal if it satisfies the following exchange property ([24]):
For allu, v ∈ G(I ) and all i withνi (u) > νi (v), there exists an integerj with ν j (v) >

ν j (u), such thatx j (u/xi ) ∈ G(I ).
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THEOREM 5. Let I be a matroidal square-free ideal with generators xJ1, . . . ,
xJN of the same degree. Then a minimal set of generators for the first syzygies of I has
the form

x j ⊗ xJi − xt ⊗ xJℓ , j + Ji = t + Jℓ, xJi , xJℓ ∈ G(I )

where j< t , t integer such that if Ji = (a1, . . . ,an), ak = bk, k = t + 1, . . . ,n and
such that bj > a j , for some xJk ∈ G(I ), Jk = (b1, . . . ,bn).

Proof. In the reverse lexicographic order we can suppose thatxJ1 > xJ2 > · · · > xJN .
Let xJi < xJk . Then there exists an integert such thatam = bm for m = t + 1, . . . ,n,
Ji = (a1, . . . ,an), Jk = (b1, . . . ,bn) andat > bt . Hence there exists an integerj
with b j > a j such thatu′ = x j (xJi /xt ) ∈ G(I ). Thus there is a syzygy of the form
x j ⊗ xJi − xt ⊗ xJℓ , xJℓ ∈ G(I ).

EXAMPLE 8.

I = (x1, x2)(x3, x4) = (x1x3, x1x4, x2x3, x2x4)

In the reverse lexicographic order and forx4 > x3 > x2 > x1

x4x2 > x3x2 > x4x1 > x3x1.

We consider the mappingY1 → xJ4 = x3x1, Y2 → xJ3 = x4x1, Y3 → xJ2 = x3x2,
Y4 → xJ1 = x4x2.
The syzygies are:

x1 ⊗ xJ2 − x2 ⊗ xJ4 −→ f1 = x2Y1 − x1Y3;

x1 ⊗ xJ1 − x2 ⊗ xJ3 −→ f2 = x2Y2 − x1Y4;

x3 ⊗ xJ3 − x4 ⊗ xJ4 −→ f3 = x4Y1 − x3Y2;

x3 ⊗ xJ1 − x4 ⊗ xJ2 −→ f4 = x4Y3 − x3Y4.

The relations matrix ofI is



x2 0 x4 0
0 x2 −x3 0

−x1 0 0 x4
0 −x1 0 −x3




and the dual matrix is 


−Y3 −Y4 0 0
Y1 Y2 0 0
0 0 −Y2 −Y4
0 0 Y1 Y3




Consider the orderx4 > · · · > x1 > Y4 > · · · > Y1, J has a Gr̈obner basis lin-
ear in thexi variables. In factJ = ( f1, f2, f3, f4) and a Gr̈obner basis ofJ is
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G = { f1, f2, f3, f4, f5, f6} with f5 = x4(Y2Y3 − Y1Y4), f6 = x2(Y2Y3 − Y1Y4),
in<J = ((Y3,Y4)x1, (Y3Y2)x2, (Y2,Y4)x3, (Y3Y2)x4), I ∗

1 = (Y3,Y4), I ∗
2 = (Y3Y2),

I ∗
3 = (Y2,Y4), I ∗

4 = (Y3Y2).
The jacobian dualN of I is generated by ans-sequencex∗

1, . . . , x∗
4 that is not a strong

s-sequence.
The torsion submodule of SymR(I ) can be read in the dual matrix:

0 : x∗
1 =

(∣∣∣∣
−Y1 Y2
Y3 Y4

∣∣∣∣
)

= (Y1Y4 − Y3Y2).

REMARK 6. The idealI is not generated by ans-sequence. The Gröbner basis
of J is not linear in the variablesY1, . . . ,Y4 for any admissible order such thatY4 >

Y3 > Y2 > Y1. Then we are forced in this case to study the invariants of SymQ(N) ∼=

SymR(M) “via” the jacobian dual.
The computation of the annihilator ideals of the s-sequencegeneratingN can be done
by the lemma 3.2 of [9]. Moreover this lemma can be used to compute the annhilator
ideals of a generating s-sequence ofM , changing the variablesxi ’s with theYj ’s and
for a term order on all variablesxi ’s andYj ’s, that is admissible forxi and forYj , for
examplexn > xn−1 > . . . > x1 > Yn > Yn−1 > . . . > Y1 or Yn > Yn−1 > . . . >

Y1 > xn > xn−1 > . . . > x1.

In general, it is possible thatM is not generated by ans-sequence andN is
generated by ans-sequence. If this is the case (Ex. 8), we can obtain the Rees algebra
of M by the quotient SymR(M)/I1

∗, I1
∗ = 0 : x1

∗ = (SymR(M))0, whereI1
∗ is a

prime ideal. Then (EGC) can be true forR(M) that is a domain,

(EGC1∗) reg(R(M)) ≤ e(R(M))− codim(R(M)).

Moreover we have, ifR = K [X1, . . . , Xm], M a graded finitely generatedR-module,
N the jacobian dual onQ = K [Y1, . . . ,Yn], generated by ans-sequence of elements of
Q of the same degree, Eisenbud-Goto conjecture for the symmetric algebra SymQ(N),
in terms of the annihilator idealsI ∗

1 , . . . , I ∗
m of Q.

(EGC2∗) max{reg(Q/I ∗
i ) : i = 1, . . . ,m} + 1 ≤

∑m
i=1 e(Q/I ∗

i )− (n + m)+

+ max0≤i≤m{dim(Q/I ∗
i )+ i }

(EGC∗
i ) reg(Q/I ∗

i ) ≤ e(Q/I ∗
i )− codim(Q/I ∗

i ), for i = 1, . . . ,m.
(EGC∗

i
′) reg(Q/I ∗

i ) ≤ e(Q/I ∗
i )− n + dim(Q/I ∗

i ), for i = 1, . . . ,m.

EXAMPLE 9. I = (X2,Y2, XY), SymR(I ) verifies the inequality of (EGC2),
I0 = I1 = (0), I2 = (X2), I3 = (X,Y).

reg(R/I2) = 1, reg(R/I3) = 0, e(R/I2) = 2, e(R/I3) = 1

then:

max{reg(R/I i ), i = 1,2,3} <

3∑

i=1

e(R/I i )− 2
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is true. For the jacobian dual:I ∗
1 = (Y2

3 − Y1Y2), I ∗
2 = (Y1,Y3)

reg(Q/I ∗
1 ) = 1, reg(Q/I ∗

2 ) = 0, e(Q/I ∗
1 ) = 2, e(Q/I ∗

2 ) = 1

then the inequality:

max{reg(Q/I ∗
i ), i = 1,2} <

2∑

i=0

e(Q/I ∗
i )− 2 + 1

is verified.

REMARK 7. Let M be a graded module onR = K [X1, . . . , Xm], let N be the
jacobian dual ofM . Suppose thatx1, . . . , xm is a strongs-sequence forN and(0 : x∗

1)

is a prime ideal ofQ. Thenx∗
1, . . . , x∗

m is a d-sequence inR(M) = SymQ(N)/(0 :

x∗
1).

Our attention actually applies to prove the conjecture via the annihilator ideals
of the jacobian dual of large classes of monomial ideals withlinear resolution.
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