RENDICONT]I
DEL SEMINARIO
MATEMATICO

Universita e Politecnico di Torino

Subalpine Rhapsody in Dynamics

CONTENTS

K.T. Alligood - E. Sander - J.A. Yorkexplosions in dimensions one through
three. . . . . 1
C. Bereanu - J. MawhinReriodic solutions of first order nonlinear difference
equUAationNS . . . . . . e e e e e 17
J. Fan - S. JiangZero shear viscosity limit for the Navier-Stokes equatiohs
compressible isentropic fluids with cylindric symmetry. . . . . . . .. 35
M. FrancaA dynamical approach to the study of radial solutions for gplace
equation. . . . ... e 53
H. Kogak - K. Palmer - B. CoomeS§hadowing in ordinary differential equations89
D. Papini - F. ZanolinSome results on periodic points and chaotic dynamics
arising from the study of the nonlinear Hill equations. . . . . . . . .. 115

Volume 65, N. 1 2007



DIRETTORE
CATTERINA DAGNINO

COMMISSIONE SCIENTIFICA (2006—-08)

C. Dagnino (Direttore), R. Monaco (Vicedirettore), G. Alla, S. Benenti, A. Collino,
F. Fagnani, G. Grillo, C. Massaza, F. Previale, G. Zampieri

CoMITATO DIRETTIVO (2006—08)
S. Console, S. Garbiero, G. Rossi, G. Tedeschi, D. Zambella

Proprieta letteraria riservata

Autorizzazione del Tribunale di Torino N. 2962 del 6.VI.198
Direttore Responsabile: ZTERINA DAGNINO

QUESTO FASCICOLCI‘E‘ STAMPATO CON IL CONTRIBUTO Dil:
UNIVERSITA DEGLI STUDI DI TORINO
POLITECNICO DI TORINO



Preface

On September 19-21, 2005, the Department of Mathematitgeddnhiversity of
Turin guested a “WORKSHOP ON DYNAMICS”. We invited six amottg speakers
to write a survey for this special issue of the Journal. Sdagg] Huseyin Kogak,
Jean Mawhin, James Yorke and Fabio Zanolin wrote a paperomdhthors, moreover
Matteo Franca’s survey is based on the seminar deliveredusgd® Johnson at the
Workshop.

Some of the articles present new results in a more generakfsark, so they
also have the character of a survey even if they are reseapdrg

The following topics in Dynamics are studied: Explosion imdnsions 1-3,
Periodic solutions of difference equations, Compressitdeous flows, A Dynamical
approach to the p-Laplace equation, Shadowing in ODEspéferpoints and chaos
for nonlinear Hill equations.

We are grateful to the authors and to all the other speakehediorkshop for
their enthusiastic participation.

Hisao Fujita Yashima, Gaetano Zampieri
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K.T. Alligood - E. Sander - J.A. Yorke*

EXPLOSIONS IN DIMENSIONS ONE THROUGH THREE

Abstract. Crises are discontinuous changes in the size of a chaotctdt as a parameter is
varied. A special type of crisis is an explosion, in which tigsv points of the attractor form
far from any previously recurrent points. This article sumizes new results in explosions
in dimension one, and surveys previous results in dimensiwosand three. Explosions
can be the result of homoclinic and heteroclinic bifurcagiomn dimensions one and two,
homoclinic and heteroclinic bifurcations occur at tangeacWe give a classification of one-
dimensional explosions through homoclinic tangency. Werdgsour previous work on the
classification of planar explosions through heterocliaicgencies. Three-dimensional het-
eroclinic bifurcations can occur without tangencies. Weatlie our previous work, which
gives an example of such a bifurcation and explains why thieensional crossing bifurca-
tions exhibit unstable dimension variability, a type of noyperbolic behavior which results
in a breakdown of shadowing. In addition, we give detailsdanew scaling law for the
parameter-dependent variation of the density of the newgbaine chaotic attractor.

1. Introduction

Crises of chaotic attractors are discontinuous changéeisite of an attractor as a pa-
rameter is varied. Crises are the most easily observed astloften described global
bifurcations. A classic example of a crisis is the onset efftariod three window in the
bifurcation for the logistic mag (x) = ux(1— x) [31], in which the attractor changes
discontinuously from consisting of an uncountable coitetDf points to containing
only one period three orbit.

A specific type of crisis is an explosion, which is a bifuroatin which new
recurrent points form discontinuously far from any prewlyurecurrent points. An
explosion is stronger than a crisis, since a crisis can bgethhy the mere merging of
an attractor and a pre-existing chaotic saddle.

In this article, we review results on explosions in one, tand three dimen-
sions, as well as stating open problems on explosions. Weepthas follows: Sec-
tion 2 outlines classifications of explosions at homoclead heteroclinic tangencies
in one and two dimensions. It is also possible to have exphasfar from tangency
but as a result of a tangency. We give a simple example of thismé dimension. In
two dimensions, we give a topological description of thelsgtldied two-dimensional
example of this phenomenon for the lkeda attractor. Thenali goal is a complete
classification of one- and two-dimensional explosions.tiSe@ describes a type of
three-dimensional bifurcation in which explosions occithaut tangencies. The sec-
tion includes a numerical example of such a bifurcation. tiSect presents a new
scaling law for the parameter-dependent change in the tgemisthe newly formed
piece of the chaotic attractor. Section 4.3 describes sateesisting numerical impli-
cations of tangency-free explosions as the onsetnstable dimension variabilitya

*J.A.Y. was partially supported by NSF 0104087.
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specific type of non-hyperbolic behavior.

2. Explosions via tangency

Let f, be a one-parameter family of functions. An explosion oc@ira parameter
value 1g and a pointx which is not recurrent prior to the bifurcation but is reemntr
at the bifurcation. Clearly a saddle node bifurcation féhei a fixed point or periodic
orbit gives rise to an explosion point. In addition, the &ti€e of explosion points is
often the result of bifurcations involving tangencies bedw the stable and unstable
manifolds of fixed or periodic points. In this section, we dése classes of explosions
arising from homoclinic and heteroclinic tangency. Thénudtte goal is a full under-
standing and classification of all types of explosions. Ia direction, Palis and Takens
made the following conjecture for planar one-parameteiilfasnof diffeomorphisms.
We have extended this conjecture to include one-paranseteliés of one-dimensional
maps as well.

CONJECTUREL (Palis and Takens [25]). Explosions within generic onepa
meter families of smooth one-dimensional maps or smoothdin@nsional diffeo-
morphisms are the result of either a tangency between saablenstable manifolds of
fixed or periodic points or a saddle node bifurcation of a figegeriodic point.

Newhouse, Palis, and Takens have shown that this statemgneiin the case
when the limit set is still finite at the bifurcation point [28Bonatti, Diaz, and Viana
point out that this question can also be posed from a prabtbipoint of view, in
which case they conjecture the opposite conclusion [6].n&dimension, we believe
this problem to be tractable. In two dimensions an answee#gpon a detailed clas-
sification of the accessibility of periodic points and thaanifolds on the boundary of
a basic set [4].

We now give some basic definitions. Lét: R x R — RK be aCl-smooth
one-parameter family &2 diffeomorphismsk = 1, 2, 3 where we use two notations
interchangeablyf (x, 1) = f,(x). For the definition of an explosion it is more natural
to use the concept of chain recurrence rather than rec@renc

DEFINITION 1. For an iterated function g, there is asrchain from x to y
when there is a finite sequenémy, z1,...,2zn} such that 3 = x, zy = vy, and
d(g(zn-1), zn) < € forall n.

If there is ane-chain from x to itself for every > 0 (where N > 0), then x
is said to bechain recurrent [7, 8]. The chain recurrent setis the set of all chain
recurrent points. For a one-parameter family, ive say(x, 1) is chain recurrent if x
is chain recurrent for f.

If for everye > 0, there is ane-chain from x to y and am-chain from y to x,
then x and y are said to be in the sagtein componentof the chain recurrent set.

Note that the chain recurrent set and the chain componenisnariant under
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forward iteration.

DEFINITION 2 (Chain explosions)A chain explosion point(x, 4g) is a point
such that x is chain recurrent for,§, but there is a neighborhood N of x such that on
one side oflg (i.e. either for allA < Ag or for all A > Ag), no point in N is chain
recurrent for f;.

Note that in the above definition, d},, x is not necessarily an isolated point
of the chain recurrent set. A well studied example of thidhes eéxplosion that occurs
at a saddle node bifurcation on an invariant circle. Thercheturrent set consists of
two fixed points prior to bifurcation and the whole circle adain many cases after
bifurcation. In subsequent usage, if the distinction is ingtortant, we will refer to
recurrent points rather than always saying chain recurrent

2.1. One dimension

This section describes a classification of explosions viadwinic tangencies in one
dimension which appears in [2]. Although one dimension \@@adem to be the easiest
case, there are some key differences between one- and tmansiional explosions
which are not simplifications in one dimension. For examfiea diffeomorphism,
homoclinic and heteroclinic orbits require the existentsawldle points with stable
and unstable manifolds of dimension at least one. Howeirare sa one-dimensional
map is in general noninvertible, it is possible to have fixederiodic points with one-
dimensional unstable manifolds and a non-trivial zeroefisional stable manifolds.
Marotto terms such points snap-back repellers [22]. It ispussible to reverse the
dimensions of the stable and unstable manifolds; the existef a homoclinic orbit
to an attracting fixed point requires a multivalued map [2B].addition, the chain
recurrent set is not invariant under backwards iteratioa nbninvertible map, so the
discussion of explosions in one dimension includes caseghioh a point is not an
explosion point, but the preimages are explosion pointsthissis a broad survey, the
statements and proofs of the results below are only sketcHes full details appear
in [2].

Let f be a one variable function with a repelling fixed pokat Lety and
k be such thay is ak'" preimage ofxo, and assume that a sequence of preimages
of y converge taxg. Theny is contained in an orbit which limits both forwards and
backwards tag. Thatis,y is a homoclinic point foxyg. Homoclinic points for periodic
orbits are defined by replacinfy with some appropriate iteratt™. Notice that for
diffeomorphisms, all orbits through homoclinic points ammoclinic orbits. For one-
dimensional maps, there may be many non-homoclinic orhitsugh a homoclinic
point.

Since the stable manifold of a homoclinic point is zero-disienal, a homo-
clinic tangency is a tangency of the graph of the map at a hbnogpoint. That is, a
homoclinic tangency occurs if the graph bthas a horizontal tangent at a homoclinic
point.



4 K.T. Alligood - E. Sander - J.A. Yorke

Figure 1: A one-dimensional map with a repelling fixed pginwith positive deriva-
tive. The pointy is a homoclinic tangency point. Singds contained in a non-crossing
orbit, by Theorem 2y is not an explosion point. The unstable manifold brabghis
an interval shown by a thick line on theaxis.

Assume thatf; is a C' smooth family ofC? maps and that the point(1)
(which we write as¢g) is a repelling fixed point.

THEOREM 1 (No explosions with negative derivative xaf, Alligood, Sander,
Yorke [2]). If f has a negative derivative apxand y is homoclinic to at 19, then
(y, Ao) is not an explosion point.

The idea is that images of a neighborhoodyofmap across preimages of a
neighborhood of/, implying that there is a periodic point negrwhich persists under
perturbation of the parameter. Therefgrés arbitrarily close to recurrent points prior
to the tangency bifurcation.

Now consider the case of a positive derivative@gt Assume that a homoclinic
orbit limits to the local right (resp. left) branch of the tmisle manifold ofxg. Lety
be a homoclinic tangency point within this orbit. Then fomek, fX(y) = xo. If the
graph of the magf 1 near f*~1(y) is below (resp. above) the horizontal line, we call
the homoclinic orbit arossing orbit A homoclinic orbit that is not crossing is called
anon-crossing orbit

THEOREM 2 (No explosions for non-crossing bifurcations [2ZRssume that y
is contained in a non-crossing homoclinic orbit, then y i$ @o explosion point.

The proof is very similar to the case of negative derivativgga Namely, an
image of a neighborhood of covers a preimage of the same neighborhood, implying
thaty is not an explosion point. This situation is depicted in Fegl.

Closely related to crossing and non-crossing orbits, wedéstimguish the two
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Figure 2: In this figurey is a homoclinic tangency point in a crossing orbit, contdine
in Ug, but notU_ . Thereforey is an explosion point. The preimagef y is also an
explosion point. The intervdlr is shown by a thick line as in Figure W, is denoted
by a dashed line slightly above theaxis.

manifold brancheblg andU | , being the iterates of the local right and lefthand branches
of the unstable manifold ofy. The union olU; andUR is the entire unstable manifold

of xo. If {(UL NUR) \ Xo} is not empty, then the intersection must contain eitherfall o
UL or all of Ugr. For examplelJg may contain points both to the left and to the right
of UL. See Figures 2 and 3. We can show that  Ur, and thek!" image of every
neighborhood ofy contains points ifUR \ Xo}, theny is not an explosion point.

Under certain generic conditions, we can show a converdeeta@n-crossing
orbit theorem: Ify is in a crossing orbit, they is an explosion point [2].

We are interested not only in explosion points which are sedaes tangency
points, but also in points which are explosion points fanftangencies, but are caused
by a tangency. Since the chain recurrent set is invarian¢iufoiwards iteration, the
image of non-crossing tangency point is a non-explosiontpdilowever, there may
be explosion points with iterates that are non-explosiantpo For example, Figure 3
shows points of which are not tangency points but are preémad tangency points.
We can prove that for a generic one-parameter family, thexeegplosion points at
URr (such ad andj depicted in the figure) if there are points g which map to
a tangency (such ag) on the other side, even though the tangency point is not an
explosion point [2].
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Figure 3: The tangency pointis contained inJ. N Ug, and is thus not an explosion
point. However, the preimagesand j of y are explosion pointsUgr andU, are
depicted again with a solid and dashed line respectively.

(@) (b)

F(S)

F(S)

Figure 4: Homoclinic tangency points in the plane may or matybe explosion points.
AsetSand alarge iteraté X (S) = F(S). In (a), itis never possible for the homoclinic
tangency point to be an explosion point. In part (b), it dejseon the eigenvalues.
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2.2. Tangencies in two dimensions

In two dimensions, a heteroclinic intersection is a halkrfar chaotic behavior in the
form of a Smale horseshoe. Thus a homaoclinic tangency isiadaifion point. It is not
always an explosion point. Figure 4(a) shows a configuratiostable and unstable
manifolds at a homoclinic tangency which can never be anosiqm, since there is
a horseshoe forming locally prior to tangency. In Figure)A{fae situation is not so
clear, since a large iterate of a rectangular Sehay or may not map across itself
under a large iterate. In fact, whether this is a possibléosign point depends on the
relative strength of contraction and expansion at the fixaatp. Palis and Takens [25]
classified homoclinic explosion bifurcations, as showniguFe 4 by describing which
planar homoclinic tangencies can be explosion points asetin of the placement
of the tangency point, sign of the eigenvalues, and areaaxditn or expansion of the
map.

An explosion can also occur as a result of tangencies betatable and unsta-
ble manifolds of different fixed or periodic points: hetdioic tangencies. In this case,
in order for a heteroclinic tangency to result in any sortexfurrence, there needs to
be a means of return. A natural way is another heteroclin@rsection, resulting in a
heteroclinic cycle. These ideas are given in the followie{jrdtions.

DEFINITION 3 (h-connection).An n-connectionis a sequence of poin{ps, t1,
p2,t2, ..., pn} such that for all i, p; is a fixed point, and for each ik n, § is a
heteroclinic point such that t€¢ WY(p;i) N WS(pj11).

DEFINITION 4 (Cycle). Acycleis an n-connectiotfps, t1, p2, to, . .., pn} Such
that pn, = p1.

Generically, we can assume a unique tangency in a cycle aitther hetero-
clinic intersections being transverse. Thus any hetariuctiycle can be reduced to a
heteroclinic cycle containing only two periodic or fixed pts. In a previous paper [1],
we gave necessary and sufficient conditions for planar déteic bifurcations to re-
sult in explosions. The classification does not involve migéue conditions and area
contraction/expansion conditions. Rather, the classificds a set of necessary and
sufficient conditions for explosions at heteroclinic tamgebased on the configuration
of the manifolds, in addition to another “chain” condition the behavior. Figure 5
shows two heteroclinic cycles with a tangency. In (a), amwewhich is arbitrarily
close to the heteroclinic cycle necessarily intersecth lioé unstable manifold of
and the stable manifold a@f, whereas in (b), this is not the case. The tangency point in
(a) is an explosion point and in (b) it is not; just as in the-diraensional case, the key
to an explosion is that different points of the cycle are opasite sides of a dividing
manifold. Therefore, any-chain must cross the cycle. Such heteroclinic tangency
explosion bifurcations are known as crossing bifurcations
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(b)

Figure 5: Heteroclinic cycles with a tangencyyatin (a), all curves close to the cycle
intersect both the unstable manifold pfand the stable manifold af (intersection
shown with anX). Under the chain condition, the poiptis an explosion point. In (b),
it is possible to draw a curve arbitrarily close to the cyckich does not intersect the
stable manifold ofy. The pointy is never an explosion point.

2.3. Explosions far from tangencies and planar gap filling

A planar explosion far from tangency but through a tangercmucs at a crisis bifur-

cation of the Ikeda map. This example has been studied by a&wuaf authors, such

as [17, 26]. Prior to bifurcation, there is a small attractorrounded by an unstable
chaotic saddle set. The set has noticable gaps, in which #rerno recurrent points.
After the bifurcation, the new attractor includes both the a@ttractor and the saddle
set. In addition, the gaps in the recurrent set are filled ims Bccurs in a discontin-

uous manner at the bifurcation value. Thus the points in #psat the bifurcation

parameter are all explosion points. This discontinuousiglan the recurrent set is a
result of a heteroclinic tangency.

Figure 6 depicts the geometry of manifolds of a heteroclyite that give rise
to gap filling. The tangency point is contained simultaneously in a crossing and a
non-crossing orbit. Thug is not an explosion point. However, there are points on the
non-crossing orbit which are explosion points. There istiaetor with its boundary
being the unstable manifold branch pfincluding the tangency. The basin of attrac-
tion includes all points below the stable manifold brancly dficluding the tangency.
Therefore all points of the upper unstable manifold brarfcty Gn green in the figure
for the color online version) are in the basin of attractiéifter the bifurcation, these
points become recurrent. Robert et al. [27] showed thatttitislogical construction
occurs during gap filling as a result of a heteroclinic cyci#hwa tangency for a pair of
period five orbits of the Ikeda map.
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Figure 6: A geometric description of gap filling. The uns&bianifold branch op
with the tangency encloses an attractor. This attractoy mdludes points “inside”
the non-crossing inner cycle prior to tangency. When thedaog pushes through, the
attractor also includes points “on the outside” — that isth@crossing cycle.

3. Three-dimensional crises

There are many theoretical results and analyses of plamangrs of crises, whereas
relatively little is known about three-dimensional exae®lin three dimensions, Diaz
and Rocha [12, 13] described explosions that occur as thi# oésa non-tangency het-

eroclinic bifurcation. In [3], we have adapted these restdtshow that a crisis in a
three-dimensional attractor can occur at a heteroclirfiar@ation without tangencies.

After the crisis, the attractor contains two fixed pointshadifferent numbers of un-

stable directions. The existence of such an attractor isvkres unstable dimension
variability (UDV), and has been studied in the physics étare [5, 9, 10, 18, 20, 21,

19, 23, 28, 30, 32]. Itis of particular interest, as unstalieension variability results

in nonshadowability.

We start by describing the topological dynamics of the eXamfo understand
the role of the heteroclinic orbit in an attractor crisis, meed to be able to describe
when there is a transverse heteroclinic orbit connectirgperiodic points. We then
need to know how a heteroclinic cycle can form. The dynamas lze similar to
the planar case. Namely, when two three-dimensional perjpaints have the same
number of unstable directions, then a bifurcation must otlaough tangency. Fur-
thermore, since surfaces divide three-dimensional sgheeheteroclinic cycles with
explosions in this case parallel the two-dimensional case.

We now consider the case in which the two periodic points readifferent
number of unstable directions (1 and 2). Assume thad a fixed point with two
unstable directions, wheregsis a fixed point which only has one unstable direction.
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(@ (b)
|
U(p)
U(a) u(q) )
p p
q q
" S(p)
s(a) \ s(a)
(c)
U(a) U(p)
Ip
) S(p)
S()

Figure 7: A heteroclinic bifurcation in three dimension hatt tangencies. (a) At
the bifurcation, the one-dimensional manifolds intersgdt. The two-dimensional
manifolds can either intersect with (b) or without (c) a twis

(For simplicity, we have chosen fixed points, but the stateméelow also hold for
periodic points.) For a heteroclinic cycle, we assume thatasverse intersection
occurs between the manifolds @fand p. This must necessarily be an intersection of
the two two-dimensional manifolds: the unstable manifdld and the stable manifold
of p. Either the transverse intersection of stable and unstabhgfolds contains non-
invariant components [11], or the intersection persigyetdnnects the two periodic
points. We assume the latter case, depicted in Figure 7. ifitgkes that the one-
dimension invariant manifolds form the boundaries of thepestive two-dimensional
manifolds. That is, the unstable manifoldefs bounded by the unstable manifold of
p, and the stable manifold af is the boundary of the stable manifold pf

Consider a bifurcation parameter value for which the two-dineensional man-
ifolds intersect. This is not a tangency bifurcation, sigeaerically these manifolds
will not share a common tangent space, as in Figure 7(a). kewwsince the one-
dimensional manifolds are the boundaries of two-dimeradioranifolds, a bifurcation
occurs at the intersection of the one-dimensional marsfold

Diaz and Rocha use this construction with the assumptidriibainstable strip
and the two-dimensional stable manifold intersect withativist, as shown in Fig-
ure 7(b). In this case, the intersection point between tleeddmensional manifolds is
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(@) (b)

Figure 8: A numerical example of a heteroclinic bifurcatinrthree dimensions with-
out tangencies. There are two saddle fixed poiptndg. (a) Prior to bifurcation, the
attractor containg but does not contaig. It is contained in the closure of a portion
of U(q). (b) At bifurcation, there is an explosion in which new pgibecome part of
the attractor. However, the density of the new part of theetibr is low.

an explosion point: Prior to bifurcatiop,andq are isolated recurrent points; all points
nearU (p) map far fromS(q), never returning negp. Likewise, no point inJ (q) in-
tersectsS(q), makingq isolated in the recurrent set as well. After bifurcatiorgrth
is a basic set containing transverse homoclinic points th haand p. This implies
that there is a basic set containing bgthnd p, fixed points with different numbers of
unstable directions. The basic set in this example is inigénastable. This is a coun-
terpart of the explosions at tangency points in the one- aoddimensional cases. If
there is an attractor involved, the crisis here would cqoesl to a blowout bifurcation,
in which the entire attractor ceases to exist after the &étion point.

We are interested in the three-dimensional counterpataogp gap filling. That
is, the case in which the intersection between the one-difoeal manifolds is not and
explosion point, but there are explosions occuring thrabghpoint. Gap filling corre-
sponds to the case when the manifoldq) twists at the bifurcation, as in Figure 7(c).
Thus, prior to bifurcation there are homoclinic pointspgoand after bifurcation there
are homoclinic points tg. The intersection is not an explosion point, but there may
be other explosion points occuring when the dynamics chawégehave constructed
the first numerical example of this type of three-dimensia@nassing bifurcation, as
depicted in Figure 8. Prior to bifurcation, there is an ativacontained in the unstable
manifold strip bounded by (p) and the strong unstable manifold pf Points feed
into the attractor from the inaccessible siddJdfy). After bifurcation, this region be-
comes accessible. As in the planar case, points are nowabéturn to this newly
accessible side, resulting in an explosion in the size imattractor. It also turns out
that after bifurcation, the attractor displays unstabfeeatision variability. Numerically
computed stable and unstable manifolds for the examplessimgen [3] are displayed
in Figure 8.
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Figure 9: Scaling of the iterate length in the old part of tlieaator as a function of the
parameter.

4. Scaling laws for attractor density

Immediately after a crisis, there is a very low density ofnp®iin the new attractor.
This low density is known as intermittency in the case of teeiqu three window
of the logistic map [31]. For planar homoclinic and heteiricltangency crises, the
scaling of the low density of the new points as a function efghrameter was analyzed
in the 1980’s, as we describe in the section below. We have sisellar methods to
write down a scaling law for three-dimensional bifurcatavithout tangencies.

Consider a crisis in which the attractor before tangencegmotedAq 4, and the
new part of the attractor appearing at tangency is denétgg. Consider any dense
orbit. Definer as the orbit length irAg g between visits toAne,, andK as the mean
of 7. For larger, P(r) o« K~lexp(r/K). The density ofAne, can be approximated
by the reciprocal oK. The variation in density can be analyzed using scaling tiear
bifurcation pointc = c*. Notice that after the bifurcation lig¢+—.0 K = oo. We ex-
pectK to increase exponentially &s— c*| approaches zero, as depicted schematically
in Figure 9.

4.1. Scaling in two dimensions

Grebogi, Ott, Yorke [14, 15, 16] stated scaling laws for anptahomoclinic or hetero-
clinic bifurcation with a quadratic tangency. In the hetdiric case such as depicted
in Figure 6, we briefly describe the calculation used in ondeillustrate its heavy
reliance on the existence of a tangency. Lébe the lobe formed & after passing
through tangency. Then the following formula holds:

A(L) =¢-w =m(C— Cx) - /C— Cx.
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The density of the new part of the attractor depends on tkbe, an that this is the only
way for points inAgg to enterAne,. The square root in this formula is due to the
quadratic tangency. Lét, = f"(L). ThenA(Lyn) = MA(L), whereM depends on
the eigenvalues af. These are the key ingredients giving rise to the scaling law

4.2. A new scaling law in three dimensions

For the three-dimensional non-tangency bifurcation desdrin Section 3, we have
demonstrated numerically that there is a linear relatigmbbtween the logarithm of
the mean transient length and the logarithm of the distance from the bifurcation
parameterdf. [3]).

Denote the eigenvalues gfby [11] > [12] > 1 > |u|, and those ofp by
|f1] < |B2l < 1 < |a]. The set of points in the attractor (and thus on the two-
dimensional unstable manifold(q)) which exit Agjg must do so by coming very close
to the unstable manifold ob. Starting neamp, the area olJ (q) within € of U (p) is
approximated using and f>. We also need to know the fraction of points which
exit Aglg nearU (p) which re-enter the attractor. This is done using the twoabist
eigenvalues for the linearization @t The estimate leads to the new scaling law, which
give good agreement with numerical calculation. It stadtasthe mean transient length
is K(n) = 57, where

log|41| | logla]

7= =T loglial " loglpal

4.3. Unstable dimension variability

The low density of the new part of the attractor has intengstiumerical implications
in terms of testing for unstable dimension variability. &sely, near the parameter at
which a crisis occurs, the standard test for UDV is not ajplie.

In an attractor with a dense orbit which exhibits UDV, we knibat the dense
orbit comes arbitrarily close to the stable manifold of eéighd or periodic saddle
point. Thus it is possible to find a sequence within the denisié which stays close to
a fixed or periodic point for any prescribed number of itesatfter any finite transient
is removed. For simplicity, assunfeandq are fixed points with different humbers
of unstable directions in an attractor which exhibits UDWc® the middle Lyapunov
exponent of the fixed points have opposite signs, the orbgtrave arbitrarily long
finite time sequences with the middle Lyapunov exponentgeegative, and arbitrar-
ily long finite time sequences with the middle Lyapunov exgrrbeing positive. The
standard test for UDV uses this fluctuation of Lyapunov exgmis around zero [10].

In the case of UDV after a crossing bifurcation, althougls tthieoretically cor-
rect that the Lyapunov exponents fluctuate around zero, ehsity of the attractor is
quite low near the newly added fixed point. Therefore, it ismpatationally infeasible
to use the Lyapunov exponent test for UDV. See [3] for detiailemerical calculations
illustrated using the example depicted in Figure 8.
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C. Bereanu - J. Mawhin

PERIODIC SOLUTIONS OF FIRST ORDER NONLINEAR
DIFFERENCE EQUATIONS

Abstract. This paper surveys some recent results on the existence atiglicity of peri-
odic solutions of nonlinear difference equations of the firsler under Ambrosetti-Prodi or
Landesman-Lazer type conditions.

1. Introduction

Periodic solutions of first and second order nonlinear diffiee equations have been
widely studied, and the reader can consult [1, 9] for refeesn In some recent work
with C. Bereanu, we have adapted the topological approatttetopper and lower so-
lutions method to this class of problems and used it, togetiitt Brouwer degree, to
obtain new existence and multiplicity results of the AmlettisProdi and Landesman-
Lazer type [2, 3]. In [4], we have used the same methodologydue similar results
for second order nonlinear difference equations with Bigt boundary conditions.
The present paper surveys some of those results and istedtrior the sake of sim-
plicity, to the case of periodic solutions of first order ditnce equations. Some of the
arguments of [2, 3] are simplified, and some of the conclissare sharpened.

2. Periodic solutions

Letn > 2 be a fixed integer. Faixy, ..., X)) € R", define the first order difference
operator(Dx, ..., Dxn_1) € R"~1 by

DXm:=Xmt1—Xm (A <m<n-1).

Let fm:R" — R (1 <m < n- 1) be continuous functions. We study the existence
of solutions for the periodic boundary value problem

(1) DXm + fm(X1,...,Xn) =0 (1<m=<n-1), X3 =X.
Let
2) UMl ={xeR":x1 = X},

so thatU"~1 ~ R"! because an element bf"~1 can be characterized by the co-
ordinatesxa, ..., Xn—1. The restrictionL : R"~1 — R"1 of D to R"1 is given
by

B) (LX)m=Xm1—Xm (A<m=n-2), (LX)n-1=X1—Xn_1,

17
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or, in matrix form, by the circulant matrix [6]

-1 1 o0 0
0 -1 1 0 0
(4) N
0 0 -1 1
1 0 .0 -1

If we defineF : R"1 — R"1 py
Fm(xl, R Xn—l) = fm(xl, X2, ... » Xn-1, Xl) (1 =m=n- 1)5

problem (1) is equivalent to study the zeros of the contisumappingH : R"1 —
R"-1 defined by

) Hn(X) = (LX)m+ Fm(X) (1<m<n-1).

3. Bounded nonlinearities

Let us first consider the linear periodic problem
(6) DXm+axm=0 (I<m=<n-1), X1=Xn,
wherea € R. The solutions of the corresponding difference system amendby
Xm=(L-a)"'x (L=m=n),
and hence (6) has a solution if and only if
X1 = (1—a)" Ix.
This immediately implies the following

LEMMA 1. Problem (6) has only the trivial solution if n is even angz 0 or if
nis odd andx ¢ {0, 2}. Whena = 0, the solutions are of the formmx=c¢ (1<m=<
n), and when n is odd and = 2, they have the formx= (—1)™1c (1<m<n),
with ¢ € R arbitrary.

Let
(7 bm:R"=> R, (X1,...,%X) — bm(X,..., %) (I<m<n-=1)
be continuous and bounded, and consider the semilineardpeproblem
(8) DXm+aXm+bm(X1,....,X) =0 (I<m=<n-1), X1=X.
If L is defined like above anB : R"~1 — R"~1 py

Bm(xls B Xn—l) = bm(xl, X25 ] Xn—l, Xl) (1 S m S n-— 1)7
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then problem (8) is equivalent to the semilinear proble®int
9 LX + ax + B(x) =0.
We have the following existence result.

THEOREM 1. Assume n odd and # 0 or n even andx ¢ {0, 2} and assume
that the functions § in (7) are continuous and bounded. Then problem (8) has atlea
one solution and, for all sufficiently large, R

dg[L +al + B, B(R), 0] = +1.

Proof. Let M > 0 is such that|B(v)|| < M for all » € R"~1. For eachi € [0, 1],
each possible zenoof L + a| + 1B is such that, using Lemma 1,

Jlull = AL +al) "Bl < IIL +ah)~HIM.

Hence, if we take anR > [|(L 4+ al)~1|M, and denote the Brouwer degree thy
(see [7]), the homotopy invariance of the degree impliet tha

dg[L + al + B, B(R), 0] = dg[L + al, B(R), 0] = %1,

and the existence follows from the existence property olLBser degree [7]. O

4. Upper and lower solutions

Let f, : R - R (1 < m < n — 1) be continuous functions, and let us consider the
periodic problem

(10) DxXm+ fn(Xm)=0 (l<m=<n-1), X1=Xn.

DEFINITION 1. a = (a1,...,an) (resp. 8 = (B1, ..., Bn)) is called alower
solution(resp.upper solutiopfor (10) if

a1 > on (resp.fp1 < pn),
and the inequalities
(11) Dam + fm(am) =0 (resp. Dbm + fm(fm) < 0)

hold for all1 < m < n — 1. Such a lower or upper solution will be calletrict if the
inequality (11) is strictforalll <m <n — 1.

The basic theorem for the method of upper and lower solutioes as follows.
The proof given here is a simplification of that given in [2hieh is modeled on the
corresponding one for differential equations in [11].
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THEOREM 2. If (10) has a lower solutionn = (a1,...,an) and an upper
solutionf = (f1, ..., Bn) such thatom < fm (1 < m < n), then (10) has a solution
X = (X1, ..., Xn) such thatam < Xm < fm (1 < m < n). Moreover, ifo and g are

strict, thenam < Xm < fm (L <m<n-1).

Proof. 1. A modified problem.
Letym: R — R (1 <m < n—1)be the continuous functions defined by

(12) ym(X) = X if am <X < fm
am If X <am.

We consider the modified problem

and show that ifx = (X1, ..., Xp) is a solution of (13) themyn < Xm < fm (1 <
m < n), and hence is a solution of (10). Suppose by contradiction that thesoigae
1 <i < nsuchthainj — % > 0 so thatam — Xm = Max<j<n(aj — Xj) > 0. If
l<m<n-1 then

Om+1 — Xm+1 = am — Xm,
which gives
Dom < DXm = Xm — am — fm(am) < Xm — am + Dam < Dam,

a contradiction. Now the conditios; > apn shows that the maximum is reached at
m = nonly if it is reached also ah = 1, a case already excluded. Analogously we
can show thakm < fm (1 < m < n). We remark that ifa, § are strict, the same
reasoning givegm < Xm < fm (L <m<n-—1).

II. Solution of the modified problem.

We use Brouwer degree to study the zeros of the continuouping : R"1 —
R"-1 defined by

(14) Gm(X) = (LX)m — Xm + fm o ym(Xm) + ym(Xm) (1 <m<n-1).

By Lemma 1,L — | : R™1 — R" 1 s invertible. On the other hand the mapping
with componentsf, o ym + ym (1 < m < n — 1) is bounded o1, Consequently,
Theorem 1 implies the existence Bf> 0 such that, for alp > R, one has

(15) |ds[G, B(p), 0l =1,

and, in particularG has a zerX € B(p). Hencex = (X, x1) is a solution of (13),
which means thaty, < Xm < fm (1 < m < n) andx is a solution of (10). Moreover
if a, B are strict, themm < Xm < fm (L <m=<n-1). O
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Suppose now that (resp. f) is a strict lower (resp. upper) solution of (10).
Define the open set

(16)  Qup={(X, ..., Xn-1) € R iam <Xm < fm (L <m=n-1),
and the continuous mappirg : R"~1 — R~ py
(17) Hm(X) = (LX)m + fm(Xm) (1<m<n-1).

COROLLARY 1. Assume that the conditions of Theorem 2 hold with strict fowe
and upper solutions. Then

(18) |dB[H99aﬂ90]| = 11
with Q4 defined in (16).

Proof. If p is large enough, then, using the additivity-excision propef Brouwer
degree [7], we have

|ds[G, Q4p, 0]| = |dB[G, B(p), 0]| = 1.
On the other hand is equal toG onQ,4, and then

|dB[G7 Q(Xﬂ: O]| = |dB[H9 Q(Zﬁ: O]|'

O
A simple but useful consequence of Theorem 2, goes as fallows
COROLLARY 2. Assume that there exists numbers: § such that
fm(@) >0= fm(f) 1=m=<n-1).
Then problem (10) has at least one solution witk x, < f (1 <m<n-1).
Proof. Justobserve that, ..., a) is alower solution an@g, . . ., £) an upper solution
for (10). O

COROLLARY 3. Foreach p> 0,an > 0Oand b, e R(1 <m < n-—1)the
problem

DXm — aml¥mlP Xm=bm (I<m<n-1), X=X
has at least one solution.

1/p . .
Proof. If R > (maxi<m<n-1 'gm—m') , then(—R, ..., —R) is a lower solution and

(R, ..., R) an upper solution. O
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REMARK 1. Whenpgm < am (L < m < n — 1), one can try to repeat the
argument of Theorem 2 by defining

om(X) = X if fmn=<X=<am
Pm I X < fm,

and considering the modified problem

As L + | is invertible, the degree argument still gives the existenf at least one
solution for (19). If one tries to show that, sg#, < Xm (1 < m < n—1), and assume
by contradiction thaps; — x; > 0for somel < i < n, one gets no contradiction with
Dfm + fm(Bm) < 0. This is in contrast with the ordinary differential equaticase,
for which the argument works independently of their orde3][1The reason of this
difference comes from the fact that a local extremum is dattar&zed by an equality
(vanishing of the first derivative) in the differential caaed by two inequalities (with
only one usable in the argument) in the difference case. fHses the question of
the validity of the method of upper and lower solutions withersed upper and lower
solutions in the difference case. This question is solvetidyegative in the next two
sections.

5. Spectrum of the linear part

The construction of the counter-example proving the laseii®n above is clarified
by analyzing the spectral properties of the first order diffiee operator with periodic
boundary conditions.

DEFINITION 2. An eigenvalueof the first order difference operator with peri-
odic boundary conditions is any € C such that the problem

(20) Dxm=AXm (1<m<n-1), X1=Xp
has a nontrivial solution.
Explicitly, system (20) can be written as
X1—Xn = 0

X2—A+A4Hxy = 0
(21)

Il
o

Xn - (1 + A)Xn_l
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and is equivalent to the matrix eigenvalue problem

—1—2 1 o ... . 0 X1
0 -1-2 1 0 0 X2
(22) e . |=0
0 e 0 —1-12 1 Xn—2
1 0 0 -1-2 Xn—1
Hence the eigenvaluelx areix = —1 + ux (0 < k < n — 2), where theuy are the
eigenvalues of the (permutation, unitary, circulant) ixatr
0 1 0 .- --- 0
0 O 1 0 .- 0
0 0O 0 1
1 0 0O o

namely (see e.g. [6]),
ki

(23) Jk=-1+en1 (0<k=<n-2).
The corresponding eigenvectars (0 < k < n — 2) have components
2kmri

ok =en1 (1<m<n-1).

In particular,2o = 0 is always a real eigenvalue, and all the other eigenvalaes h
negative real part. I = 2, 0 is the unique eigenvalue;nf> 2 is even, 0 is the unique
real eigenvalue; ifi is odd,i% = —2 is the unique nonzero real eigenvalue.

6. Reversing the order of upper and lower solutions

Forn > 2 odd andi = —2, system (21) becomes

X1—Xp = 0
Xo4+x1 = 0

(24)
Xn+X%-1 = 0

and has the solutiop associated te "~1/2 with components
om= (D™t L=m=n)
The adjoint system
X1+X2 = 0
(25) Xn1+Xn = 0
—X1 + Xn

Il
o
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has the same nontrivial solutien As by, = dnm (1 < m < n) (Kronecker symbol) is
not orthogonal to the kernel of the adjoint system (25), ttodjem

X1—Xn = 0
Xo4+x1 = 0
Xn-1+Xp2 = 0
Xn + Xn_]_ = 1

has no solution, or, equivalenttiie problem
(26)DXm+2Xn=0 (1<m=<n-2), DXp_1+2X-1=1 X1 =X
has no solutionHowever,a = (1,..., 1) is a lower solution angg = (0, ..., 0) isan

upper solution of (26) such th#, < am (L <m < n).
If now n > 2 is even, the problem

DXm + 2Xm = O (1 S m S n— 3), DXn_2 + 2Xn_2 = 1,
(27) Dxn—1 = 0, X1 =Xn

is of course equivalent to the problem
DXm+2Xm=0 (1<m=<n-3), DXp24+2X—2=1 X1 = Xp-1.

As n — 1 is odd, it follows from the counter-example (26) thmbblem (27) has no
solution. However. = (1, ..., 1) is a lower solution angt = (0, ..., 0) is an upper
solution of (27) such thgfyn < am (1 < m < n). Those counter-examples were first
given in [3].

Forn = 2, problem (10) is equivalent to the unique scalar equation

fi(xy) =0

and, in this case, the validity of the method of upper and t@eutions, independently
of their order, follows from its equivalence with Bolzantfeorem applied to the real
function fy.

REMARK 2. Notice that, in contrast to the periodic problem for diffece
equations, whose eigenvalues are in the left half-plarig¢haleigenvaluegx = @

(k € Z) of the differential operatord% with periodic boundary conditions of®, T]
are on the imaginary axis. This explains that the method pkupnd lower solutions
works irrespectively to the order of the lower and the upéutson.

7. Ambrosetti-Prodi type multiplicity result

Let fq,..., fa_1 : R — R be continuous functiong € R. Consider the problem,
withn > 2,

(28) DXm+ fn(Xm)=s (L<m=<n-1), X=X,
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with the coercivity condition

(29) fm(U) > 00 as Ju—oc0 (I<m=<n-1).
Whenn = 2, problem (28) is equivalent to the scalar equation
(30) fi(x1) =s

and, under condition (29) witim = 1, it is clear that there exists; (= ming f1)
such that fors < s;, equation (30) has no solution, fer= s;, equation (30) has
at least one solution, and fer > s;, equation (30) has at least two solutions. We
show that a similar result holds for amy > 2. Problems of this type were initiated
by Ambrosetti-Prodi for second order semilinear Dirictdedblems and the approach
given here slightly simplifies the one given in [2], modelextioe method introduced in
[12, 13] for periodic solutions of first and second order pady differential equations.

LEMMA 2. If condition (29) holds, then

n-1
> fm(xm) = +oo if x| > oo.

m=1
Proof. From (29),
(31) HceR)(VueR)(Yme{l,...,n—1}): fu(u) >c,
and

~VMR>0@r">0MueR:|ju=>r)Yme{l,...,n—1}):
(32) fm(u) > R—(n—2)c.

Ifr = «/n—1r" and if x € R™ 1 s such that|x| > r, then, for at least ong €
{1,...,n—1}, one hagx;j| > r’, so that, using (31) and (32),

n-1 n—-1
D fmbm) = D [fmm) —cl+ (M —De> fj(xj) —c+ (n—1c
m=1 m=1
> R—-(n-2c—c+(h-1Hc=R
Consequentlyy> "% fr(xm) — 400 if x| — oco. O

LEmMMA 3. Let be R. If condition (29) holds, there is = p(b) > 0 such that
each possible solution x of (28) withssb is such that|x|| < p.

Proof. Lets < band(xy, ..., X,) be a solution of (28). We see that
n—-1

(33) > fmm) = (N = Ds < (n— Db.
m=1

and the result follows from Lemma 2. O
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THEOREM 3. If the functions § (1 < m < n — 1) satisfy (29), there exists
s1 € R such that(28) has zero, at least one or at least two solutions according to
S<$,S=%,S> 9.

Proof. Let
Sj = {s e R:(28) has at least j solutions (j > 1).

(@ S # 2.
Takes* > maxi<m<n-1 fm(0) and use (29) to findR* < 0 such that

min  fn(R*) > s*.
1<m=<n-1

Thena with aj = R* < 0(1 < j < n) is a strict lower solution ang with gj = 0
(1 < j < n)is a strict upper solution for (28) with = s*. Hence, using Theorem 2,
st e §.

(b) IfSe€ S and s> Sthense S.

LetX = (X3, ..., Xn) be a solution of (28) witls =S, and lets > 3. ThenX is a strict
upper solution for (28). Take NnOR_ < MiNi<m<n Xm such that mif<m<n—1 fm(R-)

> st follows thata with aj = R_ (1 < j < n) is a strict lower solution for (28), and
hence, using Theorem 8¢ S;.

(c) st = inf § is finite and $ D ]s1, ool.

Let s € R and suppose that (28) has a solutie, ..., Xp). Then (33) holds, from
where we deduce that> c, with ¢ € R given in (31). To obtain the second part of
claim (c) S D ]s1, oo[ we apply (b).

(d) & D Is, 00l

We reformulate (28) to apply Brouwer degree theory. Conshiiecontinuous mapping
G:R x R"1 — R"1 defined by

Gm(s, X)) = (LX)m+ fm(Xm) —s L<m=<n-1).

Then(xy, ..., Xn—1, X1) is a solution of (28) if and only ifx1, ..., Xn—1) € R"1is
a zero ofg(s, -). Lets3 < 51 < $. Using Lemma 3 we fingg > 0 such that each
possible zero ofi(s, -) with s € [s3, %] is such that maym<n—1|Xm| < p. Conse-
quently,dg[5(s, -), B(p), 0] is well defined and does not depend upor [s3, S2].
However, using (c), we see thgtss, x) # 0 for all x € R"~1. This implies that
ds[5(ss, ), B(p), 0] = 0, so thatdg[G(sp, -), B(p), 0] = 0 and, by excision property,
ds[S(s2, ), B(p),01 = 0if p’ > p. Lets € ]s1, o[ andX = (X1, ..., Xn) be a so-
lution of (28) (using (c)). TheX is a strict upper solution of (28) with = s,. Let

R < mini<j<nXj be such that miftm<n-1 fm(R) > 5. Then(R,...,R) e R"isa
strict lower solution of (28) withs = s,. Consequently, using Corollary 1, (28) with
s = s has a solution if2rg and

|ds[S(s2, -), Qrx, 0l = 1.

Taking p’ sufficiently large, we deduce from the additivity properfyBoouwer degree
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that

= |dB[9(52’ ')9 QRY) 0]| = 1’
and (28) withs = s, has a second solution B(p’) \ Qrs.
(e)seS.

Taking a decreasing sequen@®)ken in ]S1, co[ converging tosi, a corresponding
sequenccex'l‘, cee xh) of solutions of (28) withs = ok and using Lemma 3, we obtain

a subsequenceqk, e x,%k) which converges to a solutiaixy, .. ., X)) of (28) with
S=¢5. O]

COROLLARY 4. If p > 0,8y > 0and iy € R (1 < m < n — 1), there exists
s € R such that the periodic problem

DXm+ am[Xm/P =s+bm 1<m<n—-1), X=X,

has no solution if s< s1, at least one solution if s= 5 and at least two solutions if
S > 9.

Similar arguments allow to prove the following result.
THEOREMA4. If the functions § satisfy condition
(34) fm(X) > —o0 as |x]—> o (I<m=<n-1.

then there is § € R such that (28) has zero, at least one or at least two solutions
accordingtos> §,S=5 0rs < s1.

COROLLARY 5. If p> 0,an > 0and hy, € R (1 < m < n — 1), there exists
s1 € R such that the periodic problem

DXm—amlXm/P =s+bm (1<m=<n-1), x1=X,
has no solution if s> s, at least one solution if s= 51 and at least two solutions if

S < s

8. One-side bounded nonlinearities

The nonlinearity in Ambrosetti-Prodi type problems is bded from below and coer-
cive or bounded from above and anticoercive. In this secti@consider nonlinearities
which are bounded from below or above but have differentttimi+oo and—oo.

Letn > 2 be aninteger anél, : R — R continuous function§l < m < n—1).
Consider the problem

(35) DXm+ fm(Xm) =0 (1<m=<n-1), X1=Xn.
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It is easy to check that the linear mappibglefined in (3) is such that

N(L) = {(,...,c)e R :ceR},
n—1

RL) = {(y.....¥n-1) eR": Dy =0}
m=1

The projectorP : R"-1 — R-1

1 n—-1 1 n—-1
P(Xt,...,%n-1) = (n—1zxm""’nT1 Xm)

Il
SN
>
| |+~
H
3 S5 3
ML
>
3
v
~~
=
e

is such thatN(P) = R(L), R(P) = N(L). Let us finally defineF : R"~1 — R"-1
by

F(Xg,...,Xn—1) = (fa(x1), ..., fa1(Xn-1)),

and letH = L 4+ F, so that the solutions of (35) correspond to the zerdd ofo study
them using Brouwer degree, we introduce, like in Theorerh3\af [10] the family of
equations

(36) Lx+ (1 —2)PF(X)+AF(x) =0, 1€l0,1].
LEMMA 4. For eachi €]0, 1], equation (36) is equivalent to equation
(37) Lx 4+ AF(x) = 0.
For A = 0, equation (36) is equivalent to equation
(38) PF(xX) =0, xe N(L).
Proof. We first notice that, applyin§ to both members of equation (36), we get
PF(x)=0

and hence, fof €]0, 1], equation (36) implies equation (37), and, foe 0, implies
equation (38). Conversely, if equation (37) holds dnd ]0, 1], then, applyingP to
both members, we gd® F(x) = 0 and we may addl — 1) P F(x) to the left-hand
member to obtain (36). If equation (38) holds, then

PF(x)=0, Lx=0,
and hence (36) witth = 0 follows by addition. O

The following Lemma, taken from [2], adapts to differenceiaipns an argu-
ment of Ward [14] for ordinary differential equations.
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LEMMA 5. If the functions § (1 < m < n — 1), are all bounded from below
or all bounded from above, say byand if for some R> 0

n—1
(39) Z fm(Xm) #0 whenever min x; >R or max Xj <—R,
1 1<j=n-1 1<j=n-1

then, for each. €10, 1] each possible zero x of & AF is such that

(40) max1|xj| < R+ 2(n - 1)c|.

1<j=n-

Proof. Let (1, x) €10, 1] x R"~1 be a possible zero df + AN. Itis a solution of the
equivalent system

n—-1
41) D fm(m) =0, DXm+Afm(m) =0, X1=X), (<m<n-1).

m=1
On the other hand, if we assume, say, that efglil < m < n — 1) is bounded from
below, say byc, we have, forallI= m<n—1, and allu € R,

[ fm (W = lcl = [fm(U) —c| = fm(u) —c,

and hence
(42) | fn(U)| < fm(u) + 2[c|.
Consequently, using (41) and (42), we obtain

n—-1 n-1 n—1
DDxml = A [fmGm)l < D | fn(m)|
m=1 m=1 m=1
n—1
(43) < fm(Xm) + 2(n — )|c| = 2(n — 1)|c|.
m=1
We deduce
n—1
X Xm S, X D, D
(44) < min  Xm+2(n—1)c|.
1<m<n-1

Using (41) and assumption (39), we obtain  mixy,, < Rand—R < max Xm.

1<m<n-1 1<m<n-1
Combined with (44), this gives

—[R+2(n—=12Dic|]] < min Xun < max Xm < R+2(n-—1)ic|.
1<m=<n-1 1<m=<n-1
If the f, are bounded from above, it suffices to consider the equivpleblem—Lx —
F(x) = 0 with all function— f,,, bounded from below, as L has the same null-space
and range a&. O
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Definep : R — R by

1 n—1
o) = —— (Z fm<u)),
m=1

so that, foru(,...,1) € N(L),
PFu(,...,1) =9U)1,...,1).
The following theorem slightly sharpens a result of [2].

THEOREMS. Suppose that the functiong, {1 < m < n — 1) are all bounded
from below or all bounded from above, and that for some Rande € {—1, 1},

R

v

n—1
€ fn (X > 0 whenever min X
mgl m(m) > ,min_x;

IA

0 whenever max xj <-—R.
1<j=n-1

n-1
(45) € > fm(Xm)
m=1

Then, problem (35) has at least one solution.

Proof. For definiteness, assume that edghis bounded from below bg. For each
k > 1, let us define
€Xm

(k) _
fn’ Xm) = fm(Xm) + KL+ [xmD)

l<m=<n-1),

so that each‘rﬁk) is bounded from below bg — 1 and, using assumption (45),

n-1
£ (0 in X
EZ m (Xm) > 0 whenever lsjrsryrjlxJ >R
m=1
n-1
(46) € > f¥9xm < 0 whenever L max X < —R.
m=1 =l=n=
DefineF® : R"-1 . R"-1 py
FoO(Xa, .., %n-1) = P (m) A<m<n-—1).

Lemma 5 implies that each possible solutidl of each equation
(47) Lx+iAF®¥x) =0 k=1,2..), (1€]0,1])
is such that

max 1|x,(r‘f)| <R4+2n=1(c|+D:=p (=1,2...).

l<m<n—
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Furthermore, condition (46) witk; = ... = xpn_1 = +p implies that
1 n-1
(9] _ z (k)

If C(p) = (1—p, pD)"L, it follows then from Lemma 4 and the homotopy invariance
of Brouwer degree, that, foreagh=1,2, ...,

dsL + F®,C(p)), 0l = dg[L + PF®, C(p),0].

Now, L + P : R"™1 — R"1 s an isomorphism and, fax € R(P), we have
(L + P)~1z = z, so that, using the multiplication property of the Brouweguee
and denoting the Brouwer index by (see e.qg. [7]), we obtain
dslL + PF®,C(p),01 = dsl(L+P)[I +(L+P)"*(PFY —P)],C(p),0]
= ig(L+P,0)-dg[l — P+ PF®, C(p),0]
= +dg[l — P+ PF® C(p),0]

Now, the Leray-Schauder reduction formula (see e.g. [7plies that

dg[l = P+ PF®.C(p),0] = da[PF®|nw), C(p) N N(L),0]
dB[(/’(k): ] - p’ p[: O]’
where
7 (u) =g (u) K@+ u)
Now assumption (45) withy = ... = X,_1 = %p implies thatp®¥ (—p)p® (p) < 0

forallk=1,2,..., sothat
dgle®@,1—p, p[,0] = £1.

Thus it follows from the existence property of Brouwer degtieat equation (47) has

at least one solutior® such thax® e C(p) forallk = 1, 2, ... Going if necessary
to a subsequence, we can assumexfat— x € C(p) which is a zero oL + F and
hence a solution of (35) O

Letu™ = max{u, 0}.

COROLLARY 6. For p > 0,an > 0, by, € R (1 < m < n — 1), the periodic
problem

(48) DXm +am(X)P —bm=0 (1<m<n-1), X=X,

has at least one solution if and only if

n-1
Z bm > 0.
m=1
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When @&, < 0and b, € R (1 <m < n— 1), problem (48) has at least one solution if
and only if

Proof. For the necessity, if problem (48) has a solutigrthen

n—-1 n-1
Z bm = Zam()q)p > 0.
m=1 m=1

For the sufficiency, each functiofy,(Xm) = am(X;)P — b is bounded from below by
—bm. Furthermore, if

_1 1/p
n o ((Zhcibn
i —1 ’
> mei am
then> "% fm(xm) > Owhen min<m<n_1Xm > R. Onthe other handy""—% fm(xm)
= - ﬂf:ll bm < 0 when max<m<n-1Xm < 0. Hence the result follows from Theo-
rem 5. The proof of the other case is similar. O
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ZERO SHEAR VISCOSITY LIMIT FOR THE NAVIER-STOKES
EQUATIONS OF COMPRESSIBLE ISENTROPIC FLUIDS
WITH CYLINDRIC SYMMETRY *

Abstract. We study the problem of the limit process as the shear viscgsiés to zero for
global weak solutions to the Navier-Stokes equations of cesgible isentropic fluids with
cylindric symmetry between two circular cylinders. We prokattthe limit of the global
weak solutions is a weak solution of the corresponding systéh zero shear viscosity.

1. Introduction

We shall study the convergence of solutions of the the N&iekes equations for
a compressible isentropic fluid with cylindric symmetry,the shear viscosity goes
to zero. In this paper we restrict ourselves to isentropmwdldetween two circular

coaxial cylinders and assume that the motion of the flows midgpenly on the radial

variable and the time variable. The corresponding symmrim of the compressible
isentropic Navier-Stokes equations, which express theareation of mass and the
balance of momentum, can be written as [35]

u

(1) Pt (pu+ 2= =0,

2 2

2y L PUT Pt o u
2) (o + (U + o = B P= (14 20) (i + )
2pu

®3) (po)t + (puv)x + % =€ (DX + %)X ,

Uw w
(4) (Pl + (puw)x+ =2 = ¢ (e + =)

Herep is the densityy, v andw are the radial, angular and axial components of the
velocity vectors, respectivelyx is the radial variable;

P=Pp)=ap’, y>1
denotes the pressure, ahd, a andy are positive constants which stand for the bulk

(expansion) viscosity coefficient, shear viscosity cogdfit; gas constant and specific
heat ratio, respectively.

*Supported by the NSFC (Grant No. 10301014, 10225105) anidftienal Basic Research Program
(Grant No. 2005CB321700) of China.
*Corresponding author.
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We shall consider the following initial boundary value plerh for (1)—(4) in
the domainQt := (0, T) x Qwith Q:={0 <r1 < X <rz < oo}:

(5) u=0, o=oit), w=wit) forx=rj, i =12,
(6) (p, U, v, w)|t=0 = (po, Uo, vo, Wo).
The boundary conditions (5) imply that the fluid sticks atlloeinding cylinders which

move in such a way that the axis of symmetry is fixed. For siaitgliwe take here
vj (t) = w;j (t) = 0, since otherwise we can use

rp — X X—=TI1 rp — X X—r1
v—( v1 + 1)2) andw—( w1 + wz)
f2—ra f2—r1 ro—ra ro—ra
to replacer andw, respectively, and thus the proof only needs minor modifioat

The asymptotic behavior of viscous flows, as the viscosityislees, is one of
the important topics in the theory of compressible flows, el problem of small
viscosity finds many applications, for example, in the bargdayer theory [43].

Assuming that

©) po € HY(Q), infpo > 0, Uo, vo, wo € Ha (),

Shelukhin studies the zero shear viscosity limit for flowdwhieat-conducting between
two parallel plates [47, 48], while in [49] he investigatbe {passage to the limit for
a free-boundary problem of describing a joint motion of tveonpressible fluids with
different viscosities, as the shear viscosity of one of thielfl vanishes.

In [17] Frid and Shelukhin investigate the cylinder symriteigentropic prob-
lem (1)—(6). For the cylinder symmetric case, the velocignponents influence each
other through the momentum equations. This is one of the differences between
the systems considered in [47, 48, 17]. Under the conditf@hsFrid and Shelukhin
prove that the problem (1)—(6) possesses a unique stroafJaso{p., Ue, v¢, we) Sat-

isfying
pe € L0, T; HY), aipe € L0, T; L?), i(glfpe > 0,
T
(Ue, ve, we) € L0, T: Hg) N L2(0, T: H?), (8tue, droe, dwe) € LA(Qr).

Furthermore, they use the method developed in [47] to olit@ifollowing uniform in
€ estimates:

/Q[pf(u§+uf+w§)+p3]dx
.
+/ /[(/1+26)(6Xu6)2+e(6xv€)2+e(axw5)2]dxdt§ C,
0 Q

ct <pe =C, |(ve, we)llLe(qr) =C,
||axpg|||_oo(0,-|-;|_2) <C, ||atp€||L°°(O,T;L2) =C,

I@tue, 82Ul L2(qr) + 10xUe | L (0,T:12) < C,
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whereC is a positive constant independenteofThus, using these uniform estimates,
they can prove by the standard compactness imbedding angsithat ag — 0,

(pe>Ue) = (p,u) stronglyin C(Qr),
(ve, we) — (v, w) weak-x in L*(Qr).

(8)

Then, with the help of (8), they utilize a framework suitalide transport equations
which allows one to improve the weak convergence to the gtome by analyzing and
comparing the equations deducedde(z) and®(z), wherez is any of the two velocity
components or w, ® : R — R is a convex function, and (z) denotes the weak limit
of ®(z.) with z. = v, or z. = w,. This idea of improvement of weak convergence
goes back to the notion of the renormalized solutions intced by Diperna and Lions
[11], and applied and further developed in [25, 38, 39, 33,24 14, 16, 48, 18, 30,
15, 50] and among others.

The problem of vanishing both shear and bulk (expansiorpgisy coefficients
(4, 1) is much more complex and the situation becomes delicats eltpected that a
general weak entropy solution to the Euler equations shioeil¢strong) limit of solu-
tions to the corresponding compressible Navier-Stokeatams with the same initial
data as the viscosity and heat conductivity tend to zeradddthe vanishing viscosity
limit for the Cauchy problem for the compressible Naviepkets equations has been
studied by several researchers.

For the one-dimensional isentropic compressible Naviekés equations, Di-
Perna [9] uses the method of compensated compactness abtisbsts a.e. conver-
gence as viscosity goes to zero of admissible solutionseoRthvier-Stokes equations
to an admissible solution of the corresponding Euler equatiprovided that solutions
of the Navier-Stokes equations are bounded and the dessibunded away from zero
uniformly with respect to the viscosity coefficients. Howewthis uniform bounded-
ness is difficult to verify in general, and the abstract asialin [9] gets little informa-
tion on the qualitative nature of the viscous solutions.2r] [Hoff and Liu investigate
the inviscid limit problem in the case that the underlyingsaid flow is a single weak
shock wave, and they show that solutions of the compresNitlger-Stokes equations
with shock data exist and converge to the inviscid shocksjsa®sity vanishes, uni-
formly away from the shocks. Based on [19, 27], Xin in [52] sisahat the solution
to the Cauchy problem of the one-dimensional compressillatiopic Navier-Stokes
equations with weak centered rarefaction wave data exastallftime and converges
to the weak centered rarefaction wave solution of the cpaeding Euler equations,
as viscosity tends to zero, uniformly away from the initiedabntinuity. Moreover, for
a given centered rarefaction wave to the Euler equatiorts fiviite strength, he con-
structs a viscous solution to the compressible Navier<&talystem with initial data
depending on the viscosity, such that the viscous solufipnaaches the centered rar-
efaction wave at the rate/4 of viscosity uniformly for all time away fromt = O.
Recently, Jiang, Ni and Sun [32] extended this result to tihreisentropic case by us-
ing some ideas from the stability study of rarefaction wg¥€s41] and the time-decay
property of initial discontinuities [24].

In the vanishing viscosity limit, the existence and stapitif multidimensional
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shock fronts for the multidimensional compressible Na8t@kes equations are pro-
ved in [23] and the Prandtl boundary layers (characterisiicndaries) are studied for
the linearized case in [53, 54, 51] by using asymptotic aislywhile the boundary

layer stability in the case of non-characteristic bouretagnd one spatial dimension
is discussed in [46, 42]. We also mention that there is anmnekte literature on the

vanishing artificial viscosity limit for hyperbolic systenof conservation laws, see, for
example, [9, 10, 19, 37, 36, 55, 20, 45, 5, 21, 22, 3], alschef mhonographs [4, 8, 44]

and the references therein.

Concerning the zero shear viscosity limit for (1)—(6), to best knowledge, the
known results are concerned with strong solutions undecanelitions (7). The aim
of this paper is to prove a similar vanishing shear viscdsityt result under weaker
regularity assumptions on the initial data. Namely, we wstilidy the limit ag — 0 of
(1)—(6) under the following conditions on the initial data:

(9) infpo >0, po e L®(Q). Uo e LAQ). (vo,w0) € L¥(Q).

Under (9), it is not difficult to prove that there exists atdeane global weak so-
lution (pe, Ue, ve, we) With pe > 0 to the problem (1)—(6) by using arguments similar
to those in, for example, [1, 2, 6, 39, 56, 26, 31, 28]. Morepye., U.) is a renor-
malized solution of the equation (1), see [39]. On the othardh for the vanishing
shear viscosity limit for the weak solutions here, compaméti the strong solutions
dealt with in [17], the main difficulty lies in the derivatiaf the strong convergence
of the densityp,, due to lack of uniform a priori estimates on derivativesppf To
overcome such difficulties, we use the techniques in theystfithe global existence
of weak solutions to the multidimensional compressibleibla8tokes equations (see,
e.g., [38, 14, 16, 29]), and exploit the feature of the equatp).

Before stating our main result, we introduce the definitibweak solutions.

DEFINITION 1. (i) We call(p, u, v, w)(X, t) a global weak solution of (1)—(6),
ifforany T > 0, p(X,t) > 00n[0, T] x Q, and

p,0,w € L®(Q1), uv,wel?0,T;HY, uelL®(O,T;L?,

and the following equations hold:

L
(10) / /p(¢t+u¢x)xdxdt+/pogp(x, O)xdx =0,
0o Ja Q

/OT/Q [xpugt + xpuZx + po2p + [P(p) — (2 + 26)(ux + = ) | (xe)x fxat

(11) + /Q XpoUogh (x, 0)dX = O,

/OT /Q {xpv¢t + XpUvgx — pUve — e(vx + %) (qu)x}dxdt

(12) + /Q Xpovo (X, 0)dx = O,
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(13) /OT/Q {Xpwgét + XpUwepy — EXwX¢>x]dxdt+/QXpowo¢>(x, 0)dx =0,

foranyg, ¢ € C1(Qr), ¢ € C([0, T], HY) andg(-, T) = ¢(-, T) = 0.
i) We call (p, u, v, w)(X, t) a global weak solution of (1)—(6) with = O, if for any
T>0pXxt)>00n[0,T] x Q, and
pov,w € L®(Q1), uelL®0,T;L%)NL30,T;HY),
andp, u, v, w satisfy the equations (10)—(13) with= 0.

Thus, the main result of this paper reads:

THEOREM1. Assume that the initial data satisfy (9). Then there exigf®hal
weak solution(p¢, U, ve, we) Of the problem (1)—(6). Moreover, there is a sequence
en | 0, such that ag, — 0,

(Pen> Ven» Wey) = (p, v, w) strongly in LP(QT), U, — u strongly in L°(Qr),
xUe, — Uy strongly in L2(Qr)

forany pe [1, c0) and se [1, 6). In addition, the limit(p, u, v, w) is a global weak
solution of (1)—(6) witke = 0.

ReEMARK 1. (i) If inf pg = 0 and(po, Up) satisfies a natural compatibility con-
dition, then we can prove that the problem (1)—(6) has a ungobal smooth solution.
For the proof, see [7] when > 2 and [13]when 1< y < 2.

(i) A similar result has been obtained recently for the metghydrodynamic
equations by Fan [12].

The next section gives the uniform estimates which will bedum the final
section to complete the proof of Theorem 1.

As the end of this section, we introduce the notation usesliginout this paper.
LP(1, B) respectively|| - ||Lr(1,B) denotes the space of all strongly measurapte;
power integrable (essentially boundegit= oo) functions froml to B respectively its
norm,| C R an interval,B a Banach spac&€ (I, B — w) is the space of all functions
which are inL*°(I, B) and continuous in with values inB endowed with the weak
topology. We will use the abbreviation:

L9, T; W™P) = L9, T; W™P(Q)),
Il - llLa,m;wmpy = || - llLage,;wme@)yy, Nl -llee =1 - llLe)-

The same lette€ will denote various positive constants which do not depend
one.

2. Uniform a priori estimates

We denote the weak solution of (1)—(6) by, u., ve, we) throughout the rest of this
paper. This section is devoted to the derivation of a pristingates of p., Ue, v, we)
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which are independent ef.

We start with the following conservation identity which istained by multiply-
ing (1) byx, integrating the resulting equation ou t) x Q and using the boundary
conditions (5):

(14) /gzx/)e(x,t)dx:/QXpo(x)dx.

The following lemma gives an elementary energy estimatekvis proved in
[17] by multiplying the system (2)—(4) b§u,, v¢, we) in L2((0, t) x ©) and using (1).
LEmMMA 1. The following energy estimate holds.

ax
y —1

X
sup [ [SpeZ+02+wd) +
tefo,T]/a L2

.
2 XEZ X€2 X€2
+/0 /Qx[(/wr €)(BxUe)? + €(0x0e)? + €(Oxwe)

uz | v?
(15) +(h+26) 5 + eﬁ]dxdt <C.

pl |x, dx

As in [17], we rewrite the equation (2) in the form

(pet ) + [peu2 + Pe = G+ 26) (Bxuc + <) ] =0,

X

where . ) 5
u J—
Oc :=/ szf)dz, P :=ap!.
r

1

It is easy to see that by (15),
(16) lloellLe(qr) < C.

Introducing the function

X

t
pet.0i= [ {4 20) (B + 55) = pu? = Pe— o} (xr)le + [ pouode.
0 X

r

one has
Ue 2
(1) Gpe=pele, g = (2 +26) (oxuc + 7) — peu? — P — o.
Observe that by virtue of (15), (17), the Cauchy-Schwarguadity and (14),

Ox@ellLoo,T:L1) = lIPeUellL@,T:LY)

< CllV/XpeUell Lo 0,7;12) lIv/XPell Lo 0,T:12)
<C
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and

sup
te[0,T]

<C.

/ng(x,t)dx

Hence, the generalized Poinéanequality implies
(18) l9ellLoe(qr) < C.

Utilizing the equations (17), and the estimates (16) anjl fb8owing the same
arguments as in [17, Lemma 2.2], we obtain the following lemthe proof of which
is therefore omitted.

LEMMA 2. There are positive constangs p independent of, such that
(19) PEpX,t)<p  ¥xeQ, t=0.

As a consequence of Lemmas 1 and 2, one has by the Cauchy+&éhegual-
ity that

T T
6 2 4
(/ uwnwdtsnumemTLa/"numme
0 > 0

T ry 2
< C/ (/ |u56XuE|d5) dt
0 r

1

]
fCA 1Ue 12, 1 oxUe 12t
(20) <c.

Now, one can apply Lemma 1 and (19) to the parabolic equa(@rg4) to
obtain bounds on the time derivative @f., pcv):

LEMMA 3.
(21) ||atpe|||_00(0,T;Hfl) + lléx (peae)”Lz(O,T;H*l) <C,

wherev, = (U, ve, ).

The following lemma gives us uniform bounds @b, v¢) in L*-norm, the
proof of which is based on using the properties of transpguatons and Lemmas 1
and 2, and can be found in [17].

LEMMA 4.
.
loellLe@r) =< llvollLee(q) eXD(C/O ||Ue||L°°(Q)dt)
< CllvollL=(q),

lwellLoe(@ry < llwoll L.
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3. Proof of Theorem 1

In this section we pass to the limit f@pe, Uc, ve, we) ase — 0 in (1)—(6). First,
it is easy to see by the uniform a priori estimates estaldishehe last section and
Lemma C.1in [38] that one can extract a subsequenég.ofi, v, w,), still denoted
by (pe, Ue, ve, we) for simplicity, such that as — 0,

(22) pe — p weak-x inL>(Qr), p=<pxt)<p, ae,
(23) pe — p in C([0, T],L7” (Q) — w) foranyy > 1,
Ue — u weak-x in L®(0, T; L3(Q))
(24) and weakly inL2(0, T; H}(Q)) N L8(Qr),
(25) (ve, we) — (v, w) weak-x in L*°(Qr),
(26) (€dxUe, €dxve, €dxwe) — (0,0, 0) strongly inL?(QT),

and from (23) and the Sobolev compact imbedding theoremgetse
(27) pe — p inC(0,T], H Q).
Using (22)—(24), (21) and Lemma 5.1 in [39], we find that

8) pele — puweak-# in L°°(0, T; L2(Q)) and
weakly inL2(0, T; LP(Q)) forall p > 1,
and by Lemma C.1in [38],
pele = puin C([0, T], L*(Q) — w),
from which and the Sobolev compact imbedding theorem, libfed that
pele — puin C([0, T, H ().
Hence, the above weak convergence together with (24) sasult

(29) peU? — pu? weakly inL?(Qr).

On the other hand, noticing that by virtue of Lemma 1 and thieo&w imbedding
theorem,foT luc (t)]I2dt < C. Therefore,

T
/ ||uf(t)||H1dt§C uniformly in e,
0

which together with (27) implies

T
(30) VO /Q(pe — p)ufqﬁdxdt‘ — 0 ase —0, ¢eC(Qr).
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So, recalling the pointwise boundednesg pbne immediately gets from (29) and (30)
thatu? — u? weakly inL2(Qr), which combined with (24) shows that

Ue — u strongly inL?(Qr).
Therefore, by interpolation and (20), we infer that
(31) U, — ustrongly inL3(Qt), Vs <6.

Now, we use and adapt the techniques in [39, 14, 16] (als@#8) fo prove the
following strong convergence @f .

LEMMA 5.
pe — p strongly in 1(Q7), ase — 0.

Proof. First, multiplying (2) by¢ € C;°(Q) and integrating ove(ri, x), then mul-
tiplying the resulting equation by (t)pe, w(t) € C3°(0, T), and integrating over
(0, T) x Q, we obtain after a straightforward calculation that

/OT t//(t)/gpg [apg — (A +20) (axue + “;)] pdxdt

T X T 1 X
=/ t///(t)/ pe/ psue¢dédth_/ l/// _peus/ PeUcpdédxdt

0 Q r 0 X r
T X ) T X peuz

v [oe @+ paidrgdzaxat- [y [ g [T 2T pdzaxar
0 o Jn 0 o Jn ¢
T X 2

[ [ pe [P gdzaxar
0 Q ri 5

T X
@ ~G+20 [ v [ (agu5+u—€)¢5dfdxdt,
0 Q ry 5

whereH := ap! — (1 + 2¢)(dxUc + U /X) is so-called the effective viscous pressure
which possesses some smoothing property and plays an empoote in the existence
proof of global weak solutions to the multidimensional coagsible Navier-Stokes
equations, cf. [39, 29, 14, 15].

Now, passing to the limit in (32) as — 0, and making use of (22)—(29) and
(31), we see that

-
(e + PY
/0 1,1/(t)/9[ap1”r i(pux—i— X )]¢dxdt
T X T 1 X
=/ l//’(t)/p/ pUqﬁdédth—/ 1/// —pu/ pupdédxdt
0 Q r 0 QX r
T X T X puz
+/ l/// p/ (ap? +pu2)¢gdfdxdt—/ 1/// p/ —pdédxdt
0 Q r 0 Q ri 5

T xm T X u
(33) +/ t///p/ —qbdédxdt—/l/ (///p/ (u§+—)¢5dc§dxdt
0 Q ri 5 0 Q ry é
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Here and in what followsf (77) denotes again the weak limit df(5.) ase — 0.

On the other hand, with the help of (22)—-(29) and (31), onéblgdaakinge — 0
in (1) and (2) that

(34) pr+ (pU)x + % —0,
2
© T ) 2o

X

in D'((0, T) x Q), wherepv? andp? denote the weak limits gf.0? andp! , respec-
tively.

Now, multiplying (35) byy € C3°(Q), integrating then ovefry, X), and mul-
tiplying the resulting equation by (t)pe, w(t) € C§°(0, T), and integrating over
(0, T) x Q, we deduce by the same arguments as in the derivation ofl{ap) t

/OT W(t)/ﬂp [ap_l’— A (ux + ;)] pdxdt
=/T 1//('[)/ p/xpu¢dg“dxdt—/T w/ Epu/xpu¢dédxdt
/ / / ap’ + pu? qﬁcdfdxdt—/ / / —¢d§dxdt
(36) +/ / /1 —qﬁdédxdt— /0 W/Qp/rl (uHE) pededxdt

Comparing the right hand side of (33) with that of (36), weeirthat

/OT y//g[afm—z(pTer %)]qﬁdxdt

T
__ u

(37) =/0 V//Qp [apV - (ux + ;)]qﬁdxdt

whence

(38) ap't’ — ApUy = app? — Apux.

In the sequel, we apply the idea of the renormalized solsttorthe equation
(1) introduced by DiPerna and Lions [39] to show thatatisfies

p |09p

(39) (plogp), + (uplogp), + pUx + ? +5=Fu=o,
lo
(40) (p10gp); + (Uplogp), + pux + 20 + 2 Xgp -0

in the sense of distributions In fact, singeis uniformly bounded in.*°(Qt) and
ue L?0,T; H (Q)), we get from Proposition 4.2 in [15] that is a renormalized
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solution of (1), i.e.p¢ satisfies

Pele
X

(41) otb(pe) + [b(pe)uclx + [b/(pe)pe — b(pe)loxue + b/(pe) =0

for anyb € CY(R), b'(2) = 0 for z large enough. It is not difficult to verify that one
can takeb(z) = zlogzin (41) by an approximate argument and the uniform a priori
estimates established fpr andu.. Thus, we have

Pele

(pe 109 pe)t + (Ue pe 109 pe)x + pedxUe + + L)I(_e/)e log pe = 0.
Lettinge — 0 in the above equation and making use of (22), (28) and (3d.)phtain
(39) immediately.
Similarly, the limit functionsp, u are still a renormalized solution to (34).
That is, the equation (41) witko,, uc) replaced by(p, u) is still valid, and by an
approximation one can talk&€z) = zlogz, and hence, the equation (40) holds.
Subtraction of (40) from (39) leads to

_ plogp —plo
(42) [plogp—plogpli+lu(plogp—p |09p)]x+wu = pux —pUx.

On the other hand, from (38) and the weak lower semicontinofitconvex
functions, we find that

a [—— _

(43) PUx — pUx = — (p”V - p/ﬂ) >0, ae.
2

and

(44) plogp = plogp, ae.

As in [14, 16], consider a sequence of functigiig € C3°(Q), such that

0 < ¢m <1, ¢pm(x) = 1 for all x such that digix, 6Q) > m1,
[oxdm(X)| < 2m and distx, 0Q)|oxdm(X)| < 2 forallx € Q,
dm(X) — Lasm — oo forall x € Q.

Notice that by virtue ofi € L2(0, T; H3), |u|[dist(x, 8Q)]~* € L2(0, T; L?). There-
fore, multiplying (42) byx¢m(x) and integrating ovefO, t) x Q, then takingm — oo,
and using (43) and (23), we infer

/X(plogp—plogp)(x,t)dxs/X(p logp —plogp)(x,00 =0, a.etel0,T],
Q Q

which combined with (44) giveslogp = plogp a.e. onQy. This identity, together
with, for example, Theorem 2.11 in [15], yielgs — p a.e. onQT, which combined
with the Egorov theorem proves the lemma. O
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By Lemma 5 and interpolation, it is easy to see that
(45) pe — p strongly inLP(Qt) forany 1< p < oo.

Now, passing to the limit in (1)—(4) as— 0, and utilizing (22)-(29), (31) and
(45), we see that the limit functions, u, v, w satisfy the following equations in the
sense of distributions:

u
(46) pt+(pu)x+p7=0,
(47) Ut e+ P PP oy = 4 (gt
pWt+ (p )X+X_X+ P )x = (X+X)X’
2pu
(48) (po) + (puv)x + pxo =0,
u
(49) (pw)t + (puw)x + % =0.

In the sequel, we prove the strong convergencegfwe, dxUc) to (v, w, Uy)
in L2(Qt). To this end, we introduce the Lagrangian coordin&es) or (z, t) which
are connected to the Eulerian coordinates) by

X
y=yXt):=rg +/ Spe (s, t)ds
r

and «
z=2z2(x,t):=r1 +/ sp(s, t)ds.
r
Without loss of generality, we may assume that
(50) / Xpo(X)dX =rp —r1.
Q

From (50) and the mass conservation, we find that € Q. Sincep. andp are
bounded and strictly away from 0, the mappings (the inverappimgs ofy(x, t) and
z(x, 1)) x(y, t) andx(z, t): Q — Q are surjective. Moreover,

Yt = —Xpele,  Yx = Xpe, dydt= xp.dxdt
Thus, the equations (1)—(4) in the new variakles) read:

(51)  (Xpe) + X2pZoyuc =0,
2

)] u
(52) G — -< = (1 +20)x (prayue n

x| £

~x[Po)ly,
), ~X[PGAly
0,

u
(53) Otve + Jebe _ €x (prayvg + 1)_5)
X X7y

(54)  dwe — e(X2pedywe)y =0,
(55) Xt = uf) PeXXy = l)
(56) (ufa Ve, w6)|8Q = (0’ 07 O)a (pfa uEy Ve, wE)'tZO = (p09 an 00, U)O)
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First, we show the strong convergenceugf Multiplying (54) by 2w.¢ with
¢ € C®(QT),¢ = 0andg(-, T) = 0, then integrating ovei0, T) x Q, integrating by
parts and using the boundary conditions (56), we obtain

)
/ / wiprdydt+ / w3 (y, 0)dy
0 Q Q

T
= 25/0 /Q[sze(ang)zqﬁ +X2p€6ywe¢yw5]dydt
Transforming this identity into the Eulerian coordinates, see that
T
| [ e+ wepodxat+ | xpoudpe, orax
T
= 26/ / [X(axw€)2¢7 + X@Xwg¢xw5]dxdt
o Ja

Lettinge — 0 in the above equation, and using (26), (31) and (45), we fiatl t
T S -
(57) / / Xpw2(pr + u¢x)dxdt+/ Xpowéqﬁ(x, 0)dx = 2(exw?, ¢) > 0,
0 Q Q

whereexw?, the weak limit ofex(dyxwe)? in the space of signed Radon measures on
Qr, is a nonnegative Radon measure@p. By transforming (57) into the Lagrangian
coordinategz, t), the inequality (57) in the variabldg, t) reads

T
(58) /O /Qw%tdzdt—i—/gwggb(z, 0)dz > 0.

On the other hand, transforming (49) into the Lagrangiarrdioates (calcu-
lated in the weak form), testing then the resulting equatidh 2w, we get

.
(59) /0 /Qu)2¢tdzdt-|-/gw(2)¢(z, 0)dz=0.

Subtracting (59) from (58) and noticing thatcan be nonpositive and arbitrary,
we find thatw?(z, t) < w?(z 1), a.e. inQt. Hencew?(z,t) = w?(z, 1) a.e. inQr,
which implies

(60) we — w strongly inL?(Qr).

As a consequence of (60) and (59), we see that the left haad&i®7) in the
Lagrangian coordinatgg, t) is equal to zero, therefore,

(exw2,¢) =0, V¢eC®Qr), $>0inQr, ¢(-,T)=0.
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Next, we show the strong convergencevpfin L2(Qt) by similar arguments.
Multiplying (53) by 2v.¢ in L2(Q7) with ¢ € C®(Q7), ¢ > 0in Q1 and¢ (-, T) =
0, integrating by parts, and using (55) and (56), we infer

T T
| [ onaydes [ do.ody=2¢ [ [ {xoeeuos+ 2oy
0 Q Q 0 Q

2
= gaydt,

2 T
[
+X2pevedyvedy + 02py + 5 }dydt+ 2/ /
X Pe 0 Jo

which, in the Eulerian coordinates, turns out
T T
| [ 3o+ vepaxdts [ xpmfpoxodx=2c [ [ [
0 Q Q 0 Q
2 T
20 0xDedh + X0eOxvepy + v2py + f¢}dxdt+ 2/ / peUcvipdxdt
0 Jo

Passing to the limit as — 0 in the above equation, similarly to (57), we deduce

that
T —
/ /vaz(¢t+u¢x)dxdt+/ Xpovgqb(x, 0)dx
o Ja Q
R T _
=2(6Xv§,¢)+2/ /va2¢dth
0 Ja
T _
(61) 32/ /pUu2¢>dxdt,
0o Ja

where,exv2, the weak limit ofex(yv¢)? in the space of signed Radon measures on
Qr, is a nonnegative Radon measure. Transformation of (6)the Lagrangian
coordinategz, t) results in

(62) /()T/Qﬁgzﬁtdzdw/ng(p(z, 0)dz> 2/0T/Q“7”_2¢dzdt

On the other hand, transforming (48) into the Lagrangiarraioates(z, t), multi-
plying then the resulting equation by@ in L2(Qt), ¢ € C®(Q7), ¢ > 0 and
¢ (-, T) = 0, one obtains

63) /OT/Q,)2¢tdzdt+/Qv§¢(z, 0)dz=2/oT/Qu%2¢dzdt

Subtracting (63) from (62), we have

/OT/Q (”_2_ ”2) (¢t - 2;45) dzdt>0, V¢ eC®(@Qr), ¢ >0, ¢(,T)=0,
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which impliesﬁ < v?a.e. inQr, sinceg; can be nonpositive and arbitrary. Conse-
quently,

(64) ve = v strongly inL%(Qr).
Hence, it follows from (63) and the form of (61) in Lagrangi@oordinates that
(exv2, ¢) = 0.

Again multiplying (2) by Xu.¢ with ¢ € C*(QT1), ¢ > 0 and¢(-, T) = 0,
then integrating ovef0, T) x Q, integrating by parts and employing the boundary
condition foru, one gets after a straightforward calculation that

.
| xpeuin+ uepodxat+ | xpoupx.odx
o Ja Q
T
_ 2
=200 + 26)/0 /Q {x(axug) b + 2Uc OxUegb + XU O U
uZ 2 T 2
(65)  +-5 -+ Ul dxdt-2 /0 /Q [petco?p + P(po) (xucg)axat
Lettinge — 0 in (65) and making use of (24), (31), (45) and (64), we araitve
T
/ / XpU?(dy + u¢x)dxdt~|—/ XpoUsg (x, 0)dx
o Jo Q
I T
_ >
— 2(( + 20)X W2, ) + 21/0 /Q {2uux¢ + XUy
u? 2 T 2
(66) +?¢+u ¢X}dxdt—2/0 /Q{pul) ¢+ P(p)(XUgb)x}dXdT,

where(/ + 2¢)xu2, the weak limit of(2 4 2¢)x(dxU¢)?, is a nonnegative Radon mea-
sure.

Now, multiplying (47) by Xug in L2(Qt) with the samep as in (65), and
recallingo? = v2, we find, in the same manner as in (65), that

.
/ / XpU?(ghy + Ughy)dxdt + / Xpouse (x, 0)dx
0 Q Q
T
= 2(XU2, ¢) +2/1/ / {2uux¢+xuux¢x
0 Q

u2 T

(67) +—¢+ u2¢x}dxdt— 2/ / {pUquﬁ + P(p)(xu¢)x}dxdt
X 0 Ja

Combining (66) with (67), we conclude

(AXUZ, $) = (L + XU, $) = (AXU, ¢), V€ CP(Qr), ¢ =0, ¢(,T) =0,
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which impliesuZ = u2. Thereforepyu, — Uy strongly inL?(Qr).

Finally, by interpolation, (60), (64) and Lemma 4, we easiyclude(v,, we)
— (v, w)inLP(Qr)foralll < p < oo.

Having had the strong convergence(pf, Uc, v¢, we, OxUe), We easily see, by
testing (46)—(49) wittC3°-functions and employing a density argument, that the limit
functionsp, u, v, w are indeed a weak solution of the initial boundary value [enob
(1)—(6) withe = 0 in the sense of Definition 1. This completes the proof of Taso
1.
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A DYNAMICAL APPROACH TO THE STUDY OF RADIAL
SOLUTIONS FOR P-LAPLACE EQUATION

Abstract. In this paper we give a survey of the results concerning thetence of ground
states and singular ground states for equations of theafimitpform:

Apu+ f(u,|x))=0

whereApu = div(JDU|P~2Du), p > 1 is the p-Laplace operatox € R" and f is con-
tinuous, and locally Lipschitz in tha variable. We focus our attention mainly on radial
solutions.

The main purpose is to illustrate a dynamical approach, whiatives the introduction of
the so called Fowler transformation. This technique turrzetparticularly useful to analyze
the problem, whenf is spatial dependent, critical or supercritical and to cdegingular
ground states.

1. Introduction

Let Apu = dio(] Du|P~2Du), p > 1 denote thep-Laplace operator. The aim of this
paper is to discuss the existence and the asymptotic behafvpmsitive solutions of
equation of the following family

(@H) Apu+ f(u,[x[)=0

whereA pu = dio(|DulP~2Du), p > 1, denotes the p-Laplace operator: R" and
f (u, |x]) is a continuous nonlinearity such th&€0, |x|) = 0. The interest in equation
of this type started from the classical Laplacian that is 2:

(2 Au+ f(u,|x])=0

and is motivated by mathematical reasons, but also by theaete of some equations
of this type as model to describe phenomena coming fromegbpliea of research. In
particular Eq. (2) is important in quantum mechanic, agiroy and chemistry, while
(1) is connected to problems arising in theory of elasticge e.g. [26]. Our purpose
is to give a short, and not exhaustive, survey of the resuiswcan be found in the
wide literature concerning this argument, and in partictdadiscuss a method which
is suitable to study radial solutions.

We think is worthwhile to stress that Eq. (2) can be regardetth@ Euler equa-
tion of the following energy functiondE : R x WH2(R") — R,

2
E(x, u, Vu) =/Q(|V;| — F(u, [x]))dx

*The author was partially supported by G.N.A.M.P.A.
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whereF (u, [X]) = fou f (s, |x])ds. The p-Laplace operator arises naturally when we
want to extend this functional t¢/1-P(R") functions. In fact (1) is the Euler equation
for the functionalEp : R x WHP(R") — R,

[VulP

Ep(x, u, Vu) =/ ( — F(u, [x]))dx.

Q
We will focus our attention mainly on radial solutions, henee will reduce (1) to the
following singular O.D.E.

(3) WPy 4o furyr"t=0

wherer = |x| and we commit the following abuse of notation: we writg) for
u(x) when|x| = r andu has radial symmetry; here and latetenotes derivation with
respect ta. Observe that (3) is singular when= 0 and whent’ = 0, unlessp = 2.

We introduce now some notation that will be in force througthall the paper.
We will use the term “regular solution” to refer to a solutio¢r) of Eq. (3) satisfying
u(0) = up > 0 andu’(0) = 0. We will use the term “singular solution” to refer to a
solutiono (r) of Eq. (3) such that lign,go(r) = +o0.

A basic question in this kind of PDE is the existence and tlyenasotic be-
haviour of ground states (G.S.), that are solutio6g of (1) which are nonnegative for
anyx € R" and such that lij— ~c u(x) = 0. We are also interested in detecting singu-
lar ground states (S.G.S.), that is solutioKs) which are well defined and nonnegative
for anyx € R™\{0} and such that lig—, o v (x) = 0 and limy,_.o u(x) = +oo. Other
interesting family of solutions for the radial equation {8)the one of crossing solu-
tions, that is regular solutiongr) which are positive for smaller than a certain value
R > 0 and become null with nonzero sloperat R. So they can also be regarded
as solutions of the Dirichlet problem in the ball of radiRs Finally we individuate
solutionsu(r) of the Dirichlet problem in the exterior of the ball of radi&s that is
u(R) =0,u(r) > Oforr > R, andu(r) has fast decay. We say that a positive solution
u(r) of (3) has fast decay if lip, o u(r )r "=P/(P=D < 4 o0 and that it has slow decay
if lim _ sou(r)r ™=P/(P-1D — 450,

This article has the following structure: in section 1 weaduce the general-
ized Fowler transformation, and we apply it to a toy exampiaijnly for illustrative
purpose. In sections 2 and 3 we introduce the Pohozaev fumttiat is one of the main
tool for the analysis of equation of type (1), and we consildeicase where respectively
f(u,r) = k@)ujul9tand f(u,r) = ke(r)uju|%=1 + ka(r)uju/%-1 whereq > p,

02 > g1 > p, the functionk(r), k1(r), ko(r) are positive and continuous for> 0.

In both the cases we assume that the corresponding Poharadiofis have constant
sign. In section 4 we discuss the cas@, r) = k(r)uju|9~1 when the Pohozaev func-
tion changes sign, stressing in particular the aase p*. In section 5 we explain
briefly few results concerning Eq. (2) whei(u,r) = ufu/%~1 + uju|%2~1, when

P« < g1 < p* < g2 andp = 2. We remark that in this case there are still many open
problems. In section 6 we discuss the cé$e, r) = —k¢(r)uju|% 1+ ka(r)uju|%—1,
whereq: < g, and the function&; andk, are positive and continuous for > 0.
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Finally in the appendix we show how some more general equatian be reduced to
(3), and we explain the concept of natural dimension, intoedl in [20].

2. Preliminary results and autonomous case

The main purpose of this paper is to explain the method ofstiyation of positive
solution of (3) which has been used in [2], [3], [4], [11], [142], [13], [14], [15], [16],
[17]. The advantage in the use of this method lies essgntallithe fact that we can
benefit of a phase portrait, and of the use of techniquesdlpfcdynamical systems
theory, such as invariant manifold theory and Mel'nikovdtions. Moreover, restrict-
ing ourselves to the study of radial solutions, we overcoheedifficulties deriving
from the lack of compactness of the critical and superaiittase. With our method
we can also naturally detect and classify singular solgtiarhich are not easily found
by variational techniques or by standard shooting argusaefhe main fault of the
method is that it can just give information on radial soloio However we wish to
stress that, when the domain has radial symmetry (e.g. lieisvholeR"), G.S. and
solutions of the Dirichlet problem, if they exist, are rddiramany different situations,
which will be discussed in details in the following sectipsse [6], [9], [42], [44].

Furthermore radial solutions play a key role also for mamgpalic equations
associated to (2). In fact in many casesdhimit set is made up of the union of radial
solutions, see e. g. [39], [23].

The first step in this analysis consists in applying the feifg change of coor-
dinates

a=r2, A=F2-1 p=p-0-1, 1>p
(4) X =um)r* y=u@)mP b r=¢

wherel > pis a parameter. This tool allows us to pass from (3) to theotdhg
dynamical system:

X a O X | |2;F1)
5 ) _ )( |)+ ViV P
© ()=(52) )+
Here and later-” stands for%, and

(6) a (Xl 5 t) = f (X| eXF(—al t), exqt))e(ll ( —1)t.

This transformation was introduced by Fowler in the 30s fiar tasep = 2, and we
generalized it to the cage > 1 just recently in [12], [13], [15] [14], [16], [17]. It will
be useful to embed system (5), and in general all the dyn&systems that will be
introduced in the paper, in a one-parameter family as falow

()=(5 ) +(aw)
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We start from the special nonlineariti(u, r) = k(r)uju|9=2. In such a case, setting
| =qand(t) = k(e'), system (5) reduces to the following:

. 2-p
® (o) = (5 20) Go) (Lo

Ya 074/ \Ya —p(1)Xq|Xq|92
At the beginning of this section we will also assume that ¢ > 0 is a constant, both
for illustrative purpose and because the results will béulidater on in more difficult
situations. We think it is worthwhile to recall that most bétresults are well known in
this rather trivial situation; however our method gives @/ paint of view on the prob-
lem and allows to to clarify and complete some aspects camgesingular solutions
even in this easy setting. A first advantage in this changeofdinates consist in the
fact that it allows us to pass from a singular non-autonon@D& to an autonomous
dynamical system from which the singularity has been remd@wbviously this is not
the case for every type of nonlinearity). Moreover now we apply to the problem
techniques typical of dynamical system theory, thus etiplpia different point of view.

We recall the value of two exponents that are critical fos #uation. When

n > p, we denote byp* = np/(n — p) the Sobolev critical exponent and lpy =
p;‘%é; when p > n we set bothp* and p, equal to+oco. Let Q be an open bounded
domain with non-empty smooth boundars2, then p* is the largest] > p such that
the embeddingv:P(Q) c LI(Q) holds, whilep, is the largest| such that the trace
operatory : WLP(Q) — L9(6Q) is continuous.

REMARK 1. We stress that, whenevgr> p, aq > 0, yq = _(p*—qq_# has

the same sign ag, —q, andag + yq = (n_‘gﬁ, has the same sign @ — . Also
observe that (8) i€ ifand only if 1 < p < 2 andq > 2.

Notation.

In the whole paper we will use bold letters for vectorial @ige We denote by
u(d, r) a regular solution of (3) such thatd, 0) = d andu’(d, 0) = 0. Moreover if
a(r) is solution of (3) we denote by (t) = (X (), ¥i (t)) the corresponding trajectories
of (5). For anyQe RR? we denote by (Q, t) = (X (Q, t), yi (Q, t)) the trajectories of
(5) passing througlQ att = 0, and byx/ (Q, t) = (X (Q, 1), yf (Q, 1)) the trajectory
of (5) passing througl att = z or equivalently the trajectory of (7) passing through
Q att = 0. Finally we denote bg@i the subset(x, y), |x > 0}.

In this section we will always assuntge > p. From a straightforward com-
putation it is easy to observe that the system (8) admit&tbrigical points whenever
g > p. the originO, P= (P, Py) and—P, where Py = |yqa§_1/k|1/(q*p), and
Py = —|yq/kad ™ 1|@~D/@=P), Note that the critical poin® is a center when = p*,
it is asymptotically stable foi > p* and it is asymptotically unstable fgr< p*.

Positive and decreasing solutiam@ ) of (3) correspond to trajectories such that
Yq(t) < 0 < Xq(t). Moreover, trajectoriesg (t) which are bounded and such tixg(t)
is uniformly positive fort > 0 (resp. fort < 0) correspond to solutions(r ) which
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have slow decay (resp. are singular foe= 0), that isu(r)r*a is uniformly positive
and bounded as — oo (resp. as — 0). Now we want to give a rough picture of the
phase portrait of (8), in the autonomous céase k > 0. For this purpose we need to
introduce a function which plays a key role in all our anadysiet us denote by

n— -1 b [x|9
(©) Ha(x. y. 1) o= Py + 2 Zyef1 gt 2 -

p p q
This function is a translation in this dynamical context loé twell known Pohozaev
function

n— puu|u|P—2
p r

-1 q
P(u,u’,r)y =r" [ + 2 . |u’|P+k(r)%}

which is one of the main tool in the analysis of equations ekthtype, see e.g. [38],
[34], [35]. Observe in fact that, ikp«(t) = (Xp=(1), yp (1)) is the trajectory of (8)
corresponding tai(r), then

PU(r), u'(r),r) = Hp=(Xp=(t), yp= (1), t) = Hq(Xq (1), Yq(t), tye~(Catrat,

Whenk is differentiable from a simple computation we get the failng
d d - [Xp+|9(t)
= Hor (X . — — | grpr@—pMt 7Zprl A

(10 i Hr O 0, Ypr (0,1 = g [ TP | =2

Note that the functiorHp: does not depend explicitly on whenk is a constant and
g = p*; so in this case it is a first integral for the system. Themfarsing some
elementary argument, it is possible to draw each trajeatbtiie system, see Lemma
in [12], and to give a picture of the phase portrait see fig. 1.

Then we easily get a lot of information on the original eqoa3).

We stress that in this easy situation we have an explicitéitarfor all the regular
solutions, that is

_nh-p
P

_ 2
(11) u(d,r)=d[1+(np ;)rﬁl(z—ln)rildm—ﬁm—m”fl] K7

It can be shown easily that system (3) with= p* and¢(t) = k > 0 and with

g =sand¢(t) = ep* (P =9 are topologically equivalent. In fact we can push much
further this kind of identification. This is done in the apdenwhere the concept of
natural dimension is introduced, see [20], [33].

We will see that an unstable set for (8) exists for gny p, while a stable set
exists just whemp,, < q < p*. It can be shown that the former existence result is
equivalent to the existence of regular solutions of (3),levthie latter is equivalent to
the existence of solutiong(r) with fast decay.

From now on we will commit the following abuse of notation: wl call
stable and unstable sets (or manifolds) the branches wiejghrtifrom the origin and
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Figure 1: A sketch of the phase portrait for the autonomostesy (8) wherp = k >
0, andg = p*. The lines also represents the level curves for the fundtlgrfor t
fixed, whengg(Xq, t) = ¢ (t)Xq|Xql972.

gets intoR?2 , which correspond to the positive solution§ ) of (3) we are interested
in. The existence of trajectories converging to the origthex in the past or in the
future can be inferred from invariant manifold theory, whegr 1< p < 2 andqg > 2.
In such a case we directly prove the existence of a stable mnohstable manifold,
denoted respectively By® and byw", see [12].

When these regularity hypotheses are not satisfied the pbectsme more dif-
ficult, due to the lack of local uniqueness of the trajectieossing the coordinate
axes. But using Wazewski’s principle and the fact that thttories we are interested
in do not cross the coordinate axes, it is possible to obtaimédar result. However,
with this different proof, a priorfiW" andWs are just compact and connected sets. But
in the autonomous case= const> 0, we can exploit the invariance of the system
with respect td, to conclude thaw/s andW" are in fact graph of a trajectory having
the origin respectively as-limit set anda-limit set. Therefore, even in this case, they
are 1 dimensional manifolds, see [15], [17]. We think it isrthkamentioning the fact
that, when the system is not Lipschitz, a priori the trajgescould reach the origin at
somet = T finite, either in the past or in the future. However it is easghow that
this possibility cannot take place whgr> p, see [17] for a detailed proof.

Note that, ifk > 0 is a constant, we also have thd§(xq(t), yq(1), t) is increasing
along the trajectories if and only if, < q < p*, and it is decreasing if and only if

g > p*. Moreover for any trajectory converging to the origintas> oo, we have
limi_s 400 Hp= (Xps (1), yp+(t), t) = 0. Putting together all these results, we can draw
fig. 2, and classify positive solutions in one of the follogistructures.

A All the regular solutions are monotone decreasing G.S. slidtv decay. There are
uncountably many solutions of the Dirichlet problem in tixéeeior of the ball.
More precisely, for anyR > 0 there is a solution(r) such thab (R) = 0, o(r)
is positive for any > R and it has fast decay. There is at least one S.G.S. with
slow decay.
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Figure 2: A sketch of the phase portrait for the autonomowssesy (8) whenp =
k >0,1< p < 2andq > 2. The figures show the stable manifdld® (dotted
line) and the unstable manifoM/" (dashed line). The solid curv@indicates the set
{(Xq, ¥Yq) | Xg = 0 Hq(Xq, ¥Yq) = 0}. Figure 2A refers to the case> p. while 2B to
the casep, < q < p*.

B All the regular solutionsu(d, r) are crossing solutions, and there are uncountably
many S.G.S. with fast decaxyr). There is at least one S.G.S. with slow decay.

Namely, ifq > p* positive solutions have structufe while if p, < g < p*
they have structurB. In both the cases the S.G.S. with slow decay is unique and can
be explicitly computed. 1§ = p* we are in the border situation, so all the regular
solutions are G.S. with fast decay, see (11), there are umably many S.G.S. with
slow decay, and uncountably many oscillatory solutions,[$8]. Whenq < p,, itis
easy to show that all the regular solutian®) of (3) are crossing solutions.

We conclude this section with some basic results concerthiagexistence of
regular solutions and positive fast decay solutions foa(8) a wide class of functions
f (u,r). First of all we recall that, iff (u, r) is continuous and locally Lipschitz contin-
uous in theu variable, the existence of regular solution is ensured,ifaridd, 0) > 0
we also have local uniquenessugfl, r). The proof of this standard result can be found
in [19] for the spatially independent case, but the arguroantbe easily adapted to the
general case, see [16], [17]. We give now a result concetthingsymptotic behaviour
of positive solutions. The proof of this result can be foumgtli9], [13], [17].

PrRoPOSITIONL. Consider a solution () of (3) such that (r) < 0 < u(r)
foranyr > R for a certain R> 0, andlim;_, ,cu(r) = 0.

A Assume that there are 3 Oand glu) € Llloc such that f (u,r)| < g(u) forr >0
and0 < u < U, and denote by Qi) = f(;‘ g(s)ds. Moreover assume that

Jo |G(s)|~Y/Pds < co. Then the support of(@) is bounded.

B Assume that there are € 0, U > Oand q > p such that f (u,r)| < Cu%~1 for
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O<u=<Uandr=>0.Thenuyr) > Oforr > Randthe Iimilimr%oou(r)r% =
/ exists. Moreover, if fu,r) > 0for u small and r large, thed > 0, while if
f(u,r) < Oforu small and r large, thel < oco.

When Hypothesis B is satisfied we can go a bit further. Now wendjgish
between the case in whidh(u, r) is always positive and the case in which it is negative
for u small.

COROLLARY 1. Assume that HypothedBsof the previous Proposition is satis-
fied. First assume that(fi,r) > Ofor u small and r large.

11fqg1 < p«, and there are U> 0, ¢ > Oand @ € (p, g1] such that fu,r) >
cuQ—1forr large and0 < u < U. Thenl = oo

Assume now that (fi, r) < O for u small and r large.
2 Ifg1 > p«, thend > 0.

3 If g1 < ps«, and there are U> 0, c > Oand Q@ € (p, gi1] such that— f (u, r) >
cuQi~1forr large and0 < u < U. Theni = 0 andlim SUR oo u(r)r Ql P <

oo. Furthermore if Q = p, we also havémsup _, qu(r)r = 1|In(r)| D <
Q.

4 Assume that the following limit exists is bounded and negati

f(ur @ r)

‘Q —1 = —k(00).

If Q1 < P4, thenlimy_ u(r)r_ﬁ = Px > 0 whereP= (P, Py) is the
crltlcal point of system (5) where q and g= k(co)x|x|972. If Q1 = p, then

u(r)r - §| In(r)|™ = is uniformly positive and bounded for r large.

Exploiting the knowledge of the autonomous case (8) witke k > 0, it is
possible to prove the existence of a local stable and urstalhifold also for the
non-autonomous system (5), under suitable hypothesggrnt), or equivalently on
f(u,r).

PrRoPOSITION2. Assume that (u, r) is continuous for r= 0 and consider
system (5) where} p; then there is a local unstable set

WU(z) := {Q € R | X (Q,t) € R? foranyt< 0 and lim x(Q,t) = O}.

This sets contains a closed connected component to Whisgdongs and whose diam-
eter is positive, uniformly im.
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Assume that there ate> 0 and @ > p, such that, for any re [0, v], we have

limsup,_, « fug‘z’fl) < a(r) where0 < a(r) < oo. Moreover assume that one of the

following hypotheses are satisfied

f(ur)
uql_l

e f(u,r) > Oforr large and u> 0; moreover there isg> p, such that is

bounded for u positive and small and r large.

e f(u,r) <Oforr large and u> 0.
Then there is a local stable set

Wo(r) := {Q e R | x,(Q,1) € R? forany t<0 and lim x3,(Q.t) =0}.

This sets contains a closed connected component to Whiigiongs and whose diam-
eter is positive, uniformly im.

Proof. Consider first the casé(u,r) = k(r)ulu|92, and assume thad(r) is uni-
formly continuous. Then the existence of these stable asthble sets follows from
invariant manifold theory for non-autonomous system, 283, [[30]. Moreover in
such a case we also know that these sets are indeed smooffoldsanihich depend
smoothly one. In the general case the existence of the unstable set &zlkilys from
the existence of regular solutions for (3). The existencthefstable set is more com-
plicated and can be proved through Wazewski's principle,[$8] and [17]. In [17]
the proof is given for the casé(u,r) < 0 for u small andr large, but the argument
can be easily extended also to the cése, r) < kuju|%—2 with gy > ps, for u small
andr large. O

We give now a result proved in [13] and [17] which explains tBEtionship
between stable and unstable sets of (5) and solutions of (3).

PrROPOSITION3. Consider system (5) and assume thdkgt) is bounded as
t - —oo, for any x > 0. Then each regular solution(t)) of (3) corresponds to a
trajectory x/ (Q", t) such thatQ" e WU(7), and viceversa. Moreover any trajectory
X (Q%, t) whereQ® € W5(r), corresponds to a solution(t) of (3) with fast decay.

REMARK 2. Takef (u,r) = —kg(r)uju|®—2 4 ka(r)uju|®—2, whereq; < o
and the function; (r) are continuous, uniformly positive and bounded as> oc.
Then ifgy < p we are in the Hypotheses of claim A of Proposition 1, whilejif> p
Hyp. B is satisfied. Moreover tf; > p,, then we are in Hyp. 2 of Corollary 1, while
if p<q1 =< ps Hyp. 3 of Corollary 1 holds. To satisfy Hyp. 4 we need to asstimaé¢
P <t < psandlim_ qki(r) = k(co) > 0.

We recall that, roughly speaking, positive solutions of@&) have two asymp-
totic behaviours, both as — 0 and ag — oo. Obviously the asymptotic behavior
asr — 0 is influenced by the behaviour dffor u large and small, while their be-
havior asr — oo depends on the behaviour 6ffor u small andr large. Generally
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speaking, wherf is positive foru small, we have seen that solutions with fast and
slow decay may coexist, while when it is negative we can haheresolutions with
fast decay or oscillatory solutions. Analogously whig(u, r) is positive and supercrit-
ical with respect top,, for u large and small, we can have regular solution&, r)
such thau(d, 0) = d andu’(d, 0) = 0, and singular solutions(r) that are such that
lim;_ov(r) = +o00. More precisely

PROPOSITION4. Assume that there ares p,, p > 0 and positive functions
b(r) > a(r) such that, forany <r < p we have
(u,r) f(u,r)
1

oo f .
0 <a(r) < liminf < limsup
U—+oo US™ u—+00 us—1

<b(r) <.

If Q € WY(z) then the solution (r) corresponding to<g (Q, t) is a regular solution.
Moreover any singular solution, if it exists, is such thatw P/S~P) is bounded for r
small and, if s# p*, u(r)r P¢=P) is uniformly positive, too.

Assume further that ¢ p* and that the limitimy_ ;o T8 = k(c0) > 0
exists and is finite. Thelim,_, sou(r)r =P = P, > 0 whereP= (P, Py) is the
critical point of system (5) where= g and g= k(c0)x|x|S~2.

Assume that there are g§ p,, R > 0 and positive functions @) > A(r) such
that, for any r> R we have

f(u,r)

ua-1

f(u,r)

ua-1

0<A(r) < Iimigf < limsup
u—

u—0

<B(r) < 0.

Then, ifQ € W5(r), the solution r) corresponding tocg (Q, 1) has fast decay, that
is the limitlim,_ scu(r)r ™=P/(P-D = 0 exists and is finite. A slow decay solution
(if it exists), is such that @)r ”@—P) is bounded for r large; moreover if ¢ p*,
u(r)r P/@=p) is uniformly positive, too.

Assume further that the limitmy_ o % = k(c0) > 0O exists and is
finite. Therlim, _, sou(r)r P@=P = P, > 0whereP= (P, Py) is the critical point of
system (5) where# g and g= k(co)x|x|972,

These results are proved in [12], [13], [17] using dynamé&guments.

3. When the Pohozaev function does not change sign

3.1. The casef (u,r) = k(r)uju|9—2

In this subsection we discuss positive solutions of equaf®) in the casef (u,r) =
k(r)ulu|—2andq > p.. This problem has been subject to rather deep investigsition
the '90s also for the relevance it has in different appliexhar First of all, whemp = 2
eg. (1) can be regarded as a nonlinear Schroedinger equisttyaover, wherg = p*
and agairmp = 2, this equation is known with the name of scalar curvatuteaggn. In
fact the existence of a G.8(x) amounts to the existence of a metgiconformal to a
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standard metrigp onRR" (g = uﬁgo), whose scalar curvaturekg|x|). Furthermore,

if the G.S. has fast decay, the metgajives rise, via the stereographic projection, to
a metric on the sphere deprived of a pot\ {a poin{ which is equivalent to the
standard metric.

Moreover wheng > 1 andk(r) takes the fornk(r) = r/, eq. (2)is also
known as Matukuma equation and it was proposed as a modelrupaysms This
problem will be investigated in details also in section 4ewhwe will assume that the
Pohozaev functions change their sign, so that positivdisalihave a richer structure.

We begin by some preliminary results concerning forward laackward con-
tinuability and long time behaviour for positive solutigisrelation with the Pohozaev
function. These results can be proved using directly theoPadv identity, or through a
dynamical argument exploiting our knowledge of the levéd séthe functionH (x, t),
see [34] and [13].

LEMMA 1. Let u(r) be a solution of (3), andp:(t) the corresponding trajec-
tory. Assume thatminf;_, 1, H(Xp+(t),t) > 0O, thenxp:(t) has to cross the coordi-
nate axes indefinitely as& +o00, respectively.

Assume thaimsup_, ;. H(Xp«(1), t) < 0, thenxp: (t) cannot converge to the
origin or cross the coordinate axes.

When p = 2, the standard tool to understand the behaviour of solsitigith
fast decay is the Kelvin transformation. Let us set

(12) s=r7t a@E=r""ur) K@) =r?Kr? i:w;
Then (3) is transformed into
(13) [Us(s)s" s + K (9)]0|92(s)s" 1 = 0.

Note that a regular solution(d, r) of (3) is transformed into a fast decay solutions

a(s) of (13) such that lin, o G(r)r P= (= = d, and viceversa. So we can reduce the
problem of discussing fast decay solutions to an analysregilar solutions for the
transformed problem.

However we do not have an analogous result for the page2, so we need the
following Lemma, that, whemp = 2, is a trivial consequence of the existence of the
Kelvin inversion.

LEMMA 2. Assume that fu,r) > 0 for any u > 0 and consider a solution
n_
u(r) which is positive and decreasing for anyt R. Then ur)r = is increasing for
anyr> R.

Proof. Consider system (8) whete= p, and the trajectory,, (t) corresponding to

u(r). Note thatxp, (t) = u(r)rH and thaty; = 0; henceyp, (1) < 0 whenever
Xp, (t) > 0. Assume for contradiction that theretis> T = In(R) such thatp, (t1) <
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0, then, from an elementary analysis on the phase portth#érethere i, > t; such
thatxp, (t2) < 0, or lim_, oo Xp, (t) = 0. Assume the latter, then Iirn,oou(r)rg%E =
lim{_ 0o Xp, () = 0; but from (3) it follows thau’(r)g%i is decreasing and admits limit
A < 0. Using de I'Hospital rule we find thal’(r)rr% — rﬁ’%;/l; so we getl = 0 and
u'(r) =u(r) =0forr > R, so the claim is proved. O

Recall that, wherk(r) is differentiable, the Pohozaev identity can be refor-
mulated in this dynamical context as (10). Therefore we bémktof Hp+ as an en-
ergy function, which is increasing along the trajectoriehaewas(s)e"p*(p**q)t is in-
creasing and decreasing Whﬁ(rs)eap*(p**‘]')t is decreasing. This observation can be
refined combining it with the fact that all the regular sadus u(r) are decreasing,
and fast decay solutions are such tkgf(t) is increasing, whenever they are posi-
tive. For this purpose we define two auxiliary functions, ethare closely related
to the Pohozaev identity, and which were first introduced38].[ In this subsec-
tion we will always assume (without mentioning) treit¢ (t) e L((—o0, 0]) and

(n—a%=H)s 1 : : S
e 1P (t) e L ([0, +oo)), so that we can define the following functions:

t _ t
It = @ - n—pp/_oo¢(s)e”5ds
- eIt p_p p
@) = — = (—a5Hrsy
® q p(p—1) /,oo pEe s

We will see, that the sign of these functions play a key rolgégtermining the structure
of positive solutions for (3). Whed is differentiable we can rewritd¢™ andJ~ in this
form, from which we can more easily guess the sign:

t
JT) = }/ i[¢(S)eap*(p*_Q)s]e“p*qus
(15) 9./-c ds
7@ = 1/+OO d [ (s)e"- (P —DS]e™ R0 S s
" gt ds

Letu(r) be a solution of (3) and let(t) be the corresponding trajectory of (8). Using
(10) and integrating by parts we easily find the following

Hpe (xpe (£, )+ lim_H (xp: (D), 1)
t t
= Jﬂt)w —/ JT(s5)U'(e%ujul9~2(e%)ds
Hp« (Xp= (1), t) — t'_')rgoHp* (Xp= (1), 1)

o pPelO / % 1 (9%, (9%, X, T2(S)d
q t

From (16) we easily deduce the following useful result.
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REMARK 3. Assume that there i such thatJ™(t) > 0 (resp. J™(t) < 0),
but J*(t) # 0 for anyt < T, and consider a regular solutiar{r) which is posi-
tive and decreasing for any @ r < R = In(T). ThenHp:(xp«(t),t) > 0 (resp.
Hp«(Xp=(t), t) < 0) foranyt < T.

Analogously assume that=(t) > 0 (resp. J~(t) < 0) butJ—(t) # O for
anyt > T, and consider a solution(r) which is positive and decreasing for any
r > R=In(T) and has fast decay. Thetp: (Xp: (t), t) > 0 (resp.Hp (Xp«(t), 1) < 0)
foranyt > T.

Using Remark 3 and Lemma 1 we obtain the following result.

THEOREM 1. Assume that eitherJ(r) > Oand J*(r) # 0,0or J=(r) > 0
and J (r) # Ofor any r > 0. Then all the regular solutions are crossing solutions
and there exists uncountably many S.G.S. with fast decay.

Assume that eitherJ(r) < 0and J*(r) # 0orJ=(r) < Oand J°(r) £ 0
foranyr > 0. Then all the regular solutions are G.S. with slow decay. &wer there
are uncountably many solutiongry of the Dirichlet problem in the exterior of a ball.

The proof of the result concerning regular solutions can be ifn [34], and
involves just a shooting argument and the usedfand J~ in relation with the Po-
hozaev identity. Translating this argument in this dynah@ontext we easily get a
classification also of singular solutions, see also [12].

Proof. Assume that)™(r) < 0 for anyr > 0, butJ™ = 0; consider a regular solu-
tion u(r) which is positive and decreasing in the interf@l R) and the correspond-
ing trajectoryxp«(t). Using (16) we easily deduce théty (xp«(t),t) < 0 for any

t < T = In(R). From our assumption we easily get that theré is p* such that
9(x, 1) is uniformly positive fort large and linp, oo Hi (X (), t) < 0. It follows that
X (t) is forced to stay in a compact subset of the op@miadrant fott large, sau(r)

is a G.S. with slow decay.

Analogously consider a trajectoRy(t) converging taO ast — +oo. Then the
corresponding solutiofi(r) has fast decay, is positive and decreasing forrany R
whereR > 0 is a constant. Assume for contradiction tiat= 0; then from (16)
we find that liminf_, _oc Hp+ (Xp+(t), t) > lim¢_ oo Hp+(Xp+ (1), t) = 0. Hence, from
Lemma 1, we deduce tha@p«(t) has to cross the coordinate axes indefinitely as
—o0. ThusR > 0 andu(r) is a solution of the Dirichlet problem in the exterior of a
ball.

The other claims can be proved reasoning in the same waygs@e[da2]. [

Reasoning similarly we can complete the previous resultipgothe existence
of S.G.S. with slow decay, to obtain the following Corollary

COROLLARY 2. Assume that J(r) > 0 for any r but J (r) # 0, and that
there is p < m < p* such that the limifim;_, o.¢ (t)e“m(M-Dt — k(o) exists is
positive and finite. Then positive solutions have a strigctitypeA.
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Analogously assume thattdr) < 0 for any r but J*(r) # 0, and that there
is s> p* such that the limitim_, _o¢ (1)~ = k(0) exists is positive and finite.
Then positive solutions have a structure of tfgpe

Note that if the limits lim_ o k(r) = k(oco) and lim_ ok(r) = k(0) exist are
positive and finite we can simply set= q = s. In [12] there is a condition sufficient
to obtain the uniqueness of the S.G.S. with slow decay. Rgupieaking this result is
achieved respectively when£ p* andm # p*.

We give some examples of application of Theorem 1 and Caoyolla

REMARK 4. Assume thak(r) is uniformly positive and bounded and that the
limit lim, _, oK(r) exists. Then, iff < p* andk(r) is nondecreasing, positive solutions
have a structure of typl, while if g > p* andk(r) is nonincreasing, positive solutions
have a structure of typB.

Consider the generalized Matukuma equation, that is (3)revli€u,r) =
1+%u|u|q—2. Then, if r < p positive solutions have a structure of typewhen
p <q < p(n-r1)/(n— p), and of typeB whenq > p*, see also [35]. The re-
maining cases will be analyzed in section 4.

3.2. The generic casef (u,r) = ky(r) f1(u) + ki (r) f2(u)

Now we try to extend the results of the previous subsecti@waler class of functions
f(u,r):

N
i=1

whereN > 1 and the functiong; (r), are continuous and positive. We will see that,
under natural conditions on the functiokgr), whenp, < g1 < qn < p* positive
solutions have a structure of tyge while whenqg; > p* they have a structure of
typeB. The behavior of regular solutions have been classifieajrasing Pohozaev
identity in [35]. In [13] we have completed the results byssliflying the behaviour of
singular solutions, using dynamical methods. In fact wesHallowed the path paved
by Johnson and Pan in [29], for the analogous problem in the ga= 2.

In this paper we generalize slightly the techniques use84hdnd [13], com-
bining them with some ideas of [17], to obtain more genersiiits. As usual we set
#i(t) = ki(e), and we always assume (without mentioning) theite;(t)

e L((—o0,0]) ande(”_qig)sqﬁi (t) € L1([0, +00)) for anyi = 1,..., N, so that
we can define functions similar t&* of the previous subsections:

|+ ._M_ﬂ ‘ . ns
JT() = a 5 [m¢|(s)e ds

b (t)e(n—CIi H)t n—p +00

. (n—qj ==P)s
— s)e p~17>ds
q op-D S O

J @) =
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Observe that, iffi(u) = ulu/9~! andk = 1, the functionlei(t) defined in (3.2)
coincide with the functiong* (t) defined in section 3.1. As we did in section 3.1, if
¢ € C1 we can rewrite the function\ii in a form similar to (15) from which we can
more easily guess the sign. So we find the analogous of (16):

Hp+ (Xp= (1), t) +t_|irPOOHp*(Xp*(t),t)
N i (ot t
= Z [Jf(t)% —/ Ji+(s)u/(es)uqi‘1(e5)ds]
i=1 ' o0
Hp+ (Xp= (1), t) — tﬂ)”goHp* (Xp= (1), 1)
N xd (t)
;[ T

Therefore we have a result analogous to Remark 3 and regehgrargument of the
proof of Theorem 1, we obtain the following generalization.

+ /t Ji_(s)xp*(t)ngl(s)]ds

THEOREM2. Assume that either.J(t) > Oforany i and> Y, 3*(t) # Oor
J~(t) > Oforany i andZiN:1 J~(t) # 0. Then all the regular solutions are crossing
solutions; moreover if > ps, and k(r) is uniformly positive for r large, there are
uncountably many S.G.S. with fast decay.

Assume that either.J(t) < Oforanyi and3[\; 3*(t) % Oor 3~ (t) < Ofor
any i andZiN:1 J~(t) # 0. Then all the regular solutions are G.S. with slow decay.
Moreover there are uncountably many solutior(s)uof the Dirichlet problem in the
exterior of a ball.

This result is proved in [13] for the case< p < 2. However it can be easily
extended to the casp > 2 putting together the construction of a stable B&(r)
developed in [17] (and quoted in Theorem 2), and the argufddB] concerning the
function Hp: (that we have sketched in this section). In fact the minireguirement
for the fast decay solution to exist, is that there are 0 andm > p, such that
g(Xm(t), t) > cxXm(t)|Xm(t)|™2 for t large.

Repeating the argument in Corollary 2 we easily obtain dlsoresult:

COROLLARY 3. Assume that all the functions™Jdt) > 0 for any r but
ZiN:l J7 () # 0, and that there is p < m < p* such that the limitim;_, .o g(Xm(t), t)
/Ixm(®)|™ 1 = km(co) exists, is positive and finite. Then positive solutions have
structure of typéA.

Analogously assume that all the functiorifS(ﬂ) < Oforanyr butZiN=1 Ji+(t) E3
0, and that there is s p* such that the limit §xs(t), t)/|xs(t)|5~1 = ks(0) exists, is
is positive and finite. Then positive solutions have a stmeodf typeB.

Once again ifm # p* ands # p* respectively, and a further technical condi-
tion is satisfied the S.G.S. with slow decay is unique, sek [E®m Theorem 2 and
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Corollary 3 we easily get the following.

REMARK 5. Consider (3) wherd is as in (17) and assume that the functions
ki (r) are uniformly positive and bounded. Then,gf < g1 < gy < p* and the
functionsk; (r) are nondecreasing, positive solutions have a structurgpefX, while
if g1 > p* and the functiong; () are nonincreasing, positive solutions have a structure
of typeB.

4. When the Pohozaev function changes sign

In this section we discuss equation (3) whefu, r) = k(r)uju/92, and we assume

thate™¢ (t) € L1((—o0, O]) ande(”_qg)sgb(t) € L1([0, +00)), so that the functions
J*(r) are well defined. We discuss now the case wh&r ) andJ~ (r) change sign.
In such a case positive solutions may exhibit the followiic structure:

C There are uncountably many G.S. with slow decay and crossihgions, and at
least one G.S. with fast decay. There are uncountably maBySSwith fast
decay, S.G.S. with slow decay, and solutions of the Dirichteblem in the
exterior of the ball.

Let us recall that, fon > 2 we denote by2= 2n/(n—2) and by 2 = 2(n—1)/(n—2).
We start from this interesting result proved by Bianchi ih [6
2%
THEOREM 3. Consider (2) and define(g) = k(r)|r? — c2|Z7-2 ; assume that
there is ¢> 0 such that gr) is non-increasing fof < r < ¢ and non-decreasing for
r > c. Then all the G.S. and the S.G.S. are radial.

This fact gives more relevance to the study of radial sohgtioNote that, if
g = 2* then the Theorem simply requires that theressich thak(r) is non-increasing
forr < c and non-decreasing for > c. In fact we think that these results may be
extended also to the cape£ 2; but it cannot be extended to any kind of poteriti@l)
in fact, modifying the nonnegative potentigh = (1 — (r/é)”l)Jr +(1- (5r)/’2)+,
whered, p1, p2 > 0, Bianchi in [6] constructed a positive potential= k(r) so that
(2) admits no radial G.S. with fast decay, but it admits nadial G.S. with fast decay.
The potentiak(r) is obtained from a potential satisfying the hypotheses @oFém 3
and subtracting an arbitrarily small bumprat 0 and atr = co.

For completeness we also quote the following result, boetbfvom [5], con-
cerning potentiak(x) which are not necessarily radial.

THEOREM 4. Consider (2) where g= 2* and assume = 4. Choose two
pointsy,z € R" and two numbers £ C, > 0. Then there is a positive potential
k = k(x) of the form

k(x) = Cy —elx—y|” forxinaneighborhood oy

(18) .
k(x) = C;—¢|x —2z” for x in a neighborhood of
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wheree > 0is small enough ang = n — 2, such that (2) admits no G.S. with fast
decay.

In the same article Bianchi has also proved that a poterstafging condition
(18), with p > n — 2 ande arbitrary chosen, and some further sufficient conditions
necessarily admits a G.S. with fast decay. This result sHows sensitive to small
changes in the potentiklthe behaviour of positive solutions is.

Now we turn again to the cage # 2, and we focus our attention on radial
solutions. In order to find a G.S. with fast decay we need to difhlance between
the gain of energy, due to the values for whigh)r P~ is increasing, and the loss of
energy, due to the values for which it is decreasing. A firgfdntant result concerning
the structure of positive solutions is the following:

THEOREMS5. Consider (3) and assume that there is>R0 such that one of the
following conditions is satisfied

J*(r) > 0forany0 <r < R and it is decreasing for » R
J~(r) <0foranyr> R anditis increasing fob <r < R.
Then regular solutions have one of the following structure.
1. They are all crossing solutions
2. They are all G.S. with slow decay

3. There is D> 0 such that (d, r) is a crossing solution for & D, itis a G.S.
with slow decay for d< D, and a G.S. with fast decay for-d D.

The result concerning ™ (r) has been proved in [35], evaluating the Pohozaev
function on regular solutions. The part concernihg(r) is not explicitly stated in
[35], however it can be easily obtained as follows, see &8 [We can construct a
stable seWs(r) through Proposition 2, and then deduce the existence disafuwith
fast decay. Then, applying the argument of [35] to thesetisols, we conclude. We
think that one could easily reach a classification resutt fds S.G.S. in this situation,
combining the argument in [35] with a dynamical argument.fdct, if we restrict
to regular solutions, structur® andB give back structure 1 and 2 respectively, and
structure 3 is a special case©f

We have already seen that, when eitlder(r) or J=(r) are positive for any
r > 0 we have structurd (so we are in the first case), while when they are negative
we have structur® (so we are in the second case). In order to derive a sufficient
condition for structureC to exist, we start from the cage= 2 and following [43] we
introduce the function:

(—2)p

(19) Zt):=e 2 Jtt)—e

(n—

29 (1)

Thenwe defing, = inf{r € (0,00)|J*(r) < 0},andp_ = supr € (0,00) | J7(r) <
0}, settingpy = oo if J*(r) > O foranyr > 0 andp_ = 0if J=(r) > O for any
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r > 0. Now we can state the following result proved in [43], usthg Pohozaev
identity and the Kelvin transformation.

THEOREM 6. Consider (3) where p= 2 and assume > Oandp_ < oc.
If Z(r1) > Ofor some g € (0, p1] and Z(r2) > 0for some p € [p_, c0), there is
D > Osuchthat D, r) is a G.S. with fast decay.

Let us setl := W; following [43], we get the following more explicit result.

COROLLARY 4. Consider (3) where p= 2 and suppose g p* and that Kr)
is nonnegative and satisfies:

kr) = Ar’ +0o(r°) atr =0  k(r) = Br' +o(r") atr = oo,

where AB > 0and| < A < ¢, then there is a G.S. with fast decay.
Now assume ¢ p* and that Kr) satisfies

k() = Ao+ Air® +o(r?) atr =0  k(r) = Bo+ Bir' + o(r') atr = oo,

where A,B; > 0, Ag, Bp > 0,—n <1 <0 < o < n. Then there is a G.S. with fast
decay.

Note that the casg = p* is more delicate; we stress that the restriction|o |
smaller tham is needed even if it was not required in [43]. However witgn= 0 we
do not need the restriction di and whenBy = 0 we do not need the restriction on
lo|.

Using a similar argument Kabeya, Yanagida and Yotsutanj32j found an
analogous result for the cape# 2.

THEOREM 7. Consider (3) where &) > 0 for any r. Assume that either
Iiminfrﬁori‘j(—ﬁr)) > Jork(r) = Ar? +0o(r?) atr = Ofor some A> Oando > 1.

Moreover assume that eithiém sup._, ., E,E(ri)) < Zork(r) = Br' +o(r')atr = Ofor

some B> 0,1 < A. Thenthere is a strictly increasing sequenged0, j =0, ..., oo,
such that (dj, r) has exactly j zeroes and has fast decay. So in particules,u ) is
a G.S. with fast decay.

Note that the conditions of the previous Theorem at 0 (and atr = o0) are
similar, but they do not imply each other. In fact the formeuseful wherk(r) has
a logarithmic term, e. gk(r) = |In(r)|r?, and the latter wheR(r) behaves like a
power atr = 0 (and atr = co). However, in both the cases, whgn= p* we have
k(0) = k(c0) = 0.

We wish to mention that Bianchi and Egnell in [5], [7] have soather suffi-
cient conditions for the existence of G.S. with fast decaactecondition, as the ones
of Corollary 4 and of Theorem 7, in some sense, requires agehamthe sign of the
function J*(r) which is “sufficiently large to be detected”. We stress thatgituation
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becomes more delicate whgn= p* andk(r) is uniformly positive and bounded, see
[5], [7], for a careful analysis. In fact, as suggested fronedrem 8 stated below and
borrowed from [7], we are convinced that the condition ondhellness ofl|, |o | of
Corollary 4 is not technical.

THEOREM 8. Consider (2) where g= 2* and take two numbergy, p2 >
n(n — 2)/(n + 2), such thatl/p1 + 1/p2 > 2/(n — 2). Then there is a function(k)
such that Kr) = 1 — M1r”! near the origin and i) = 1 — Mar —”2 near oo, where
M1, M2 are positive large constants so that (2) admits no radial.@:igh fast decay.

We also stress that the previous result shows that the isitust much more
clear whenJ*(r) is positive forr small and negative far large, than when we are in
the opposite situation.

We introduce now some perturbative results, proved wittadyical techniques,
that help us to understand better also what happens to airgplltions, and also which
is the difference between the case in which we have a sutadriiehaviour for small
and supercritical for large (easier situation), and the opposite case (difficulagon).
We focus on the casg= p*: in the autonomous case this is a border situation between
a structure of typé andB. So it is the best setting in order to have new phenomena as
the existence of G.S. with fast decay.

Let us assume th&i(r) has one of the following two form:
k(r) = 1+ e¢K(r), whereK is a bounded smooth function,
k(r) = K(r€), whereK is a bounded smooth function, positive in some interval,

wheree > 0 is a small parameter and we assukhe C2. In the former case we say
thatk(r) is a regular perturbation of a constaktdhanges little), in the latter we say
that it is a singular perturbation of a constakichanges slowly). It is worthwhile to
note that, in the latter casemay change sign.

This problem was studied in the cape= 2 by Johnson, Pan and Yi in [30]
using the Fowler transformation, invariant manifold thefmr non-autonomous system
and Mel'nikov theory. In both the cases they found a non-degecy condition of
Mel'nikov type, related to some kind of expansioreinf the Pohozaev function, which
is sufficient for the existence of G.S. with fast decay. Thep aroved that whei (')
is periodic and the Mel'nikov condition is satisfied, theseaiSmale horseshoe for the
associated dynamical system. Then they inferred the existef a Cantor set of S.G.S.
with slow decay.

In the singular perturbation case the condition is easy topede: there is a
G.S. with fast decay for each non-degenerate positivecatipoint of K(r). These
results have been completed by Battelli and Johnson in 8],[4], and eventually
they proved the existence of a Smale horseshoe also in thés ddhus they inferred
again the existence of a Cantor set of S.G.S. with slow dessyming thak (e!) is
periodic.

These results have been extended to the cagg2+ 2) < p < 2in [14], and
completed to obtain a structure result for positive sohgid-irst we have introduced a
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dynamical system of the form (8) through (4) wite= g = p*. In this section we will
always set = g = p* in (4) so we will leave the subscript unsaid, to simplify trotaz
tion. Since (8) i and uniformly continuous in thievariable,0 admits local unstable
and stable manifolds, denoted respectivelyigy; . (v) andW;.(z), see [30], [14].
From Proposition 3 we know that, @ € WY,,.(z), then lim—, _.x* (Q", t) = O and
the corresponding solutiom(r) of (3) is a regular solution, while IQ° < leoc(r),
then lim_ ,.x*(Q%,t) = O and the corresponding solutiarir) of (3) is a solution
with fast decay. Using the flow it is possible to extend thealonanifolds to global
manifoldsW!(z) and W2 (7). As usual we commit the following abuse of notation:
we denote byW!(z) and W2(z) just the branches of the manifolds that depart from
the origin and get intcRi. From [30] we also know that the leaves &@é and vary
continuously in theC* topology with respect te ande. Observe that foe = 0, both

in the regular and in the singular perturbation case, theifoldnW (z) and W2 (z)
coincide and are the image of the homoclinic trajectory. Wafsegment. which is
transversal tWWg' () = W;(z) and which intersects it in a point, sy Using a conti-
nuity argument, we deduce that, for- 0 small enoughW!(z) andW2(z) continue

to crossL transversally in point§S(z, €) and&(z, €) close toU. We want to find in-
tersection®) betweenW! () andW2(z); then the trajectorx®(Q, t) corresponds to

a regular solutionu(r) having fast decay. Then it is easily proved tR&(Q, t) ]Ri

for anyt so it is a monotone decreasing G.S. with fast decay.

Let us rewrite (8) ag = f(x, r + t, €). From now on we restrict our attention
to the singularly perturbed system since the other can bestlesimilarly, see [30] and
[14]. We define a Melnikov function which measures the dictawith sign between
&3(r, €) andeY(z, €) alongL.

d
M) = 4 [£7(r, ) = &P (7, )] Le=onf(U, 7)

where “A” denotes the standard wedge producRf Then define

M(7) for e=0

he, &) = [f(@fﬂﬂ Af(U,7) for e #£0.
We point out that the vectdi (z, €) — &7 (z, €) belongs to the transversal segmént
sowe havéh(zr,e) =0 <= ¢ (r,¢) — ¢ (1,€) =0 fore # 0.

SupposeM (1g) = 0 andM’(zg) # 0, then, using the implicit function theorem,
we construct eC* functione — z(¢) defined on a neighborhood ef = 0, such
thatz (0) = 1o, for which we have=(z(¢), €) = & (z(¢), €). Therefore we have a
homoclinic solution of the system (8).

Following [30] and [14] we find that

n —+00 o
(20)  M(2) = —¢/()p(x) P / Pal4

—00

t=—C¢'(t)p(r) P

wherexy (t) = (x1(t), y1(t)) is a homoclinic trajectory of (8) whekg = 1, soC > 0is
a computable positive constant. Note tatr) is closely related to the first termin the
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expansion ire of the functionZ(t) defined in (19). It follows that for any positive non
degenerate critical point &f(r) there is a crossing betwe&d" (z (¢)) andWZ(z (¢)),
so we have a G.S. with fast decay.

Introducing a further Mel'nikov function depending on twarpmeters, it can
be proved that such a crossing is transversal, see [30][12], In order to use the
Smale construction of the horseshoe, we need to prove thdtitittions:* (e, 7) are
C2 even if the system is jusE!. This has been done in [4], using some fixed point
theorems in weighted spaces, and observing that the finstbraf W (z) andW?(7)
cannot cross the coordinate axes, where part of the reyuiatost.

Now we assume that is periodic and admits a non-degenerate positive critical
point. Using the previous Lemma we find a po@te) € W (z(¢)) N W2(z (¢€)).
Then, using the Smale construction, we find a CantorAsetose to the transversal
crossingQ(e), such that the trajectories (P, t), whereP € A are bounded, and do
not converge to the origin. With some elementary analysihemphase portrait we can
also show thak* (P, t) e Ri for anyt € R. So we find the following, see [30], [2],
[3], [4] [14] for the proof.

THEOREM9. Consider (3) where g= p*, 2n/(n+2) < p < 2, and ke C?is
a singular perturbation of a constant. Then there is a monetdecreasing G.S. with
fast decay for each positive non-degenerate critical pofri(r).

Moreover assume thai(&) is a periodic function and it admits a non degener-
ate positive extremum. Then there is a Cantor-like set ofatoore decreasing S.G.S.
with slow decaw (r). Moreover if Kr) is strictly positive, the S.G.S. are monotone
decreasing.

Whenk is a regular perturbation of a constant, we proceed in thes saay but
we find a different Mel'nikov function:

_ +o00 p* _ +00 p*
M(r) = ¢/(t+r)|xl|* dt, M'(r) = ¢S”(t+r)|x1|* dt
—co p —00 p

Then, arguing as above we find the following.

THEOREM10. Assume thatk) = 1+ ¢K (r) is a C? function ande > Ois a
sufficiently small parameter. Then equation (3) admits a @ith fast decay for each
non degenerate zero of (). Assume in addition that (') is a periodic function.
Then equation (3) admits a Cantor-like set of monotone desong S.G.S. with slow
decay.

Following [14], we point out that now it is possible to getther information
on the structure of positive solutions, both regular andudar, with a careful analysis
of the phase portrait. The idea is to construct a barrier setenup of branches of the
manifoldsW! () andW2(z). We illustrate it with an example, remanding to [14] for
a detailed discussion. Let us assume R{aj admits 9 positive non degenerate critical
points forr > 0, 5 maxima and 4 minima , see figure 3.
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Figure 3: A sketch of the sd(z), whenk(r) = K(r€) has 5 maxima and 4 minima.
The solid line representB(z), and it is obtained joining segments \f(z) (dotted
line), and ofW3(r) (dashed line).

First observe thatiQ” € WY (z)NW3(z) thenx” (Q*, t) € WY (z +t)NWS(z +
t) for anyt. So the number of intersection betwaat{(z) andW?(z) does not depend
on z. Therefore there are 9 functions(e) such thatt(z(¢), €) = £5(z(¢), €) for
i =1,---,9and9 pointdN' (7) of intersection between stable and unstable manifolds.
We denote byN!(z), the first point met followingNZ(7) from the origin toward®R?
by N?(z) the second, and so on. Let us denote®%yr) the branch ofV3(7) between
the origin andN(z), by B1(z) the branch oMW" (r) betweenN(z) andN?(z), by
B?(z) the branch oWS(z) betweenN?(z) andN3(z), and so on till the branch of
WY(7) betwee_r1\|9(r) and the origin which is denoted B8P(z). Finally we denote by
B(r) = U?ZOB' (r), and byE(z) the bounded open subset enclosedy). The key
observation is thaB(r) is contained irRi foranyz, and in{x|y < 0 < x} wheng¢
is uniformly positive, see [14] for a detailed proof.

Observe thaE(z)\ (WY(r) U W3(z)) contains uncountably many points and
takeQ in it. The trajectoryx’ (Q,t) is forced to stay in the interior dE(z + t) for
anyt, therefore it corresponds to a S.G.S. with slow decay. Widaraful analysis
on the phase portrait it is possible to find poi@ts= B(z)\ WZ(7) such thai® (Q, t)
is forced to stay in the interior oE(z + t) for anyt > 0, andP € B(z)\ W:(t)
such thax® (P, t) has to cross thg axis for some > 0. Therefore they correspond
respectively to G.S. with slow decay and to crossing sahsticAnalogously we find
Q. P € B(r)\ W!(r) such thax" (Q,t) € E(r +t) for anyt < 0 andx®(P,t) has
to cross they axis for somé < 0, which correspond respectively to S.G.S. with fast
decay and to solutions of the Dirichlet problem in the extedf a ball, see [14] for
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more details. The results can be summed up as follows. Letrxluce the following
hypotheses:

M1 there existep > 0 such thak(p) > 0 is a non degenerate maximum &qd) is
uniformly positive and monotone increasing forOr < p.

M» there exist®R > 0 such thak(R) > 0is a non degenerate maximum &{d) > O
is uniformly positive and monotone decreasingrfos R.

O1 Kk(r) is oscillatory ag — 0 and admits infinitely many positive non degenerate
critical points.

02 k(r) is oscillatory ag — oo and admits infinitely many positive non degenerate
critical points.

Then we have the following result:

THEOREM11. Consider equation (3) and assume thatk= K (r€) is bounded.
Then, fore > 0 small enough, we have at least as many G.S. with fast decag ash
degenerate critical points of(k). Moreover

1. Assume that eithévl, or O is satisfied. Then the there are uncountably many
G.S. with slow decay and uncountably many crossing solgition

2. Assume that eithevl; or O is satisfied. Then there are uncountably many
S.G.S. with fast decay and uncountably many solutignsof Dirichlet problem
in the exterior of a ball.

3. Assume that both Hypotheses 1 and 2 are satisfied. Therosites@ solutions
of equation (3) have a structure of tyfe

Furthermore, if Kr) is uniformly positive, then G.S. and S.G.S. are decreasing.

REMARK 6. Note that wheik(r) is decreasing for small and increasing far
large, we are not able to state the existence of S.G.S. andsofa&h slow decay. This
is due to the fact that, in such a case it is not possible totamtsa setB(z) which is
contained iriRi for anyz, so our argument fails. However also in this case we are able
to prove the existence of G.S. with fast decay.

Following [14] we can easily obtain an analogous result lf@r tegularly per-
turbed problem. The difference lies in the fact that the M@&wn condition is a bit more
complicated, so we have to replace the assumptiorkthahas a positive critical point
by the condition thaM () = 0 andM’(z) # 0.

Now we want to extend some of these results to the “in the lTargse, so we
want to see what happens wher> 1. This in fact will shed some light on the reason
for which positive solutions exhibit the same structuregemwo completely different
types of perturbation. The idea is to use our knowledge ofatltenomous case to
understand the non-autonomous one, replacing the Melrfikastion by the energy
function H. We will discuss the following Hypotheses
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M7 k() is increasing for small andk’(r)r =/(P=1 ¢ L 1(0, 1].
M7 k(r) is decreasing for small andk’(r)r =/(P=D ¢ L1(0, 1].
M7 k(r) is increasing for large andk'(r)r" ¢ L1[1, c0).
M, k(r) is decreasing for large and<’(r)r" ¢ L1[1, cc).
Now we can state the following theorem, see [18], [15].

THEOREM 12. Consider (3) where ¢= p* and Kr) € [a, b] for any r > 0,
for some b> a > 0. Assume that either hypothesdg“ andM;, orM7 andMg‘ are
satisfied. Then there is a G.S. with fast decay. Moreover

1. If M2 is satisfied there are uncountably many G.S. with slow degedyiacount-
ably many crossing solutions.

2. If M7 is satisfied, there are uncountably many S.G.S. with fastydand un-
countably many solutions of Dirichlet problem in the exdenf a ball.

3. If l\_/lir and M2 are satisfied positive solutions have structQre

Proof. Consider the autonomous system (8) whgre p* and¢ = a, or¢ = b re-
spectively. Denote by, (t) andxp(t) the trajectories of the former and the latter system
such thatx;(0) = 0 = X,(0). Denote byAtT = {Xxa(t) |t < 0}, A~ = {Xa(t) |t > O},
Bt = (xp(®)[t < 0}, B™ = {xp()[t = O}, by A = (Ax, Ay) = xa(0) and by
B = (Bx, By) = Xp(0). Let us denote b (respectivelyE ~) the bounded subsets
enclosed byA™, BT (resp.A~, B™) and the isoclinex = 0.

Note that the flow of the non autonomous system (861 B™ points towards
the interior of E* while on A~ U B~ points towards the exterior d&~. So, using
Wazewski’s principle, we can construct compact conneatésias follows, see [15].

WY(7) :={Q e E™ | t_Ijrpoo X' (Q,t) =0 and x*(Q,t) e Etfort < 0},
W3(r) :={Q e E™ | t_Ijrroo X*(Q,t) =0 and x*(Q,t) € E” fort > 0}.

We denote byY(z) and &3(r) the intersection of the isocling = 0 respectively
with WY(z) andW3(z). In analogy to what we have done in the perturbative case we
want to measure the distance with sign of the compact nortyesepss!(7) andés(z)
evaluating the energy functiad on these sets.

We wish to stress that we have committed a mistake in [15] aln @wvaluation,
but we can correct it as follows, see [18]. Let us denotd_lthe linex = By, and
by C* the intersection oL with At; finally let L* be the segment of between
C* andB. Denote byx}(t), the trajectory of the autonomous system whgre= a
such thax}(0) = C*, and byxg (1), the trajectory of the autonomous system where
¢ = b such thaig (0) = B. Recall that we have explicit formulas f&f (t) andx (t)

1 p* 5Pt T T P et
and that we can fin€ > c such that®/ce ? ~ < x[(t) < xi(t) < /Ce® ' for
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t < 0. Consider a trajectory® (Q"(z), t) of the non-autonomous system (8) such that
X7 (QY(r),0) = QY(z) € L™. It can be proved that

e < IXEMP < X (QU(x), )P < X (®)|P < CeM

for anyt < 0, see [18]. Denote bW!(z) andW3(7) respectively the subset 8§ (7)
andWs3(z) contained in{x|0 < x < Ly}. It can be shown easily that for any point
Q € WY(r) we havec(Q)e™ < |x*(QY(z),1)|P < C(Q)e™, whereC(Q)/C =
K(Q) =c(Q)/c> 0.

Now assume that hypothesid,” is satisfied; then there i > 0 such that
$(t) > 0for anyt > To. Hence for anyQ € WY(z) we have

0 T(0)- p*
Hp Q. 7) =/_ e +t>%dt >

(21) .
e K T,
> & 2O cwm - b e [ o]
o To
Sinceg ()" ¢ L0, 00)], we can findNT > To such thatHp+(Q, ) > 0 for any
Q € WY(r) andz > N*.
We denote byd, ((Q) the diffeomorphism defined by the flow of (8), precisely
D, +(Q) = x"(Q; t). Note that for anyQ < W“(‘r), wherer > N*, and anyt > 0, we
haveH (®,:(Q),t +7) > H(Q, 7) > 0 sinceg(s) > 0fors > z > NT.
Observe that there is a uniqtie= TY(Q) > 0 such thak®(Q; t) € E™ for any
t < TYQ) andx™(Q; T¥(Q)) € cUTY(Q) + 7). We chooseT,F = min{T¥(Q) +
N*|Q e WY(NT)); it follows that @+ ([WU(NF)] D WUY(NT +t), for anyt >
T.F — NT. HenceH (Q, 7) > 0 foranyQ e WY(r) foranyz > T..
Moreover, for anyP € WS(z) we have
+o0 T p*
|X (P,*t)l q

Hp (P, 7) = — bt + 1) )

t <0,

sinceg(t) > 0fort + 7 > To. ThereforeHp«(P,7) < 0 < Hp«(Q, 7) for any
P € WS(z) and anyQ € WY(r). Analogously ifM;" is satisfied, we can find,” < 0
such thatHp+(Q, 7) < 0 < Hpx(P, 7) for any pointP € WS(z) andQ € W!(z), for
anyr < T . Itfollows that there igg € (T, , T,) such thats(z0)N&Y(z0) # . Soif
QY € &3(20) N ¢Y(zp) we have that the solutiom(r ) of (3) corresponding ta™(QP, t)
is a G.S. with fast decay.

Then repeating the argument of the perturbative case wdumtenthe proof of
the Theorem. O

This way we have proved structure results for positive gmhstalso in the case
p > 2 and corrected the corresponding results in [15]. Howeecannot correct the
proof of the results concerning the existence of multipl8.®uith fast decay, published
in [15].
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Note that with this approach it is possible to prove the exisé of G.S. with
fast decay also wheNl; and M, are satisfied, while the approach of [43], [32] fails
in that case. However the latter article is able to deal alitlo the casey # p*. We
wish to stress that the condition on the integrabilitk@f ))r™ andk’(r)r =P is in
some sense optimal, in view of Theorem 8. Moreover obseateith can combine the
existence results for G.S. with fast decay given in Theorefrlf12 with the structure
result of Theorem 5 to obtain uniqueness. Furthermore we the/following, see [18],
[15].

REMARK 7. Assume that hypothes&!sf andl\_/lg are satisfied. Then there are
B > A > 0 such thati(d, r) is a crossing solution for any > B and itis a G.S. with
slow decay for O< d < A.

Assume that hypothes&é; andMJ are satisfied. Then there aBe> A > 0
such that(d, r) is a crossing solution for any > B and any O< d < A. Moreover
there areR > p > 0 such that the Dirichlet problem in the ball of radiuadmits 2
solutions for > Rand 0 solutions for &< r < p.

Roughly speaking, ik(r) € C' is uniformly positive and bounded, admits just
one critical point which is a maximum and it is not too flat fosmall andr large,
regular solutions have structure 3 of Theorem 5 (and pes#blutions have structure
C). But if the critical point is a minimum, the situation is neccomplicated. We know
from Theorem 12 a sufficient condition to have a G.S. with estay. However we
conjecture, that, in such a case, we may have multiple G18.fast decay, perhaps
even infinitely many.

Theorem 12 also helps to understand what happens in therlpstite case.
When we have a regular perturbation, the striggsand E~ are very narrow. So,
when we approximate the trajectory of the perturbed systéim avtrajectory of the
unperturbed one, we commit a small mistake. In the sing@eupbation case we have
that ¢ varies slowly, sap has constant sign in long intervals. Since the trajectory of
the stable and unstable sets have an exponential decayjgithef she energy function
H mainly depends on the sign ¢fct + 7)xP*(t) evaluated whem(t) is far from the
origin. Choose&Q either ing3(z) or in £Y(z). The idea hidden in Theorem 11 is that,
playing with the values of the parameterande, we can make the sign ¢1,.(Q, 7)
depend just on the sign gfevaluated at = 7.

5. f subcritical for u small and supercritical for u large

In this section we collect few results about an equation fbictv even some basic
questions are still unsolved. We consider Eq. (1) whigfg) = u|u|%~2 4 uju|% 2,
andp, < q1 < p* < . Infact as far as we are aware there are only two articles,
[11] and [1], concerning the argument and they deal with teep = 2. Recall that
2*=2n/(n—2)and 2 = 2(n —1)/(n — 2).

Zhou in [44] established that G.S. for (2), in this case havieet radial. So we
can in fact consider directly an equation of the form (3) kwit= 2).
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Flores et al. in [11] and [1] use the classical Fowler tramsftion and change
equation (3) into a dynamical system of the form (5). Thew faee the problem using
dynamical techniques such as invariant manifold theoryeyTdetl = g in (4) and
obtain a system of the form (5) such thgt (Xq,, t) is bounded a$ — —oo, for any
fixed Xq,. In fact they consider the 3-dimensional autonomous systetained from
(5) adding the extra variable = &', where¢ > 0. As usual this system admits 3
critical points: the originO, P(—oo) = (Px(—00), Py(—o0) and —P(—c0), where
Py(—o00) < 0 < Py(—o0). In such a case regular solutions of the original problem
correspond to trajectories of the-Bimensional unstable manifold of the origin, while
the singular solutions corresponds to the trajectory wigoaph is the +dimensional
unstable manifold oP(—o0). Then they consider the system obtained from (5) with
| = gy, adding the extra variable= &', where¢ < 0, which again have three critical
points: O, P(+00) = (Px(400), Py(+00) and —P(400), where Py(+00) < 0 <
Px(400). In this caseO admits a 2 dimensional stable manifold whose trajectories
correspond to solutions with fast decay of (3), ad-oo) admits a Edimensional
stable manifold made up of a trajectory corresponding tolatiso with slow decay.
Then they use dynamical arguments in order to find intersesthetween these objects,
and this way in [11] they prove the following very interesfiresults.

THEOREM13. a) Let @ > 2* be fixed. Then, given an integerk 1, there is
anumber g < 2* such that if g < q1 < 2%, then (2) has at least k radial G.S.
with fast decay.

b) Let2, < g1 < 2* be fixed. Then, given an integepk1, there is a number,S< 2*
such that if2* < g2 < &, then (2) has at least k radial G.S. with fast decay.

They have also found a non-existence counterpart, whictvshow sensitive
to the variations of the exponents these existence regelts a

THEOREM14. Let ¢p > 2* be fixed. Then there is a number=Q2, such that
if 1l <q1 < Q, then (2) admits no G.S neither S.G.S.

This non-existence result is in some sense optimal. In facghd Ni in [36]
have constructed explicitly a G.S. with slow decay of thefaKr) = A(B+r2)~/(P-1D,
whereA andB are suitable positive constants, in the special gase 2(q; — 1) > 2*
(note that 2 = 2(2, — 1)). However the existence of G.S. with slow decay probably
is not a generic phenomenon. In fact it corresponds to ttetemnde of 1 dimensional
intersection of a 2dimensional object with a-2dimensional object in 3 dimensions.

Finally we have this result concerning S.G.S. and G.S. viitiv slecay.

THEOREM15. a) Given ¢ > 2%, there is an increasing sequence of numbers
Qk — 2* such that if ¢ = Qg then there is a radial S.G.S. of (2) with either
slow or fast decay.

b) Given2, < q1 < 2*, there is a decreasing sequence of numbgrs>S2* such that
if g2 = & then (2) admits either a radial S.G.S. with slow decay or dab@.S.
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with slow decay.

Moreover, exploiting the existence of the G.S. with slowalein the case, =
2(q1 — 1) > 2*, Flores was able to prove the following result in [1].

THEOREM16. Assumetha?, < o < 2* < gpandq > 2'\'“\#V i Then,
given any integer k> 1, there is a numbegx > 0 such that, ifigz — 2(q1 — 1)| < e,
then there are at least k radial G.S. with fast decay for (2). particular if ¢ =

2(q1 — 1) there are infinitely many G.S. with fast decay.

2N+2

The conditiong; > "

point is crucial for the proof

We think that all the Theorems of this section could be gdizedto the case
p # 2 using the new change of coordinates (4). Moreover we thiak these tech-
nigues could be adapted to generalize Theorems 13, 14,d toalse spatial dependent
case, that is wherfi (u, r) = kq(r)uu|% =2 + ki (1 )ulu|%=2~2, wherek; andk; are actu-
ally functions. The last Theorem 16 crucially depends orettistence of the G.S. with
slow decay, that seems to be structurally unstable. Howeedrave been able to com-
pute this solution also for the corresponding equation$b)perhaps also Theorem 16
can be extended to the cage# 2.

ﬁv Z guarantees tha(+o00) is a focus and this

REMARK 8. Consider (1) wherd (u,r) = uju/%~1 + uju|%1, whereqy, =

(q})‘% andp, < g1 < p* < gp. Then there is a radial G.S. with slow decay

p-1
1 q1—p
ur) = A(—p)
B+rpI
-1

—1 _1 _ q-1
whereA = [| [P (n — D) ]aP andB = (n — BA-2) A%

6. f negative foru small and positive foru large

In this section we will consider (3), assuming thalu, r) is negative foru small and
positive foru large and small. The prototypical non-linearity we are interestedsin
the following

(22) f(u,r) = —ke(r)uju®=2 4 ko(ryuju|%=2

where the functiong; (r) are nonnegative and continuous. When= q; = 2 (2)
describes a Bose-Einstein condensate, and the G.S., ifsiisexs the least energy
solution. In order to have G.S. we need to have a balance battixe gain of energy
due to the negative terms and the loss of energy due to thevedsirms. The strength
of the contribution is proportional to the correspondintueaof | Ji+(r)|, so it depends
strongly on the exponemnf. When f is as in (22) and;; < p* < g the contribution



Radial solutions fop-Laplace equation 81

given by the positive term is not strong enough, while wher= p* the contribution
of the positive term is too strong. When < g2 < p* we expect to find a richer
scenario, similar to the one depicted in Theorem 5 (3), wike& with slow decay are
replaced by oscillatory solutions.

Also in this situation, roughly speaking, solutiong& ) which are positive for
r large can have two different behaviour: either they corweagO, usually with fast
decay (see Proposition 1 and Corollary 1), or they are umifppositive, and typically
they oscillate indefinitely between two values ¢, where O< ¢; < ¢ < o0.

Also in this case radial solutions are particularly impottaince in many cases
G.S. in the wholeR", S.G.S. and solutions of the Dirichlet problem in the bat fo
(1) have to be radial. This fact was proved whenr= 2 and f is as in (22) and the
functions—k1(r) andkx(r) are decreasing by Gidas, Ni, Nirenberg in [24], [25] using
the moving plane method and the maximum principle. Aftedsathis results have
been extended to the caselp < 2 in [9], [10], and finally in [42] to the casp > 1,
and to more general spatial independent nonlineariti@s: they simply assume that
f(0) =0, f is negative in a right neighborhood vf= 0 and it is positive fou large.

Once again the Pohozaev identity proves to be an importahtiacface the
problem of looking for positive solutions. In fact it was dday Ni and Serrin in [38]
to construct obstructions for the existence of G.S. in tlaiapindependent case.

THEOREM17. Consider (3) where f has the following form

N M
(23) fuy==> kuu% 2+ > kuu%? ¢ <g

i=1 i=N+1
where k > O are constants forany = 1,..., M, gne1r > p*, M > N > 1. Then

there are no crossing solutions neither G.S.

Note that wherN = 1 andM = 2 (23) reduces to (22). Recall that in such a
case all the G.S. of (1) and also all the solutions of the Bleicproblem in a ball have
to be radial. Therefore the non existence result holds giofma the PDE (1).

Whenk; (r) behave like powers at = 0 or atr = oo, using the concept of
natural dimension explained in the appendix (see [20] ary,[it is possible to reduce
the problem to an equivalent one in which the functions aiértmly positive and
bounded either far small, or forr large, or for both.

In [13] we have discussed a problem similar to the one of Ténmaot7, but in
the spatial dependent framework, using again dynamichhigoes combined with the
Pohozaev identity. In [13] we have analyzed functioh®f the form (22), but the
proofs work also wherf is as in (23) and satisfies:

FO gn < p* < qnua; ki(r) is a positive, continuous function for > 0, for any
i <M. J"(t) <0< J M foranytandj < N <iand> M, 3"t £ 0.

REMARK 9. Assume thaF0 holds and that there s> p* such that the lim-
its limi_, _aopi (1)€#s(P=0t = A > 0 exists and are finite for < M, and that
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Zi“":N+1 A > 0. Then there is at least one singular solutign) of (3).

THEOREM 18. Consider (3) where f satisfi&x). Moreover assume that there
are positive constantsiGnd g such that k(r) > C; and kj(r) < Cj for r large and
i <N and j> N. Then all the regular and singular solutions are defined pasitive
forany r > Oandlimsup _, ,, u(d,r) > Oforany d> 0.

Assume further that-k; (r) and k; (r) are decreasing and bounded for r large
andi < N and j > N, then there is is a computable constafit buch that all the
regular solutions ¢r) (and the singular, if they exist) are such that

0 < liminfu(r) < liminfu(r) < b*
r—-oo r—o0

ReEMARK 10. The Hypotheses of Theorem 18 are satisfied for example if w
take f asin (22),q1 < p* < g2, Q1 < 02, and the function; (r) uniformly positive,
bounded and-k; (r) andkx(r) are decreasing.

It is possible to give some ad hoc condition for the existesfo8.S. even in the case
g1 < p* < gzandgz > ;. In fact we have to lower the contribution given by the
negative term—ky (r)uju|%—2, taking a strongly decreasing functién(r), see [13].
More precisely

THEOREM19. Assumé0, and that the limitsim;_, oo (t)e%r* (P =9t = B; >
0 exist and are finite for i< M, and thatzi"":N+1 Bi > 0.
Then all the regular solutions (n) are G.S. with slow decay. Finally, if there is a
singular solution itis a S.G.S. with slow decay.

REMARK 11. The Hypotheses of Theorem 19 and Remark 9 are satisfied for
example if we takef asin (22),01 = p* < g, k1(r) uniformly positive, bounded and
increasingka(r) = a + bre@=P") wherea, b > 0; or if we takeqs < p* = o,
ko(r) uniformly positive, bounded and increasing, aad) = a/(1 + br%p*(P"~@)),
wherea, b > 0.

As we said at the beginning of the section, the situation im&somore inter-
esting whenf is subcritical both asi — 0 and asu — oo. A first important step
to understand equation (2) in this setting was made in [25gre the authors proved
the existence of a G.S. in the cape= 2 and assuming that (u,r) is as in (22),
g1 = 2 < g2 < 2* and—ky(r) andkx(r) non-increasing. These results have been
extended to more general operators, includinggHeaplacian forp > 1, in [19] and
to a wider class of nonlinearitieb. They just require that there i > 0 such that
F(u)y <0forO<u < A F(A)=0andf(A) > 0, whereF (u) := [5' f(s)ds.

In [19] the non-linearity f is assumed to be spatially independent and sub-
halflinear, namely either therelis> A such thatf (b) = 0, or liminf,_ o FT(,‘)Q < 00.
If we consider the prototypical case (22) the assumptiorjé@jfreduce to 1< q1 <
02 < p, k1 = 1 = k. They also proved the uniqueness of the G.S., and they have
given good estimates of the asymptotic behaviour. The mresf uniqueness has
been discussed in many papers, see e.g. [19], [20], [8],tlsitieyond the purpose
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of this survey. Roughly speaking radial G.S. for the spatidependent equation are
unique. This is usually proved with an argument involving thoving plane method
or the maximum principle. We think that G.S. are unique albenv-k; (r) andkx(r)
are decreasing, but we believe that a clever choice of thaifumsk; (r) could produce
multiple G.S. However the question is still open as far as reeamare.

Gazzola, Serrin and Tang in [22] managed to extend the existeesults to a
wider class of spatial independent non-linearities. Irtipalar, whenf is as in (22),
they proved that there is a G.S. when, eithex p andqg; > 0, orn > p and
0 < g1 < g2 < p*, moreover the G.S. is always positive if and onlgif > p. They
have also found out that if = p, there are function$ with exponential growth in the
u variable for which (3) admits G.S.

However, also in [22],f does not depend explicitly on In [16] we have
extended the existence result to the spatial dependentwader suitable Hypotheses
on the functiong; (r), and assuming k p < 2,01 > 2andp, < g1 < g2 < p*.

But the main contribution of that paper was the proof of thistexce of uncountably
many S.G.S., which as far as we are aware had not been depreiddusly even in
the original problem withp = 2 andk; = 1 = k. Then in [17] we have been able to
discuss also the cage> 2, and to prove the existence of G.S. and S.G.S. for different
type of non-linearityf, satisfying some of the following hypotheses:

e The functionf (u, r) is continuous ifR? and locally Lipschitz in
theu variable for anyu,r > 0; f(0,r) = 0 for anyr > 0.
e There arer > 0O andp < q < p* suchthat,forany & r <v

liMy oo lfu(‘tj_rl) = ag(r) > 0 andag(r) is continuous.

F1

F2 There are positive constands> a > 0 andp > 0 such that
f(ur) <0 forr > pandO<u <a
F(A,00=0 and f(u,0) >0 for u>= A

F3 f(u,0 > f(ur)foranyO<u < Aandany > 0.
F4 The exponeny in Hyp. F1is such thag > p.

THEOREM 20. Assume that HypF1, F2, F3 are satisfied. Then there exists
D > A suchthat gD, r) is a monotone decreasing G.S.

REMARK 12. Note that iff is as in (22) and;z > p, G.S. and S.G.S. are
positive for anyr > 0, while if g1 < p their support is bounded, see Proposition 1.
This means that there R > 0 such thau(r) > 0forO<r < R,u(R) =u(R) =0
andu(r) = 0 forr > R. Also note that if lim_ .,u(r) = 0, u has fast decay, in view
of Corollary 1.

Using a standard continuity argument we can also prove tleviog.

COROLLARY 5. Assume that HypF1, F2, F3 are satisfied. Then(d,r) is a
crossing solution for any ¢ D and its first zero R(d) is such thatimg_, o R1(d) =
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0. Furthermore assume that we are in the Hypotheses of Pripodi B, then we also
have thatimy_, p R1(d) = co. Therefore the Dirichlet problem in the ball of radius
R > 0 for equation (3) admits at least one solution for any-Fo.

THEOREM21. Assume that HypF1, F2 and F4 are satisfied, then (3) admits
uncountably many S.G.S.

REMARK 13. Assume thaf is as in (23), that the functions(r ) are uniformly
positive and bounded for amy> 0 andp < gqu < p*. Then hypotheseS1 andF2
are satisfied. Moreover ifk; (r) andkj(r) are decreasing forany> 0,1 <i < N
andN < j < M, hypothesig=3 is satisfied,; finally ifqy > p, F4 holds.

The proof of Theorem 20 can be found in [17] and follows, witim& minor
changes, the scheme introduced in [25] and then used in[pg]and [16].

When Hyp.F1 andF2 are satisfied the initial value problem (3), willi0) =
d > 0, U (0) = 0 admits at least a solution. Moreover such a solution, dehby
u(d, r) is unique for anyd > A andu’(r) < 0 forr small. All these solutions can be
continued inJ(d) = (0, Ry) = {r > 0|U/(r) < 0 < u(r)}, whereRy can also be
infinite. This was proved for the spatial independent pnobile [19] and then adapted
with some trivial changes to the spatial dependent problefd7]. Sinceu(d,r) is
positive and decreasing for< Ry, the limitlim,_, g, u(d, r) exists and is nonnegative,
so we can define the following set:

| :={d>A] "de u'(d,r) <0}
r—

Using an energy analysis we can prove thag |, whenF1, F2 andF3 are satisfied.
Moreover using a continuity argument on the auxiliary sys(8), we prove that is
open in[A, o) whenevelF1 andF2 hold, see [17]. The difficult part of the proof is to
show thatl # @. In fact we show that, iF1 andF2 are satisfied there iI® ¢ | such
that(D, o0) C .

For this purpose we introduce a dynamical system of the f&mnusing (4)
with | = g, whereq is the parameter defined in [12]. Then we show that femall
andu large we can approximate our system with an autonomousitubtsystem of
type (8). Through a careful analysis of the phase portraibweeable to construct a
barrier setE”  {(x,y) € R?|y < 0 < x}. Then, using Wazewski's principle, we
show that there art > 0 ands > 0 such that, for any < —M, there is an unstable
setWY(z) ¢ E7, which intersects thg negative semi-axis in a compact connected
set, say (). It follows that the trajectoriexa(Q“(r), t) € E* for anyt < 0 and that
Iimtﬁ_ooxa(Q”(r), t) = O. So they correspond to regular solutian@l(z), r), that
are positive and decreasing fox exp(z) and they become null with nonzero slope at
r = exp(r), so they are crossing solutions.

It follows that if F1, F2 andF3 hold there isD > A, such tha(D, co0) € I, but
D ¢ |I. Then we show thali(D, r) is a monotone decreasing G.S. using a continuity
argument on (5), and Theorem 20 and Corollary 5 follow.

To prove the existence of S.G.S. we have to consider systeam¢ito construct
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a stable se?VS(z) through Proposition 2. We choose< —M, so thatW{(z) crosses
the y negative semi-axis, in view of Corollary 5. We denotelt) the bounded set
enclosed byW!(7) and they negative semi-axis. We choose one of the uncountably
many points inW3(z) N B(r), sayQ°®, and we follow backwards inthe trajectories
x§(Q%, 1) whereQ® € WS3(z). We show thakg (Q®, t) is forced to stay inB(t + 7)

for anyt < 0 and we conclude thatg (QS, 1) is uniformly positive ag — —oo.
Then, from Proposition 3 we deduce that the correspondihgisnso(r) of (3) are
monotone decreasing S.G.S.

7. Appendix: reduction of div(g(|x|)Vu|Vu[P~2) + f(u, |x]) = 0 and natural di-
mension

In this subsection we want to show how we can pass from the/sisalf radial solu-
tions of an equation of the following class
(24) divg(Ix)VulVulP~?) + f(u, Ix]) = 0

to the analysis of solutions of an equation of the form (3).reHagainx € R" and
g(Ix]) = O for x| > 0.

We repeat the argument developed in Appendix B of [17]. I fee exploit
here an idea already used in [33] and [20], and we follow qeldeely the latter paper,
in which the concept of natural dimension is introduced.stFaf all observe that a
radial solutionau(r) of (24) satisfy the following ODE:

(25) " U Py + ", r) =0,

Seta(r) = r"1g(r) and assume that one of the Hypotheses below is satisfied
H1 a~Y(-D ¢ L1[1, oo]\ LY[0, 1]

H2 a~Y/(P-D ¢ L1[0, 1]\L1[1, oo)

Then we make the following change of variables borrowed ff2d). LetN > p be a
constant and assume that Hyp. H1 is satisfied; we defines(r) =

—ptl

([ a(x)~VP=Dd¢) NP Obviouslys : Rf — R, s(0) = 0, s(co) = oo and
s(r) is a diffeomorphism ORE{ into itself with inversea =r(s) fors > 0. If u(r) is a
solution of (25)p(s) = u(r (s)) is a solution of the following transformed equation

(26) (sNLoglvs|P?)s + sNh(s) f (v, 5) = 0,

wheref (v, s) = f(v,r(s)) and

hee — (N=P)° (9rE)Prion P/ (p=1)
(s)_(p_l) s |

If we replace Hyp. H1 by Hyp. H2 we can defines(r) as followss(r) =

p-1
(Jo a(x)~YP~Ddz) NP and obtain again (26) from (25), with the same expression for
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h. We denote byf (v, s) = h(s) f (v, r(s)) and obtain (3) from (26), with replaced
by s.

REMARK 14. Note that, if for any fixed > 0, f(v,r) grows like either a
positive or a negative power infor r small, we can play with the parametgrin order
to have that, for any fixed > 0, f (u, 0) is positive and bounded. E.g.,dfr) = 1
and f(u,r) = r'uju/9—1, we can selN = L”jf,'l;“, so that, switching from to s as
independent variable (26) takes the form

(27) [sN~toslvs| P25 + CsN oo |9t = 0,
P
whereC = ]H P12=21"""" > 0. So we can directly study the spatial independent

equation (27), recalling that the natural dimensioNisnd this changes the values of
the critical exponents and the asymptotic behaviors oftpessolutions as — 0 and
asr — oo.

Observe thaN does not need to be an integer and that in literature suchsamgsion
is not really used to prove the results. Thus all the theorebtained for (3) can be
trivially extended to an equation of the form (25), whersatisfies eitheH1 or H2.
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SHADOWING IN ORDINARY DIFFERENTIAL EQUATIONS

Abstract. Shadowing deals with the existence of true orbits of dynalsigatems near
approximate orbits with sufficiently small local errors. Altigh it has roots in abstract
dynamical systems, recent developments have made shadowirayrieiv effective tool for
rigorous computer-assisted analysis of specific dynamicénys, especially chaotic ones.
For instance, using shadowing it is possible to prove th&emnce of various unstable periodic
orbits, transversal heteroclinic or homoclinic orbits ajwably the most prominent chaotic
system—the Lorenz Equations. In this paper we review theentistate of the theory and
applications of shadowing for ordinary differential edaas, with particular emphasis on
our own work.

1. Introduction

In this extended introductory section we give a narrativereew of shadowing. Pre-
cise mathematical statements of relevant definitions agoréms are presented in the
following sections.

Shadowing? An approximate orbit of a dynamical system with small locabes is
called apseudo orbit The subject of shadowing concerns itself with the exis-
tence of true orbits near pseudo orbits; in particular, ttigai data of the true
orbit are near the initial data of the pseudo orbit. Shadgvisna property of
hyperbolic sets of dynamical systems. It is akin to a cladgiesult from the
theory of ordinary differential equations [23]: if a nontamomous system has
a bounded solution, the variational equation of which aslmit exponential di-
chotomy, then the perturbed system has a bounded solutabyne

Origins? In its contemporary setting, the first significant resulthiadowing, the cel-
ebratedShadowing Lemmavas proved by Bowen [7] for the nonwandering sets
of Axiom A diffeomorphisms. A similar result for Anosov dgdémorphisms
was stated by Anosov [2], which was made more explicit by iSlB#]. The
Shadowing Lemma proved to be a useful tool in the abstraotyhe uniformly
hyperbolic sets of diffeomorphisms. For example, in [8] kar partitions for
basic sets of Axiom A diffeomorphisms were constructed gisire Shadowing
Lemma. Also shadowing can be used to give a simple proof ofi@snheo-
rem [59] that the shift can be embedded in the neighbourhdéa@dtansversal
homoclinic point as in [47] and [39].

Discrete systems?Since Anosov and Bowen, the Shadowing Lemma has been re-
proved many times with a multitude of variants. A notewortbgent develop-
ment, initiated by Hammel et al. [28], [29], has been a shadgwheory for
finite pseudo orbits of non-uniformly hyperbolic sets of@ifmorphisms which

89
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proved to be a powerful new paradigm for extracting rigormsults from nu-
merical simulations of discrete chaotic systems. This ldgveent also provided
new tools for establishing the existence of, for examphmgversal homoclinic
orbits in specific systems [21], [37]. For these recent shaapresults for dis-
crete dynamical systems, we recommend our review arti8g¢llowed by [21]
and the references therein.

ODEs? Developing a useful notion of a pseudo orbit and establgshim appropriate

Shadowing Lemma for ordinary differential equations pobt@ be more diffi-
cult because of the lack of hyperbolicity in the directiorttod vector field. The
first successful attempt in this pursuit and an accomparghagdowing Lemma
was given by Franke and Selgrade [26]. Here we will presenfawnulation
of pseudo orbits and shadowing for ordinary differentiali@ipns as initiated
in [14], [16]. Our formulation has the advantage that pseodiits are taken to
be sequences of points and thus can be generated numeridafiypermits one
to garner rigorous mathematical results with the assistafiaumerical simula-
tions. Such computer-assisted shadowing techniques nmeitractive comple-
ment to classical numerical analysis, especially in thestigation of specific
chaotic systems.

Chaotic numerics? The key signature of chaotic systems is the sensitivity efrth

solutions to initial data. This poses a major challenge imercal analysis of
chaotic systems because such systems tend to amplify,efpementially, small
algorithmic or floating point errors. Here is a gloomy acdoeinthis difficulty
as given by Hairer et al. [30]:

“The solution (of the Salzman-Lorenz equations with comistand
initial valuese = 10,r = 28,b = 8/3; x(0) = -8, y(0) = 8,
z(0) = 27) is, for large values df, extremelysensitive to the errors
of the first integration steps. For example,tat 50 the solution
becomes totally wrong, even if the computations are peréakrim
quadruple precision witff ol = 1029, Hence the numerical results
of all methods would be equally useless and no comparisoresnak
any sense. Therefore, we chodggy = 16 and check the numerical
solution at this point. Even here, all computations vilithl > 10~7,
say, fall into a chaotic cloud of meaningless results.”

Shadowing reveals a striking silver lining of this “chaotioud.” While it is
true that this chaotic cloud has little to do with the solntlmaving the specified
initial data, it is not meaningless: the chaotic cloud is aceedingly good ap-
proximation of another solution whose initial data is velyse to the specified
initial data. More generally, using the finite-time shadwogviheorem in [17],
it is possible to shadow numerically generated pseudosodbiinon-uniformly
hyperbolic) chaotic ordinary differential equations fong time intervals.

Chaos? There are many ways chaos can arise in a dynamical system.mfnoo

cause, as first observed by Poire§sl] over a century ago while studying the
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restricted three-body problem, is the presence of trasal&omoclinic points.
He called such points “doubly asymptotic” because they agenatotic both
in forward and backward times to a fixed point or a periodicitorBirkhoff
[4] proved that every homoclinic point of a two-dimensiodédfeomorphism is
accumulated by periodic orbits. Smale [59] confirmed Paiglsabservation by
proving that a transversal homoclinic point of a diffeorragmn in dimension
two and higher is contained in a hyperbolic set in which theogkc orbits are
infinitely many and dense. Sil'nikov [55] showed that a sanitesult holds for
flows. Recently, it has been conjectured by Palis and TaldsjsHat generically
chaotic orbits occur if and only if there is a transversal bohmic orbit. This is
indeed the case for continuous interval maps as shown in [6].

In spite of the remarkable mathematical results abovestensal homaoclinic
orbits are quite difficult to exhibit in specific chaotic flowEkven the periodic
orbits, to which the homoclinic orbits are to be doubly astatip, are hard to
come by. Recently in [22], we have formulated a practicalambf a pseudo
homoclinic, more generally pseudo connecting, orbit aralgd a shadowing
theorem that guarantees the existence of transversal tioinpor heteroclinic,
orbits to periodic orbits of differential equations. Thepbyheses of this theorem
can be verified for specific flows with the aid of a computerstienabling us
to prove the existence of a multitude of periodic orbits arahsversal orbits
connecting them in, for example, yet again, the chaotic hoiequations.

Contents? Here is a section-by-section description of the contentsefemainder of
this paper:

e In Section 2, we first give definitions of an infinite pseudoibdnd its
shadowing by a true orbit. Then we present two infinite-tirhadowing
results, one for pseudo orbits lying in hyperbolic invatisets, and another
for a single pseudo orbit in terms of a certain operator.

e In Section 3, shadowing definitions for finite pseudo orbitd a Finite-
time Shadowing Theorem for non-uniformly hyperbolic systeare for-
mulated. This theorem is significant in proving the exiseeattrue orbits
near numerically computed ones for long time intervals.

e In Section 4, the shadowing of pseudo periodic orbits is iciened. The
Periodic Shadowing Theorem stated here is very effectivestablishing
the existence of periodic orbits, including unstable oneimensions three
and higher.

¢ In Section 5, the notion of a pseudo connecting orbit coringtivo pseudo
periodic orbits is formulated. Then a Connection Orbit Siveidg Theo-
rem that guarantees the existence and transversality ofeactnnecting
orbit between true periodic orbits is stated. In the paléicoase when the
two periodic orbits coincide we have a Homoclinic Shadowliiggorem,
with the aid of which existence of chaos, in the sense of Rofncan be
rigorously established in specific systems.



92 H. Kogak - K. Palmer - B. Coomes

e In Section 6, some of the key computational issues such astrootion
of good pseudo orbits, rigorous bounds on quantities thpeapin the
hypotheses of the shadowing theorems, and floating poinpuatations
are addressed.

e In Section 7, we present several examples to demonstragdfirtiveness
of the shadowing results above as a new computer-assistiedidgee for
establishing rigorously finite, periodic, and transvetsadnoclinic orbits
in the quintessential chaotic system—the Lorenz Equations.

e In Section 8, we conclude our review with some parting thasigh
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2. Infinite-time shadowing

In this section we first introduce notions of an infinite pseedbit and its shadowing
by a true orbit of a system of autonomous differential equesti Then we state two
general results that guarantee the shadowing of infinitagmerbits. The first result,
Theorem 1, in the spirit of the classical Shadowing Lemma sisadowing theorem for
pseudo orbits lying in a compact hyperbolic set. The seceadlt, Lemma 1, replaces
the hyperbolicity assumption with the invertibility of artain linear operator. The sec-
ond result is more general; in fact, the classical theordlovig from it. Moreover, the
second result has practical applicability in numericalidations as we shall demon-
strate in later sections. Whilst the hyperbolicity assuomptin a compact invariant set
is not possible to verify in any realistic example (strantjeators are not usually uni-
formly hyperbolic), the invertibility of the operator assated with a particular pseudo
orbit can frequently be established.

Consider a continuous dynamical system
1) x= f(x),

where f : U — R" is aC? vector field defined in an open convex subdetf R".
Let ¢! be the associated flow. Throughout this paper we use thedeaclinorm for
vectors and the corresponding operator norm for matricddia@ar operators, and in
product spaces we use the maximum norm.

DEFINITION 1. Definition of infinite pseudo orbit. For a given positive num-
ber 4, a sequence of pOiHI{S’k}'kfioo in U, with f(yx) # 0 for all k, is said to be
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a o pseudo orbibf Eq. (1) if there is an associated bounded seque{hgﬁfj‘im of
positive times with positiviefycz hk such that

IYike1 — o™ ()|l <6 fork e Z.

Next, we introduce the notion of shadowing an infinite pseaduwt by a true
orbit.

DEFINITION 2. Definition of infinite-time shadowing. For a given positive
numbere, a d pseudo orbit{yk};j‘iOo of Eqg. (1) with associated time{bk}ﬁj"_oo is
said to bes-shadoweddy a true orbit of Eq. (1) if there are poinl{sq(}ﬁjioo on the
true orbit and positive time{stk};:‘ioo with % (x) = Xk41 such that

IXk —Ykll <& and |tk—hx|<e forkeZ.

In our first Shadowing Theorem we will assume that pseuddlibiin a com-
pact hyperbolic set. For completeness, we recall the defindf a hyperbolic set as
given in, for example, [47].

DerINITION 3. Definition of hyperbolic set A set Sc U is said to behyper-
bolic for Eq. (1) if

(i) f(x) #0forall xin S;
(ii) S is invariant under the flow, that ig!(S) = S for all t;
(i) there is a continuous splitting
R"=E%x) @ ES(x) ® EY(x) forxeS

such that E(x) is the one-dimensional subspace spannegiftgy)}, and the sub-
spaces E(x) and EY(x) have constant dimensions; moreover, these subspaces
have the invariance property

D' ()(E*(x)) = E3(#'(x)), Dg'(x)(E"(x)) = E¥(¢'(¥))
under the linearized flow and the inequalities

IDS'(X) &Nl < Kie™™H&| fort >0, & e ES(x),
D (X) &Il < Koe™|&||  fort <0, & e EY(X)

are satisfied for some positive constantg Kz, a1, anda.

Now, we can state our first shadowing theorem for infinite geeorbits of
ordinary differential equations.

THEOREM 1. Infinite-time Shadowing Theorem Let S be a compact hyper-
bolic set for Eq. (1). For a given sufficiently smalb 0, there is a5 > 0 such that any
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J pseudo orbil{yk}g"’_Oo of Eq. (1) lying in S ig-shadowed by a true orb{kk};“jioo.
Moreover, there is only one such orbit satisfying

fyk)* 0k —yk) =0 forkezZ

In preparation for our second infinite shadowing result, et introduce var-
ious mathematical entities. Take a fixed pseudo qm:f_oo with associated times
{hk};rjioo. Let Yk be the subspace of Ronsisting of the vectors orthogonal t@yy).
Then letY be the Banach space of bounded sequencegvi ke z with vk € Yk, and
equipY with the norm

IVl = sup vkl
ke Z

Also, letY be a similar Banach space except hat Yii1. Then let
Ly:Y — Y
be the linear operator defined by
(LyV)k = Vks1 — PeyaDp™ (i vk,
wherePy : R" — R" is the orthogonal projection defined by

f(y)*v
Pivv=v— ————— f(yk).
Ifoone 'O
SolLy is a linear operator associated with the derivative of the fitong the pseudo
orbit, but restricted to the subspaces orthogonal to theowéeld. This operator plays
a key role in what follows. We assume that the operator isrtible with a bounded
inverse:

Lyt < K.
Next we define various constants. We begin with
Mo = supl f (X)Il, My = sup|[Df (X[, Mz = sup||D?f (x|,
xeU xeU xeU

and

Pmin = kIQfZ hk, Nmax= kseughk'

Next, we choose a positive numhgr< hnin such that for alk and||x — yk|| < ¢o the
solutiong!(x) is defined and remains ld for 0 < t < hy + &o. Continuing, we define

A= inf [[f(y)l, Mo=supllf(yl, M= sup|Dfiyl.
kez ke Z kez
Now, we define the following constants in terms of the onesaaly given:

C= max{K, AL (eMihmaxk 1)} ,
C=(1-MC)1c,
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and
N8 I:moml + ZmleMl(hmari-so) + Ma(hmax+ 80)92M1(hmax+so)] ,

Nz=8[ 1+ 4C (Mo -+ e¥i(macte0)) | [MyMy + MaMo -+ 2MpeMi(mactoo) |
2
N3=8 [1 +4C (Mo + e""l(“maxﬂ‘o))] M1 M.

Now, we can state our second shadowing result for an infirsigaigo orbit in
terms of the associated operatgrand the constants introduced above.

LEMMA 1. Infinite-time Shadowing Lemma. Let {yk};r;“joo be a bounded
pseudo orbit of Eq. (1) with associated tin{eﬁ}‘ki’ioo such that ly is invertible with
ILy2) < K. Then if

4C6 < &0, 2M31C6 < 1, C?(N15 + N2d? 4+ N3®) < 1,

the pseudo orbifyy};>° . is e-shadowed by a true orbitx 1 >°  of Eqg. (1) with

associated timeftx};>° . and with
e < 2Co.
Moreover this is the unique such orbit satisfying

fyk)*xk —yk) =0 forkeZ

Notes on infinite-time shadowing:The details of the proof of the Infinite-time Shad-
owing Lemma are given in [22]. The idea of the proof is to sethgyproblem of finding
a true orbit near the pseudo orbit as the solution of a noatieguation in a Banach
space of sequences. The invertibility of the linear operajoimplies the invertibility
of another linear operator associated with the abstrattignoand this enables one to
apply a Newton-Kantorovich type theorem [33] to obtain thistence and uniqueness
of the true orbit.

One uses the Infinite-time Shadowing Lemma to prove the tefitine Shad-
owing Theorem. The main problem is to show that hyperbglicitplies that the oper-
atorLy : Y — Y is invertible with a uniform bound on its inverse. A slightifferent
proof of the Infinite-time Shadowing Theorem is in an earieblication [16].

For flows, unlike diffeomorphisms, there are various akives for the defini-
tion of a pseudo orbit. Should it be a sequence of points aitisol segments that are
functions of time? Here we have elected to use sequencesrifpdhese choices of
definitions have obvious advantages when we consider fisgaqo orbits that come
from numerical computations. With such considerations indnthe definitions of a
pseudo orbit and shadowing for ordinary differential etpres as given here first ap-
peared in [14] and [16]. The problem in proving the shadovilmprem for flows is
the lack of hyperbolicity in the direction of the vector fieltb compensate for this, we
allow a rescaling of time in our definition of shadowing.
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A shadowing theorem for flows, with a somewhat differentaotf shadowing,
was first proved in [26]. Different versions of the shadowtingorem have been proved
in [42], [34], [35], [16], and [49]. For a “continuous” shading theorem, see [47] and
also [49]. In the latter book the author also proves a shaapttieorem for structurally
stable systems, which includes that for hyperbolic systems

3. Finite-time shadowing

Since chaotic systems exhibit sensitive dependence aéal indinditions, a numerically
generated orbit will diverge quickly from the true orbit tvihe same initial condition.
However, we observe that a computed orbit is a pseudo ortisanpaccording to our
Infinite-time Shadowing Lemma, would be shadowed by a trié an the presence
of hyperbolicity, albeit with slightly different initial @ndition. It turns out chaotic
systems are seldom uniformly hyperbolic but still exhibibagh hyperbolicity that

pseudo orbits can still be shadowed for long times. To this e formulate a finite-

time shadowing theorem in this section. As in the InfinitediShadowing Lemma,
our condition involves a linear operator associated withfikeudo orbit but now the
aim is to choose a right inverse with small norm. First we lle&cgrecise notion of

shadowing of a finite pseudo orbit by an associated nearkyoirit. Then we present
the Finite-time Shadowing Theorem.

DEFINITION 4. Definition of finite pseudo orbit. For a given positive num-
berd, a sequence of pointyk}l'(\‘:0 is said to be @ pseudo orbibf Eq. (1) if f(yx) #O
and there is an associated sequel{lhe}l’z':_ol of positive times such that

Iyker — o™yl <6 fork=0,...,N—1.

DEFINITION 5. Definition of finite-time shadowing. For a given positive
numbere, an orbit of Eqg. (1) is said te-shadowa ¢ pseudo orbit{yk}k'\':o with as-

sociated time$hk}|'(\‘:_0l if there are pointhk}l'(“zo on the true orbit and time{stk}l’(\'z_o1
with o' (xx) = Xk1 such that

IXk —Ykll <& fork=0,...,N and |tx—hyx|<e fork=0,...,N—-1

To state our theorem we need to develop a bit of notation anaduace certain

relevant mathematical constructs. L{%}L\LO be ad pseudo orbit of Eq. (1) with

associated time&k}l'(\':_ol. With the subspace¥ and the projection® defined as in

Section 2, we define a linear operator
Ly: Yox - x YN — Yy X -- X YN

in the following way: Ifv = {Vk}|'(\':0 isinYp x -+ x Yy, then we takeLyv =
{[LyVIk}p=5 to be

[LyVIk = Vi1 — Pir1 D™ (yio)vi fork=0,...,N—-1
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The operatot_y has right inverses and we choose one such right in\l.eyéeNith
ILy < K.

Also we define constants as before Lemma 1 with the randebeing appropriately
adjusted. Now we can state our theorem.

THEOREM 2. Finite-time Shadowing Theorem. Let {yk}f(“:0 be ad pseudo
orbit of Eq. (1) with associated time{bk}{(“:‘ol and let Ly—l be a right inverse of the
operator Ly with [|L;!|| < K. Then if

4C6 < o, 2M1Co <1,  C?(Nd+ N2o? + N3o®) < 1,
the pseudo orbity}_, is e-shadowed by a true orbii}_o with
e < 2C4.

Notes on finite-time shadowing: The proof of the Finite-time Shadowing Theorem
above is quite similar to that of Lemma 1 except that here weRmuwer’s fixed
point theorem rather than the contraction mapping priecipl

It was first observed in [28], [29] that pseudo orbits of ciertehaotic maps
could be shadowed for long times by true orbits, despiteable bf uniform hyperbol-
icity. Others, [9], [10], and [52] realized that these olvations could be generalized
using shadowing techniques. Here the key idea is the catistnuof a right inverse
of small norm for a linear operator similar to the one usedrifinite-time shadowing.
The choice of this right inverse is guided by the infinite gicase—one takes the for-
mula for the inverse in the infinite-time case and truncateppropriately (see [18]).
However, the ordinary differential equation case is sonawmore complicated. It is
not simply a matter of looking at the time-one map and appl¥re theory for the map
case. One must somehow “quotient-out” the direction of #etar field and allow for
rescaling of time as is done in Theorem 2; this needs to be Heoause of lack of
hyperbolicity in the direction of the vector field. That thésds to much better shad-
owing results is shown in [17]. For other finite-time shadaogviheorems in the context
of autonomous ordinary differential equations, see [113],[[32], [62].

4. Periodic shadowing

In simulations of differential equations apparent perantbits, usually asymptotically
stable, are often calculated. In this section we show howl@kilmg can be used to
verify that there do indeed exist true periodic orbits néwmr ¢computed orbits. Our
method can be applied even to unstable periodic orbits wanelubiquitous in chaotic
systems. We first recall the notions of pseudo periodic @hit periodic shadowing
for autonomous ordinary differential equations. Then, veg¢esa Periodic Shadowing
Theorem which guarantees the existence of a true periodicr@ar a pseudo periodic
orbit.
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DEFINITION 6. Definition of pseudo periodic orbit. For a given positive num-
ber g, a sequence of poin{yk}l'(\‘zo, with f(yx) # O for all k, is said to be & pseudo
periodic orbitof Eq. (1) if there is an associated sequerﬁb@}L“zo of positive times
such that

Ilyke1 — ™) <6 fork=0,...,N—1,

and
Iyo — ™ (yn)Il < 6.

DEFINITION 7. Definition of periodic shadowing. For a given positive num-
ber ¢, ad pseudo periodic orbityk}l’<\':0 with associated time{shk}l'(\‘zo is said to bezs-
shadowedby a true periodic orbit if there are poini{xk}k'\‘zo and positive timegtk}k'\‘=0
with p%(xk) = Xkp1 fork =0, ..., N — 1, andxg = ¢'N(xy) such that

IXk —Ykll <¢ and |tx—hg|<e fork=0,...,N.

To decide if a pseudo periodic orbit is shadowed by a trueodariorbit we
need to compute certain other quantities. {_ﬁl},’(\'zo be ad pseudo periodic orbit of
Eq. (1) with associated time{i;nk}L\‘zo. With the subspace¥ and the projection®x
defined as in Section 2, we define a linear operator

Ly: Yox Yy x - xYn—= Yy x- - x YN X Yo
as follows: ifv = {vi}[_, then

(LyV)k = Viy1 — Py Dp™ (yiovi,  fork=0,...,N -1
(LyV)N = Vo — PND@™ (yn)Vn.

We assume the operatdy, is invertible with IILy’lII < K. Also we define
constants as before Lemma 1 with the rang& being appropriately adjusted. Now,
we can state our main theorem.

THEOREM 3. Periodic Shadowing Theorem Let {yk},'(“:0 be ad pseudo peri-

odic orbit of the autonomous system Eq. (1) such that theadpet.y is invertible with
ILy 3 < K. Theniif

4C6 < &0, 2M31C6 < 1, C?(N15 + N2d® 4+ N3o®) < 1,

the pseudo periodic orbifyk}l_, is e-shadowed by a true periodic orbjki}f., of
Eg. (1) with associated timédg [, and with

e < 2C6.
Moreover, this is the unique such orbit satisfying

flyk)*xk—yk) =0 forO0O<k<N.
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Notes on periodic shadowing:The proof of the Periodic Shadowing Theorem above
is in [15]. Computation of periodic orbits with long periodsjuires special care; this
situation is addressed in [19].

Normally one expects periodic orbits to be plentiful in cti@dnvariant sets.
One would like to be able to prove that periodic orbits aresedn attractors like those
for the Lorenz Equations. This we have not been able to do.dderyin [15], [19] we
were able to use shadowing techniques to prove the existénegious periodic orbits
of the Lorenz Equations, including orbits with long periodlge will display some of
these periodic orbits in Section 7.

The idea of using computer assistance for rigorously est@b the existence
of periodic orbits occurred to other people before us. Fetaince, Franke and Sel-
grade [27] gave a computer-assisted method to rigorouslyepthe existence of a
periodic orbit of a two-dimensional autonomous system.eBtllevant studies are [1],
[43], [44], [54], [58], and [61].

Using periodic shadowing techniques, one can also provigeaus estimates
for the Lyapunov exponents of periodic orbits. Details ofts@omputations, along
with the Lyapunov exponents of several periodic orbits ef tlorenz Equations, are
given in [19].

5. Homoclinic shadowing

General theorems proving the existence of a transversabtionit orbit to a hyper-
bolic periodic orbit, or a transversal heteroclinic orlhaecting one periodic orbit to
another periodic orbit, of a flow are few. In this section wegant two such theorems.
In Section 7 we will show the effective use of these theoremspecific systems.

We first introduce the definition of an infinite pseudo periodibit, which is
just the finite pseudo periodic orbit in Definition 6 extengediodically. This is more
convenient for our purposes in this section.

DerINITION 8. Definition of infinite pseudo periodic orbit. A sequence
Yk} ., with associated timeg};/>° . is said to be & pseudo periodic orbibf
period N > 1 of Eq. (1) ifinfxe z €k > 0, f(yk) # Oforall k and

Iykrr — %)l <6 and yiin =Yk, Ckin =Ck  fork e Z.

Now we define shadowing of such a pseudo periodic orbit.

DEeFINITION 9. Definition of periodic shadowing. For a given positive num-
ber &, an infinites pseudo periodic orbityy}/>° _ with associated timegi 1, >° _ is
said to bes-shadowedy a true periodic orbit if there are poin@k};;'ioo and pos-
itive times{tk}‘k*;"iOo such thatx, Ny = Xk and kN = tx andp(xx) = Xk1 for all
ke Zand

IXk —Ykll <& and |tx—hg| <& forkeZ.
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We next formalize the definition of a pseudo connecting otgmoclinic or
heteroclinic, connecting one pseudo periodic orbit to agot

DEFINITION 10. Definition of pseudo connecting orbit.Consider twa pseudo
periodic orblts{yk}k__Oo and{yk} ~ With associated tlme{sﬁ’k}k__oO and{fk};“;’ioo
An infinite sequence{awk} W|th assomated tlme$hk}k_700 is said to be ad
pseudo connecting orbuonnectlng{yk} R (o) {yk}k__OO if f(wg) # O for all k
and

(i) IWks1 — @M (wi)|| < o fork e Z,

(ii) Wk = Vi, hg = £ for k < p andwy = yk, hx = ¢k for k > g for some integers
p<gqg.

In particular, {Wk};;’o_oo is said to be gpseudo homoclinic orbif there existsr, 0 <
7 < N, such thafy = Yk, andfyx = k. for all k.

Shadowing of a pseudo connecting orbit is defined as in Digim# for infinite-
time shadowing.

LetLw : Y — Y be the linear operator defined by

(LwV)k = Vi1 — Plr1 DA™ (Wi v,

wherePy, Y andY are defined as in Section 2 withreplacingy. We assume the op-
erator is invertible and thalﬂ_vT,lll < K. Also we define constants as before Lemma 1
with y replaced byw.

With the definitions and notations above, here we state oun steadowing
theorems for connecting pseudo orbits. The first theoremagiiees the existence of a
true hyperbolic connecting orbit near a pseudo connectibi. dNote that an orbit is
hyperbolicif and only if the invariant set defined by it is hyperbolic addefinition 3.

THEOREM4 Connectlng Orbit Shadowing Theorem Suppose that
{yk} - and {yk} ~ are twoo pseudo periodic orbits with periods and N, re-
spectlvely, of Eq. (1) Le{twk}k_foO be ad pseudo connecting orbit of Eq. (1) with

associated timegh}>° _ connecting{y 1 >° . to {yi} > .. Suppose that the op-
erator Ly is invertible with
Il < K.

Then if
4C6 < g0, 4MiC6 <min{2, A}, C?2 (N15+ Npo2 + N353) <1,

() the pseudo periodic orblts{;yk}k,_oo and {yk}k ~ », are e-shadowed by true
periodic orbits{Xx}p> _  of periodN and{xy}g ., of period N where

e < 2@5,

moreoverg! (Xg) and ¢! (Xo) are hyperbolic (non-equilibrium) periodic orbits;
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(i) the pseudo connecting orhiitvic}/>° __ above is als@-shadowed by a true orbit
{22 o Moreover,¢!(zo) is hyperbolic and there are real numbeisand
such that|¢' (z0) — ¢'** (Xo) Il - 0as k— —oc and||¢' (z0) —¢'** (xo)I| — O
ast— oo.

In the special case of the theorem above when the two peradits coin-
cide, we obtain a transversal homoclinic orbit as hypediglof the connecting orbit
implies its transversality. Now, an additional conditierequired to ensure that the
connecting orbit does not coincide with the periodic orbite condition given in the
theorem below is that there be a point on the pseudo homodibit sufficiently dis-
tant from the pseudo periodic orbit. With the setting as i pinevious theorem, we
state the following theorem.

THEOREMS5. Homoclinic Orbit Shadowing Theorem. Suppose the(yk};rj‘ioo
is a ¢ pseudo periodic orbit with period N of Eq. (1). L{an‘/k}ﬁ;’iOO be ad pseudo
homoclinic orbit of Eq. (1) with associated timgs},/>° _ connecting{y, },>° . =
Wi 22 o 10 IV ., whereO < 7 < N. Suppose that the operator,Lis invert-
ible with

Il < K.

Then if
4CS < ¢0, 4M1Co <min(2, A}, C2 (N15+ Npo2 + N353) <1,

(i) the pseudo periodic orbityx};>° . above ise-shadowed by a true periodic orbit
{Xk}pe _o Of period N where
e < 265,

moreoverg! (xo) is a hyperbolic (non-equilibrium) periodic orbit;

(i) the pseudo homoclinic orb{twk};r;"ioo above is als@-shadowed by a true orbit
{72 o- Moreover,¢'(zo) is hyperbolic and there are real numbeisand a
such that¢' (zo) — ¢'+% (x0)| - 0as k— —oo and||¢' (z0) — '™ (x0)[| — O
as t— oo. Furthermore, provided there exists r with<pr < g such that

_ eMl(hmax-i-Eo)—l _
Iwe = yill > (I F vl + 2M105)M—1 + 4G5

for0 < k < N — 1, thenz does not lie on the orbit oty and so we may
conclude thatz is a transversal homoclinic point associated with the pdido
orbit ¢ (o).

Notes on homoclinic shadowing:We prove the theorems above partly using earlier
theorems. First we prove the existence of the periodic ®uEtng the Periodic Shad-
owing Theorem. Then we use the Infinite-time Shadowing Lernonshow the ex-
istence of a unique orbit shadowing the pseudo homocliri.oHowever, here we
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have to show this orbit is asymptotic to the periodic orbltsturns out that this can
be proved by a compactness argument using the uniquenes®oWo, we need to
show the transversality as well. This follows from the hyqmicity which is proved
by a rather involved argument. Detailed proofs of theserttras are available in our
forthcoming paper [22].

Examples of flows with transversal connecting orbits arecgcaThe papers
[36], [38], and [64] have examples of connecting orbits itestal mechanics. Note
that [36] also employs shadowing methods but applies a ¢medor a sequence of
maps (see also [49] for such a theorem) rather than a theqrecifisally for differen-
tial equations. There are also studies using shooting mdetbombined with interval
arithmetic that attempt to establish the existence of cciimg orbits; see, for exam-
ple, [60] where such orbits in the Lorenz Equations are cdetpun Section 7 we will
exhibit the existence of a transversal homoclinic orbitie Lorenz Equations for the
classical parameter values.

There are a number of studies for effectively computing eateuapproxima-
tions to finite segments of orbits of flows connecting two @eié orbits. For example,
[25] and [48], inspired by [3], approximate a connectingibly the solution of a cer-
tain boundary value problem and they derive estimates #etlor in the approxima-
tion. However, all existing work is carried out on the asstiorpthat a true connecting
orbit exists. In contrast, our Connecting and Homoclinia&wing Theorems pro-
vide a new computer-assisted method for rigorously esfaiblj the existence of such
orbits.

According to Sil’'nikov’s theorem [55], [56], and [46], theistence of a transver-
sal homoclinic orbit implies chaos. A single transversakhgclinic orbit does not
imply chaos. However, a cycle of transversal heteroclimlaite does imply chaos.
Our Connecting Orbit Shadowing Theorem can be used to phavexistence of such
cycles in, for example, the Lorenz Equations, as demoumestiat[22].

6. Implementation issues

There are two main computational issues in applying theshiend) theorems we have
presented in the previous sections:

(i) Smallg: finding a suitable pseudo orbit with sufficiently small nigas local error
bound;

(i) |IL~Y| < K: verifying the invertibility of the operatak (or finding a suitable right
inverse) and calculating a rigorous upper bothdn the norm of the inverse.

In this section we highlight certain key ideas regardingéheomputational consider-
ations, at suitable points directing the reader to referemehere further details can be
found.

(i) Finding a suitable pseudo orbittn the case of finite-time shadowing, one
could be tempted to use a sophisticated numerical integratiethod with local error
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tolerance control to generate a good pseudo orbit. Howévesrder to claim the
existence of a true orbit near the computed approximate,ontd need aigorous
bound on the local discretization eri@rWe have found a high-order Taylor Method to
be the most effective numerical integration method forpligpose. To get a rigorods
one must also account for the floating point errors in theutation of ¢ (yx), which
we handle using the techniques of Wilkinson [65]. Detailthefimplementation of the
Taylor Method with floating error estimates for the LorenaiBtions are given in [17].

In the case of periodic or homoclinic shadowing, it is verfficlilt to find a
pseudo periodic orbit or pseudo homoclinic orbit witBmall enough by a routine use
of a numerical integrator using simple shooting, that isiotss initial conditions are
tried until one is found with a smadl. Usually thed found in this way is not small
enough to apply our theorems. To get a pseudo orbit with alsmalwe refine the
“crude” pseudo orbit with a suitable global Newton’s metht@lobal” means we work
with the whole pseudo orbit, not just its initial point siriturns out that working with
just the initial point is not effective.

Now we describe what we do in the periodic case. {Iw}l'(“zo be a¢ pseudo
periodic orbit of Eq. (1), found perhaps by simple shootimigby concatenating seg-
ments of several orbits. In general, thassociated with such a crude pseudo orbit will
not be sufficiently small to apply our Periodic Orbit ShadagviTheorem. We want to
replace this pseudo periodic orbit by a nearby one with alsmalldeally there would
be a nearby sequence of pOiI{lXﬁ}L\l:O and a sequence of timetﬁ}l’(“zo such that

Xeg1 = % (xx) fork=0,..., N—1

Xo = o™ (XN).

We writexx = Yk + zk, Wherezy is orthogonal tof (yx), andty = hx + s. So
we need to solve the equations

Zer = oM TH (Y +20) —yke1 fork=0,...,N—-1
20 = ™ N (yN + 2n) — Yo.

As in Newton’s method, we linearize:

PMTH (Y + 20) — Y1 ~ F (@™ ()5 + D™ (Vi) z + ™ (Vi) — Yicr1.
Next we write
Ze = Uk,
whereuy € R"1 and{Sk}L“ZO is a sequence af x (n — 1) matrices chosen so that
[f(yk)/Il f (v ] is orthogonal. So now we solve the linear equations
Scr1lie1 = f(Yir1)S + D™ (yi) Sk + g« fork=0, ..., N -1
Soto = f(yn)sn + D™ (yn)Suun + On

for s andug, wheregk = ¢™(yk) — yk+1. Multiplying each equation in the first set
by §,, and f (yk+1)* and multiplying the last equation b and f (yo), under the
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assumption of no floating point errors, we obtain

Ukt+1 — AxUk = S:Hgk fork=0,...,N—1

@ Uo — ANZN = §0ON

and
s = — I F Vi) 72 F (Vi) (DA™ (yi) Scuk + g} fork=0,...,N -1
sn = — I f (o)l 72 (yo) " {D#™ (yn)SnUN + ON ),

whereAy = S, D¢ (yi)S fork =0,...,N — 1andAy = §Dg" (yn)Sn. So
the main problem is to solve Eq. (2). This is solved by expigithe local hyperbolicity
along the pseudo orbit which implies the existence of catitrg and expanding direc-
tions. We use a triangularization procedure which enabdetsolve forward first
along the contracting directions and then backwards albagekpanding directions.
Note that it is numerically impossible to solve the wholeteys forwards because of
the expanding directions.

Once the new pseudo periodic orbjk + zk}{(“:0 with associated timeghy +
a<}|'(“:0 is found, we check if its delta is small enough. If it is not, vepeat the proce-
dure for further refinement. For complete details see [19imilar method to refine a
crude pseudo homoclinic orbit is given in [22].

(ii) Verifying the invertibility of the operator (or finding suitable right inverse)
and calculating an upper bound on the norm of the inverAgain we just look at
the periodic case. A similar procedure is used in the finfteetand homoclinic cases
but in the homoclinic case it is rather more complicatedesithe sequence spaces are
infinite-dimensional; however, we can handle it due to theoglcity at both ends.
First we outline the procedure which would be used in the ohs#act computations.

To constructl_gl, we need to find the unique solutiap € Y of
Zi1 = PeraDo™(yzc + ok, fork=0,...,N-1
20 = PnDg™(yk)zn + O.
whenevegg isinYgi1 fork =0, ..., N—1andinYpfork = N. We use thex (n—1)
matricesS as defined ir{i) and make the transformation
Zx = SUk,
whereuy is in R"~1. Making this transformation, our equations become
Ukl — Akuk = § 10k, fork=0,...,N -1
Uo — ANUN = SON,
whereAg is the(n — 1) x (n— 1) matrix Ax = §j+lD¢hk(yk)S< fork=0,...,N—1
andAn = §D¢™ (yn)Sn.

As in (i), these equations are solved by exploiting the hyperbyplighich im-
plies the existence of contracting and expanding direstion
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We use a triangularization procedure which enables us e dokward first
along the contracting directions and then backwards albagkpanding directions.
Thus we are able to obtain a computable criterion for ink@itly and a formula for the
inverse from which an upper bound for the inverse can be iobdai

Of course, we have to take into account round-off and dietdn error. For
example, we have to work with a computed approximatiom(yx). However,
this only induces a small perturbation in the operator. Arotproblem is that the
columns ofS, as computed, are not exactly orthonormal. N&xtannot be computed
precisely. Finally the difference equation cannot be sbksactly but we are still able
to obtain rigorous upper bounds, using standard pertunb#tieory of linear operators
and the techniques in [65] to obtain rigorous upper boundhermrror due to floating
point operations. The necessary interval arithmetic camptemented by using IEEE-
754 compliant hardware with a compiler that supports roogadanode control. For
more details of these and other issues see [19] and for thie-fimie and homoclinic
cases see [17] and [22], respectively.

30 T T T T T T I‘

10 -

30 1 1 1 1 1 1 1
-20 -15 -10 -5 O 5 10 15 20

Figure 1: A pseudo orbit, with < 1.978 x 10~12, of the Lorenz Equations for the
classical parameter values= 10,8 = 8/3, p = 28 and initial datq0, 1, 0) projected
onto the(x, y)-plane. There exists a true orbit within< 2.562x 10~ of this pseudo
orbit. For clarity, we have plotted only the first 120 time tsndf the pseudo orbit.
Shadowing of this pseudo orbit for much longer time is pdesib
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20 -10 5 0 5 10 15 20 20 15 -10 5 0 5 10 20

(a) (b)

Figure 2: Two short pseudo periodic orbits of the Lorenz Higna for the classi-
cal parameter values projected onto ixe y)-plane. The pseudo orbit in (a) has
approximate period.b59 time units; it is shadowed by a true periodic orbit within
¢ < 1.800x 10712, It is interesting to observe that these periodic orbitscistavith
the nonperiodic orbit in Fig. 1.

7. Examples

In this section, we offer representative applications ef shadowing theorems from
Sections 3, 4, and 5, using the Lorenz Equations [41]

X=0(y—X)
y=pX—Yy—Xz
Z=Xy— fz

with the classical parameter values= 10, p = 28, f = 8/3. Using the Lyapunov
functionV (x, y, 2) = px? + oy? + o (z — 2p)?, it is not difficult to establish that the
set

U=1{(x,¥.2): px*+ 0y’ +0(z2—2p)* < 0p’B?/(f - 1))

is forward invariant under the flow of the Lorenz Equationsdo> 1, p > 0, and
£ > 1. Each pseudo orb(yk},'(\'zo of the Lorenz Equations we calculate below lies
inside this forward invariant ellipsoid .

First we give an example of finite-time shadowing for theiaitata(0, 1, 0)
used by Lorenz. The pseudo orl{%}ﬁzo of the Lorenz Equations in Fig. 1 and the
sequence of matrices approximatiBg " (yx) are generated by applying a Taylor se-
ries method of order 31 with initial valug) att = 0 and with constant time ste.
The Taylor method has the advantages that a bound for thediscaetization error is
easily calculated and it also allows us to use relativelydastep sizebg. This pseudo
orbit is depicted in Fig.1. It is & pseudo orbit withy < 1.978 x 10~13 and we are
able to show that it is-shadowed by a true orbit with < 2.562 x 102 for at least
850, 000 time units. This example is taken from [17] where all thplementation de-
tails can be found. A pseudo orbit from almost all initialalaf the Lorenz Equations



Shadowing in ordinary differential equations 107

20 ———————— 20 ——————————
15 F . 15 F .
10 - . 10 F .
5 . 5| .
of ) - of -
5+ - 5 4
10 . 10 - .
15 - . 15 - .
20l 20—
45 0 -5 0 5 10 15 45 -0 5 0 5 10 15
X) (Y)

Figure 3: “X” and “Y” pieces of a crude pseudo periodic orHitlee Lorenz Equations
for the classical parameter values projected ont@xhg)-plane. Concatenated copies
in the order XY and XYY are used as initial guesses for the @ldtewton’s method
to generate the refined pseudo periodic orbits in Fig. 2.

are shadowable for reasonably long time intervals. In timeeseeference shadowing
times of many other pseudo orbits are tabulated.

25 T T T T T T T 30
20 - P
15 i
10 b

20

10

B 0

-10

-20

.25 L L L L L L L 30 L L L L L L L
20 -15 -10 -5 0 5 10 15 20 20 -15 -10 5 O 5 10 15 20

(@) (b)

Figure 4: Two long pseudo periodic orbits of the Lorenz Emurett for the classical
parameter values projected onto the y)-plane. The pseudo periodic orbit in (a)
is of type XXYYXXXYYYXYXYXXXYY. The pseudo periodic orbit in (b) has ap-
proximate period 1100.787 time units; it is shadowed by a periodic orbit within

£ <5239x 10712

Next, we present examples of periodic shadowing. Periathitsoof the Lorenz
Equations exhibit a great deal of geometric variations &eg have been the subject
of many publications; see, for example, [1], [5], [63]. Mo$these works are either of
numerical nature or pertain to a model system which is betlég capture the essential
features of the actual equations. One of the first rigorousahstrations of a specific
periodic orbit of the Lorenz Equations was given in [15] gsihe Periodic Shadowing
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25 T T T T T T T

20 |+

15
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210 F

25 1 1 1 1 1 1 1
-20 -15 -10 -5 0 5 10 15 20

Figure 5: The pseudo periodic orbit of the Lorenz EquatioamfFig. 2(a) (plotted in
small circles) and a pseudo homaoclinic orbit (plotted irsjloibubly asymptotic to this
pseudo periodic orbit witd < 2.012 x 10-12. There exist a true hyperbolic periodic
orbit and a true transversal homoclinic orbit within< 2.266 x 10~2 of the pseudo
ones.

Theorem of Section 4.

In Fig. 2 two short pseudo periodic orbits of the Lorenz Eopret are plotted.
The pseudo periodic orbit in Fig. 2(a) has approximate pefi®59 and is readily
visible on the computer screen by following the solutiormirthe initial data

(—12.78619065852397642—19.3641879371180046424.0)

with a decent integrator. We found the periodic orbit in FA¢p) as follows: first we
computed the two orbit segmernXsandY in Fig. 3 whose endpoints were fairly close
and concatenated them together to form a pseudo periodicX¥bwith a quite large
J. Then we used the global Newton’s method as outlined in &edito find a re-
fined pseudo periodic orbit with sufficiently smaélto apply the Periodic Shadowing
Theorem. With a similar concatenation method, it is possiblgenerate pseudo peri-
odic orbits with various geometries. Additional pseudaquic orbits are depicted in
Figs. 2 and 4. Further computational and mathematicalldaththe analysis of these
pseudo periodic orbits are available in [15], [19], [22].

Lastly, we give an example of homoclinic shadowing. Firsttaek the pseudo
periodic orbit in Fig. 2(a). Using our concatenation tecjua followed by a global
Newton’s method, we next found a pseudo homoclinic orbitnemting the pseudo
periodic orbit to itself. This pseudo connecting orbit, efnis pictured in Fig. 5, has
8 < 2.012x 10712, The values of the significant constants associated wighpgudo
connecting orbit and the requisite inequalities for the ldolimic Orbit Shadowing
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Parameters:
o =100, p=80/3.0, p=280
Convex set:
U={(XY,2:pxX*+0y’+0@z—2p)* <op®B*/(p— D)}
Significant quantities:

Mo < 55461807694948548 K =567.89771838622869
M1 < 87.040362193445489 A > 37.640569857537358
Mz < 1.4142135623730951 Mp < 24391779884309116
hmax = 0.011826110602228697 M; < 28.802758744306345
hmin = 0.0019715050733614117C < 567.89771838622869
€0 = 1.000000000000000% 10~° C < 567.89777438966746

N = 168 N; < 57496233185753386
p =167 N> < 2.8839060646841878 1011
q = 3940 N3 < 1.56463368561509792 107
T =76 ¢ = 2.265968539258488% 10~ °

6 = 2.011877270107116& 10121 = 3277
Inequalities:

4C6 < 4.570162045467784% 107° < ¢
4AM1C§ < 3.9778855972025359 10~/ < min(2, A) = 2
C?((N3d + N2)6 + Nq)d < 3.730658598247289% 1072 < 1

Figure 6: Significant constants and the requisite inedaalfor the pseudo homoclinic
orbitin Fig. 5. From the Homoclinic Shadowing Theorem, thexist a true hyperbolic
periodic orbit and a true transversal homoclinic orbit Wwith < 2.266 x 10~° of the
pseudo ones.

Theorem in Section 5 are tabulated in Fig. 6. It is evidenhftbese numbers that the
hypotheses of our Homoclinic Orbit Shadowing Theorem alféléd.

Thus we conclude: there exists a true transversal homodihit withine < 2.266 x
109 of this pseudo one. As outlined in the Introduction, the texise of such an orbit
implies chaotic behavior in the vicinity.
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8. Closing remarks

In the preceding pages, we have tried to demonstrate titg atid the promise of shad-
owing as a new development in the rigorous computer-assastalysis of ordinary dif-
ferential equations. Shadowing can be used to show thaicemmputer simulations
of chaotic systems do indeed represent true states of thensyMoreover, shadowing
is able to establish the existence of orbits with variousagiyical properties such as
hyperbolic periodic orbits and transversal homoclinic etenoclinic orbits. In contrast
to classical numerical analysis which tries to compute kmonbits as accurately as
possible, shadowing can show their existence rigorously.

One limitation of the shadowing methods presented hereaistitiey will only
work with systems which display some hyperbolicity, evenat uniform. Limits to
shadowing due to fluctuating Lyapunov exponents or unstdintension variability
have been investigated in [24], [53].

In this review article we tried to give the highlights of ouork in shadowing
during the past decade. Due to the inevitable time and spatstraints, we could not
include many other developments in shadowing; we apoldgi#tee authors of numer-
ous excellent publications to which we could not refer. Weéae have convinced
you of the utility of shadowing and that you will be interestenough to look at the
details of our work and the works of the others listed in tHfenences.
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D. Papini - F. Zanolin*

SOME RESULTS ON PERIODIC POINTS AND CHAQOTIC
DYNAMICS ARISING FROM THE STUDY OF THE
NONLINEAR HILL EQUATIONS

Abstract. We study fixed point theorems for maps which satisfy a propefrstretching
a suitably oriented topological spaZealong the paths connecting two disjoint subsats

andZ; of Z. Our results reconsider and extend previous theorems in (5&® where the
case of two-dimensional cells (that is topological spacesdwmorphic to a rectangle of the
plane) was analyzed. Applications are given to topolodicateshoes and to the study of the
periodic points and the symbolic dynamics associated toats¢semi)dynamical systems.

1. Introduction

1.1. A motivation from the theory of ODEs

In the study of boundary value problems for nonlinear ODBEs, shooting method,
in spite of being sometimes considered as an old fashioreuhigue, is still a quite
powerful and effective tool in various different situatsonFor instance, as a sample
model, let us consider the generalized Stuiriouville problem for a second order
equation of the form

u’+ f(t,u,u’) =0, (u(to), U'(to)) € To, (u(ty),U'(tr)) € 'y,

wheref = f(t, X, y) : [to, t1] x RZ — R is a continuous function satisfying a locally
Lipschitz condition with respect téx, y) andT'o andI'; are two unbounded closed
connected subsets of the plaRé Using the shooting method, one can start from the
Cauchy problem (for which we have the uniqueness of theisolsiand their continu-
ous dependence upon the initial values)

u”+ f(t,u,u’) =0, (u(to), U'(to)) = (X0, Yo) := 20,

with zo € T'p and, having denoted hy(-; to, o) the corresponding solution of the
equivalent first order system in the phase-plane

(1) X/ = ys y/ = - f (ts X, y)a

with ¢ (to) = 2o, look for the intersections betweén and the sef’y, := {¢(t1; to, 20) :

7o € I'o}. Clearly, any pointz; € I'y N I'y is the value(u(ty), u’(t1)) corresponding
to a solutionu(-) of the original Sturm-Liouville problem and different points in the
intersection ofl"y with I'j are associated to different solutions as well. In the simple

*Supported by the MIUR project "Equazioni Differenziali Qudrie e Applicazioni” (PRIN 2005).
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case in whichg is the image of a continuous curdg : [0, 1[ - R2, the setl’; can
sometimes be described as the image of a continuous curybyteneans of the map
61 :[0,1[> s — ((t1; to, Bo(S)) (this, of course, is not always guaranteed, in fact
we are not assuming in this example that all the solutione@@auchy problems can
be defined oritg, t1] and therefore, without further assumptions fgrit could happen
thatféy may be not defined on the whole interyal 1[). See also [9, 10, 13, 23] for
different topological approaches where the uniquenedseo$olutions for the Cauchy
problem is not assumed.

In [55], dealing with some boundary value problems asseditd the nonlinear
scalar ODE

) u” +q(t)gu)y =0

and assuming thaf : [to, t1] — R is a continuous and piece-wise monotone function
andg : R — R, with
g(s)s> 0, for s#0,

a locally Lipschitz continuous mapping satisfying a coiaditof superlinear growth at
infinity, we considered the case in which there is Jtg, t1[ such that

q) > 0 for t eltp,z[ and q(t) <O for t €]z, tg]

and then we found in the phase-plane two conical shélis-) := W(r, R) andW(-)
= —W(r, R), with

(3) W(r, R) := {(x,y) €eR?: x>0, y>0, r2 < x®+ y> < R?},
such that the following path-stretching property holds:

(Hy) for every paths () contained in W=) and meeting the inner and the outer
circumferences at the boundary of({) there are sub-pathg; (+) (i = 1, 2)
contained in the domain pof the mapy : R? 5 zo — ¢(t1; to, Z0) € R? and
such thaty (y1(£)) is contained in W=) and meets both the inner and the outer
circumferences, as well as(y2(+)) is contained in W=) and meets both the
inner and the outer circumferences.

The pointszg = (Xo, Yo) belonging to each of the sub-pathg+t) (i = 2, 1) are initial
points of system

(4) X'=y, y=-q1)gx),

for t = to for which the corresponding solutigr(- ; to, zo) = (u(-), U’(:)) is such that
u(t) has a sufficiently large (but fixed in advance) number of zertise intervalltp, 7 [
and then, either exactly one zero or no zeros at all (and afaeits derivative) in the
interval]z, t1] .

*In [55] we used a definition of path which is slightly diffetérom the one considered here in Section
1.5; however, this does not effect the validity of propéitts-). Actually, for the moment, as long as we are
in the introductory part of this work and also for the sakeiofgdicity in the exposition, we prefer to be a
little vague about the precise concept of path we are going¢o
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Figure 1. An illustration of the situation which occurs irb]5 Any pathe = o (+)
contained in the first quadrant and meeting the inner and uker gircumferences of
the conical shelWW(+) (like the one drawn with a thinner line) contains (at least) t
sub-pathg1 = y1(+) andy2 = y2(+) (like those drawn with a thicker line) satisfying
the following property: through the map one of the two sub-paths (namejy,) is
transformed to a path (drawn with a thicker line) containedhie first quadrant and
crossing the seiV(+), while the other sub-path (that ig) is transformed to a path
(drawn with a thicker line) contained in the third quadramd &rossing the sat/(—).
The same happens with respect to any path) contained inW(—) and intersecting
the inner and the outer circumferences at the boundavy ©f).
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Figure 2: An illustration of the possible behavior of a smlotu(t) of (2) fort
[to, t1], with (u(tp), U’'(tg)) belonging toy1(+). The solution oscillates a certain (large)
number of times injtp, z[ . At the timez of switching fromq > 0toqg < O the point
(u(z), U'(2)) lies in the interior of the fourth quadrant of the phase-plafhen, in the
interval[z, t1] we haveu(t) > 0 with u’(t) vanishing exactly once.

iyl
IV

Figure 3: An illustration of the possible behavior of a smnotu(t) of (2) fort e
[to, t1], with (u(tp), U'(tg)) belonging toy2(+). The solution oscillates a certain (large)
number of times injtg, z[ . At the timer of switching fromqg > 0toq < O the point
(u(z), U'(z)) lies in the interior of the fourth quadrant of the phase-plafhen, in the
interval[z, t1] we haveu’(t) < 0 with u(t) vanishing exactly once.
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Figure 4: An illustration of the possible behavior of a smntu(t) of (2) along an
interval made by two subintervals whege> 0 which are separated by a subinterval
whereq < 0. In this latter subinterval’ < 0 andu vanishes exactly once.

If there are several adjacent intervals like, t1] in which the weight functiorg(t)
changes its sign, we can repeat the same argument for eagthohgervals and obtain
solutions which have a large number of zeros in each interliehq(t) > 0 and either
exactly one zero, or no zeros at all (according to any finitgieace in0, 1} which is
fixed in advance). Figure 4 and Figure 5, below, describeithat®n of two positive
intervals for the weight which are separated by an interdaneq < 0. According
to [55] there exist solutions with a large number of osdilas in the intervals when
g > 0 and vanishing either once or never in the interval when thigit is negative.
Both kind of solutions coexist for the same equation, theedéht outcome depending
by small differences in the initial conditions. The graphaweh in Figures 2-5 (using
Maple software) represent an idealized situation that weassa description of the
main result in [55] and do not concern a specific equation(iie

In [55], using a key lemma involving the path-stretchinggedy (H+), and
some results adapted from Hartman [28] and Struwe [69] (whitow to find in-
finitely many solutions for generalized Sturrhiouville superlinear problems when
the weight function is positive), we obtained the existeaténfinitely many) solu-
tions for various boundary value problems associated tatémpu(2) in the case of a
nonlinear functiorg satisfying a condition of superlinear growth at infinity. Agsi-
ble choice ofg is given byg(s) = |s|* Is with « > 1, which makes equatio(®)

a nonlinear analogue of Hill's equation (cf. [5]). Our resuh [55] allow to obtain
solutions having an arbitrarily large number of zeros inititervals wherg > 0 and
either no zeros or exactly one zero (following any prescrige) in the intervals when

g < 0. In some related works (see, e.g., [14, 58, 59]) it was thewngatthat similar re-
sults hold also with respect to other kinds of nonlinear ODEsnder different growth
assumptions fog(s) in (2). The interested reader can find in [4, 6, 70] as well as in
[8, 14, 24, 45, 52, 53, 54, 57, 59] and the references thetgthdr information and
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Figure 5: An illustration of the possible behavior of anatkelutionu(t) of (2) along
an interval made by two subintervals where- 0 which are separated by a subinterval
whereq < 0. In this latter subintervall > 0 andu’ vanishes exactly once.

results about the rich structure and the complex dynamitiseo$olutions of the non-
linear equatior(2) with a sign changing weiglg(t).

In the case when(t) is a periodic function such that its interval of periodicity
can be decomposed into a finite number of adjacent subifsemreereq(t) alternates
its sign, a natural problem turns out to be that of the seafgieigodic (harmonic and
subharmonic) solutions t®). Results about the existence of infinitely many periodic
solutions for the superlinear case were obtained by Builéig pioneering work [6].
For a nonlinearity having superlinear growth at infinityyfeeini and Verzini in [70]
proved the existence of periodic solutions which have aitrarBy large (but possibly
fixed in advance) number of zeros in the intervals wiger- 0 and precisely one
zero in the intervals wheq < 0. At the best of our knowledge, this is the first result
giving evidence of a very complicated behavior for the ohg of the nonlinear Hill’s
equations with a sign changing weight.

In view of the path-stretching propertyd.) and the above quoted results for
the periodic problem, as a next step, one can raise the goestiether it is possible to
obtain fixed points (as well as periodic points) for a map theyp considered ifH.).
This goal was achieved in [56] where we obtained a fixed pdiabtem for planar
maps (subsequently reconsidered and generalized in [3P{t&Q, when applied to
the case of a periodic weight function, shows that the pattehing condition(H.)
implies the existence of infinitely many periodic solutigharmonic and subharmonic)
as well as the presence of a chaotic-like dynamics for thatisols of (2).

1.2. Fixed points and periodic points for planar mappings

In order to present the results in [56, 59, 60], first of all wi ip a more abstract form
the situation described ifH..). For sake of simplicity, we give here only some of the
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main features of our approach, with a few comments. Thedsted reader is referred
to [59, 60] for all the details, as well as for some remarks emmiments [61] relating
our results to some developments of the Conljazewski theory [17, 25, 26, 47, 49,
65, 66, 67, 68, 79, 80, 81, 82]. We also notice that the terlogyhere is a little
different than in [56, 59, 60]. The different choice in thegentation is made in order
to employ some terms that can be easily adapted to the highendional case, that is
the scope of the second part of this article.

Let X be a Hausdorff topological space. A subRet X is called ageneralized
rectangleor atwo-dimensional ceif there is a homeomorphismof [0, 1]2 € R? onto
R C X. Giveny, we put in evidence the sets

R =n({0} x [0,1]), R, :=n({1} x[0,1]), andR™ =R UR .

We define also the pair
R:=(R,R)

as a (generalizedjriented rectangler oriented cell The indexes I'” and “r ” stand
for “ left " and “ right ", respectively. Clearly, any other waof labelling two objects
(like “0” and “1") fits well. By setting

RY = n([0,1] x {0} and R := ([0, 1] x {1}),

one can also define in a dual manner the “ base ” and the “ top Hefyeneralized
rectangleR. By convention, we take the orientation through fh¢™ -set.

As an example, the conical shéll := W(+) = W(r, R) defined in(3) is a
generalized rectangle and we can take the homeomorphierarder to have

R =WH) NP +Y> =13}, R :=W(H) N X +y?> =R

Next, we present a fixed point theorem for continuous mapshwsiretch an
oriented rectangle. The main feature of our result is thabetk for fixed points which
belong to a given subsét of the domain of the map under consideration. By reason
of this requirement, we consider paitB, y).

LetA = (A, A7) andB = (B, B™) be two oriented rectangles (in the same Hausdorff
topological spac«), lety : X © D,, — X be acontinuous map and [Btc D, N.A.

We say tha(D, v) stretchesA to B along the pathand write
D, w): ﬁ@@,
if there is a compact séf < D such that the following conditions are satisfied:
w(X) € B,

for every pathy € A with e N A" # ¥ ande N A # ¢, there is a sub-path
y SonXwithy(y)NB #Pandy(y) N By # 0.
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W(R) T

Figure 6: Suppose that a continuous mappjngansforms the generalized rectangle
R (the “fat” cheese-like object) to the worm-like sgtR). The two components of the
[-17-set of R as well as their images undgrare represented by segments (arcs) with
a darker color at the contour of the corresponding figuree Stretching property is
visualized by the fact that there is a “crossing” of the “wdthrough the “cheese”.

To put emphasis on the role of the compacti§ét the stretching definition, sometimes
we also write

(D, K, ) : As~B.

Using a result about plane continua previously applied iiffarént context also by
Conley [11] and Butler [6] (for a proof, see [63] as well as ,[89]), the following
fixed point theorem was obtained.

_ THEOREM1. LetR = (R, R7) be an oriented rectangle in Xf (D, X, w)
: Ra~R, then there isp € D (actuallyw € X) such thaty (w) = w.

An illustration of Theorem 1 is given in Figure 6.

Of course, not all the crossings fit to our purposes. FormstaFigure 7 shows
an example of nonexistence of fixed points.
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Figure 7: An example showing a case in which the stretchioggmty is not satisfied.
The white region is moved to the white one and the darker todtdr&er one by a
homeomorphism which does not have fixed points.

In order to better understand which are the good crossinggeleaR andy (R)
that permit to apply our fixed point theorem, we consideredftilowing definitions
of slabs of an oriented rectangle (called “ slices " in [60]).

R Let M = M, M‘Landﬂ = (N, N7) be two oriented cells ixX. We say that
M is ahorizontal slabof N and write

~

Mch N,

if M € N and, either
M7 SN andM; SN, ,

or
M SN and M; SN .

Similarly, we say thalVl is avertical slab of N and write
J’V\[ gl} 5\\{5
if M € N and, either
MS S NG and M < N,

or
M SN and M S N
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Figure 8: (taken from [60]). Example of oriented céligwhite) andy (R) (light color)
with crossings into three slabs (darker color). Th§ -sets are indicated with a bold
line. Among the five cells which are the connected componehthe intersection
w(R) N R, only the three painted with darker color are suitable to plegyrole of the
M’s for the application of Theorem 2.

Now given three oriented rectangles (cellsXipwhich are denoted b)ﬂ (A, A7),
= (B, B~ )andM (M, M™), we say tha3 crossesA in M and write

ﬁe{flmﬁ},

ﬁghﬁ andﬁgu B.

The symbolth is borrowed from the case of transversal intersectionsghienwe point

out that in our situation (although confined to sets whichhaoedimensional in nature)
we don’t need any smoothness assumption. In fact, our ga#tithat of topological

spaces. From the above definitions and by Theorem 1 the fiollpresult easily fol-

lows.

THEOREM 2. LetA = A, AT andB = (B, B™) be oriented cells in XIf
D, XK, p) : A<~B and there is an oriented ceM such thatM e {A M B} then
there existan € K N M such thaty (w) = w.

A situation like that depicted in Figure 8 in which we have mtitan one good
intersection between the domain and the image of a homedmsangs typical of the
horseshoe maps and thus, as a next step, we can look for 8terex@ of a complete
dynamics onm symbols, wheran > 2 is the number of the crossings. With this
respect, we have to recall that a very general topologieairthhas been developed in
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the recent years by Kennedy, Yorke and their collaboratoesseries of fundamental
papers in this area (see [33, 35, 36, 37, 38]). Our goal idsteto take advantage of
our simplified framework in which we consider only sets whichk homeomorphic to
a square and prove the existence of periodic points of amgrofia this aim, we have
to apply Theorem 1 to the iterates of the mapnd select carefully some subset of
the domainD in order to find “true” periodic points (for instance thosetlwa long
minimal period). First, however, we need a further defimitimken from [39].

We say thaty : X > D, — X has achaotic dynamics of coin-tossing type
on k symboléf k > 2 and there is a metrizable spageC X andk pairwise disjoint
compact set¥V, , ... , Wk € ZnN D, such that, for each two-sided sequegfnez
with

she{l,....,k}, VnelZ,

there is a sequence of poir(i& )nez With
Zn € Wsn and Znt1 = l//(Zn) . vnelZ.

In other words, any possible itinerary on the s@fs ..., W is followed by some
point.

As an auxiliary tool in order to obtain at the same time thestexice of such
kind of chaotic trajectories and also the fact that all theiquic itineraries can be
followed by some periodic point, we have the following theror(see [59]), which is
also reminiscent of some results in [34] and [73].

THEOREM 3. Assume that there is a (double) sequence of oriented reletsing
(A)kez and maps((Di, yk)kez » With Dy € A, such that(Dy, k) : Ax<a-Axs1
for each ke Z. Then the following conclusions hold:

(a1) Thereis a sequendey)kez With wk € Dk and wy(wk) = w1 forallk € Z;

(ap) Foreach je Zthere is a compact and connected €¢tC D; satisfying
CiNMU) #9, CnANT #9

and such that for eaclv € Cj there is a sequencgy).>; , with y, € D, and
Yj = w, Ye+1 = we(ye) for eacht > j;

(ag) If there are integers hk with h < k such thatﬁh = AAk, then there is a finite
sequenceéz )n<i<k, Withz € Dy andyi(z) = z 41 foreachi=h, ..., k-1,
such that g = z, that s, # is a fixed point ofyk_1 0 --- o yy, .

The proof of(a;) and partially also that ofaz) could be given by adapting to
our setting the argument in [33, Lemma 3 and Proposition 5.t&\(az), we apply
Theorem 1. The existence of the continuum (compact condeset)Cj in (ap) is a
byproduct of the topological lemma that we employ also inghsof of Theorem 1.
We give all the main details along the proof of Theorem 11 iati®a 3.2 and refer to
[59] for more information.
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From Theorem 3 several corollaries can be obtained. Now stergeall a few
of them which are taken from [59] and [60]. Due to space litiota we don't give
here other applications to ODEs. We just mention the redesgis by Covolan [12]
which contains a detailed description of the results in [@3] those in [59, 60] and
where it is shown that our theorem, when applied to the seafdhxed points for
the iterates of a two-dimensional map, may add some usefuiniation (about the
existence of periodic points) to the conclusions obtaimesbime recent articles (like,
e.g., [30, 75, 76, 77]), where the theory of topological ks®es was applied to prove
the existence of a chaotic dynamics in various different etsd

THEOREM4. Suppose thatl = (A, A7) andB = (B, B™) are oriented cells
in X. If (D, X, y) : A<g~B and there are k> 2 oriented cellsM ..., Mg such that

M e {(AhmB), fori=1,...,k,

with
MinMjNX =g, forall i # j, with i, j e {1,...,k},

then the following conclusion holds:

(b1) w has a chaotic dynamics of coin-tossing type on k symbolk fegfpect to the
sets W= K; = X NM;);

(b2) For each one-sided infinite sequense= (s, S1,...,%,...) € ... kN
there is a continuun@® € Ks, with

CSN Mgt #9, and €3N (Mg # 9,
such that for each poinb € €3, the sequence

Zit1=w(Z)), Z=w, for j=01...,n,...

satisfies
zj € Xy , Vi=01,...,n,... ;
(b3) w has a fixed point in each sé€; := M; N X and, for each finite sequence
(S0, S1, ..., Sm) € {1,..., k)™ with m > 1, there is at least one point‘ze

XK such that the position
zjy1=vw(z), 2=z, forj=0,1,...,m
defines a sequence of points with

zjeXs, ¥j=0,1,...,m and 1=2".

As a comment to this result, we look again at Figure 8 and ekgbat, besides
having a coin-tossing dynamics on three symbols, we haeethésexistence of fixed
points in each of the three darker regions and, moreovee weachave labelled these
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Figure 9: (compare to Figure 6). Now the worm crosses ni¢eycheese for two times
and we obtain a complete dynamics on two symbols (as well @sdie points of any
period).

three regions with corresponding symbols, sa®, B, we have also that to any periodic
sequence i1, 2, 3} we can find a corresponding periodic point for the maprhich
follows (alongy) the itinerary described by the periodic sequence. Figultagrates
the case in whichy is a homeomorphism and the three good intersections amgipair
disjoint. Actually, our Theorem 3 is more flexible (cf. Cdeoly 2 below) and it allows
to come to the same conclusion by a careful selection ofidisjobsets of the domain
of the map (which is not necessarily a homeomorphism). Adlastriation of this
remark, let us consider Figure 9.

In this direction, two possible corollaries of Theorem 3 time following. They cor-
respond, respectively: (a) to the property(H+) which holds with respect to the
solutions of systengl) and the two conical shel/(+) andW(—), and (b) to the
example depicted in Figure 9. We refer to [59] for the prooboth the corollaries, as
well as for the proof of a more general result from which thethicome.

COROLLARY 1. Let ﬁo = (Ro,R;) and ﬁl = (R1,R7), be two oriented
rectangles witlRg N Ry = ¥ and such that

y:Ri<asR, Vi, je(0,1}.
Then the following conclusions hold:
(c1) w has a dynamics of coin-tossing type with respect to the (@F&jr R1).;

(cp) For every sequence = (Sh)n, with 5, € {0, 1} for each n> 0, there is a
continuume® C R, satisfying

CSN R #0, €N (R #0
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Figure 10: (compare to Figure 9). The two good crossings cfvom two disjoint
subregions (those painted with a darker color) of the domain

and such that for eaclhy € €S there is a sequence/n)n, with y, € R, and
Yo = w, Yn+1 = y(¥n) for each n= 0;

(c3) For each finite sequendsy, s1, . . ., ) € {0, 1k*+1 with 5 = 59, there is a
wo € Rg, Which generates a finite sequen@er)o<¢<k such that

w(we) =wer1€Rs,, VE=0,... k-1
andwyk = wg.

COROLLARY 2. LetR = (R, R™) be an oriented cell and suppose that there
are two disjoint compact sef8g, D; € RN D, such that

(Di, y): Ra~R, Vi e (0,1}
Then the following conclusions hold:
(d1) w has a dynamics of coin-tossing type with respect to the (@it D1);

(d2) For every sequence = (sh)n, With §, € {0, 1} for each n> 0, there is a
continuumes < Dy, satisfying

CN@RF #0, SN@R)F #0

and such that for eachy € CS there is a sequenc@n)n, with y, € D, and
Yo = w, Yn+1 = y(yn) for each n> O;

(d3) For each finite sequendey, si, . .., ) € {0, 1}¥t1 with g = s, there is a
w € Dg, which generates a finite sequeneer)o<¢<k such that

w(we) =wer1 €Dy, YE=0,...,k—1

andwk = wg.
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1.3. Extensions to higher dimensions

Suppose now that we have a (non-autonomous) nonlinearetifial system inR"
(with N possibly strictly larger than 2)

(5) X' = F(t, X)

with F : RxQ — R" a continuous vector field (more general Cagaitiory hypothesis
could be considered as well) which satisfies a local Lipgatondition with respect to
X € Q, whereQ is an open subset &". Assume also that there 1 > 0 such that
Fit+T,x) = F(,x) for every(t,x) € R x Q. Then we can define the Poiné&
operator

Q:Q2 Dg— RY, o ((to+ T;to, 20),

whereg (- ; to, Zo) is the solution of5) satisfying the initial conditiox(tp) = zo. From
the fundamental theory of ODEs we know tH2y is an open subset @ andQ is a
homeomorphism oDg onto its imageQ(Dg). The problems that we want to discuss
concern:

(A) the search of -periodic solutions of equatiofb),

(B) the existence of “true” subharmonic solutions (thams]-periodic solutions of
(5), for somem > 2, that are notj T -periodic for everyj = 1,...,m— 1),

(C) the evidence of a complex behavior of the solutiong%)f For instance, the
existence of two sets like the sét&+) andW(—) found in [55] for the systems
X; = X2, X, = —q(t)g(x1), where the trajectories can arbitrarily get in and

out respecting any a priori fixed coin-tossing sequencedsas (say 0 or 1 or

“left” and “right”) labelling the two sets.

For these goals, following a classical method [40] we relyh@nstudy of the Poincais
mapQ and its iterates, or, in other words, we investigate therdieadynamical system
associated t&@. Actually, we study general maps which are not necessarily home-
omorphisms (even continuity on their whole domain will bé assumed; of course,
we’'ll need continuity on some “interesting” subsets of th@@main) for which we
discuss the existence of fixed points, periodic points ambiit-like dynamics. Our
main assumption is atretching condition along the pathibat extends to a broader
setting the propertyH..) recalled above as well as it generalizes to higher dimension
the previous treatment for the two-dimensional case censttin [56, 59, 60].

Maps which act on a topological rectangle as an expansiargadome direc-
tions and a compression along the remaining ones have bealyvgtudied in the
literature. They appear, for instance, in the construadioMarkov partitions (cf. [51,
Appendix 2, pp.169-177]) and therefore they are cruciahsstudy of the multidi-
mensional chaos. Another area in which such maps are id@oecerns the search
of periodic solutions for periodic non-autonomous diffgial systems which are par-
tially dissipative (cf. [2, 3, 41]). In order to set a suitabist of hypotheses for a
fixed point theorem concerning a continuous mapping: (wu, ws) defined on ax-
dimensional rectangl® = By[0, 1] x Bs[0,1] € R" = RY x RS (where we think
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at theu-components and th&components as the unstable-expansive and the stable-
compressive ones, respectively), a reasonable choiceofrgtions to put on the map
w along thes-component will be that of taking conditions that reducehtose of the
Brouwer or of the Rothe fixed point theorems (or to analogamespin the special case
whenu = 0 ands = N. On the other hand, it seems perhaps less evident which ceuld b
the best choice of assumptions to express the expansi alifemg thes-components.
With this respect, both conditions on the norm (like in [2,&hd componentwise con-
ditions (like in [80, 81]) have been assumed. As we have dyreaplained with some
details in the first part of this Introduction, motivated e tstretching propertyH.)
discovered in [55] for equatiof®) we obtained in [56] a fixed point theorem for planar
mappings where the main hypothesis requires that the mamedsghe paths connect-
ing two opposite sides of a topological rectangle. Furtteregalizations were then
given in [59, 60], but still for a setting which is basicallwd-dimensional in nature.
We recall that an expansive condition for paths connectiegopposite faces of 18-
dimensional rectangle was also considered by Kampen in @®@wing an arbitrary
number of expansive directions (see [32, Corollary 4]). egv, when reduced to the
special cas®&l = 2, Kampen’s result and ours seem to differ in some relevanttpoin
In particular, a crucial assumption of our fixed point theoria [56] allows the map
to be defined only on some subsets of the rectangle and, nesrewen when the the
mapping is defined on the whole rectangle, the assumptiof82jrand those in [56]
about the compressing direction are basically differente Of the main features that
we ask to a fixed point theorem for expansive-compressivepingp is to depend on
hypotheses that can be easily reproduced for compositibngaps. This, in turns,
permits to apply the theorem to the iteratespofind thus obtain results about the ex-
istence of nontrivial periodic points. Since our path+stneng property well fits also
with respect to this requirement (of course, itis not theyamle; in fact, nice alternative
approaches are available in literature), we want to addressvestigations toward a
suitable extension of such property to the cise 2.

1.4. Contents

After such a long introduction in which we surveyed some of preceding results
for the two-dimensional case, we are ready to present somaleeelopments in the
higher dimensional setting. Then the rest of this paper gamized as follows. In
Section 2 we present our main result (Theorem 6) which is a fpant for a com-
pact map defined on a subset of a cylinder in a normed spacerdém to simplify
the exposition, we confine ourselves to the idealized s$@nah which we split our
space as a produt x X and indicate its elements as paitsx), so that we can easily
express our main assumption as an hypothesis of expanstbe phths contained in
the cylinderB[a, R] = [—a, a] x B[0, R] along thet-direction. The principal tool for
the proof of our basic fixed point theorem is the Ler&chauder continuation theo-
rem in its strongest form asserting the existence of a coatmof solution-pairs for
a nonlinear operator equation depending on a real paraifi¢teoeme Fondamental
[42]). Such result, with its variants and extensions, is ohae main theorems of the
Leray—Schauder topological degree theory and it has found sewepalrtant applica-
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tions to bifurcation (and co-bifurcation) theory [20, 22, 2], to the investigation of
the structure of the solution set for parameter dependarstims [19, 31, 43] and to
the study of nonlinear problems in absence of a priori boind$0, 44, 46]. Thus, as
a byproduct of our proof of Theorem 6 we also provide a new fppbthe main fixed
point result for planar maps in [57], without the need to rely properties of plane
topology.

Then, we give some variants of Theorem 6 which are analogothetdifferent
forms in which the Schauder fixed point theorem is usuallg@néed. In Section 3 we
investigate an abstract fixed point property for topologsgaces which express in a
more abstract fashion the content of Theorem 6 and its uari&m analysis of such a
new fixed point property allows (like in the case of the cleakfixed point property)
to prove that it is invariant under homeomorphisms as weit &s preserved under
continuous retractions. This in turns, permits to obtaime@eneral results in which
we produce fixed points for maps defined on topological cgisd By topological
cylinders we mean sets which are obtained from a cylinderBila, R] after a defor-
mation given by a homeomorphism. For instance, the follgwesult (see Corollary 3
of Section 3.1) is obtained.

THEOREMS. Let K # () be a compact convex subset of a normed space. Let
Z be a compact topological space which is homeomorphjf,t] x K, via a home-
omorphismh Z — [0, 1] x K. Define

Z7 =h1({0} x K), Z7 :=h"1({1} x K).

Suppose thay : Z > D, — Z is a map which is continuous on a $etc D, and
assume the following property is satisfied:

there is a closed sév € D such that for every path € Z withe N Z; # ¢
ando N Z7 # ¢, there is a sub-patly € ¢ N W with ¢(y) N Z7 # 0,
p(y)NZ #0.

Then there exists a fixed poinbfy with Z € D (actually,z € 'W).

The possibility of studying topological cylinders (instieaf topological rectan-
gles like in [59, 60]) open the way toward an extension of #utts about oriented
rectangles presented in Section 1.3 to higher dimensidnjatts possessing a priv-
ileged direction. Thus we conclude the paper with a list adgilnle applications to
maps which stretch the paths along a direction if1L,aN — 1)-rectangular cell(see
Section 4.1 for the corresponding definition).

1.5. Notation

Throughout the paper, the following notation is used. Zdte a topological space and
let AC B C Z. ByclgAand inig Awe mean, respectively, the closure and the interior
of Arelatively toB (that is, as a subset of the topological sp&cwith the topology
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inherited byZ). When no confusion may occur, we also sef ahd intA for clz A and
intz A, respectively.

For a metric spacéX, d), we denote byB(Xg, R) := {x € X : d(X, Xg) < r}
the open ball of centexg € X and radiugy > 0 and byB[xp, R] := {x € X :
d(x, Xp) < r} the corresponding closed ball. Givena map X 2 D, — Y, with
X, Y metric spaces and a given sub$ebf the domainD,, of y, we say thaty is
compact orD if it is continuous onD and y (D) is relatively compact irY, that is,
cl(y (D)) is compact.

Let Z be a topological space, 16§ : [a;,b1] — Z and8y : [ap,by] — Z
be two continuous mappings (parameterized curves). We @it~ 6, if there is a
homeomorphisrh of [a1, b1] onto[ay, b2] (a change of variable in the parameter) such
thatd>(h(t)) = 61(t), Vt € [a1, b1]. Itis easy to check that is in fact an equivalence
relation and thaf ([a1, b1]) = 62([az, be]) wheneved, ~ 6> . By apathy in Z we
mean (formally) the equivalence clags= [#] of a continuous parameterized curve
6 : [a,b] — Z. In this case, with small abuse in the notation, we wyit€ Z. Since
the image sef([a, b]) is the same for eadh: [a, b] — Z with y = [4], the set

7 :={0(a,b]): 0 €y}

is well defined. Given a seh C Z and a patly C Z, we writey N A #  to mean
thaty N A # ¢, that is, for every parameterized cueepresenting we have that
d(t) € A for somet in the interval-domain of). Given a pathv < Z, we say that
y C Zis asub-pathof ¢ and writey C ¢ if there is@ : [a,b] - Z with [0] = ¢
such that the restrictiofi|(c,4;, for some[c, d] < [a, b], represents . According to
these positions, given the pathse C Z and a seW C Z, the conditiony C o N'W,
means thap is a sub-path ot with values in WIf Z,Y are topological spaces and
¢ : Z 2 Dy — Y is acontinuous map, then for any pathc Dy andé : [a, b] — Dy
such thafd] = y, we have that) o 0 : [a, b] — Y is a continuous map. It is easy to
check thatp 0 81 ~ ¢ 0 62 whendy ~ 6> and therefore (y ) := [¢ o 6] is well defined.

At last we recall a known definition. Let be a topological space. We say that
Z is arcwise connected, given any two pointsP, Q € Z with P # Q, there is a
continuous map : [a, b] — Z such that(a) = P andéd(b) = Q. In such a situation,
we'll also write P, Q € y, wherey = [0]. In the case of a Hausdorff topological
spaceZ, the image sef([a, b]) turns out to be a locally connected metric continuum
(a Peano space according to [29]). Then, the above defimfiarcwise connectedness
is equivalent to the fact that, given any two poitsQ € Z with P # Q, there exists
an arc (that is the homeomorphic image of a compact interval) doathin Z and
having P andQ as extreme points (see, e.g., [18, p.29], [29, pp.115-13[]14).

2. Afixed point theorem in normed spaces and its variants

2.1. Main results

Let (X, | - ||) be a normed space and suppose that

= (¢1,¢2) :Rx X 2Dy — R x X
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is a map (not necessarily continuous on its whole dorigjreven if, in the sequel, we
assume the continuity @f on some relevant subsBtof Dy).

LetD < Dy be a given set (in our applications we’ll usually taReclosed, for
instance D = W of Theorem 6 below, but such an assumption for the momenttis no
required). We are looking for fixed points ¢fbelonging toD, i.e., we want to prove
the existence of a pair= (f, X) € D which solves the equation

t=¢1(t, %)
X = ¢2(t, X).

Ouir first result is the following.
THEOREMG. LetB[a, R] :=[—a, a] x B[0, R] and define
Bi:={(-a,x) :Ixl =R}, Br:={@x:Ixll <R}
the left and the right bases of the cylindefa, R]. Assume that
¢ is compact onD N Bla, R]
and there is a closed subsit € D N B[a, R] such that the assumption

(H) for every pathc C B[a, R] witho N B # ¥ ande N B, # B, there is a
sub-pathy € o N"Wwith(y) € Bla, Rlandg(y)NBy # W, ¢(y)NBr # 4,

holds. Then there exisis= (f, X) € W € D, with ¢(2) = z.

Proof. First of all we observe that, as a consequence of Dugundgriskbn Theorem
and Mazur's Lemma (see, e.g., [64, p.22] in the case of Baspabes or [16, Th.2.5,
p.56] for a general situation), there existsanpacboperatoip defined orR x X which
extendsp restricted tow, i.e.

P RxX—>RxX, &lw=dlw.
Consider also the projection
Pr: X — B[0O,R], Pr(x):=x min{l, R|x|~%
and define the compact operator
y=(y1,p2), yit,X):=¢1(t, %), ya(t,x) = Pr(2(t, X))
Note that ifz = (f, X) is a fixed point ofy with
(6) zeW and ¢(i, X) € B[O, R],

thenf = y1()) = ¢1(d) = $1(2) andX = y2(2) = Pr($2(2)) = Pr(¢2(2) =
¢2(t, X), so thatz € W is a fixed point ofp.
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We study now the auxiliary fixed point problem
(7) X=y2(t,x), xeX

where we take, for a momeritge [—a, a] as a parameter.

Observe that, by definitiony(t, X) € B[O, R] for every(t, x) and therefore,
foranyr > R, it follows that

X—y2(t,x) 20, Vte[-a,a], VxeoB@O,r).
Thus the Leray-Schauder topological degree
do := dedl — y2(t, ), B(O,r), 0)

is well defined and is constant with respectta [—a, a]. Using the compact homo-
topy h; (x) defined by

(A, X) > X — Aya(t,x), with 1 €[0,1] andx € B[O, r]

we find thath,;(x) # O for every4 € [0,1] andx € &B(0,r) and thereforaey =
deql, B(O,r), 0) = 1. Hence, the LeraySchauder Thoeme Fondamental [42] im-
plies that the solution set

T :={t,x) €e[-a,a] x B(O,r) : x = yoa(t, X)}
is nonempty and contains a continuum (compact and connsetgélsuch that
p1(8) =[—a,al,

where we have denoted lpy : Rx X — R, pi(t, X) = t, the projection of the product
space onto its first factor (see also [44] for more informatdout this fundamental
result). Since the projection &fonto thet-axis covers the intervdl-a, a], we obtain

SNB #0, SNB, #£0.
By the definition ofPR it is clear also that
(8) P2(8) < B[O, R] € B(O, 1),

where we have denoted iy : R x X — X, pa(t, X) = X, the projection of the
product space onto its second factor.

Let nowe €10, r — R[ be a fixed number and consider a covering bl a finite
number of open balls of the forrit; — ¢, tj + ¢[ x B(X;, &), with (ti, i) € S. Without
loss of generality, we can suppose that <t; <ty...ti_1 <t ...tny < a, whereN
is the number of the balls required for the covering. The set

N
U, == U]ti —& i +e[xB(Xi,e) S]—a—e,a+e[ xB(@O,r),
i—1
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is open and connected. Hence, it is arcwise connected as Wadrefore, there is a
continuous map : [0,1] — U, with 8(0) € B andf(1) € B, and, without loss
of generality (i.e., possibly cutting off some points of tinterval and changing the
parameter for the curve) we can also assume that

01(s) .= p1(@(s)) e [—a,a], Vse][0,1].
Next, we define the new curvgs) = (¢1(S), ¢2(S)), with
(1(s) == p1(0(s)) = 61(9),  (2(s) := Pr(p2(6(9))) = Pr(62(s))

and observe that(-) satisfies the following properties:
(I1) ¢(s) eV, N Bla,R], Vse][01];
(I2) ¢(0) € By and¢(1) € By ;

where we have set

N
Ve = J It —e.ti +el xB(x;, 2).
i=1

To check(l1), let us setx := ¢2(s) and assume thgix|| > R as well ax € B(x, ¢),
for somei. Then,

RX % H—qu X1 11/ 11X
x| '
R I
< — lIx =%l + (IX]| = R)—=+ < 2.
I ' I

The proofs of all the remaining cases for the verificationlef are obvious.

From(l1) and(l2), it follows that the patly := [¢]is contained in the cylindeB[a, R]
and it has a nonempty intersection with the left and the riglstes ofB[a, R]. Then,
by hypothesigH), we know that there exists a sub-patlof o, such thayy € ‘W with

¢(y) < Bla, Rlandg (y )NBy # ¥, p(y)NBr # V. Letd = (¢1,&2) 1 [0, 1] - Rx X
be a continuous map such thal = y. By the above assumptions, we have that

(J) E(5)eV.NW, Vsel01];

(J2) ¢#(£(0) € Bl and ¢(<(1) € By :

(Ja) ¢(£(s)) € Bla,R], Vsel0,1];
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are satisfied.

We consider now the continuous mgp [0, 1] > s+ &1(S) — ¢1(£(S)), where
&1(8) = p1(&(s)). Sincel(s) € 7 < o, we have that1(0) > —a and therefore
g(0) > —a— (—a) = 0. Similarly, one can check that1) < a—a = 0. By Bolzano’s
Theorem, we conclude that there exists s@mgre$; € [0, 1] such that, setting

t= fg = gl(é)a X = )A(s = 52(§)9 2= 25' = (f, ),Z)s

we find that
2eV.nW, t=¢1(2), ¢2(2) € B[O, R]

By the definition of$ andy, it is clear that
2eV.nW, f=y1(2), ¢22) € B[O, R]

Moreover, for eaclt € V, N'W, there isz; € 8§ such that|z — 7 || < 2s.
Then, lettinge = ¢, N\, 0 and passing to a subsequence on the correspoiging
(thanks to the compactness&)f we can find a point

z=(,X) €8

such that (by the continuity @f andy and the closure o)
ze3NW, t=y1(2, ¢2(2 € B[O R,

follows. The fact tha8 is contained in the solution s&t of (7) implies that

X = yo(t, X)
and thereforez € W is a fixed point ofy (since we have already proved tHat=
w1(t, X)). The fact thatp(t, X) € B[O, R], implies (in view of(6) and the remarks at
the beginning of the proof) thate W is a fixed point okp. O

REMARK 1. The first part of the proof of Theorem 6 can be used to obtain
the following result where we use a slightly different expiga condition which is
inspired from [33, 36, 37]. We recall that here bgantinuumwe mean a compact and
connected set.

THEOREM 7. With the notation of Theorem 6, assume thas compact orD
N Bla, R] and there is a closed subsi¥t € D N B[a, R] such that the assumption

(H”) for every continuurne C B[a, Rl withe N‘B| # @ ande NB, # @, thereis a
continuuml™ € e "W with¢(I') € Bla, Rland¢ (I')NB| # 3, p(T)NBy # 0,

holds. Then there exisis= (f, X) e W € D, with ¢(2) = Z.

Proof. We follow the proof of Theorem 6 till t¢8). Now, assumptiorfH") guarantees
the existence of a continuuim € § N'W with ¢(I') € Bla, R] and¢(I") N B| # 0,
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#(I') N By # B. This means that there are poirlg = (a1, 43), Q2 = (92,93 e T
such thaty1(Q1) = —a and¢1(Q2) = a. This implies thatp1(Q1) — ¢1(Q1) =
q11+ a>—-a+a=0andpi(Q2) —¢1(Q2) = ql2 —a < a-—a=0. By the Bolzano’s
Theorem we can conclude that there exists a gpiat(f, X) € I' € 8 N'W such that
t = w1(2) and, by(8), ¢2(2) € B[O, R]. At this point, we can complete our argument
as in the proof of Theorem 6. Indeed, the fact #hé contained in the solution sé&t
of (7) implies that

% = y2(f, %)
and therefor@ € W is a fixed point ofy. The fact thaip(t, X) € B[O, R], implies (in
view of (6) and the remarks at the beginning of the proof of Theorem &)zl&aW is
a fixed point ofg. O

REMARK 2. In our theorems we have confined ourselves to the case qfamim
maps. Extensions can be given to more general operatorsidigally compact k-
contractive, etc., provided that a decent degree theomaitable (see [15, 27, 50] for
the corresponding definitions).

2.2. Results related to Theorem 6

Like in the case of the Schauder fixed point theorem, we giwe smme variants of
Theorem 6 (see Theorem 8 and Theorem 9 below). As in Theorem &sume that
X is a normed space and

T Rx XDDy — R x X
¢

is a map which is continuous on a §etC D, . For the subsequent proofs, we system-
atically check conditioH) by taking as a representation of the patla continuous
curved(s) which is parameterized on the intery@l 1] and look for a suitable restric-
tion of 9(s) with s € [s, s1] C [0, 1], as a representation of a sub-patic ¢.

We start with a preliminary lemma.

LEMMA 1. Letp = (p1, p2) : Bla, R] :==[—a, a] x B[0, R] — B[a, R] be a
continuous map such that, for eackt{—a, a], p1(t, X) =t andp2(t, -) is a retraction
of B[O, R] onto its image. Define

R = Urel-aallp(t, X) : X € B[O, Rl} = p(Ba, R])

and
:R| = p(B|), Rr = p(Br)

Assume that
¢ is compactonD N R

and there is a closed subsit C D N R such that the assumption

(H) for every pathy € Rwitho NR # ¥ ande N Ry # B, there is a sub-path
y ConNWwithg(y) CRandep(y) NR #0, () N Ry #0,
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holds. Then there exisis= (f,X) e W € DN R, with¢(2) = Z

Proof. Given the compact operatgr: D N R — R x X we define
w(t,X) =@ (p(t,x) = ¢(t, p2(t, x)), for (t,x) e D' :=p H(DNR).
Clearly, y is compactorD’ = D’ N B[a, R]. We also define
W’ = p~}(W) € Bla, R] =: B.

Consider now a continuous parameterized cdrve (61, 62) : [0, 1] — B[a, R] such
thatd(0) € B (thatis,f1(0) = —a) andfd(1) € B, (thatis,#1(1) = a). Then for the
curved : [0, 1] 3 s+— p(#(9)), it holds that

J(S) e R, Vse[0,1] andd(0) e R, ¥v(Q) € Ry .

By assumptior{H) referred tdR, there exists a restriction ¢f to an intervalsy, $1] €
[0, 1] such thati(s) € W for everys € [, s1] and, moreover,

P (9) e R, Vs e [s,s1],

as well as

Pp(W0(s0) € R and (W (s1)) e Ry, or ¢(I(s1)) € R and ¢ (V¥ () € Ry .

Just to fix one of the two possible cases for the rest of thefpsoppose that the first
possibility occurs (the treatment of the other case is éxéloe same, modulo minor
changes in the role &b ands;). Then, by the definition of, W’ andy, we can also
write that

0(s) e W', Vsels,sl,

and
y(@(s)) e RSB, Vs e [s,s1]

y(0(s0) € R S Bi, wl(s) €R € Br.
We have thus proved that assumptigdt) of Theorem 6 is satisfied with respect to
the operatoiy and the cylindef3[a, R] and therefore Theorem 6 guarantees that there
exists fory a fixed pointz = (f, X) ¢ W/ € D', with w(Z) = Z. As a last step, we
just recall that the range af coincides with the range ef and thatp (as a retraction)
is the identity orR. This implies thag = (f, X) e W € D N R with ¢(2) = z O

THEOREMS8. Let C # @ be a closed convex subset of the normed spadeeX
€ :=[—a, a] x C and define

G ={(—a,x):xeC}, C :={(ax):xeC}.

Assume that
¢ is compactonD N €

and there is a closed subsét C D N € such that the assumption
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(H) for every pathy € Cwithe NG # W ando N Cr # @, there is a sub-path
y SonNWwithg(y) € Candgp(y) NC #0,d()NC #,

holds. Then there exisis= (f,X) e W € D N E, with¢(2) = z

Proof. By assumption, the operatgr= (¢1, ¢2) is compact orDNC, hencegp(DNEC)
is bounded iR x X. In particular, there iR > 0 such that,

llp2(t, )| <R, Vz=(,x)eDNC.

As a consequence of the Dugundiji Extension Theorem, thedlosnvex se€’ :=
C N BJO, R] is a retract ofB[0, R] (actually, it is a retract of the whole space
but for us it is more convenient to restrict the retractiorBfd@, R]). We denote by
o : B[0, R] — C’ such a continuous retraction.

If we define now’ :=[—a, a] x C' and
€l ={(-a,x):xeC’}, C;:={(@ax):xeC’},
aswellasD’ :=DNE andW’ :=WnE’, we find that

(H) for every pathy € €’ witho N €| # ¥ ands N C; # @, there is a sub-path
y CSoNW withg(y) € C'andp(y)NC| #0, ¢(y)NCr #0,

holds. At last, we define the continuous retraction
pP = (pln ,02) : ‘B[az R] = [_aa a] X B[Oa R] - B[aa R]a

p1(t, x) =1, pa(t, X) = o(X)

and easily check that now the €&tplays here the same role as the®eh Lemma 1.
Then, according to Lemma 1, there exigts: (f, X) € W € ‘W, with ¢(2) = z. The
proof is complete. O

THEOREM9. Let K # ¢ be a compact convex subset of the normed space X
LetX :=[—a, a] x K and define

K ={(-a,x): xe K}, X;:={(a x):xeK}.

Suppose that there is a closed subget- D N X such thatp is continuous oAV and
the assumption

(H) for every patly € X witho N K| # @ ando N XK, # @, there is a sub-path
y ConNWwithg(y) S Kande(y) NK #0, 6(y) NK: # 9,

holds. Then there exisis= (f,X) ¢ W € DN K, with¢(2) = Z.

Proof. This result is an immediate consequence of Theorem 8, wétlpdisitionC :=
K. O
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REMARK 3. Variants of Theorem 8 and Theorem 9 can be obtained, as-a con
sequence of Theorem 7, using conditid#’) instead of conditio{H). For instance,
Theorem 9 could be accompanied by the following.

THEOREM 10. Under the same positions of Theorem 9, suppose that there is a
closed subséV € D N X such thatp is continuous oW and the assumption

(H”) for every continuune € X withe NXK| # @ ande N K, # @, there is a
continuuml’ € ¢ NWwith¢(I') € K andg(I') N XK # 0, (T) NK, # 0,

holds. Then there exisis= (f,X) e W € DN K, with¢(2) = Z.

3. Extensions, remarks and consequences

3.1. The “stretching along the paths” fixed point property

Let Z be a topological space. According to a well known definitidnhas the fixed

point property(FPP) if every continuous map & into itself has at least a fixed point.
The FPP is invariant by homeomorphisms and it is preservddnuoontinuous retrac-
tions. Thus, by the Brouwer fixed point theorem, we know tmgttapological space
which is homeomorphic to (a retract of) a closed ball of adimiimensional normed
space has the FPP. It is the aim of this section to show tha¢thamg similar (even

if not exactly the same) holds with respect to the assummfdstretching along the

paths”(H) and the corresponding fixed point result in Theorem 6.

We consider now the following situation.

DEFINITION 1. Assume that Z is a topological space and ZZ;~ are two
nonempty disjoint subsets of We set

Z7 =77 UZ

and define _
Z:=(Z,Z27).

We call Z a two-sided oriented space or simply an oriented space. igw wf our
applications below which concern the case of arcwise comuespaces and where the
family of paths connecting,Zto Z is involved, we calZ a path-oriented space when
Z is arcwise connected.
We say thatZ has the fixed point property for maps stretching along theéhgpdin

the sequel referred as FPP} if Z is arcwise connected and, for every p&p, v),
satisfying the following conditions:

(1) Dcz
(i2) w:D — Ziscontinuous;

(i3) thereis aclosed sé¥ C D such that, for every path € Z withe N Z;” # ¢
ando N Zo~ # ¢, there is a sub-pathh € ¢ N W with w(y) N Z~ # ¢ and
PN Z #;
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there exists at least a fixed pointgfin D.

DEFINITION 2. Suppose we have two arcwise connected topological spaces
Z,Y and assume that;Z, Z~ are two nonempty disjoint subsets of Z with Z
Z~ UZ-,aswellas Y, Y~ are two nonempty disjoint subsets aqfwith Y~ =
Y~ U Y, . Defining, as abov& = (Z,Z~) andY = (Y,Y") the corresponding
path-oriented spaces, we say that the i y) stretchesZ toY along the paths and
write
(D, w): Z<a~Y,

if the conditions
(j) Dcz
(j2) w:D — Y iscontinuous;

(j3) thereis aclosed sé¥ < D such that, for every path € Z withe N Z” # ¢
ando N Z7 # ¢, there is a pathy € ¢ N'W with w(y) NY,” # ¢ and
PO NY, # 0

hold.
Accordingly, we have thaf has the FPP; if and only if for every painD, y) with
(D, w) : Z<~Z, there is at least a fixed point gf in D.

REMARK 4. The definition of a map stretching along the paths wasdioited
in [56, 57] and refined in [59, 60] in the case of two-dimensiooriented cells. Our
Definition 2 above is a generalization of the previous cited as it reduces to [60]
in the situation considered therein. We note that in [60Jwa#l as in the other pre-
ceding papers, the map was allowed to be defined possibly on some larger domains.
However, up to a restriction, we can always enter in the ca8gefinition 2 when we
consider the situation described in [60].
In the definition of path-oriented space, as well as in thesegbent stretching condi-
tion, the order in which we label the two sét§ andZ~ (orY,” andY,”) has no effect
at all.
We also point out that given two nonempty disjoint séfisand W, of a topologi-
cal spaceW, the condition that there exists a path< W with ¢ "W # ¢ and
o NW, # ¢ is equivalent to the existence of a continuous iap0, 1] — W with
6(0) e W andf(1) e W, .
The choice of the notatiod instead ofZ (previously considered in Section 1.2 and
next again in Section 4.1) comes from the fact that, evenlitha! applications we
present here are for the]-sets, nonetheless, the oriented spacésire, in principle,
more general. Thus we prefer to think to 11hq -sets as some particular cases of the
[-]-sets.
Finally, we mention that some analogous definitions, preslipintroduced in the liter-
ature (see, for instance, the concept of quadrilateraligehgn [36]) also fit with our
definition of oriented space.
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The next two lemmas extend to the case of the FRR®© corresponding clas-
sical results about the usual fixed point property. Theitopie quite standard and
therefore it is omitted.

LEMMA 2. Let Z, Y be two arcwise connected topological spaces and let h
Z — Y be a homeomorphism. Suppose @nd Z~ are nonempty disjoint subsets of
ZandsetY =h(Z), Y, =h(Z ). ThenZ has the FPPy if and only ifY has the
FPP-y.

Proof. We leave the proof as an exercise. O

LEMMA 3. Let Z, Y be two arcwise connected topological spaces with ¥
andletr: Z — Y be a continuous retraction. Suppose ¥nd Y~ are nonempty
disjoint subsets of Y and sef Z= r ~1(Y,7), Z7 = r~1(Y,"). ThenY has the FPP:
if Z has the FPPy.

Proof. The proof follows the same argument (mutatis mutandis) af ¢f Lemma 1
and therefore it is omitted. O

COROLLARY 3. Let K # ¥ be a compact convex subset of a hormed space.
Let Z be a compact topological space which is homeomorphie-ig 1] x K, via a
homeomorphism hZ — [—1, 1] x K. Define

Z7 =h1(-1 x K), Z7:=h"1({1} x K).
ThenZ has the FPP.

Lemma 2 and Lemma 3 together with Theorem 6 (or its variam@shji to give
some straightforward examples with some geometrical meank-or simplicity, we
confine ourselves to subsets of a finite dimensional sgace

ExAMPLE 1. LetZ C E be a compact set which is homeomorphic to the closed
unit ball B[O, 1] € R", with N > 1. Let P, Q € Z with P # Q be two given points.
Lety : E 2 D, — E be a continuous map and suppose that D, is a closed set
such thaffor every pathey C Z, with P, Q € o, there is a sub-pathh € ¢ N & with
w(o) € Zand P, Q € w(y). Theny has at least a fixed point ihn Z.

Proof. We discuss only the case> 2, since forN = 1, the result is obvious. Let us
consider the cylinder

e = {(X:L) ] XN*l) XN) : ||(X13 R XN71)|| S l) |XN| S l}
on which we select as a right and left sides the south and ttik bases respectively:
Ci={x=((X1,...,,%) € C:xy=-1},

Cri={XxX=(X1,...,,%) € C: %X =1}
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and we also se€~ := € U Cr. Theorem 6 implies that the path-oriented space
€ = (€, €7) has the FPR- and therefore Lemma 3 ensures that the same fixed point
property holds also with respect to retract€of he closed unit balB[0, 1] is a retract

of the cylinderC through the continuous mapdefined by

o(X) = (xymin{l, 6(X)}, ..., Xn—1 MIin{L, d(X)}, XN),

where
2
1-— Xy

2 2
VX T T XN

Hence, the path oriented spaEe: (B,B7), with B = B[0,1], B~ = B UB,
B~ = {South pol¢ and B~ = {North polg has the FPPB-. Finally, Lemma 2 implies
the the FFP» holds for every oriented space in which the base spaée homeo-
morphic to a closed ball and we selects and Z~ two different points ofZ. This
concludes the proof. O

O0(X) = (X1, ..., XN—1, XN) =

ExAMPLE 2. Consider the cone
K = {(X1, ..y Xics Xier1) © X2y oy XOl] < Xigr < 1} € REH

and select the point & (0,...,0,0) € K and the bas&, = {(x1,...,Xk,1) :
[1(X1,...,XK)]] <1} € K. LetZ C E be a compact set which is homeomorphid<p
by a homeomorphisth : Z — K. Definez;” = h=1({0}) andZ;” = h~1(K)). Then
Z has the FPB-.

Proof. It is possible to obtain our claim by suitably adapting thguanent employed
in the proof of Example 1. We omit the details. O

REMARK 5. We observe that one could define a fixed point property (848 F
I') for maps satisfying a condition which extends propéity) to general (oriented)
topological spaces. Then, after having obtained from Témor a result analogous to
Lemma 2, the following corollary can be proved.

COROLLARY 4. Let K # ¢ be a compact convex subset of a normed space.
Let Z be a compact topological space which is homeomorphie- g 1] x K, via a
homeomorphism hZ — [—1, 1] x K. Define

Z7 :=h"Y({-1) x K), Z7 :=h" ({1} x K).
Then, for every paitD, ), satisfying the following conditions:
(1) Dcz;

(i) w:D — Ziscontinuous;
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Figure 11: A possible illustration of Example 2 R®, where we have denoted B
the pointh—1({0}) and by.A the surfaceh~1(K|) of the deformed con&. According
to our result there exists at least a fixed pa@nt w(z) € W, for any continuous map
w defined on a closed subsétof Z and with values irZ having the property that any
pathe in Z and joiningP to A contains a sub-path € ¢ N'W with w(y) € Z and
w(y) joining P to A.

(iz) there is a closed sé®v < D such that, for every continuum C Z with
oNZ~ #PandoNZ;~ # @, thereis a continuun € ¢ "W with y(I')NZ~ #
gandgp(I)N Z7 # ;

there exists at least a fixed pointgfin D.

In the present paper we do not further pursue the researtiisiditection and
confine ourselves to the study of the stretching conditiemglthe paths. Investiga-
tions toward the fixed point properties for maps satisfyinggpansive conditions with
respect to other kind of connected sets will be considerszirdiere.

3.2. Further definitions and consequences

As a next step, we give now some simple (but neverthelesslyipebperties about the
stretching along the paths condition. Unless otherwiseiBpd, all the spaces involved
are arcwise connected topological spaces. When we considelea(Z, Z,~, Z;"), we
always assume that,~ and Z~ are nonempty disjoint subsets @t First of all, we
consider two further definitions.

DEFINITION 3. Let Z = (Z,Z7) andY = (Y,Y~) be two path-oriented
spaces with Y a subspace of e say thal is a horizontal slab o and write

Ych Z,
if every pathy C Y withy NY,” #¢@andy NY,” # Pissuchthat N Z~ # ¥ and
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Yy NZy #0. N _
Similarly, we say thaY is a vertical slab oZ and write

V gl} Z)

if every pathe C Z withe N Z” # ¥ ande N Z~ # ¢ contains a sub-path C Y
suchthaty NY,” #¢¥andy NY, # 4.

REMARK 6. The definition of slabs generalizes the case of rectamgtasor-
izontal and vertical sides parallel to the contracting axgaeding directions in the
Smale horseshoe (see, for instance, [72, Section 2.3]).utrgeneral setting of a
topological spac& oriented by the paths connecting two disjoint subggtsand Z;~
and in view of Theorem 6, we consider as horizontal-expanthe “direction” along
(Z, Z;) (of course, in a very vague sense and taking also into acebarfact that
in our setting “horizontal” and “vertical” are merely comt®nal terms). Definition
3 generalizes the analogous concepts of “slices” congidier¢60] in the setting of
oriented two-dimensional cells and recalled in Sectioras.@ell as some possibilities
considered in [61] foN-dimensional cells (namely, the case in which there is a one-
dimensional expansive direction). Note that our defingiane purely topological in
nature and therefore we do not need (like in [72, Section) 2hg]slabs to be described
by means of graphs of Lipschitz functions. We refer to Figl#eas a possible picture
of horizontal and vertical slabs in a simple situation.

Having available in the general setting the definition obslave can now bor-
row from [60] and [61] the next definition (compare also totheresponding definition
in Section 1.2).

DEFINITION 4. LetZ = (Z,Z7), Y = (Y, Y ) and X = (X, X™) be three
path-oriented spaces with,X, Z subspaces of the same topological space W and
X<cYnZ
We say thal crosse< in X and write

Xe{ZMhY},

XcpZ and Xc, V.

REMARK 7. As already remarked in [60] and [61], in our setting, thinigon
of X € {Z M Y}, covers very general situations, in particular also wheretieeno way
to define any kind of transversal intersection. A possililesitation is given in Figure
15 of Section 4.

LEmMMA 4. The following properties hold:

(e1) if (D, y) : Za~Y and(€, ¢) : Y<a~X, then(F, ¢ o y) : Za~X for F =
DNy 1)
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(e2) if¢: Z — Y is ahomeomorphism such thatZ, ) = Y,” and¢(Z;) =Y,
(orp(Z7) =Y, andp(Z7) = Y,7), then(Z, ¢) : Z<~V ;

(e3) if (D, ) : Za~Y, then(D N X Ny (W), ) : X<~W, for everyX cp Z
and everylW C, Y;

(e4) if (D, w) : Z<~Y, theny has a fixed point ifD N X, for everyX € {Z h Y},
having the FPPy .

Proof. The above properties follow immediately by the correspogdiefinitions. [J

Now we are in position to consider a sequence of spaces ansl anapobtain a
result which is in line with [34] and [73] and extend to a gealesetting some results
[59, Theorem 2.2], [60, Theorem 4.2] previously obtainethimtwo-dimensional set-
ting. For simplicity, we confine ourselves to the framewofk@mpact metric spaces.
This simplifies somehow our proofs. We point out, howeveat fome of the properties
exposed in the next Theorem 11 would be still true in some general situations.

THEOREM11. Suppose that there is a (double) sequence of path-oriepted s
ces

(Xiokez = ((Xis X )kez »

where, for each ke Z, Xy is a compact and arcwise connected metric space. Denote
by (X, 1 and (X, ))r the two sides of X. Assume that there is a sequence of maps
((Dk yK))kez » such that

(Dis wi) : Xa~Xip1, Yk eZ
Then the following conclusions hold:

(a1) Thereis a sequendey)kez With wk € Dy and yy(wk) = w41 forallk € Z;

(a2) Foreach je Z there is a compact sétj C D; such that for eachv € C;j
there exists a sequen€g),>j , with y; € D and yj = w, Yey1 = we(ye) for
eachl > j.

The compact set; satisfies the following separation property:

CjNao # ¥, foreach pathy C Xj withaN(X ) # P ande N(X, )r # 9;

(as) If there are integers hk with h < k such thatX;, = X, and X, possesses
the FPPy, then there is a finite sequent®)n<i<k, With z € D; andy; (z) =
Ziypforeachi=h,...,k—1 suchthatg = z.

Proof. As in [59, Theorem 2.2] we prove the three properties in thvense order.
First of all we observe that, for eache Z, there is a closed (and hence compact)
setW; € Dj C X such that, for every path C X; with o N (Xj),” # ¥ and

o N (X)), # 0, there is a sub-path € ¢ N W, with y;i(y) N (Xj4+1), # ¥ and

wi(y) N (X)), # 0.
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Proof of (ag). Letk = h + s for somes > 1. Let us also sef. = Xn = Xi, and
W = wk—10 -0 Wwh. By property(e1) of Lemma 4 we have thaD, y) : Z9~Z,
with

D:={zeWh : yjo---owht10own(2) € Wjyq,forj=h,....k—1}.

Then the assumption about the FPHer Xy, implies the existence of a fixed point
z* € D for y. Moreover,z, := z* € Dy and, settingy = wi_10--- o wnh(zy), for
i =h+1,..., Kk, the verification of the properties i@g) is straightforward.
Proof of (a). The situation described here is similar to that considenel®3, The
Expander Lemma, p.417]. Without loss of generality, assyme0. Define the closed
set

S={xeWy: wro---owo(X) e Wp1, V£€=0,1,2,...}.

Let yo € Xo be a path intersecting both the components<gf. By the stretching
assumption betweeXp andX1 , there is a sub-patjy € Wy € Do such thatyg(y1) <
X1 and withyo(y1) meeting both the components Xf . On the other hand, the path
wo(y1) = o1 contains a sub-path, € Wy € D1 such thaty1(o2) € X2 and with
w1(o2) intersecting both the components Xf, . We also defingy, = {x € y1 :
wo(X) € o2}. Then, by induction, we can find a sequence of nonempty congeast
contained inXg

Wo2 702712722 ... 2+ =2 ...

with i (i) € Wi11 € Dj41 and such thatyj o --- o wo(yi+1) is a path inXj; 1
meeting both the components &f_ , . Taking a pointw € N2 yn We have that
weo---oywp(w) € Wer1 € Dyyg for eachl > 0. Thus, any pathyg € Xg intersecting
both the components of; contains a point of which generates a sequence as in
(a2).

Proof of (a1). A diagonal argument (see, e.g., [33, Proposition 5] or [3&drem 2,
(wg4)]) allows to prove(a;) as a consequence ¢@dp). We give a sketch of it for the
reader’s convenience. By) we have that for each = 1, 2, ... there is a compact
setC_n € W_ € D_p, such that

Ki+in:=wjo--oy_n(Cn) S Wjt1 S Dji1.
We take a poinyj n € Kj n, for eachj > —n + 1, in order to form the infinite matrix
Yo1 Y11 ... Yj1 ...

Y-12 Y02 Y1,2 --- Yj2 ---
Y-2,3 ¥-1,3 Y03 Y1,3 --. ¥j3 ...

Y-n+1n --- Y-2,n Y-1n Yon Yin --. Yjn ...
where, for each andj, we have thatyj (yj n) = yj+1,n . Now, a standard compactness

and diagonal argument (or, from another point of view, the fhat the product of
countably many sequentially compact spaces is sequert@hpact) allows to pass to
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the limit on each “column” along a common subsequence ofxi@sién order to find,
for eachj € Z, a pointwj; € W; € D;j and the continuity ofy; implies also that
w(wj) =wji1,V ] €.

O

3.3. Afinal remark about sub-paths

We conclude this section with a remark about the stretchorglition that we have
chosen for propertyH) and its variants and consequences. As pointed out in the In-
troduction, our definition is mainly motivated by our prewsoapplications to ODEs
and, more precisely, to our paper [55] where we obtainedttkéching propertyH.)

in a concrete example of the planar syst€n In that specific example, the proof
was carried on by considering a continuous parameterize@ cefined in the interval
[0, 1[ and with an unbounded imagelkf. Subsequently, in our search of fixed points
for general continuous mappings defined on two-dimensioelld we used a defini-
tion of path as the continuous image of an interval. As shawj60] as long as we
are concerned with fixed points of a single mapping definedtop@logical rectangle,
there is no effect on the possible different choices in tHadiens. With this respect,
consider also Theorem 6 and Theorem 7 which show how, as koweg are looking for
the existence of a fixed point, the stretching condition fathg and that for continua
are both sufficient to obtain the desired result. Things,dvar seem to be somehow
more complicated when we focus our attention on the seardixed points for the
composition of maps (and thus, in particular, for the iters of a given map). In such
a case, the possibility of considering parameterized sufweodulo some equivalent
relation like in Section 1.5) instead of images of curveseds embedded in a space,
looks simpler from the point of view of stating some hypo#t®which are easily ver-
ifiable through the composition of maps. In the next exampetmy now to express
better our point of view which lead to the choice of definitfona path considered in
Section 1.5.

ExampPLE 3. We define the function
g:[0,37] > R, g(t):=max{t — 4z, min{t, z —t}}
and the continuous curve
0 = (01,62) : [0,37] = R?,  61(t) := cogg(t)), Oa(t) := sin(g(t)) = sin(t).
Observe that for the path = [0], the image set is
7={0t):te[0,3r]) =S :={(x,y) e R?: x>+ y?> = 1}.

The motion of the poinf(t) along the circumferenc8! can be described as follows:
we start fort = 0 at the pointP = (1, 0), we move onS' in the counterclockwise
sense till to the poinP’ = (0, 1) fort = z/2. At this moment, the poinf(t) starts
moving to the reverse direction (clockwise sense) till @alees again the poif?’ at
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Figure 12: The bold line viewed from a suitably chosen pofitarspective represents
the arc inR2 parameterized by (t, 01(t), 62(t)), fort € [0, 3z].
The plot has been performed by Maple software.

the timet = 5z /2. Finally, the motion switches again to the counterclockvgisase
and the poinQ = (—1, 0) is reached at the time= 3r.

Let us set nowZ = S! and Z = {P}, Z; = {Q} (we intentionally take this choice
to show that the terms “left” and “right” are merely convem@l and their order is
not important). According to our definitiong, is a path inZ with y N Z~ # ¥ and
y NZ7 # @. If we consider now the arcEUPP®" := {(x,y) € S' : y > 0} and
rlower.— ((x,y) e St : y < 0} which are contained ifi, we see that whild!oWer js
the image set of a sub-path pf I'YPP€Tis not the image of any sub-path pf

4. Applications to topological cells in finite dimensional paces, periodic points
and topological dynamics

In this section we propose an application of the results icti®&e 3 to the setting of
[26, 56, 57, 59, 60, 61, 82].

4.1. Definitions

Let X be a Hausdorff topological space. We definda\N — 1)-rectangular cell of X
as a pair R

N =N, cn),
whereN C X is a compact set angly : N — [—1, 1]¥ € R" is a homeomorphism
of N onto its imagg —1, 1]". Sometimes, it will be convenient to put in evidence the
Hausdorff topological spac¥ containing a given celN and the dimensioiN of the
codomain of the homeomorphism. In such a situation, wellevr

N =, cn: X, N).
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Figure 13: A possible picture of €L, 2)-rectangular celN, where we have put in
evidence the two components of tNe set which are painted with a darker color.

Our definition of(1, N — 1)-rectangular cell is borrowed from that bfset given by
Zgliczyhski and Gidea [82, Definition 1] and considered also by Riuegind Zanolin
in [61]. However, we point out that, differently than in [82)id [61], we don’t assume
hereN to be a subset dR™ and moreover in the present case the homeomorptjsm
is defined only o\ whence in the above cited articles; was defined on the whole
spaceX. We also define the sets

No=onTHU=L ) LAY, N =i x -1, 1M,
conventionally calledhe left and the right faces 51!', as well as the set
N =N UN; .

If we define now N
N:i=N,N),

we have thalN is a path-oriented spaces which possesses the)FPP-

Our definition of oriented celN fits with that of (1, N — 1)-window considered by
Gidea and Robinson in [25] and, in the special cise: 2, is equivalent to that of
two-dimensionabriented cellby Papini and Zanolin in [60].

For completeness we also recall the form that the stretatondition takes with
respect to the path-oriented spaces determined by thengedéa cells that we have just
defined.

LetA = (A, cq; X,Nyp) andB = (B, cp; Y, N2) be two rectangular cells contained
in the Hausdorff topological spacesandY, respectively. Letp : X © Dy — Y be

a map (not necessarily continuous on its whole donfiaif and let us consider a set
D C D¢ .
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DEFINITION 5. We say that the paitD, ¢) stretchesA to B along the paths
and write

(D, p) : Aa~B,
if ¢ is continuous oD N.A and, moreover, there is a compact $8tC DN.A such that,

for every pathy € Awithe N A # ¥ ande N A # @, thereisapaty Co N'W
with y (y) N B;” #Pandg(y) N By # 0.

Observe that this definition coincides with
(D', ) : Aa~B,
according to Definition 2, for
D' =DNANG LB).

As in [60] we introduce now some special subsets of a cell vhie crucial for our
applications.

DEFINITION 6. Let M = (M, cy; X, dp) and N = (N, cy; X, dp) be two
rectangular cells of the same topological space X andMet= (M, M™) andN =
(N, N7) be the corresponding path-oriented spaces. We sayJtha a horizontal
slab of N and write

M Ch N,
if M Cn N, thatis, if M C N and if every pathy € M with y N M, # ¥ and
y N M #@issuchthay NN # @ andy NNy # (.
Similarly, we say thalM is a vertical slab of\ and write

J/v\tgl) 5\?9

if M C, N, thatis, if M C N and if every pathy € N with s N N, # ¢ and
o N N; # ¢ contains a sub-pathh € M such thaty N M;” # @ andy N M # 0.

REMARK 8. Note that in order to haval Ch Nitis equivalent to require that
M € N and either

~

Mo SN, My S NS
or
M7 SN, My .
In this manner, our definition of horizontal slab reducesh® dne of horizontal slice
in [60, Def.1.2]

As in Section 3, we can now borrow from [60] and [61] the nextrdton.
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Figure 14: Examples ot Ch N and ofJ\7[ Sy N (the left and the right figures,
respectively). The painted areas repre@éms embedded ilN. The contours of - -
sets for the oriented cellgl andN are indicated with a bold line.

DEFINITION 7. LetA, B andM be three rectangular cells witd, B, M sub-
spaces of the same topological space X and supposéthatA N B.
We say thaf3 crossesA in M and write

ﬁe{flm@},
Mcp A and M C

4.2. Applications

At this step, we can just reconsider the same main results 58, 60] already proved
for the stretching property in the case of generalized timeetisional cells and extend
them to(1, N — 1)-rectangular cells. For instance, we have the followingr(pare to
Theorem 4).

THEOREM12. Suppose thatl = (A, A~ )and@ (B, B™) are oriented cells
in X. If (D, y): A<~B and there are k> 2 oriented ceIIle ., Mk such that

Mie{AhB), fori=1,...,Kk

with
MiNnM;ND =g, forall i #j, withi,je({l,...,k},
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Figure 15: InR3, the (1, 2)-rectangular celN (the cheese shaped set) is crossed by
the (1, 2)-rectangular celM (the snake-like set). Among the four intersection$vof
with N, the first two (counting from the left and painted by a darkdobgabelong to

{N rh M}.

then the following conclusion holds:

e y has a chaotic dynamics of coin-tossing type on k symbolk (e$ipect to the
setsKi := D NM;).

e y has a fixed point in each sé& := D N M; and, for each finite sequence
(S0,SL, -..,Sm) € {1,...,k}™1 with m > 1, there is at least one point‘ze
Ks, such that the position

zjy1=vyw(z), zo=2z" for j=0,1,....m
defines a sequence of points with
zjeXs, ¥j=0,1,...,m and Z1=2".

REMARK 9. The two conclusions in Theorem 12 correspond&i® and(as)
of Theorem 11. We could derive frofay) also a conclusion about the existence of a
continuum of initial points which generate any (fixed) fordi&inerary and thus obtain
an extension of the conclusidiy) of Theorem 4. This one as well as some related
topics, which require a more careful treatment, will be dgsed elsewhere.

As shown by this example, from Theorem 11 and the definitidratretching,
slabs and crossings adapted to the cas@d dff — 1)-rectangular cells, we have now
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available all the tools which are needed in order to achiefallaextension of the
topological results contained in [59, 60] and partiallyaked in Section 1.2, to maps
which expand the arcs along one direction. A more completesiigation on this
subject will appear in a future work.
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