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EXPLOSIONS IN DIMENSIONS ONE THROUGH THREE

Abstract. Crises are discontinuous changes in the size of a chaotctdt as a parameter is
varied. A special type of crisis is an explosion, in which tigsv points of the attractor form
far from any previously recurrent points. This article sumizes new results in explosions
in dimension one, and surveys previous results in dimensiwosand three. Explosions
can be the result of homoclinic and heteroclinic bifurcagiomn dimensions one and two,
homoclinic and heteroclinic bifurcations occur at tangeacWe give a classification of one-
dimensional explosions through homoclinic tangency. Werdgsour previous work on the
classification of planar explosions through heterocliaicgencies. Three-dimensional het-
eroclinic bifurcations can occur without tangencies. Weatlie our previous work, which
gives an example of such a bifurcation and explains why thieensional crossing bifurca-
tions exhibit unstable dimension variability, a type of noyperbolic behavior which results
in a breakdown of shadowing. In addition, we give detailsdanew scaling law for the
parameter-dependent variation of the density of the newgbaine chaotic attractor.

1. Introduction

Crises of chaotic attractors are discontinuous changéeisite of an attractor as a pa-
rameter is varied. Crises are the most easily observed astloften described global
bifurcations. A classic example of a crisis is the onset efftariod three window in the
bifurcation for the logistic mag (x) = ux(1— x) [31], in which the attractor changes
discontinuously from consisting of an uncountable coitetDf points to containing
only one period three orbit.

A specific type of crisis is an explosion, which is a bifuroatin which new
recurrent points form discontinuously far from any prewlyurecurrent points. An
explosion is stronger than a crisis, since a crisis can bgethhy the mere merging of
an attractor and a pre-existing chaotic saddle.

In this article, we review results on explosions in one, tand three dimen-
sions, as well as stating open problems on explosions. Weepthas follows: Sec-
tion 2 outlines classifications of explosions at homoclead heteroclinic tangencies
in one and two dimensions. It is also possible to have exphasfar from tangency
but as a result of a tangency. We give a simple example of thismé dimension. In
two dimensions, we give a topological description of thelsgtldied two-dimensional
example of this phenomenon for the lkeda attractor. Thenali goal is a complete
classification of one- and two-dimensional explosions.tiSe@ describes a type of
three-dimensional bifurcation in which explosions occithaut tangencies. The sec-
tion includes a numerical example of such a bifurcation. tiSect presents a new
scaling law for the parameter-dependent change in the tgemisthe newly formed
piece of the chaotic attractor. Section 4.3 describes sateesisting numerical impli-
cations of tangency-free explosions as the onsetnstable dimension variabilitya
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specific type of non-hyperbolic behavior.

2. Explosions via tangency

Let f, be a one-parameter family of functions. An explosion oc@ira parameter
value 1g and a pointx which is not recurrent prior to the bifurcation but is reemntr
at the bifurcation. Clearly a saddle node bifurcation féhei a fixed point or periodic
orbit gives rise to an explosion point. In addition, the &ti€e of explosion points is
often the result of bifurcations involving tangencies bedw the stable and unstable
manifolds of fixed or periodic points. In this section, we dése classes of explosions
arising from homoclinic and heteroclinic tangency. Thénudtte goal is a full under-
standing and classification of all types of explosions. Ia direction, Palis and Takens
made the following conjecture for planar one-parameteiilfasnof diffeomorphisms.
We have extended this conjecture to include one-paranseteliés of one-dimensional
maps as well.

CONJECTUREL (Palis and Takens [25]). Explosions within generic onepa
meter families of smooth one-dimensional maps or smoothdin@nsional diffeo-
morphisms are the result of either a tangency between saablenstable manifolds of
fixed or periodic points or a saddle node bifurcation of a figegeriodic point.

Newhouse, Palis, and Takens have shown that this statemgneiin the case
when the limit set is still finite at the bifurcation point [28Bonatti, Diaz, and Viana
point out that this question can also be posed from a prabtbipoint of view, in
which case they conjecture the opposite conclusion [6].n&dimension, we believe
this problem to be tractable. In two dimensions an answee#gpon a detailed clas-
sification of the accessibility of periodic points and thaanifolds on the boundary of
a basic set [4].

We now give some basic definitions. Lét: R x R — RK be aCl-smooth
one-parameter family &2 diffeomorphismsk = 1, 2, 3 where we use two notations
interchangeablyf (x, 1) = f,(x). For the definition of an explosion it is more natural
to use the concept of chain recurrence rather than rec@renc

DEFINITION 1. For an iterated function g, there is asrchain from x to y
when there is a finite sequenémy, z1,...,2zn} such that 3 = x, zy = vy, and
d(g(zn-1), zn) < € forall n.

If there is ane-chain from x to itself for every > 0 (where N > 0), then x
is said to bechain recurrent [7, 8]. The chain recurrent setis the set of all chain
recurrent points. For a one-parameter family, ive say(x, 1) is chain recurrent if x
is chain recurrent for f.

If for everye > 0, there is ane-chain from x to y and am-chain from y to x,
then x and y are said to be in the sagtein componentof the chain recurrent set.

Note that the chain recurrent set and the chain componenisnariant under
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forward iteration.

DEFINITION 2 (Chain explosions)A chain explosion point(x, 4g) is a point
such that x is chain recurrent for,§, but there is a neighborhood N of x such that on
one side oflg (i.e. either for allA < Ag or for all A > Ag), no point in N is chain
recurrent for f;.

Note that in the above definition, d},, x is not necessarily an isolated point
of the chain recurrent set. A well studied example of thidhes eéxplosion that occurs
at a saddle node bifurcation on an invariant circle. Thercheturrent set consists of
two fixed points prior to bifurcation and the whole circle adain many cases after
bifurcation. In subsequent usage, if the distinction is ingtortant, we will refer to
recurrent points rather than always saying chain recurrent

2.1. One dimension

This section describes a classification of explosions viadwinic tangencies in one
dimension which appears in [2]. Although one dimension \@@adem to be the easiest
case, there are some key differences between one- and tmansiional explosions
which are not simplifications in one dimension. For examfiea diffeomorphism,
homoclinic and heteroclinic orbits require the existentsawldle points with stable
and unstable manifolds of dimension at least one. Howeirare sa one-dimensional
map is in general noninvertible, it is possible to have fixederiodic points with one-
dimensional unstable manifolds and a non-trivial zeroefisional stable manifolds.
Marotto terms such points snap-back repellers [22]. It ispussible to reverse the
dimensions of the stable and unstable manifolds; the existef a homoclinic orbit
to an attracting fixed point requires a multivalued map [2B].addition, the chain
recurrent set is not invariant under backwards iteratioa nbninvertible map, so the
discussion of explosions in one dimension includes caseghioh a point is not an
explosion point, but the preimages are explosion pointsthissis a broad survey, the
statements and proofs of the results below are only sketcHes full details appear
in [2].

Let f be a one variable function with a repelling fixed pokat Lety and
k be such thay is ak'" preimage ofxo, and assume that a sequence of preimages
of y converge taxg. Theny is contained in an orbit which limits both forwards and
backwards tag. Thatis,y is a homoclinic point foxyg. Homoclinic points for periodic
orbits are defined by replacinfy with some appropriate iteratt™. Notice that for
diffeomorphisms, all orbits through homoclinic points ammoclinic orbits. For one-
dimensional maps, there may be many non-homoclinic orhitsugh a homoclinic
point.

Since the stable manifold of a homoclinic point is zero-disienal, a homo-
clinic tangency is a tangency of the graph of the map at a hbnogpoint. That is, a
homoclinic tangency occurs if the graph bthas a horizontal tangent at a homoclinic
point.
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Figure 1: A one-dimensional map with a repelling fixed pginwith positive deriva-
tive. The pointy is a homoclinic tangency point. Singds contained in a non-crossing
orbit, by Theorem 2y is not an explosion point. The unstable manifold brabghis
an interval shown by a thick line on theaxis.

Assume thatf; is a C' smooth family ofC? maps and that the point(1)
(which we write as¢g) is a repelling fixed point.

THEOREM 1 (No explosions with negative derivative xaf, Alligood, Sander,
Yorke [2]). If f has a negative derivative apxand y is homoclinic to at 19, then
(y, Ao) is not an explosion point.

The idea is that images of a neighborhoodyofmap across preimages of a
neighborhood of/, implying that there is a periodic point negrwhich persists under
perturbation of the parameter. Therefgrés arbitrarily close to recurrent points prior
to the tangency bifurcation.

Now consider the case of a positive derivative@gt Assume that a homoclinic
orbit limits to the local right (resp. left) branch of the tmisle manifold ofxg. Lety
be a homoclinic tangency point within this orbit. Then fomek, fX(y) = xo. If the
graph of the magf 1 near f*~1(y) is below (resp. above) the horizontal line, we call
the homoclinic orbit arossing orbit A homoclinic orbit that is not crossing is called
anon-crossing orbit

THEOREM 2 (No explosions for non-crossing bifurcations [2ZRssume that y
is contained in a non-crossing homoclinic orbit, then y i$ @o explosion point.

The proof is very similar to the case of negative derivativgga Namely, an
image of a neighborhood of covers a preimage of the same neighborhood, implying
thaty is not an explosion point. This situation is depicted in Fegl.

Closely related to crossing and non-crossing orbits, wedéstimguish the two



Explosions in dimensions one through three 5

Figure 2: In this figurey is a homoclinic tangency point in a crossing orbit, contdine
in Ug, but notU_ . Thereforey is an explosion point. The preimagef y is also an
explosion point. The intervdlr is shown by a thick line as in Figure W, is denoted
by a dashed line slightly above theaxis.

manifold brancheblg andU | , being the iterates of the local right and lefthand branches
of the unstable manifold ofy. The union olU; andUR is the entire unstable manifold

of xo. If {(UL NUR) \ Xo} is not empty, then the intersection must contain eitherfall o
UL or all of Ugr. For examplelJg may contain points both to the left and to the right
of UL. See Figures 2 and 3. We can show that  Ur, and thek!" image of every
neighborhood ofy contains points ifUR \ Xo}, theny is not an explosion point.

Under certain generic conditions, we can show a converdeeta@n-crossing
orbit theorem: Ify is in a crossing orbit, they is an explosion point [2].

We are interested not only in explosion points which are sedaes tangency
points, but also in points which are explosion points fanftangencies, but are caused
by a tangency. Since the chain recurrent set is invarian¢iufoiwards iteration, the
image of non-crossing tangency point is a non-explosiontpdilowever, there may
be explosion points with iterates that are non-explosiantpo For example, Figure 3
shows points of which are not tangency points but are preémad tangency points.
We can prove that for a generic one-parameter family, thexeegplosion points at
URr (such ad andj depicted in the figure) if there are points g which map to
a tangency (such ag) on the other side, even though the tangency point is not an
explosion point [2].
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Figure 3: The tangency pointis contained inJ. N Ug, and is thus not an explosion
point. However, the preimagesand j of y are explosion pointsUgr andU, are
depicted again with a solid and dashed line respectively.

(@) (b)

F(S)

F(S)

Figure 4: Homoclinic tangency points in the plane may or matybe explosion points.
AsetSand alarge iteraté X (S) = F(S). In (a), itis never possible for the homoclinic
tangency point to be an explosion point. In part (b), it dejseon the eigenvalues.
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2.2. Tangencies in two dimensions

In two dimensions, a heteroclinic intersection is a halkrfar chaotic behavior in the
form of a Smale horseshoe. Thus a homaoclinic tangency isiadaifion point. It is not
always an explosion point. Figure 4(a) shows a configuratiostable and unstable
manifolds at a homoclinic tangency which can never be anosiqm, since there is
a horseshoe forming locally prior to tangency. In Figure)A{fae situation is not so
clear, since a large iterate of a rectangular Sehay or may not map across itself
under a large iterate. In fact, whether this is a possibléosign point depends on the
relative strength of contraction and expansion at the fixaatp. Palis and Takens [25]
classified homoclinic explosion bifurcations, as showniguFe 4 by describing which
planar homoclinic tangencies can be explosion points asetin of the placement
of the tangency point, sign of the eigenvalues, and areaaxditn or expansion of the
map.

An explosion can also occur as a result of tangencies betatable and unsta-
ble manifolds of different fixed or periodic points: hetdioic tangencies. In this case,
in order for a heteroclinic tangency to result in any sortexfurrence, there needs to
be a means of return. A natural way is another heteroclin@rsection, resulting in a
heteroclinic cycle. These ideas are given in the followie{jrdtions.

DEFINITION 3 (h-connection).An n-connectionis a sequence of poin{ps, t1,
p2,t2, ..., pn} such that for all i, p; is a fixed point, and for each ik n, § is a
heteroclinic point such that t€¢ WY(p;i) N WS(pj11).

DEFINITION 4 (Cycle). Acycleis an n-connectiotfps, t1, p2, to, . .., pn} Such
that pn, = p1.

Generically, we can assume a unique tangency in a cycle aitther hetero-
clinic intersections being transverse. Thus any hetariuctiycle can be reduced to a
heteroclinic cycle containing only two periodic or fixed pts. In a previous paper [1],
we gave necessary and sufficient conditions for planar déteic bifurcations to re-
sult in explosions. The classification does not involve migéue conditions and area
contraction/expansion conditions. Rather, the classificds a set of necessary and
sufficient conditions for explosions at heteroclinic tamgebased on the configuration
of the manifolds, in addition to another “chain” condition the behavior. Figure 5
shows two heteroclinic cycles with a tangency. In (a), amwewhich is arbitrarily
close to the heteroclinic cycle necessarily intersecth lioé unstable manifold of
and the stable manifold a@f, whereas in (b), this is not the case. The tangency point in
(a) is an explosion point and in (b) it is not; just as in the-diraensional case, the key
to an explosion is that different points of the cycle are opasite sides of a dividing
manifold. Therefore, any-chain must cross the cycle. Such heteroclinic tangency
explosion bifurcations are known as crossing bifurcations
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(b)

Figure 5: Heteroclinic cycles with a tangencyyatin (a), all curves close to the cycle
intersect both the unstable manifold pfand the stable manifold af (intersection
shown with anX). Under the chain condition, the poiptis an explosion point. In (b),
it is possible to draw a curve arbitrarily close to the cyckich does not intersect the
stable manifold ofy. The pointy is never an explosion point.

2.3. Explosions far from tangencies and planar gap filling

A planar explosion far from tangency but through a tangercmucs at a crisis bifur-

cation of the Ikeda map. This example has been studied by a&wuaf authors, such

as [17, 26]. Prior to bifurcation, there is a small attractorrounded by an unstable
chaotic saddle set. The set has noticable gaps, in which #rerno recurrent points.
After the bifurcation, the new attractor includes both the a@ttractor and the saddle
set. In addition, the gaps in the recurrent set are filled ims Bccurs in a discontin-

uous manner at the bifurcation value. Thus the points in #psat the bifurcation

parameter are all explosion points. This discontinuousiglan the recurrent set is a
result of a heteroclinic tangency.

Figure 6 depicts the geometry of manifolds of a heteroclyite that give rise
to gap filling. The tangency point is contained simultaneously in a crossing and a
non-crossing orbit. Thug is not an explosion point. However, there are points on the
non-crossing orbit which are explosion points. There istiaetor with its boundary
being the unstable manifold branch pfincluding the tangency. The basin of attrac-
tion includes all points below the stable manifold brancly dficluding the tangency.
Therefore all points of the upper unstable manifold brarfcty Gn green in the figure
for the color online version) are in the basin of attractiéifter the bifurcation, these
points become recurrent. Robert et al. [27] showed thatttitislogical construction
occurs during gap filling as a result of a heteroclinic cyci#hwa tangency for a pair of
period five orbits of the Ikeda map.
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Figure 6: A geometric description of gap filling. The uns&bianifold branch op
with the tangency encloses an attractor. This attractoy mdludes points “inside”
the non-crossing inner cycle prior to tangency. When thedaog pushes through, the
attractor also includes points “on the outside” — that isth@crossing cycle.

3. Three-dimensional crises

There are many theoretical results and analyses of plamangrs of crises, whereas
relatively little is known about three-dimensional exae®lin three dimensions, Diaz
and Rocha [12, 13] described explosions that occur as thi# oésa non-tangency het-

eroclinic bifurcation. In [3], we have adapted these restdtshow that a crisis in a
three-dimensional attractor can occur at a heteroclirfiar@ation without tangencies.

After the crisis, the attractor contains two fixed pointshadifferent numbers of un-

stable directions. The existence of such an attractor isvkres unstable dimension
variability (UDV), and has been studied in the physics étare [5, 9, 10, 18, 20, 21,

19, 23, 28, 30, 32]. Itis of particular interest, as unstalieension variability results

in nonshadowability.

We start by describing the topological dynamics of the eXamfo understand
the role of the heteroclinic orbit in an attractor crisis, meed to be able to describe
when there is a transverse heteroclinic orbit connectirgperiodic points. We then
need to know how a heteroclinic cycle can form. The dynamas lze similar to
the planar case. Namely, when two three-dimensional perjpaints have the same
number of unstable directions, then a bifurcation must otlaough tangency. Fur-
thermore, since surfaces divide three-dimensional sgheeheteroclinic cycles with
explosions in this case parallel the two-dimensional case.

We now consider the case in which the two periodic points readifferent
number of unstable directions (1 and 2). Assume thad a fixed point with two
unstable directions, wheregsis a fixed point which only has one unstable direction.
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Figure 7: A heteroclinic bifurcation in three dimension hatt tangencies. (a) At
the bifurcation, the one-dimensional manifolds intersgdt. The two-dimensional
manifolds can either intersect with (b) or without (c) a twis

(For simplicity, we have chosen fixed points, but the stateméelow also hold for
periodic points.) For a heteroclinic cycle, we assume thatasverse intersection
occurs between the manifolds @fand p. This must necessarily be an intersection of
the two two-dimensional manifolds: the unstable manifdld and the stable manifold
of p. Either the transverse intersection of stable and unstabhgfolds contains non-
invariant components [11], or the intersection persigyetdnnects the two periodic
points. We assume the latter case, depicted in Figure 7. ifitgkes that the one-
dimension invariant manifolds form the boundaries of thepestive two-dimensional
manifolds. That is, the unstable manifoldefs bounded by the unstable manifold of
p, and the stable manifold af is the boundary of the stable manifold pf

Consider a bifurcation parameter value for which the two-dineensional man-
ifolds intersect. This is not a tangency bifurcation, sigeaerically these manifolds
will not share a common tangent space, as in Figure 7(a). kewwsince the one-
dimensional manifolds are the boundaries of two-dimeradioranifolds, a bifurcation
occurs at the intersection of the one-dimensional marsfold

Diaz and Rocha use this construction with the assumptidriibainstable strip
and the two-dimensional stable manifold intersect withativist, as shown in Fig-
ure 7(b). In this case, the intersection point between tleeddmensional manifolds is
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(@) (b)

Figure 8: A numerical example of a heteroclinic bifurcatinrthree dimensions with-
out tangencies. There are two saddle fixed poiptndg. (a) Prior to bifurcation, the
attractor containg but does not contaig. It is contained in the closure of a portion
of U(q). (b) At bifurcation, there is an explosion in which new pgibecome part of
the attractor. However, the density of the new part of theetibr is low.

an explosion point: Prior to bifurcatiop,andq are isolated recurrent points; all points
nearU (p) map far fromS(q), never returning negp. Likewise, no point inJ (q) in-
tersectsS(q), makingq isolated in the recurrent set as well. After bifurcatiorgrth
is a basic set containing transverse homoclinic points th haand p. This implies
that there is a basic set containing bgthnd p, fixed points with different numbers of
unstable directions. The basic set in this example is inigénastable. This is a coun-
terpart of the explosions at tangency points in the one- aoddimensional cases. If
there is an attractor involved, the crisis here would cqoesl to a blowout bifurcation,
in which the entire attractor ceases to exist after the &étion point.

We are interested in the three-dimensional counterpataogp gap filling. That
is, the case in which the intersection between the one-difoeal manifolds is not and
explosion point, but there are explosions occuring thrabghpoint. Gap filling corre-
sponds to the case when the manifoldq) twists at the bifurcation, as in Figure 7(c).
Thus, prior to bifurcation there are homoclinic pointspgoand after bifurcation there
are homoclinic points tg. The intersection is not an explosion point, but there may
be other explosion points occuring when the dynamics chawégehave constructed
the first numerical example of this type of three-dimensia@nassing bifurcation, as
depicted in Figure 8. Prior to bifurcation, there is an ativacontained in the unstable
manifold strip bounded by (p) and the strong unstable manifold pf Points feed
into the attractor from the inaccessible siddJdfy). After bifurcation, this region be-
comes accessible. As in the planar case, points are nowabéturn to this newly
accessible side, resulting in an explosion in the size imattractor. It also turns out
that after bifurcation, the attractor displays unstabfeeatision variability. Numerically
computed stable and unstable manifolds for the examplessimgen [3] are displayed
in Figure 8.
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Figure 9: Scaling of the iterate length in the old part of tlieaator as a function of the
parameter.

4. Scaling laws for attractor density

Immediately after a crisis, there is a very low density ofnp®iin the new attractor.
This low density is known as intermittency in the case of teeiqu three window
of the logistic map [31]. For planar homoclinic and heteiricltangency crises, the
scaling of the low density of the new points as a function efghrameter was analyzed
in the 1980’s, as we describe in the section below. We have sisellar methods to
write down a scaling law for three-dimensional bifurcatavithout tangencies.

Consider a crisis in which the attractor before tangencegmotedAq 4, and the
new part of the attractor appearing at tangency is denétgg. Consider any dense
orbit. Definer as the orbit length irAg g between visits toAne,, andK as the mean
of 7. For larger, P(r) o« K~lexp(r/K). The density ofAne, can be approximated
by the reciprocal oK. The variation in density can be analyzed using scaling tiear
bifurcation pointc = c*. Notice that after the bifurcation lig¢+—.0 K = oo. We ex-
pectK to increase exponentially &s— c*| approaches zero, as depicted schematically
in Figure 9.

4.1. Scaling in two dimensions

Grebogi, Ott, Yorke [14, 15, 16] stated scaling laws for anptahomoclinic or hetero-
clinic bifurcation with a quadratic tangency. In the hetdiric case such as depicted
in Figure 6, we briefly describe the calculation used in ondeillustrate its heavy
reliance on the existence of a tangency. Lébe the lobe formed & after passing
through tangency. Then the following formula holds:

A(L) =¢-w =m(C— Cx) - /C— Cx.
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The density of the new part of the attractor depends on tkbe, an that this is the only
way for points inAgg to enterAne,. The square root in this formula is due to the
quadratic tangency. Lét, = f"(L). ThenA(Lyn) = MA(L), whereM depends on
the eigenvalues af. These are the key ingredients giving rise to the scaling law

4.2. A new scaling law in three dimensions

For the three-dimensional non-tangency bifurcation desdrin Section 3, we have
demonstrated numerically that there is a linear relatigmbbtween the logarithm of
the mean transient length and the logarithm of the distance from the bifurcation
parameterdf. [3]).

Denote the eigenvalues gfby [11] > [12] > 1 > |u|, and those ofp by
|f1] < |B2l < 1 < |a]. The set of points in the attractor (and thus on the two-
dimensional unstable manifold(q)) which exit Agjg must do so by coming very close
to the unstable manifold ob. Starting neamp, the area olJ (q) within € of U (p) is
approximated using and f>. We also need to know the fraction of points which
exit Aglg nearU (p) which re-enter the attractor. This is done using the twoabist
eigenvalues for the linearization @t The estimate leads to the new scaling law, which
give good agreement with numerical calculation. It stadtasthe mean transient length
is K(n) = 57, where

log|41| | logla]

7= =T loglial " loglpal

4.3. Unstable dimension variability

The low density of the new part of the attractor has intengstiumerical implications
in terms of testing for unstable dimension variability. &sely, near the parameter at
which a crisis occurs, the standard test for UDV is not ajplie.

In an attractor with a dense orbit which exhibits UDV, we knibat the dense
orbit comes arbitrarily close to the stable manifold of eéighd or periodic saddle
point. Thus it is possible to find a sequence within the denisié which stays close to
a fixed or periodic point for any prescribed number of itesatfter any finite transient
is removed. For simplicity, assunfeandq are fixed points with different humbers
of unstable directions in an attractor which exhibits UDWc® the middle Lyapunov
exponent of the fixed points have opposite signs, the orbgtrave arbitrarily long
finite time sequences with the middle Lyapunov exponentgeegative, and arbitrar-
ily long finite time sequences with the middle Lyapunov exgrrbeing positive. The
standard test for UDV uses this fluctuation of Lyapunov exgmis around zero [10].

In the case of UDV after a crossing bifurcation, althougls tthieoretically cor-
rect that the Lyapunov exponents fluctuate around zero, ehsity of the attractor is
quite low near the newly added fixed point. Therefore, it ismpatationally infeasible
to use the Lyapunov exponent test for UDV. See [3] for detiailemerical calculations
illustrated using the example depicted in Figure 8.
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