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SOME RESULTS ON PERIODIC POINTS AND CHAQOTIC
DYNAMICS ARISING FROM THE STUDY OF THE
NONLINEAR HILL EQUATIONS

Abstract. We study fixed point theorems for maps which satisfy a propefrstretching
a suitably oriented topological spaZealong the paths connecting two disjoint subsats

andZ; of Z. Our results reconsider and extend previous theorems in (5&® where the
case of two-dimensional cells (that is topological spacesdwmorphic to a rectangle of the
plane) was analyzed. Applications are given to topolodicateshoes and to the study of the
periodic points and the symbolic dynamics associated toats¢semi)dynamical systems.

1. Introduction

1.1. A motivation from the theory of ODEs

In the study of boundary value problems for nonlinear ODBEs, shooting method,
in spite of being sometimes considered as an old fashioreuhigue, is still a quite
powerful and effective tool in various different situatsonFor instance, as a sample
model, let us consider the generalized Stuiriouville problem for a second order
equation of the form

u’+ f(t,u,u’) =0, (u(to), U'(to)) € To, (u(ty),U'(tr)) € 'y,

wheref = f(t, X, y) : [to, t1] x RZ — R is a continuous function satisfying a locally
Lipschitz condition with respect téx, y) andT'o andI'; are two unbounded closed
connected subsets of the plaRé Using the shooting method, one can start from the
Cauchy problem (for which we have the uniqueness of theisolsiand their continu-
ous dependence upon the initial values)

u”+ f(t,u,u’) =0, (u(to), U'(to)) = (X0, Yo) := 20,

with zo € T'p and, having denoted hy(-; to, o) the corresponding solution of the
equivalent first order system in the phase-plane

(1) X/ = ys y/ = - f (ts X, y)a

with ¢ (to) = 2o, look for the intersections betweén and the sef’y, := {¢(t1; to, 20) :

7o € I'o}. Clearly, any pointz; € I'y N I'y is the value(u(ty), u’(t1)) corresponding
to a solutionu(-) of the original Sturm-Liouville problem and different points in the
intersection ofl"y with I'j are associated to different solutions as well. In the simple
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case in whichg is the image of a continuous curdg : [0, 1[ - R2, the setl’; can
sometimes be described as the image of a continuous curybyteneans of the map
61 :[0,1[> s — ((t1; to, Bo(S)) (this, of course, is not always guaranteed, in fact
we are not assuming in this example that all the solutione@@auchy problems can
be defined oritg, t1] and therefore, without further assumptions fgrit could happen
thatféy may be not defined on the whole interyal 1[). See also [9, 10, 13, 23] for
different topological approaches where the uniquenedseo$olutions for the Cauchy
problem is not assumed.

In [55], dealing with some boundary value problems asseditd the nonlinear
scalar ODE

) u” +q(t)gu)y =0

and assuming thaf : [to, t1] — R is a continuous and piece-wise monotone function
andg : R — R, with
g(s)s> 0, for s#0,

a locally Lipschitz continuous mapping satisfying a coiaditof superlinear growth at
infinity, we considered the case in which there is Jtg, t1[ such that

q) > 0 for t eltp,z[ and q(t) <O for t €]z, tg]

and then we found in the phase-plane two conical shélis-) := W(r, R) andW(-)
= —W(r, R), with

(3) W(r, R) := {(x,y) €eR?: x>0, y>0, r2 < x®+ y> < R?},
such that the following path-stretching property holds:

(Hy) for every paths () contained in W=) and meeting the inner and the outer
circumferences at the boundary of({) there are sub-pathg; (+) (i = 1, 2)
contained in the domain pof the mapy : R? 5 zo — ¢(t1; to, Z0) € R? and
such thaty (y1(£)) is contained in W=) and meets both the inner and the outer
circumferences, as well as(y2(+)) is contained in W=) and meets both the
inner and the outer circumferences.

The pointszg = (Xo, Yo) belonging to each of the sub-pathg+t) (i = 2, 1) are initial
points of system

(4) X'=y, y=-q1)gx),

for t = to for which the corresponding solutigr(- ; to, zo) = (u(-), U’(:)) is such that
u(t) has a sufficiently large (but fixed in advance) number of zertise intervalltp, 7 [
and then, either exactly one zero or no zeros at all (and afaeits derivative) in the
interval]z, t1] .

*In [55] we used a definition of path which is slightly diffetérom the one considered here in Section
1.5; however, this does not effect the validity of propéitts-). Actually, for the moment, as long as we are
in the introductory part of this work and also for the sakeiofgdicity in the exposition, we prefer to be a
little vague about the precise concept of path we are going¢o
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Figure 1. An illustration of the situation which occurs irb]5 Any pathe = o (+)
contained in the first quadrant and meeting the inner and uker gircumferences of
the conical shelWW(+) (like the one drawn with a thinner line) contains (at least) t
sub-pathg1 = y1(+) andy2 = y2(+) (like those drawn with a thicker line) satisfying
the following property: through the map one of the two sub-paths (namejy,) is
transformed to a path (drawn with a thicker line) containedhie first quadrant and
crossing the seiV(+), while the other sub-path (that ig) is transformed to a path
(drawn with a thicker line) contained in the third quadramd &rossing the sat/(—).
The same happens with respect to any path) contained inW(—) and intersecting
the inner and the outer circumferences at the boundavy ©f).



118 D. Papini - F. Zanolin

Figure 2: An illustration of the possible behavior of a smlotu(t) of (2) fort
[to, t1], with (u(tp), U’'(tg)) belonging toy1(+). The solution oscillates a certain (large)
number of times injtp, z[ . At the timez of switching fromq > 0toqg < O the point
(u(z), U'(2)) lies in the interior of the fourth quadrant of the phase-plafhen, in the
interval[z, t1] we haveu(t) > 0 with u’(t) vanishing exactly once.

iyl
IV

Figure 3: An illustration of the possible behavior of a smnotu(t) of (2) fort e
[to, t1], with (u(tp), U'(tg)) belonging toy2(+). The solution oscillates a certain (large)
number of times injtg, z[ . At the timer of switching fromqg > 0toq < O the point
(u(z), U'(z)) lies in the interior of the fourth quadrant of the phase-plafhen, in the
interval[z, t1] we haveu’(t) < 0 with u(t) vanishing exactly once.
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Figure 4: An illustration of the possible behavior of a smntu(t) of (2) along an
interval made by two subintervals whege> 0 which are separated by a subinterval
whereq < 0. In this latter subinterval’ < 0 andu vanishes exactly once.

If there are several adjacent intervals like, t1] in which the weight functiorg(t)
changes its sign, we can repeat the same argument for eagthohgervals and obtain
solutions which have a large number of zeros in each interliehq(t) > 0 and either
exactly one zero, or no zeros at all (according to any finitgieace in0, 1} which is
fixed in advance). Figure 4 and Figure 5, below, describeithat®n of two positive
intervals for the weight which are separated by an interdaneq < 0. According
to [55] there exist solutions with a large number of osdilas in the intervals when
g > 0 and vanishing either once or never in the interval when thigit is negative.
Both kind of solutions coexist for the same equation, theedéht outcome depending
by small differences in the initial conditions. The graphaweh in Figures 2-5 (using
Maple software) represent an idealized situation that weassa description of the
main result in [55] and do not concern a specific equation(iie

In [55], using a key lemma involving the path-stretchinggedy (H+), and
some results adapted from Hartman [28] and Struwe [69] (whitow to find in-
finitely many solutions for generalized Sturrhiouville superlinear problems when
the weight function is positive), we obtained the existeaténfinitely many) solu-
tions for various boundary value problems associated tatémpu(2) in the case of a
nonlinear functiorg satisfying a condition of superlinear growth at infinity. Agsi-
ble choice ofg is given byg(s) = |s|* Is with « > 1, which makes equatio(®)

a nonlinear analogue of Hill's equation (cf. [5]). Our resuh [55] allow to obtain
solutions having an arbitrarily large number of zeros inititervals wherg > 0 and
either no zeros or exactly one zero (following any prescrige) in the intervals when

g < 0. In some related works (see, e.g., [14, 58, 59]) it was thewngatthat similar re-
sults hold also with respect to other kinds of nonlinear ODEsnder different growth
assumptions fog(s) in (2). The interested reader can find in [4, 6, 70] as well as in
[8, 14, 24, 45, 52, 53, 54, 57, 59] and the references thetgthdr information and



120 D. Papini - F. Zanolin

Figure 5: An illustration of the possible behavior of anatkelutionu(t) of (2) along
an interval made by two subintervals where- 0 which are separated by a subinterval
whereq < 0. In this latter subintervall > 0 andu’ vanishes exactly once.

results about the rich structure and the complex dynamitiseo$olutions of the non-
linear equatior(2) with a sign changing weiglg(t).

In the case when(t) is a periodic function such that its interval of periodicity
can be decomposed into a finite number of adjacent subifsemreereq(t) alternates
its sign, a natural problem turns out to be that of the seafgieigodic (harmonic and
subharmonic) solutions t®). Results about the existence of infinitely many periodic
solutions for the superlinear case were obtained by Builéig pioneering work [6].
For a nonlinearity having superlinear growth at infinityyfeeini and Verzini in [70]
proved the existence of periodic solutions which have aitrarBy large (but possibly
fixed in advance) number of zeros in the intervals wiger- 0 and precisely one
zero in the intervals wheq < 0. At the best of our knowledge, this is the first result
giving evidence of a very complicated behavior for the ohg of the nonlinear Hill’s
equations with a sign changing weight.

In view of the path-stretching propertyd.) and the above quoted results for
the periodic problem, as a next step, one can raise the goestiether it is possible to
obtain fixed points (as well as periodic points) for a map theyp considered ifH.).
This goal was achieved in [56] where we obtained a fixed pdiabtem for planar
maps (subsequently reconsidered and generalized in [3P{t&Q, when applied to
the case of a periodic weight function, shows that the pattehing condition(H.)
implies the existence of infinitely many periodic solutigharmonic and subharmonic)
as well as the presence of a chaotic-like dynamics for thatisols of (2).

1.2. Fixed points and periodic points for planar mappings

In order to present the results in [56, 59, 60], first of all wi ip a more abstract form
the situation described ifH..). For sake of simplicity, we give here only some of the
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main features of our approach, with a few comments. Thedsted reader is referred
to [59, 60] for all the details, as well as for some remarks emmiments [61] relating
our results to some developments of the Conljazewski theory [17, 25, 26, 47, 49,
65, 66, 67, 68, 79, 80, 81, 82]. We also notice that the terlogyhere is a little
different than in [56, 59, 60]. The different choice in thegentation is made in order
to employ some terms that can be easily adapted to the highendional case, that is
the scope of the second part of this article.

Let X be a Hausdorff topological space. A subRet X is called ageneralized
rectangleor atwo-dimensional ceif there is a homeomorphismof [0, 1]2 € R? onto
R C X. Giveny, we put in evidence the sets

R =n({0} x [0,1]), R, :=n({1} x[0,1]), andR™ =R UR .

We define also the pair
R:=(R,R)

as a (generalizedjriented rectangler oriented cell The indexes I'” and “r ” stand
for “ left " and “ right ", respectively. Clearly, any other waof labelling two objects
(like “0” and “1") fits well. By setting

RY = n([0,1] x {0} and R := ([0, 1] x {1}),

one can also define in a dual manner the “ base ” and the “ top Hefyeneralized
rectangleR. By convention, we take the orientation through fh¢™ -set.

As an example, the conical shéll := W(+) = W(r, R) defined in(3) is a
generalized rectangle and we can take the homeomorphierarder to have

R =WH) NP +Y> =13}, R :=W(H) N X +y?> =R

Next, we present a fixed point theorem for continuous mapshwsiretch an
oriented rectangle. The main feature of our result is thabetk for fixed points which
belong to a given subsét of the domain of the map under consideration. By reason
of this requirement, we consider paitB, y).

LetA = (A, A7) andB = (B, B™) be two oriented rectangles (in the same Hausdorff
topological spac«), lety : X © D,, — X be acontinuous map and [Btc D, N.A.

We say tha(D, v) stretchesA to B along the pathand write
D, w): ﬁ@@,
if there is a compact séf < D such that the following conditions are satisfied:
w(X) € B,

for every pathy € A with e N A" # ¥ ande N A # ¢, there is a sub-path
y SonXwithy(y)NB #Pandy(y) N By # 0.
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W(R) T

Figure 6: Suppose that a continuous mappjngansforms the generalized rectangle
R (the “fat” cheese-like object) to the worm-like sgtR). The two components of the
[-17-set of R as well as their images undgrare represented by segments (arcs) with
a darker color at the contour of the corresponding figuree Stretching property is
visualized by the fact that there is a “crossing” of the “wdthrough the “cheese”.

To put emphasis on the role of the compacti§ét the stretching definition, sometimes
we also write

(D, K, ) : As~B.

Using a result about plane continua previously applied iiffarént context also by
Conley [11] and Butler [6] (for a proof, see [63] as well as ,[89]), the following
fixed point theorem was obtained.

_ THEOREM1. LetR = (R, R7) be an oriented rectangle in Xf (D, X, w)
: Ra~R, then there isp € D (actuallyw € X) such thaty (w) = w.

An illustration of Theorem 1 is given in Figure 6.

Of course, not all the crossings fit to our purposes. FormstaFigure 7 shows
an example of nonexistence of fixed points.
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Figure 7: An example showing a case in which the stretchioggmty is not satisfied.
The white region is moved to the white one and the darker todtdr&er one by a
homeomorphism which does not have fixed points.

In order to better understand which are the good crossinggeleaR andy (R)
that permit to apply our fixed point theorem, we consideredftilowing definitions
of slabs of an oriented rectangle (called “ slices " in [60]).

R Let M = M, M‘Landﬂ = (N, N7) be two oriented cells ixX. We say that
M is ahorizontal slabof N and write

~

Mch N,

if M € N and, either
M7 SN andM; SN, ,

or
M SN and M; SN .

Similarly, we say thalVl is avertical slab of N and write
J’V\[ gl} 5\\{5
if M € N and, either
MS S NG and M < N,

or
M SN and M S N
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Figure 8: (taken from [60]). Example of oriented céligwhite) andy (R) (light color)
with crossings into three slabs (darker color). Th§ -sets are indicated with a bold
line. Among the five cells which are the connected componehthe intersection
w(R) N R, only the three painted with darker color are suitable to plegyrole of the
M’s for the application of Theorem 2.

Now given three oriented rectangles (cellsXipwhich are denoted b)ﬂ (A, A7),
= (B, B~ )andM (M, M™), we say tha3 crossesA in M and write

ﬁe{flmﬁ},

ﬁghﬁ andﬁgu B.

The symbolth is borrowed from the case of transversal intersectionsghienwe point

out that in our situation (although confined to sets whichhaoedimensional in nature)
we don’t need any smoothness assumption. In fact, our ga#tithat of topological

spaces. From the above definitions and by Theorem 1 the fiollpresult easily fol-

lows.

THEOREM 2. LetA = A, AT andB = (B, B™) be oriented cells in XIf
D, XK, p) : A<~B and there is an oriented ceM such thatM e {A M B} then
there existan € K N M such thaty (w) = w.

A situation like that depicted in Figure 8 in which we have mtitan one good
intersection between the domain and the image of a homedmsangs typical of the
horseshoe maps and thus, as a next step, we can look for 8terex@ of a complete
dynamics onm symbols, wheran > 2 is the number of the crossings. With this
respect, we have to recall that a very general topologieairthhas been developed in
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the recent years by Kennedy, Yorke and their collaboratoesseries of fundamental
papers in this area (see [33, 35, 36, 37, 38]). Our goal idsteto take advantage of
our simplified framework in which we consider only sets whichk homeomorphic to
a square and prove the existence of periodic points of amgrofia this aim, we have
to apply Theorem 1 to the iterates of the mapnd select carefully some subset of
the domainD in order to find “true” periodic points (for instance thosetlwa long
minimal period). First, however, we need a further defimitimken from [39].

We say thaty : X > D, — X has achaotic dynamics of coin-tossing type
on k symboléf k > 2 and there is a metrizable spageC X andk pairwise disjoint
compact set¥V, , ... , Wk € ZnN D, such that, for each two-sided sequegfnez
with

she{l,....,k}, VnelZ,

there is a sequence of poir(i& )nez With
Zn € Wsn and Znt1 = l//(Zn) . vnelZ.

In other words, any possible itinerary on the s@fs ..., W is followed by some
point.

As an auxiliary tool in order to obtain at the same time thestexice of such
kind of chaotic trajectories and also the fact that all theiquic itineraries can be
followed by some periodic point, we have the following theror(see [59]), which is
also reminiscent of some results in [34] and [73].

THEOREM 3. Assume that there is a (double) sequence of oriented reletsing
(A)kez and maps((Di, yk)kez » With Dy € A, such that(Dy, k) : Ax<a-Axs1
for each ke Z. Then the following conclusions hold:

(a1) Thereis a sequendey)kez With wk € Dk and wy(wk) = w1 forallk € Z;

(ap) Foreach je Zthere is a compact and connected €¢tC D; satisfying
CiNMU) #9, CnANT #9

and such that for eaclv € Cj there is a sequencgy).>; , with y, € D, and
Yj = w, Ye+1 = we(ye) for eacht > j;

(ag) If there are integers hk with h < k such thatﬁh = AAk, then there is a finite
sequenceéz )n<i<k, Withz € Dy andyi(z) = z 41 foreachi=h, ..., k-1,
such that g = z, that s, # is a fixed point ofyk_1 0 --- o yy, .

The proof of(a;) and partially also that ofaz) could be given by adapting to
our setting the argument in [33, Lemma 3 and Proposition 5.t&\(az), we apply
Theorem 1. The existence of the continuum (compact condeset)Cj in (ap) is a
byproduct of the topological lemma that we employ also inghsof of Theorem 1.
We give all the main details along the proof of Theorem 11 iati®a 3.2 and refer to
[59] for more information.
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From Theorem 3 several corollaries can be obtained. Now stergeall a few
of them which are taken from [59] and [60]. Due to space litiota we don't give
here other applications to ODEs. We just mention the redesgis by Covolan [12]
which contains a detailed description of the results in [@3] those in [59, 60] and
where it is shown that our theorem, when applied to the seafdhxed points for
the iterates of a two-dimensional map, may add some usefuiniation (about the
existence of periodic points) to the conclusions obtaimesbime recent articles (like,
e.g., [30, 75, 76, 77]), where the theory of topological ks®es was applied to prove
the existence of a chaotic dynamics in various different etsd

THEOREM4. Suppose thatl = (A, A7) andB = (B, B™) are oriented cells
in X. If (D, X, y) : A<g~B and there are k> 2 oriented cellsM ..., Mg such that

M e {(AhmB), fori=1,...,k,

with
MinMjNX =g, forall i # j, with i, j e {1,...,k},

then the following conclusion holds:

(b1) w has a chaotic dynamics of coin-tossing type on k symbolk fegfpect to the
sets W= K; = X NM;);

(b2) For each one-sided infinite sequense= (s, S1,...,%,...) € ... kN
there is a continuun@® € Ks, with

CSN Mgt #9, and €3N (Mg # 9,
such that for each poinb € €3, the sequence

Zit1=w(Z)), Z=w, for j=01...,n,...

satisfies
zj € Xy , Vi=01,...,n,... ;
(b3) w has a fixed point in each sé€; := M; N X and, for each finite sequence
(S0, S1, ..., Sm) € {1,..., k)™ with m > 1, there is at least one point‘ze

XK such that the position
zjy1=vw(z), 2=z, forj=0,1,...,m
defines a sequence of points with

zjeXs, ¥j=0,1,...,m and 1=2".

As a comment to this result, we look again at Figure 8 and ekgbat, besides
having a coin-tossing dynamics on three symbols, we haeethésexistence of fixed
points in each of the three darker regions and, moreovee weachave labelled these
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Figure 9: (compare to Figure 6). Now the worm crosses ni¢eycheese for two times
and we obtain a complete dynamics on two symbols (as well @sdie points of any
period).

three regions with corresponding symbols, sa®, B, we have also that to any periodic
sequence i1, 2, 3} we can find a corresponding periodic point for the maprhich
follows (alongy) the itinerary described by the periodic sequence. Figultagrates
the case in whichy is a homeomorphism and the three good intersections amgipair
disjoint. Actually, our Theorem 3 is more flexible (cf. Cdeoly 2 below) and it allows
to come to the same conclusion by a careful selection ofidisjobsets of the domain
of the map (which is not necessarily a homeomorphism). Adlastriation of this
remark, let us consider Figure 9.

In this direction, two possible corollaries of Theorem 3 time following. They cor-
respond, respectively: (a) to the property(H+) which holds with respect to the
solutions of systengl) and the two conical shel/(+) andW(—), and (b) to the
example depicted in Figure 9. We refer to [59] for the prooboth the corollaries, as
well as for the proof of a more general result from which thethicome.

COROLLARY 1. Let ﬁo = (Ro,R;) and ﬁl = (R1,R7), be two oriented
rectangles witlRg N Ry = ¥ and such that

y:Ri<asR, Vi, je(0,1}.
Then the following conclusions hold:
(c1) w has a dynamics of coin-tossing type with respect to the (@F&jr R1).;

(cp) For every sequence = (Sh)n, with 5, € {0, 1} for each n> 0, there is a
continuume® C R, satisfying

CSN R #0, €N (R #0
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Figure 10: (compare to Figure 9). The two good crossings cfvom two disjoint
subregions (those painted with a darker color) of the domain

and such that for eaclhy € €S there is a sequence/n)n, with y, € R, and
Yo = w, Yn+1 = y(¥n) for each n= 0;

(c3) For each finite sequendsy, s1, . . ., ) € {0, 1k*+1 with 5 = 59, there is a
wo € Rg, Which generates a finite sequen@er)o<¢<k such that

w(we) =wer1€Rs,, VE=0,... k-1
andwyk = wg.

COROLLARY 2. LetR = (R, R™) be an oriented cell and suppose that there
are two disjoint compact sef8g, D; € RN D, such that

(Di, y): Ra~R, Vi e (0,1}
Then the following conclusions hold:
(d1) w has a dynamics of coin-tossing type with respect to the (@it D1);

(d2) For every sequence = (sh)n, With §, € {0, 1} for each n> 0, there is a
continuumes < Dy, satisfying

CN@RF #0, SN@R)F #0

and such that for eachy € CS there is a sequenc@n)n, with y, € D, and
Yo = w, Yn+1 = y(yn) for each n> O;

(d3) For each finite sequendey, si, . .., ) € {0, 1}¥t1 with g = s, there is a
w € Dg, which generates a finite sequeneer)o<¢<k such that

w(we) =wer1 €Dy, YE=0,...,k—1

andwk = wg.
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1.3. Extensions to higher dimensions

Suppose now that we have a (non-autonomous) nonlinearetifial system inR"
(with N possibly strictly larger than 2)

(5) X' = F(t, X)

with F : RxQ — R" a continuous vector field (more general Cagaitiory hypothesis
could be considered as well) which satisfies a local Lipgatondition with respect to
X € Q, whereQ is an open subset &". Assume also that there 1 > 0 such that
Fit+T,x) = F(,x) for every(t,x) € R x Q. Then we can define the Poiné&
operator

Q:Q2 Dg— RY, o ((to+ T;to, 20),

whereg (- ; to, Zo) is the solution of5) satisfying the initial conditiox(tp) = zo. From
the fundamental theory of ODEs we know tH2y is an open subset @ andQ is a
homeomorphism oDg onto its imageQ(Dg). The problems that we want to discuss
concern:

(A) the search of -periodic solutions of equatiofb),

(B) the existence of “true” subharmonic solutions (thams]-periodic solutions of
(5), for somem > 2, that are notj T -periodic for everyj = 1,...,m— 1),

(C) the evidence of a complex behavior of the solutiong%)f For instance, the
existence of two sets like the sét&+) andW(—) found in [55] for the systems
X; = X2, X, = —q(t)g(x1), where the trajectories can arbitrarily get in and

out respecting any a priori fixed coin-tossing sequencedsas (say 0 or 1 or

“left” and “right”) labelling the two sets.

For these goals, following a classical method [40] we relyh@nstudy of the Poincais
mapQ and its iterates, or, in other words, we investigate therdieadynamical system
associated t&@. Actually, we study general maps which are not necessarily home-
omorphisms (even continuity on their whole domain will bé assumed; of course,
we’'ll need continuity on some “interesting” subsets of th@@main) for which we
discuss the existence of fixed points, periodic points ambiit-like dynamics. Our
main assumption is atretching condition along the pathibat extends to a broader
setting the propertyH..) recalled above as well as it generalizes to higher dimension
the previous treatment for the two-dimensional case censttin [56, 59, 60].

Maps which act on a topological rectangle as an expansiargadome direc-
tions and a compression along the remaining ones have bealyvgtudied in the
literature. They appear, for instance, in the construadioMarkov partitions (cf. [51,
Appendix 2, pp.169-177]) and therefore they are cruciahsstudy of the multidi-
mensional chaos. Another area in which such maps are id@oecerns the search
of periodic solutions for periodic non-autonomous diffgial systems which are par-
tially dissipative (cf. [2, 3, 41]). In order to set a suitabist of hypotheses for a
fixed point theorem concerning a continuous mapping: (wu, ws) defined on ax-
dimensional rectangl® = By[0, 1] x Bs[0,1] € R" = RY x RS (where we think
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at theu-components and th&components as the unstable-expansive and the stable-
compressive ones, respectively), a reasonable choiceofrgtions to put on the map
w along thes-component will be that of taking conditions that reducehtose of the
Brouwer or of the Rothe fixed point theorems (or to analogamespin the special case
whenu = 0 ands = N. On the other hand, it seems perhaps less evident which ceuld b
the best choice of assumptions to express the expansi alifemg thes-components.
With this respect, both conditions on the norm (like in [2,&hd componentwise con-
ditions (like in [80, 81]) have been assumed. As we have dyreaplained with some
details in the first part of this Introduction, motivated e tstretching propertyH.)
discovered in [55] for equatiof®) we obtained in [56] a fixed point theorem for planar
mappings where the main hypothesis requires that the mamedsghe paths connect-
ing two opposite sides of a topological rectangle. Furtteregalizations were then
given in [59, 60], but still for a setting which is basicallwd-dimensional in nature.
We recall that an expansive condition for paths connectiegopposite faces of 18-
dimensional rectangle was also considered by Kampen in @®@wing an arbitrary
number of expansive directions (see [32, Corollary 4]). egv, when reduced to the
special cas®&l = 2, Kampen’s result and ours seem to differ in some relevanttpoin
In particular, a crucial assumption of our fixed point theoria [56] allows the map
to be defined only on some subsets of the rectangle and, nesrewen when the the
mapping is defined on the whole rectangle, the assumptiof82jrand those in [56]
about the compressing direction are basically differente Of the main features that
we ask to a fixed point theorem for expansive-compressivepingp is to depend on
hypotheses that can be easily reproduced for compositibngaps. This, in turns,
permits to apply the theorem to the iteratespofind thus obtain results about the ex-
istence of nontrivial periodic points. Since our path+stneng property well fits also
with respect to this requirement (of course, itis not theyamle; in fact, nice alternative
approaches are available in literature), we want to addressvestigations toward a
suitable extension of such property to the cise 2.

1.4. Contents

After such a long introduction in which we surveyed some of preceding results
for the two-dimensional case, we are ready to present somaleeelopments in the
higher dimensional setting. Then the rest of this paper gamized as follows. In
Section 2 we present our main result (Theorem 6) which is a fpant for a com-
pact map defined on a subset of a cylinder in a normed spacerdém to simplify
the exposition, we confine ourselves to the idealized s$@nah which we split our
space as a produt x X and indicate its elements as paitsx), so that we can easily
express our main assumption as an hypothesis of expanstbe phths contained in
the cylinderB[a, R] = [—a, a] x B[0, R] along thet-direction. The principal tool for
the proof of our basic fixed point theorem is the Ler&chauder continuation theo-
rem in its strongest form asserting the existence of a coatmof solution-pairs for
a nonlinear operator equation depending on a real paraifi¢teoeme Fondamental
[42]). Such result, with its variants and extensions, is ohae main theorems of the
Leray—Schauder topological degree theory and it has found sewepalrtant applica-
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tions to bifurcation (and co-bifurcation) theory [20, 22, 2], to the investigation of
the structure of the solution set for parameter dependarstims [19, 31, 43] and to
the study of nonlinear problems in absence of a priori boind$0, 44, 46]. Thus, as
a byproduct of our proof of Theorem 6 we also provide a new fppbthe main fixed
point result for planar maps in [57], without the need to rely properties of plane
topology.

Then, we give some variants of Theorem 6 which are analogothetdifferent
forms in which the Schauder fixed point theorem is usuallg@néed. In Section 3 we
investigate an abstract fixed point property for topologsgaces which express in a
more abstract fashion the content of Theorem 6 and its uari&m analysis of such a
new fixed point property allows (like in the case of the cleakfixed point property)
to prove that it is invariant under homeomorphisms as weit &s preserved under
continuous retractions. This in turns, permits to obtaime@eneral results in which
we produce fixed points for maps defined on topological cgisd By topological
cylinders we mean sets which are obtained from a cylinderBila, R] after a defor-
mation given by a homeomorphism. For instance, the follgwesult (see Corollary 3
of Section 3.1) is obtained.

THEOREMS. Let K # () be a compact convex subset of a normed space. Let
Z be a compact topological space which is homeomorphjf,t] x K, via a home-
omorphismh Z — [0, 1] x K. Define

Z7 =h1({0} x K), Z7 :=h"1({1} x K).

Suppose thay : Z > D, — Z is a map which is continuous on a $etc D, and
assume the following property is satisfied:

there is a closed sév € D such that for every path € Z withe N Z; # ¢
ando N Z7 # ¢, there is a sub-patly € ¢ N W with ¢(y) N Z7 # 0,
p(y)NZ #0.

Then there exists a fixed poinbfy with Z € D (actually,z € 'W).

The possibility of studying topological cylinders (instieaf topological rectan-
gles like in [59, 60]) open the way toward an extension of #utts about oriented
rectangles presented in Section 1.3 to higher dimensidnjatts possessing a priv-
ileged direction. Thus we conclude the paper with a list adgilnle applications to
maps which stretch the paths along a direction if1L,aN — 1)-rectangular cell(see
Section 4.1 for the corresponding definition).

1.5. Notation

Throughout the paper, the following notation is used. Zdte a topological space and
let AC B C Z. ByclgAand inig Awe mean, respectively, the closure and the interior
of Arelatively toB (that is, as a subset of the topological sp&cwith the topology
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inherited byZ). When no confusion may occur, we also sef ahd intA for clz A and
intz A, respectively.

For a metric spacéX, d), we denote byB(Xg, R) := {x € X : d(X, Xg) < r}
the open ball of centexg € X and radiugy > 0 and byB[xp, R] := {x € X :
d(x, Xp) < r} the corresponding closed ball. Givena map X 2 D, — Y, with
X, Y metric spaces and a given sub$ebf the domainD,, of y, we say thaty is
compact orD if it is continuous onD and y (D) is relatively compact irY, that is,
cl(y (D)) is compact.

Let Z be a topological space, 16§ : [a;,b1] — Z and8y : [ap,by] — Z
be two continuous mappings (parameterized curves). We @it~ 6, if there is a
homeomorphisrh of [a1, b1] onto[ay, b2] (a change of variable in the parameter) such
thatd>(h(t)) = 61(t), Vt € [a1, b1]. Itis easy to check that is in fact an equivalence
relation and thaf ([a1, b1]) = 62([az, be]) wheneved, ~ 6> . By apathy in Z we
mean (formally) the equivalence clags= [#] of a continuous parameterized curve
6 : [a,b] — Z. In this case, with small abuse in the notation, we wyit€ Z. Since
the image sef([a, b]) is the same for eadh: [a, b] — Z with y = [4], the set

7 :={0(a,b]): 0 €y}

is well defined. Given a seh C Z and a patly C Z, we writey N A #  to mean
thaty N A # ¢, that is, for every parameterized cueepresenting we have that
d(t) € A for somet in the interval-domain of). Given a pathv < Z, we say that
y C Zis asub-pathof ¢ and writey C ¢ if there is@ : [a,b] - Z with [0] = ¢
such that the restrictiofi|(c,4;, for some[c, d] < [a, b], represents . According to
these positions, given the pathse C Z and a seW C Z, the conditiony C o N'W,
means thap is a sub-path ot with values in WIf Z,Y are topological spaces and
¢ : Z 2 Dy — Y is acontinuous map, then for any pathc Dy andé : [a, b] — Dy
such thafd] = y, we have that) o 0 : [a, b] — Y is a continuous map. It is easy to
check thatp 0 81 ~ ¢ 0 62 whendy ~ 6> and therefore (y ) := [¢ o 6] is well defined.

At last we recall a known definition. Let be a topological space. We say that
Z is arcwise connected, given any two pointsP, Q € Z with P # Q, there is a
continuous map : [a, b] — Z such that(a) = P andéd(b) = Q. In such a situation,
we'll also write P, Q € y, wherey = [0]. In the case of a Hausdorff topological
spaceZ, the image sef([a, b]) turns out to be a locally connected metric continuum
(a Peano space according to [29]). Then, the above defimfiarcwise connectedness
is equivalent to the fact that, given any two poitsQ € Z with P # Q, there exists
an arc (that is the homeomorphic image of a compact interval) doathin Z and
having P andQ as extreme points (see, e.g., [18, p.29], [29, pp.115-13[]14).

2. Afixed point theorem in normed spaces and its variants

2.1. Main results

Let (X, | - ||) be a normed space and suppose that

= (¢1,¢2) :Rx X 2Dy — R x X



Periodic points and chaotic dynamics 133

is a map (not necessarily continuous on its whole dorigjreven if, in the sequel, we
assume the continuity @f on some relevant subsBtof Dy).

LetD < Dy be a given set (in our applications we’ll usually taReclosed, for
instance D = W of Theorem 6 below, but such an assumption for the momenttis no
required). We are looking for fixed points ¢fbelonging toD, i.e., we want to prove
the existence of a pair= (f, X) € D which solves the equation

t=¢1(t, %)
X = ¢2(t, X).

Ouir first result is the following.
THEOREMG. LetB[a, R] :=[—a, a] x B[0, R] and define
Bi:={(-a,x) :Ixl =R}, Br:={@x:Ixll <R}
the left and the right bases of the cylindefa, R]. Assume that
¢ is compact onD N Bla, R]
and there is a closed subsit € D N B[a, R] such that the assumption

(H) for every pathc C B[a, R] witho N B # ¥ ande N B, # B, there is a
sub-pathy € o N"Wwith(y) € Bla, Rlandg(y)NBy # W, ¢(y)NBr # 4,

holds. Then there exisis= (f, X) € W € D, with ¢(2) = z.

Proof. First of all we observe that, as a consequence of Dugundgriskbn Theorem
and Mazur's Lemma (see, e.g., [64, p.22] in the case of Baspabes or [16, Th.2.5,
p.56] for a general situation), there existsanpacboperatoip defined orR x X which
extendsp restricted tow, i.e.

P RxX—>RxX, &lw=dlw.
Consider also the projection
Pr: X — B[0O,R], Pr(x):=x min{l, R|x|~%
and define the compact operator
y=(y1,p2), yit,X):=¢1(t, %), ya(t,x) = Pr(2(t, X))
Note that ifz = (f, X) is a fixed point ofy with
(6) zeW and ¢(i, X) € B[O, R],

thenf = y1()) = ¢1(d) = $1(2) andX = y2(2) = Pr($2(2)) = Pr(¢2(2) =
¢2(t, X), so thatz € W is a fixed point ofp.
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We study now the auxiliary fixed point problem
(7) X=y2(t,x), xeX

where we take, for a momeritge [—a, a] as a parameter.

Observe that, by definitiony(t, X) € B[O, R] for every(t, x) and therefore,
foranyr > R, it follows that

X—y2(t,x) 20, Vte[-a,a], VxeoB@O,r).
Thus the Leray-Schauder topological degree
do := dedl — y2(t, ), B(O,r), 0)

is well defined and is constant with respectta [—a, a]. Using the compact homo-
topy h; (x) defined by

(A, X) > X — Aya(t,x), with 1 €[0,1] andx € B[O, r]

we find thath,;(x) # O for every4 € [0,1] andx € &B(0,r) and thereforaey =
deql, B(O,r), 0) = 1. Hence, the LeraySchauder Thoeme Fondamental [42] im-
plies that the solution set

T :={t,x) €e[-a,a] x B(O,r) : x = yoa(t, X)}
is nonempty and contains a continuum (compact and connsetgélsuch that
p1(8) =[—a,al,

where we have denoted lpy : Rx X — R, pi(t, X) = t, the projection of the product
space onto its first factor (see also [44] for more informatdout this fundamental
result). Since the projection &fonto thet-axis covers the intervdl-a, a], we obtain

SNB #0, SNB, #£0.
By the definition ofPR it is clear also that
(8) P2(8) < B[O, R] € B(O, 1),

where we have denoted iy : R x X — X, pa(t, X) = X, the projection of the
product space onto its second factor.

Let nowe €10, r — R[ be a fixed number and consider a covering bl a finite
number of open balls of the forrit; — ¢, tj + ¢[ x B(X;, &), with (ti, i) € S. Without
loss of generality, we can suppose that <t; <ty...ti_1 <t ...tny < a, whereN
is the number of the balls required for the covering. The set

N
U, == U]ti —& i +e[xB(Xi,e) S]—a—e,a+e[ xB(@O,r),
i—1
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is open and connected. Hence, it is arcwise connected as Wadrefore, there is a
continuous map : [0,1] — U, with 8(0) € B andf(1) € B, and, without loss
of generality (i.e., possibly cutting off some points of tinterval and changing the
parameter for the curve) we can also assume that

01(s) .= p1(@(s)) e [—a,a], Vse][0,1].
Next, we define the new curvgs) = (¢1(S), ¢2(S)), with
(1(s) == p1(0(s)) = 61(9),  (2(s) := Pr(p2(6(9))) = Pr(62(s))

and observe that(-) satisfies the following properties:
(I1) ¢(s) eV, N Bla,R], Vse][01];
(I2) ¢(0) € By and¢(1) € By ;

where we have set

N
Ve = J It —e.ti +el xB(x;, 2).
i=1

To check(l1), let us setx := ¢2(s) and assume thgix|| > R as well ax € B(x, ¢),
for somei. Then,

RX % H—qu X1 11/ 11X
x| '
R I
< — lIx =%l + (IX]| = R)—=+ < 2.
I ' I

The proofs of all the remaining cases for the verificationlef are obvious.

From(l1) and(l2), it follows that the patly := [¢]is contained in the cylindeB[a, R]
and it has a nonempty intersection with the left and the riglstes ofB[a, R]. Then,
by hypothesigH), we know that there exists a sub-patlof o, such thayy € ‘W with

¢(y) < Bla, Rlandg (y )NBy # ¥, p(y)NBr # V. Letd = (¢1,&2) 1 [0, 1] - Rx X
be a continuous map such thal = y. By the above assumptions, we have that

(J) E(5)eV.NW, Vsel01];

(J2) ¢#(£(0) € Bl and ¢(<(1) € By :

(Ja) ¢(£(s)) € Bla,R], Vsel0,1];
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are satisfied.

We consider now the continuous mgp [0, 1] > s+ &1(S) — ¢1(£(S)), where
&1(8) = p1(&(s)). Sincel(s) € 7 < o, we have that1(0) > —a and therefore
g(0) > —a— (—a) = 0. Similarly, one can check that1) < a—a = 0. By Bolzano’s
Theorem, we conclude that there exists s@mgre$; € [0, 1] such that, setting

t= fg = gl(é)a X = )A(s = 52(§)9 2= 25' = (f, ),Z)s

we find that
2eV.nW, t=¢1(2), ¢2(2) € B[O, R]

By the definition of$ andy, it is clear that
2eV.nW, f=y1(2), ¢22) € B[O, R]

Moreover, for eaclt € V, N'W, there isz; € 8§ such that|z — 7 || < 2s.
Then, lettinge = ¢, N\, 0 and passing to a subsequence on the correspoiging
(thanks to the compactness&)f we can find a point

z=(,X) €8

such that (by the continuity @f andy and the closure o)
ze3NW, t=y1(2, ¢2(2 € B[O R,

follows. The fact tha8 is contained in the solution s&t of (7) implies that

X = yo(t, X)
and thereforez € W is a fixed point ofy (since we have already proved tHat=
w1(t, X)). The fact thatp(t, X) € B[O, R], implies (in view of(6) and the remarks at
the beginning of the proof) thate W is a fixed point okp. O

REMARK 1. The first part of the proof of Theorem 6 can be used to obtain
the following result where we use a slightly different expiga condition which is
inspired from [33, 36, 37]. We recall that here bgantinuumwe mean a compact and
connected set.

THEOREM 7. With the notation of Theorem 6, assume thas compact orD
N Bla, R] and there is a closed subsi¥t € D N B[a, R] such that the assumption

(H”) for every continuurne C B[a, Rl withe N‘B| # @ ande NB, # @, thereis a
continuuml™ € e "W with¢(I') € Bla, Rland¢ (I')NB| # 3, p(T)NBy # 0,

holds. Then there exisis= (f, X) e W € D, with ¢(2) = Z.

Proof. We follow the proof of Theorem 6 till t¢8). Now, assumptiorfH") guarantees
the existence of a continuuim € § N'W with ¢(I') € Bla, R] and¢(I") N B| # 0,
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#(I') N By # B. This means that there are poirlg = (a1, 43), Q2 = (92,93 e T
such thaty1(Q1) = —a and¢1(Q2) = a. This implies thatp1(Q1) — ¢1(Q1) =
q11+ a>—-a+a=0andpi(Q2) —¢1(Q2) = ql2 —a < a-—a=0. By the Bolzano’s
Theorem we can conclude that there exists a gpiat(f, X) € I' € 8 N'W such that
t = w1(2) and, by(8), ¢2(2) € B[O, R]. At this point, we can complete our argument
as in the proof of Theorem 6. Indeed, the fact #hé contained in the solution sé&t
of (7) implies that

% = y2(f, %)
and therefor@ € W is a fixed point ofy. The fact thaip(t, X) € B[O, R], implies (in
view of (6) and the remarks at the beginning of the proof of Theorem &)zl&aW is
a fixed point ofg. O

REMARK 2. In our theorems we have confined ourselves to the case qfamim
maps. Extensions can be given to more general operatorsidigally compact k-
contractive, etc., provided that a decent degree theomaitable (see [15, 27, 50] for
the corresponding definitions).

2.2. Results related to Theorem 6

Like in the case of the Schauder fixed point theorem, we giwe smme variants of
Theorem 6 (see Theorem 8 and Theorem 9 below). As in Theorem &sume that
X is a normed space and

T Rx XDDy — R x X
¢

is a map which is continuous on a §etC D, . For the subsequent proofs, we system-
atically check conditioH) by taking as a representation of the patla continuous
curved(s) which is parameterized on the intery@l 1] and look for a suitable restric-
tion of 9(s) with s € [s, s1] C [0, 1], as a representation of a sub-patic ¢.

We start with a preliminary lemma.

LEMMA 1. Letp = (p1, p2) : Bla, R] :==[—a, a] x B[0, R] — B[a, R] be a
continuous map such that, for eackt{—a, a], p1(t, X) =t andp2(t, -) is a retraction
of B[O, R] onto its image. Define

R = Urel-aallp(t, X) : X € B[O, Rl} = p(Ba, R])

and
:R| = p(B|), Rr = p(Br)

Assume that
¢ is compactonD N R

and there is a closed subsit C D N R such that the assumption

(H) for every pathy € Rwitho NR # ¥ ande N Ry # B, there is a sub-path
y ConNWwithg(y) CRandep(y) NR #0, () N Ry #0,
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holds. Then there exisis= (f,X) e W € DN R, with¢(2) = Z

Proof. Given the compact operatgr: D N R — R x X we define
w(t,X) =@ (p(t,x) = ¢(t, p2(t, x)), for (t,x) e D' :=p H(DNR).
Clearly, y is compactorD’ = D’ N B[a, R]. We also define
W’ = p~}(W) € Bla, R] =: B.

Consider now a continuous parameterized cdrve (61, 62) : [0, 1] — B[a, R] such
thatd(0) € B (thatis,f1(0) = —a) andfd(1) € B, (thatis,#1(1) = a). Then for the
curved : [0, 1] 3 s+— p(#(9)), it holds that

J(S) e R, Vse[0,1] andd(0) e R, ¥v(Q) € Ry .

By assumptior{H) referred tdR, there exists a restriction ¢f to an intervalsy, $1] €
[0, 1] such thati(s) € W for everys € [, s1] and, moreover,

P (9) e R, Vs e [s,s1],

as well as

Pp(W0(s0) € R and (W (s1)) e Ry, or ¢(I(s1)) € R and ¢ (V¥ () € Ry .

Just to fix one of the two possible cases for the rest of thefpsoppose that the first
possibility occurs (the treatment of the other case is éxéloe same, modulo minor
changes in the role &b ands;). Then, by the definition of, W’ andy, we can also
write that

0(s) e W', Vsels,sl,

and
y(@(s)) e RSB, Vs e [s,s1]

y(0(s0) € R S Bi, wl(s) €R € Br.
We have thus proved that assumptigdt) of Theorem 6 is satisfied with respect to
the operatoiy and the cylindef3[a, R] and therefore Theorem 6 guarantees that there
exists fory a fixed pointz = (f, X) ¢ W/ € D', with w(Z) = Z. As a last step, we
just recall that the range af coincides with the range ef and thatp (as a retraction)
is the identity orR. This implies thag = (f, X) e W € D N R with ¢(2) = z O

THEOREMS8. Let C # @ be a closed convex subset of the normed spadeeX
€ :=[—a, a] x C and define

G ={(—a,x):xeC}, C :={(ax):xeC}.

Assume that
¢ is compactonD N €

and there is a closed subsét C D N € such that the assumption
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(H) for every pathy € Cwithe NG # W ando N Cr # @, there is a sub-path
y SonNWwithg(y) € Candgp(y) NC #0,d()NC #,

holds. Then there exisis= (f,X) e W € D N E, with¢(2) = z

Proof. By assumption, the operatgr= (¢1, ¢2) is compact orDNC, hencegp(DNEC)
is bounded iR x X. In particular, there iR > 0 such that,

llp2(t, )| <R, Vz=(,x)eDNC.

As a consequence of the Dugundiji Extension Theorem, thedlosnvex se€’ :=
C N BJO, R] is a retract ofB[0, R] (actually, it is a retract of the whole space
but for us it is more convenient to restrict the retractiorBfd@, R]). We denote by
o : B[0, R] — C’ such a continuous retraction.

If we define now’ :=[—a, a] x C' and
€l ={(-a,x):xeC’}, C;:={(@ax):xeC’},
aswellasD’ :=DNE andW’ :=WnE’, we find that

(H) for every pathy € €’ witho N €| # ¥ ands N C; # @, there is a sub-path
y CSoNW withg(y) € C'andp(y)NC| #0, ¢(y)NCr #0,

holds. At last, we define the continuous retraction
pP = (pln ,02) : ‘B[az R] = [_aa a] X B[Oa R] - B[aa R]a

p1(t, x) =1, pa(t, X) = o(X)

and easily check that now the €&tplays here the same role as the®eh Lemma 1.
Then, according to Lemma 1, there exigts: (f, X) € W € ‘W, with ¢(2) = z. The
proof is complete. O

THEOREM9. Let K # ¢ be a compact convex subset of the normed space X
LetX :=[—a, a] x K and define

K ={(-a,x): xe K}, X;:={(a x):xeK}.

Suppose that there is a closed subget- D N X such thatp is continuous oAV and
the assumption

(H) for every patly € X witho N K| # @ ando N XK, # @, there is a sub-path
y ConNWwithg(y) S Kande(y) NK #0, 6(y) NK: # 9,

holds. Then there exisis= (f,X) ¢ W € DN K, with¢(2) = Z.

Proof. This result is an immediate consequence of Theorem 8, wétlpdisitionC :=
K. O
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REMARK 3. Variants of Theorem 8 and Theorem 9 can be obtained, as-a con
sequence of Theorem 7, using conditid#’) instead of conditio{H). For instance,
Theorem 9 could be accompanied by the following.

THEOREM 10. Under the same positions of Theorem 9, suppose that there is a
closed subséV € D N X such thatp is continuous oW and the assumption

(H”) for every continuune € X withe NXK| # @ ande N K, # @, there is a
continuuml’ € ¢ NWwith¢(I') € K andg(I') N XK # 0, (T) NK, # 0,

holds. Then there exisis= (f,X) e W € DN K, with¢(2) = Z.

3. Extensions, remarks and consequences

3.1. The “stretching along the paths” fixed point property

Let Z be a topological space. According to a well known definitidnhas the fixed

point property(FPP) if every continuous map & into itself has at least a fixed point.
The FPP is invariant by homeomorphisms and it is preservddnuoontinuous retrac-
tions. Thus, by the Brouwer fixed point theorem, we know tmgttapological space
which is homeomorphic to (a retract of) a closed ball of adimiimensional normed
space has the FPP. It is the aim of this section to show tha¢thamg similar (even

if not exactly the same) holds with respect to the assummfdstretching along the

paths”(H) and the corresponding fixed point result in Theorem 6.

We consider now the following situation.

DEFINITION 1. Assume that Z is a topological space and ZZ;~ are two
nonempty disjoint subsets of We set

Z7 =77 UZ

and define _
Z:=(Z,Z27).

We call Z a two-sided oriented space or simply an oriented space. igw wf our
applications below which concern the case of arcwise comuespaces and where the
family of paths connecting,Zto Z is involved, we calZ a path-oriented space when
Z is arcwise connected.
We say thatZ has the fixed point property for maps stretching along theéhgpdin

the sequel referred as FPP} if Z is arcwise connected and, for every p&p, v),
satisfying the following conditions:

(1) Dcz
(i2) w:D — Ziscontinuous;

(i3) thereis aclosed sé¥ C D such that, for every path € Z withe N Z;” # ¢
ando N Zo~ # ¢, there is a sub-pathh € ¢ N W with w(y) N Z~ # ¢ and
PN Z #;
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there exists at least a fixed pointgfin D.

DEFINITION 2. Suppose we have two arcwise connected topological spaces
Z,Y and assume that;Z, Z~ are two nonempty disjoint subsets of Z with Z
Z~ UZ-,aswellas Y, Y~ are two nonempty disjoint subsets aqfwith Y~ =
Y~ U Y, . Defining, as abov& = (Z,Z~) andY = (Y,Y") the corresponding
path-oriented spaces, we say that the i y) stretchesZ toY along the paths and
write
(D, w): Z<a~Y,

if the conditions
(j) Dcz
(j2) w:D — Y iscontinuous;

(j3) thereis aclosed sé¥ < D such that, for every path € Z withe N Z” # ¢
ando N Z7 # ¢, there is a pathy € ¢ N'W with w(y) NY,” # ¢ and
PO NY, # 0

hold.
Accordingly, we have thaf has the FPP; if and only if for every painD, y) with
(D, w) : Z<~Z, there is at least a fixed point gf in D.

REMARK 4. The definition of a map stretching along the paths wasdioited
in [56, 57] and refined in [59, 60] in the case of two-dimensiooriented cells. Our
Definition 2 above is a generalization of the previous cited as it reduces to [60]
in the situation considered therein. We note that in [60Jwa#l as in the other pre-
ceding papers, the map was allowed to be defined possibly on some larger domains.
However, up to a restriction, we can always enter in the ca8gefinition 2 when we
consider the situation described in [60].
In the definition of path-oriented space, as well as in thesegbent stretching condi-
tion, the order in which we label the two sét§ andZ~ (orY,” andY,”) has no effect
at all.
We also point out that given two nonempty disjoint séfisand W, of a topologi-
cal spaceW, the condition that there exists a path< W with ¢ "W # ¢ and
o NW, # ¢ is equivalent to the existence of a continuous iap0, 1] — W with
6(0) e W andf(1) e W, .
The choice of the notatiod instead ofZ (previously considered in Section 1.2 and
next again in Section 4.1) comes from the fact that, evenlitha! applications we
present here are for the]-sets, nonetheless, the oriented spacésire, in principle,
more general. Thus we prefer to think to 11hq -sets as some particular cases of the
[-]-sets.
Finally, we mention that some analogous definitions, preslipintroduced in the liter-
ature (see, for instance, the concept of quadrilateraligehgn [36]) also fit with our
definition of oriented space.
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The next two lemmas extend to the case of the FRR®© corresponding clas-
sical results about the usual fixed point property. Theitopie quite standard and
therefore it is omitted.

LEMMA 2. Let Z, Y be two arcwise connected topological spaces and let h
Z — Y be a homeomorphism. Suppose @nd Z~ are nonempty disjoint subsets of
ZandsetY =h(Z), Y, =h(Z ). ThenZ has the FPPy if and only ifY has the
FPP-y.

Proof. We leave the proof as an exercise. O

LEMMA 3. Let Z, Y be two arcwise connected topological spaces with ¥
andletr: Z — Y be a continuous retraction. Suppose ¥nd Y~ are nonempty
disjoint subsets of Y and sef Z= r ~1(Y,7), Z7 = r~1(Y,"). ThenY has the FPP:
if Z has the FPPy.

Proof. The proof follows the same argument (mutatis mutandis) af ¢f Lemma 1
and therefore it is omitted. O

COROLLARY 3. Let K # ¥ be a compact convex subset of a hormed space.
Let Z be a compact topological space which is homeomorphie-ig 1] x K, via a
homeomorphism hZ — [—1, 1] x K. Define

Z7 =h1(-1 x K), Z7:=h"1({1} x K).
ThenZ has the FPP.

Lemma 2 and Lemma 3 together with Theorem 6 (or its variam@shji to give
some straightforward examples with some geometrical meank-or simplicity, we
confine ourselves to subsets of a finite dimensional sgace

ExAMPLE 1. LetZ C E be a compact set which is homeomorphic to the closed
unit ball B[O, 1] € R", with N > 1. Let P, Q € Z with P # Q be two given points.
Lety : E 2 D, — E be a continuous map and suppose that D, is a closed set
such thaffor every pathey C Z, with P, Q € o, there is a sub-pathh € ¢ N & with
w(o) € Zand P, Q € w(y). Theny has at least a fixed point ihn Z.

Proof. We discuss only the case> 2, since forN = 1, the result is obvious. Let us
consider the cylinder

e = {(X:L) ] XN*l) XN) : ||(X13 R XN71)|| S l) |XN| S l}
on which we select as a right and left sides the south and ttik bases respectively:
Ci={x=((X1,...,,%) € C:xy=-1},

Cri={XxX=(X1,...,,%) € C: %X =1}
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and we also se€~ := € U Cr. Theorem 6 implies that the path-oriented space
€ = (€, €7) has the FPR- and therefore Lemma 3 ensures that the same fixed point
property holds also with respect to retract€of he closed unit balB[0, 1] is a retract

of the cylinderC through the continuous mapdefined by

o(X) = (xymin{l, 6(X)}, ..., Xn—1 MIin{L, d(X)}, XN),

where
2
1-— Xy

2 2
VX T T XN

Hence, the path oriented spaEe: (B,B7), with B = B[0,1], B~ = B UB,
B~ = {South pol¢ and B~ = {North polg has the FPPB-. Finally, Lemma 2 implies
the the FFP» holds for every oriented space in which the base spaée homeo-
morphic to a closed ball and we selects and Z~ two different points ofZ. This
concludes the proof. O

O0(X) = (X1, ..., XN—1, XN) =

ExAMPLE 2. Consider the cone
K = {(X1, ..y Xics Xier1) © X2y oy XOl] < Xigr < 1} € REH

and select the point & (0,...,0,0) € K and the bas&, = {(x1,...,Xk,1) :
[1(X1,...,XK)]] <1} € K. LetZ C E be a compact set which is homeomorphid<p
by a homeomorphisth : Z — K. Definez;” = h=1({0}) andZ;” = h~1(K)). Then
Z has the FPB-.

Proof. It is possible to obtain our claim by suitably adapting thguanent employed
in the proof of Example 1. We omit the details. O

REMARK 5. We observe that one could define a fixed point property (848 F
I') for maps satisfying a condition which extends propéity) to general (oriented)
topological spaces. Then, after having obtained from Témor a result analogous to
Lemma 2, the following corollary can be proved.

COROLLARY 4. Let K # ¢ be a compact convex subset of a normed space.
Let Z be a compact topological space which is homeomorphie- g 1] x K, via a
homeomorphism hZ — [—1, 1] x K. Define

Z7 :=h"Y({-1) x K), Z7 :=h" ({1} x K).
Then, for every paitD, ), satisfying the following conditions:
(1) Dcz;

(i) w:D — Ziscontinuous;
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Figure 11: A possible illustration of Example 2 R®, where we have denoted B
the pointh—1({0}) and by.A the surfaceh~1(K|) of the deformed con&. According
to our result there exists at least a fixed pa@nt w(z) € W, for any continuous map
w defined on a closed subsétof Z and with values irZ having the property that any
pathe in Z and joiningP to A contains a sub-path € ¢ N'W with w(y) € Z and
w(y) joining P to A.

(iz) there is a closed sé®v < D such that, for every continuum C Z with
oNZ~ #PandoNZ;~ # @, thereis a continuun € ¢ "W with y(I')NZ~ #
gandgp(I)N Z7 # ;

there exists at least a fixed pointgfin D.

In the present paper we do not further pursue the researtiisiditection and
confine ourselves to the study of the stretching conditiemglthe paths. Investiga-
tions toward the fixed point properties for maps satisfyinggpansive conditions with
respect to other kind of connected sets will be considerszirdiere.

3.2. Further definitions and consequences

As a next step, we give now some simple (but neverthelesslyipebperties about the
stretching along the paths condition. Unless otherwiseiBpd, all the spaces involved
are arcwise connected topological spaces. When we considelea(Z, Z,~, Z;"), we
always assume that,~ and Z~ are nonempty disjoint subsets @t First of all, we
consider two further definitions.

DEFINITION 3. Let Z = (Z,Z7) andY = (Y,Y~) be two path-oriented
spaces with Y a subspace of e say thal is a horizontal slab o and write

Ych Z,
if every pathy C Y withy NY,” #¢@andy NY,” # Pissuchthat N Z~ # ¥ and
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Yy NZy #0. N _
Similarly, we say thaY is a vertical slab oZ and write

V gl} Z)

if every pathe C Z withe N Z” # ¥ ande N Z~ # ¢ contains a sub-path C Y
suchthaty NY,” #¢¥andy NY, # 4.

REMARK 6. The definition of slabs generalizes the case of rectamgtasor-
izontal and vertical sides parallel to the contracting axgaeding directions in the
Smale horseshoe (see, for instance, [72, Section 2.3]).utrgeneral setting of a
topological spac& oriented by the paths connecting two disjoint subggtsand Z;~
and in view of Theorem 6, we consider as horizontal-expanthe “direction” along
(Z, Z;) (of course, in a very vague sense and taking also into acebarfact that
in our setting “horizontal” and “vertical” are merely comt®nal terms). Definition
3 generalizes the analogous concepts of “slices” congidier¢60] in the setting of
oriented two-dimensional cells and recalled in Sectioras.@ell as some possibilities
considered in [61] foN-dimensional cells (namely, the case in which there is a one-
dimensional expansive direction). Note that our defingiane purely topological in
nature and therefore we do not need (like in [72, Section) 2hg]slabs to be described
by means of graphs of Lipschitz functions. We refer to Figl#eas a possible picture
of horizontal and vertical slabs in a simple situation.

Having available in the general setting the definition obslave can now bor-
row from [60] and [61] the next definition (compare also totheresponding definition
in Section 1.2).

DEFINITION 4. LetZ = (Z,Z7), Y = (Y, Y ) and X = (X, X™) be three
path-oriented spaces with,X, Z subspaces of the same topological space W and
X<cYnZ
We say thal crosse< in X and write

Xe{ZMhY},

XcpZ and Xc, V.

REMARK 7. As already remarked in [60] and [61], in our setting, thinigon
of X € {Z M Y}, covers very general situations, in particular also wheretieeno way
to define any kind of transversal intersection. A possililesitation is given in Figure
15 of Section 4.

LEmMMA 4. The following properties hold:

(e1) if (D, y) : Za~Y and(€, ¢) : Y<a~X, then(F, ¢ o y) : Za~X for F =
DNy 1)
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(e2) if¢: Z — Y is ahomeomorphism such thatZ, ) = Y,” and¢(Z;) =Y,
(orp(Z7) =Y, andp(Z7) = Y,7), then(Z, ¢) : Z<~V ;

(e3) if (D, ) : Za~Y, then(D N X Ny (W), ) : X<~W, for everyX cp Z
and everylW C, Y;

(e4) if (D, w) : Z<~Y, theny has a fixed point ifD N X, for everyX € {Z h Y},
having the FPPy .

Proof. The above properties follow immediately by the correspogdiefinitions. [J

Now we are in position to consider a sequence of spaces ansl anapobtain a
result which is in line with [34] and [73] and extend to a gealesetting some results
[59, Theorem 2.2], [60, Theorem 4.2] previously obtainethimtwo-dimensional set-
ting. For simplicity, we confine ourselves to the framewofk@mpact metric spaces.
This simplifies somehow our proofs. We point out, howeveat fome of the properties
exposed in the next Theorem 11 would be still true in some general situations.

THEOREM11. Suppose that there is a (double) sequence of path-oriepted s
ces

(Xiokez = ((Xis X )kez »

where, for each ke Z, Xy is a compact and arcwise connected metric space. Denote
by (X, 1 and (X, ))r the two sides of X. Assume that there is a sequence of maps
((Dk yK))kez » such that

(Dis wi) : Xa~Xip1, Yk eZ
Then the following conclusions hold:

(a1) Thereis a sequendey)kez With wk € Dy and yy(wk) = w41 forallk € Z;

(a2) Foreach je Z there is a compact sétj C D; such that for eachv € C;j
there exists a sequen€g),>j , with y; € D and yj = w, Yey1 = we(ye) for
eachl > j.

The compact set; satisfies the following separation property:

CjNao # ¥, foreach pathy C Xj withaN(X ) # P ande N(X, )r # 9;

(as) If there are integers hk with h < k such thatX;, = X, and X, possesses
the FPPy, then there is a finite sequent®)n<i<k, With z € D; andy; (z) =
Ziypforeachi=h,...,k—1 suchthatg = z.

Proof. As in [59, Theorem 2.2] we prove the three properties in thvense order.
First of all we observe that, for eache Z, there is a closed (and hence compact)
setW; € Dj C X such that, for every path C X; with o N (Xj),” # ¥ and

o N (X)), # 0, there is a sub-path € ¢ N W, with y;i(y) N (Xj4+1), # ¥ and

wi(y) N (X)), # 0.
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Proof of (ag). Letk = h + s for somes > 1. Let us also sef. = Xn = Xi, and
W = wk—10 -0 Wwh. By property(e1) of Lemma 4 we have thaD, y) : Z9~Z,
with

D:={zeWh : yjo---owht10own(2) € Wjyq,forj=h,....k—1}.

Then the assumption about the FPHer Xy, implies the existence of a fixed point
z* € D for y. Moreover,z, := z* € Dy and, settingy = wi_10--- o wnh(zy), for
i =h+1,..., Kk, the verification of the properties i@g) is straightforward.
Proof of (a). The situation described here is similar to that considenel®3, The
Expander Lemma, p.417]. Without loss of generality, assyme0. Define the closed
set

S={xeWy: wro---owo(X) e Wp1, V£€=0,1,2,...}.

Let yo € Xo be a path intersecting both the components<gf. By the stretching
assumption betweeXp andX1 , there is a sub-patjy € Wy € Do such thatyg(y1) <
X1 and withyo(y1) meeting both the components Xf . On the other hand, the path
wo(y1) = o1 contains a sub-path, € Wy € D1 such thaty1(o2) € X2 and with
w1(o2) intersecting both the components Xf, . We also defingy, = {x € y1 :
wo(X) € o2}. Then, by induction, we can find a sequence of nonempty congeast
contained inXg

Wo2 702712722 ... 2+ =2 ...

with i (i) € Wi11 € Dj41 and such thatyj o --- o wo(yi+1) is a path inXj; 1
meeting both the components &f_ , . Taking a pointw € N2 yn We have that
weo---oywp(w) € Wer1 € Dyyg for eachl > 0. Thus, any pathyg € Xg intersecting
both the components of; contains a point of which generates a sequence as in
(a2).

Proof of (a1). A diagonal argument (see, e.g., [33, Proposition 5] or [3&drem 2,
(wg4)]) allows to prove(a;) as a consequence ¢@dp). We give a sketch of it for the
reader’s convenience. By) we have that for each = 1, 2, ... there is a compact
setC_n € W_ € D_p, such that

Ki+in:=wjo--oy_n(Cn) S Wjt1 S Dji1.
We take a poinyj n € Kj n, for eachj > —n + 1, in order to form the infinite matrix
Yo1 Y11 ... Yj1 ...

Y-12 Y02 Y1,2 --- Yj2 ---
Y-2,3 ¥-1,3 Y03 Y1,3 --. ¥j3 ...

Y-n+1n --- Y-2,n Y-1n Yon Yin --. Yjn ...
where, for each andj, we have thatyj (yj n) = yj+1,n . Now, a standard compactness

and diagonal argument (or, from another point of view, the fhat the product of
countably many sequentially compact spaces is sequert@hpact) allows to pass to
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the limit on each “column” along a common subsequence ofxi@sién order to find,
for eachj € Z, a pointwj; € W; € D;j and the continuity ofy; implies also that
w(wj) =wji1,V ] €.

O

3.3. Afinal remark about sub-paths

We conclude this section with a remark about the stretchorglition that we have
chosen for propertyH) and its variants and consequences. As pointed out in the In-
troduction, our definition is mainly motivated by our prewsoapplications to ODEs
and, more precisely, to our paper [55] where we obtainedttkéching propertyH.)

in a concrete example of the planar syst€n In that specific example, the proof
was carried on by considering a continuous parameterize@ cefined in the interval
[0, 1[ and with an unbounded imagelkf. Subsequently, in our search of fixed points
for general continuous mappings defined on two-dimensioelld we used a defini-
tion of path as the continuous image of an interval. As shawj60] as long as we
are concerned with fixed points of a single mapping definedtop@logical rectangle,
there is no effect on the possible different choices in tHadiens. With this respect,
consider also Theorem 6 and Theorem 7 which show how, as koweg are looking for
the existence of a fixed point, the stretching condition fathg and that for continua
are both sufficient to obtain the desired result. Things,dvar seem to be somehow
more complicated when we focus our attention on the seardixed points for the
composition of maps (and thus, in particular, for the iters of a given map). In such
a case, the possibility of considering parameterized sufweodulo some equivalent
relation like in Section 1.5) instead of images of curveseds embedded in a space,
looks simpler from the point of view of stating some hypo#t®which are easily ver-
ifiable through the composition of maps. In the next exampetmy now to express
better our point of view which lead to the choice of definitfona path considered in
Section 1.5.

ExampPLE 3. We define the function
g:[0,37] > R, g(t):=max{t — 4z, min{t, z —t}}
and the continuous curve
0 = (01,62) : [0,37] = R?,  61(t) := cogg(t)), Oa(t) := sin(g(t)) = sin(t).
Observe that for the path = [0], the image set is
7={0t):te[0,3r]) =S :={(x,y) e R?: x>+ y?> = 1}.

The motion of the poinf(t) along the circumferenc8! can be described as follows:
we start fort = 0 at the pointP = (1, 0), we move onS' in the counterclockwise
sense till to the poinP’ = (0, 1) fort = z/2. At this moment, the poinf(t) starts
moving to the reverse direction (clockwise sense) till @alees again the poif?’ at
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Figure 12: The bold line viewed from a suitably chosen pofitarspective represents
the arc inR2 parameterized by (t, 01(t), 62(t)), fort € [0, 3z].
The plot has been performed by Maple software.

the timet = 5z /2. Finally, the motion switches again to the counterclockvgisase
and the poinQ = (—1, 0) is reached at the time= 3r.

Let us set nowZ = S! and Z = {P}, Z; = {Q} (we intentionally take this choice
to show that the terms “left” and “right” are merely convem@l and their order is
not important). According to our definitiong, is a path inZ with y N Z~ # ¥ and
y NZ7 # @. If we consider now the arcEUPP®" := {(x,y) € S' : y > 0} and
rlower.— ((x,y) e St : y < 0} which are contained ifi, we see that whild!oWer js
the image set of a sub-path pf I'YPP€Tis not the image of any sub-path pf

4. Applications to topological cells in finite dimensional paces, periodic points
and topological dynamics

In this section we propose an application of the results icti®&e 3 to the setting of
[26, 56, 57, 59, 60, 61, 82].

4.1. Definitions

Let X be a Hausdorff topological space. We definda\N — 1)-rectangular cell of X
as a pair R

N =N, cn),
whereN C X is a compact set angly : N — [—1, 1]¥ € R" is a homeomorphism
of N onto its imagg —1, 1]". Sometimes, it will be convenient to put in evidence the
Hausdorff topological spac¥ containing a given celN and the dimensioiN of the
codomain of the homeomorphism. In such a situation, wellevr

N =, cn: X, N).
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Figure 13: A possible picture of €L, 2)-rectangular celN, where we have put in
evidence the two components of tNe set which are painted with a darker color.

Our definition of(1, N — 1)-rectangular cell is borrowed from that bfset given by
Zgliczyhski and Gidea [82, Definition 1] and considered also by Riuegind Zanolin
in [61]. However, we point out that, differently than in [82)id [61], we don’t assume
hereN to be a subset dR™ and moreover in the present case the homeomorptjsm
is defined only o\ whence in the above cited articles; was defined on the whole
spaceX. We also define the sets

No=onTHU=L ) LAY, N =i x -1, 1M,
conventionally calledhe left and the right faces 51!', as well as the set
N =N UN; .

If we define now N
N:i=N,N),

we have thalN is a path-oriented spaces which possesses the)FPP-

Our definition of oriented celN fits with that of (1, N — 1)-window considered by
Gidea and Robinson in [25] and, in the special cise: 2, is equivalent to that of
two-dimensionabriented cellby Papini and Zanolin in [60].

For completeness we also recall the form that the stretatondition takes with
respect to the path-oriented spaces determined by thengedéa cells that we have just
defined.

LetA = (A, cq; X,Nyp) andB = (B, cp; Y, N2) be two rectangular cells contained
in the Hausdorff topological spacesandY, respectively. Letp : X © Dy — Y be

a map (not necessarily continuous on its whole donfiaif and let us consider a set
D C D¢ .
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DEFINITION 5. We say that the paitD, ¢) stretchesA to B along the paths
and write

(D, p) : Aa~B,
if ¢ is continuous oD N.A and, moreover, there is a compact $8tC DN.A such that,

for every pathy € Awithe N A # ¥ ande N A # @, thereisapaty Co N'W
with y (y) N B;” #Pandg(y) N By # 0.

Observe that this definition coincides with
(D', ) : Aa~B,
according to Definition 2, for
D' =DNANG LB).

As in [60] we introduce now some special subsets of a cell vhie crucial for our
applications.

DEFINITION 6. Let M = (M, cy; X, dp) and N = (N, cy; X, dp) be two
rectangular cells of the same topological space X andMet= (M, M™) andN =
(N, N7) be the corresponding path-oriented spaces. We sayJtha a horizontal
slab of N and write

M Ch N,
if M Cn N, thatis, if M C N and if every pathy € M with y N M, # ¥ and
y N M #@issuchthay NN # @ andy NNy # (.
Similarly, we say thalM is a vertical slab of\ and write

J/v\tgl) 5\?9

if M C, N, thatis, if M C N and if every pathy € N with s N N, # ¢ and
o N N; # ¢ contains a sub-pathh € M such thaty N M;” # @ andy N M # 0.

REMARK 8. Note that in order to haval Ch Nitis equivalent to require that
M € N and either

~

Mo SN, My S NS
or
M7 SN, My .
In this manner, our definition of horizontal slab reducesh® dne of horizontal slice
in [60, Def.1.2]

As in Section 3, we can now borrow from [60] and [61] the nextrdton.
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Figure 14: Examples ot Ch N and ofJ\7[ Sy N (the left and the right figures,
respectively). The painted areas repre@éms embedded ilN. The contours of - -
sets for the oriented cellgl andN are indicated with a bold line.

DEFINITION 7. LetA, B andM be three rectangular cells witd, B, M sub-
spaces of the same topological space X and supposéthatA N B.
We say thaf3 crossesA in M and write

ﬁe{flm@},
Mcp A and M C

4.2. Applications

At this step, we can just reconsider the same main results 58, 60] already proved
for the stretching property in the case of generalized timeetisional cells and extend
them to(1, N — 1)-rectangular cells. For instance, we have the followingr(pare to
Theorem 4).

THEOREM12. Suppose thatl = (A, A~ )and@ (B, B™) are oriented cells
in X. If (D, y): A<~B and there are k> 2 oriented ceIIle ., Mk such that

Mie{AhB), fori=1,...,Kk

with
MiNnM;ND =g, forall i #j, withi,je({l,...,k},
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Figure 15: InR3, the (1, 2)-rectangular celN (the cheese shaped set) is crossed by
the (1, 2)-rectangular celM (the snake-like set). Among the four intersection$vof
with N, the first two (counting from the left and painted by a darkdobgabelong to

{N rh M}.

then the following conclusion holds:

e y has a chaotic dynamics of coin-tossing type on k symbolk (e$ipect to the
setsKi := D NM;).

e y has a fixed point in each sé& := D N M; and, for each finite sequence
(S0,SL, -..,Sm) € {1,...,k}™1 with m > 1, there is at least one point‘ze
Ks, such that the position

zjy1=vyw(z), zo=2z" for j=0,1,....m
defines a sequence of points with
zjeXs, ¥j=0,1,...,m and Z1=2".

REMARK 9. The two conclusions in Theorem 12 correspond&i® and(as)
of Theorem 11. We could derive frofay) also a conclusion about the existence of a
continuum of initial points which generate any (fixed) fordi&inerary and thus obtain
an extension of the conclusidiy) of Theorem 4. This one as well as some related
topics, which require a more careful treatment, will be dgsed elsewhere.

As shown by this example, from Theorem 11 and the definitidratretching,
slabs and crossings adapted to the cas@d dff — 1)-rectangular cells, we have now
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available all the tools which are needed in order to achiefallaextension of the
topological results contained in [59, 60] and partiallyaked in Section 1.2, to maps
which expand the arcs along one direction. A more completesiigation on this
subject will appear in a future work.
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