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PERIODIC SOLUTIONS OF FIRST ORDER NONLINEAR

DIFFERENCE EQUATIONS

Abstract. This paper surveys some recent results on the existence and multiplicity of peri-
odic solutions of nonlinear difference equations of the first order under Ambrosetti-Prodi or
Landesman-Lazer type conditions.

1. Introduction

Periodic solutions of first and second order nonlinear difference equations have been
widely studied, and the reader can consult [1, 9] for references. In some recent work
with C. Bereanu, we have adapted the topological approach tothe upper and lower so-
lutions method to this class of problems and used it, together with Brouwer degree, to
obtain new existence and multiplicity results of the Ambrosetti-Prodi and Landesman-
Lazer type [2, 3]. In [4], we have used the same methodology toprove similar results
for second order nonlinear difference equations with Dirichlet boundary conditions.
The present paper surveys some of those results and is restricted, for the sake of sim-
plicity, to the case of periodic solutions of first order difference equations. Some of the
arguments of [2, 3] are simplified, and some of the conclusions are sharpened.

2. Periodic solutions

Let n ≥ 2 be a fixed integer. For(x1, . . . , xn) ∈ R
n, define the first order difference

operator(Dx1, . . . , Dxn−1) ∈ R
n−1 by

Dxm := xm+1 − xm (1 ≤ m ≤ n − 1).

Let fm : R
n → R (1 ≤ m ≤ n − 1) be continuous functions. We study the existence

of solutions for the periodic boundary value problem

Dxm + fm(x1, . . . , xn) = 0 (1 ≤ m ≤ n − 1), x1 = xn.(1)

Let

Un−1 = {x ∈ R
n : x1 = xn},(2)

so thatUn−1 ≃ R
n−1 because an element ofUn−1 can be characterized by the co-

ordinatesx1, . . . , xn−1. The restrictionL : R
n−1 → R

n−1 of D to R
n−1 is given

by

(Lx)m = xm+1 − xm (1 ≤ m ≤ n − 2), (Lx)n−1 = x1 − xn−1,(3)
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or, in matrix form, by the circulant matrix [6]



−1 1 0 · · · · · · 0
0 −1 1 0 · · · 0

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
0 · · · · · · 0 −1 1
1 0 · · · · · · 0 −1



.(4)

If we defineF : R
n−1 → R

n−1 by

Fm(x1, · · · , xn−1) = fm(x1, x2, . . . , xn−1, x1) (1 ≤ m ≤ n − 1),

problem (1) is equivalent to study the zeros of the continuous mappingH : R
n−1 →

R
n−1 defined by

Hm(x) = (Lx)m + Fm(x) (1 ≤ m ≤ n − 1).(5)

3. Bounded nonlinearities

Let us first consider the linear periodic problem

Dxm + αxm = 0 (1 ≤ m ≤ n − 1), x1 = xn,(6)

whereα ∈ R. The solutions of the corresponding difference system are given by

xm = (1 − α)m−1x1 (1 ≤ m ≤ n),

and hence (6) has a solution if and only if

x1 = (1 − α)n−1x1.

This immediately implies the following

LEMMA 1. Problem (6) has only the trivial solution if n is even andα 6= 0 or if
n is odd andα 6∈ {0,2}.Whenα = 0, the solutions are of the form xm = c (1 ≤ m ≤
n), and when n is odd andα = 2, they have the form xm = (−1)m−1c (1 ≤ m ≤ n),
with c ∈ R arbitrary.

Let

bm : R
n → R, (x1, . . . , xn) 7→ bm(x1, . . . , xn) (1 ≤ m ≤ n − 1)(7)

be continuous and bounded, and consider the semilinear periodic problem

Dxm + αxm + bm(x1, . . . , xn) = 0 (1 ≤ m ≤ n − 1), x1 = xn.(8)

If L is defined like above andB : R
n−1 → R

n−1 by

Bm(x1, . . . , xn−1) = bm(x1, x2, . . . , xn−1, x1) (1 ≤ m ≤ n − 1),



Periodic solutions of difference equations 19

then problem (8) is equivalent to the semilinear problem inR
n−1

Lx + αx + B(x) = 0.(9)

We have the following existence result.

THEOREM 1. Assume n odd andα 6= 0 or n even andα 6∈ {0,2} and assume
that the functions bm in (7) are continuous and bounded. Then problem (8) has at least
one solution and, for all sufficiently large R,

dB[L + α I + B, B(R),0] = ±1.

Proof. Let M > 0 is such that‖B(v)‖ ≤ M for all v ∈ R
n−1. For eachλ ∈ [0,1],

each possible zerou of L + α I + λB is such that, using Lemma 1,

‖u‖ = λ‖(L + α I )−1B(u)‖ ≤ ‖(L + α I )−1‖M.

Hence, if we take anyR > ‖(L + α I )−1‖M, and denote the Brouwer degree bydB

(see [7]), the homotopy invariance of the degree implies that

dB[L + α I + B, B(R),0] = dB[L + α I , B(R),0] = ±1,

and the existence follows from the existence property of Brouwer degree [7].

4. Upper and lower solutions

Let fm : R → R (1 ≤ m ≤ n − 1) be continuous functions, and let us consider the
periodic problem

Dxm + fm(xm) = 0 (1 ≤ m ≤ n − 1), x1 = xn.(10)

DEFINITION 1. α = (α1, . . . , αn) (resp. β = (β1, . . . , βn)) is called alower
solution(resp.upper solution) for (10) if

α1 ≥ αn (resp.β1 ≤ βn),

and the inequalities

Dαm + fm(αm) ≥ 0 (resp. Dβm + fm(βm) ≤ 0)(11)

hold for all 1 ≤ m ≤ n − 1. Such a lower or upper solution will be calledstrict if the
inequality (11) is strict for all1 ≤ m ≤ n − 1.

The basic theorem for the method of upper and lower solutionsgoes as follows.
The proof given here is a simplification of that given in [2], which is modeled on the
corresponding one for differential equations in [11].
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THEOREM 2. If (10) has a lower solutionα = (α1, . . . , αn) and an upper
solutionβ = (β1, . . . , βn) such thatαm ≤ βm (1 ≤ m ≤ n), then (10) has a solution
x = (x1, . . . , xn) such thatαm ≤ xm ≤ βm (1 ≤ m ≤ n). Moreover, ifα andβ are
strict, thenαm < xm < βm (1 ≤ m ≤ n − 1).

Proof. I. A modified problem.
Let γm : R → R (1 ≤ m ≤ n − 1) be the continuous functions defined by

γm(x) =




βm if x > βm

x if αm ≤ x ≤ βm

αm if x < αm.

(12)

We consider the modified problem

(13) Dxm − xm + fm ◦ γm(xm)+ γm(xm) = 0 (1 ≤ m ≤ n − 1), x1 = xn,

and show that ifx = (x1, . . . , xn) is a solution of (13) thenαm ≤ xm ≤ βm (1 ≤
m ≤ n), and hencex is a solution of (10). Suppose by contradiction that there issome
1 ≤ i ≤ n such thatαi − xi > 0 so thatαm − xm = max1≤ j ≤n(α j − x j ) > 0. If
1 ≤ m ≤ n − 1, then

αm+1 − xm+1 ≤ αm − xm,

which gives

Dαm ≤ Dxm = xm − αm − fm(αm) ≤ xm − αm + Dαm < Dαm,

a contradiction. Now the conditionα1 ≥ αn shows that the maximum is reached at
m = n only if it is reached also atm = 1, a case already excluded. Analogously we
can show thatxm ≤ βm (1 ≤ m ≤ n). We remark that ifα, β are strict, the same
reasoning givesαm < xm < βm (1 ≤ m ≤ n − 1).

II. Solution of the modified problem.
We use Brouwer degree to study the zeros of the continuous mapping G : R

n−1 →
R

n−1 defined by

(14) Gm(x) = (Lx)m − xm + fm ◦ γm(xm)+ γm(xm) (1 ≤ m ≤ n − 1).

By Lemma 1,L − I : R
n−1 → R

n−1 is invertible. On the other hand the mapping
with componentsfm ◦ γm + γm (1 ≤ m ≤ n − 1) is bounded onRn−1. Consequently,
Theorem 1 implies the existence ofR> 0 such that, for allρ > R, one has

|dB[G, B(ρ),0]| = 1,(15)

and, in particular,G has a zerõx ∈ B(ρ). Hence,x = (̃x, x1) is a solution of (13),
which means thatαm ≤ xm ≤ βm (1 ≤ m ≤ n) andx is a solution of (10). Moreover
if α, β are strict, thenαm < xm < βm (1 ≤ m ≤ n − 1).
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Suppose now thatα (resp. β) is a strict lower (resp. upper) solution of (10).
Define the open set

(16) �αβ = {(x1, . . . , xn−1) ∈ R
n−1 : αm < xm < βm (1 ≤ m ≤ n − 1)},

and the continuous mappingH : R
n−1 → R

n−1 by

Hm(x) = (Lx)m + fm(xm) (1 ≤ m ≤ n − 1).(17)

COROLLARY 1. Assume that the conditions of Theorem 2 hold with strict lower
and upper solutions. Then

|dB[H,�αβ ,0]| = 1,(18)

with�αβ defined in (16).

Proof. If ρ is large enough, then, using the additivity-excision property of Brouwer
degree [7], we have

|dB[G,�αβ ,0]| = |dB[G, B(ρ),0]| = 1.

On the other hand,H is equal toG on�αβ , and then

|dB[G,�αβ ,0]| = |dB[H,�αβ ,0]|.

A simple but useful consequence of Theorem 2, goes as follows.

COROLLARY 2. Assume that there exists numbersα ≤ β such that

fm(α) ≥ 0 ≥ fm(β) (1 ≤ m ≤ n − 1).

Then problem (10) has at least one solution withα ≤ xm ≤ β (1 ≤ m ≤ n − 1).

Proof. Just observe that(α, . . . , α) is a lower solution and(β, . . . , β) an upper solution
for (10).

COROLLARY 3. For each p> 0, am > 0 and bm ∈ R (1 ≤ m ≤ n − 1) the
problem

Dxm − am|xm|p−1xm = bm (1 ≤ m ≤ n − 1), x1 = xn

has at least one solution.

Proof. If R ≥
(
max1≤m≤n−1

|bm|
am

)1/p
, then (−R, . . . ,−R) is a lower solution and

(R, . . . , R) an upper solution.
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REMARK 1. Whenβm ≤ αm (1 ≤ m ≤ n − 1), one can try to repeat the
argument of Theorem 2 by defining

δm(x) =




αm if x > αm

x if βm ≤ x ≤ αm

βm if x < βm,

and considering the modified problem

(19) Dxm + xm + fm ◦ δm(xm)− δm(xm) = 0 (1 ≤ m ≤ n − 1), x1 = xn.

As L + I is invertible, the degree argument still gives the existence of at least one
solution for (19). If one tries to show that, say,βm ≤ xm (1 ≤ m ≤ n−1), and assume
by contradiction thatβi − xi > 0 for some1 ≤ i ≤ n, one gets no contradiction with
Dβm + fm(βm) ≤ 0. This is in contrast with the ordinary differential equation case,
for which the argument works independently of their order [13]. The reason of this
difference comes from the fact that a local extremum is characterized by an equality
(vanishing of the first derivative) in the differential caseand by two inequalities (with
only one usable in the argument) in the difference case. Thisraises the question of
the validity of the method of upper and lower solutions with reversed upper and lower
solutions in the difference case. This question is solved bythe negative in the next two
sections.

5. Spectrum of the linear part

The construction of the counter-example proving the last assertion above is clarified
by analyzing the spectral properties of the first order difference operator with periodic
boundary conditions.

DEFINITION 2. An eigenvalueof the first order difference operator with peri-
odic boundary conditions is anyλ ∈ C such that the problem

Dxm = λxm (1 ≤ m ≤ n − 1), x1 = xn(20)

has a nontrivial solution.

Explicitly, system (20) can be written as

x1 − xn = 0

x2 − (1 + λ)x1 = 0

. . . . . . . . . . . . . . .(21)

xn − (1 + λ)xn−1 = 0
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and is equivalent to the matrix eigenvalue problem

(22)




−1 − λ 1 0 · · · · · · 0
0 −1 − λ 1 0 · · · 0

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
0 · · · · · · 0 −1 − λ 1
1 0 · · · · · · 0 −1 − λ







x1
x2
·
·

xn−2
xn−1




= 0.

Hence the eigenvaluesλk areλk = −1 + µk (0 ≤ k ≤ n − 2), where theµk are the
eigenvalues of the (permutation, unitary, circulant) matrix




0 1 0 · · · · · · 0
0 0 1 0 · · · 0

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
0 · · · · · · 0 0 1
1 0 · · · · · · 0 0



,

namely (see e.g. [6]),

λk = −1 + e
2kπ i
n−1 (0 ≤ k ≤ n − 2).(23)

The corresponding eigenvectorsϕk (0 ≤ k ≤ n − 2) have components

ϕk
m = e

2kmπ i
n−1 (1 ≤ m ≤ n − 1).

In particular,λ0 = 0 is always a real eigenvalue, and all the other eigenvalues have
negative real part. Ifn = 2, 0 is the unique eigenvalue; ifn > 2 is even, 0 is the unique
real eigenvalue; ifn is odd,λ n−1

2
= −2 is the unique nonzero real eigenvalue.

6. Reversing the order of upper and lower solutions

For n ≥ 2 odd andλ = −2, system (21) becomes

x1 − xn = 0

x2 + x1 = 0

. . . . . . . . .(24)

xn + xn−1 = 0

and has the solutionϕ associated toϕ(n−1)/2 with components

ϕm = (−1)m−1 (1 ≤ m ≤ n).

The adjoint system

x1 + x2 = 0

. . . . . . . . .

xn−1 + xn = 0(25)

−x1 + xn = 0
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has the same nontrivial solutionϕ. As bm = δnm (1 ≤ m ≤ n) (Kronecker symbol) is
not orthogonal to the kernel of the adjoint system (25), the problem

x1 − xn = 0

x2 + x1 = 0

. . . . . . . . .

xn−1 + xn−2 = 0

xn + xn−1 = 1

has no solution, or, equivalentlythe problem

Dxm + 2xm = 0 (1 ≤ m ≤ n − 2), Dxn−1 + 2xn−1 = 1, x1 = xn(26)

has no solution.However,α = (1, . . . ,1) is a lower solution andβ = (0, . . . ,0) is an
upper solution of (26) such thatβm ≤ αm (1 ≤ m ≤ n).

If now n > 2 is even, the problem

Dxm + 2xm = 0 (1 ≤ m ≤ n − 3), Dxn−2 + 2xn−2 = 1,

Dxn−1 = 0, x1 = xn(27)

is of course equivalent to the problem

Dxm + 2xm = 0 (1 ≤ m ≤ n − 3), Dxn−2 + 2xn−2 = 1, x1 = xn−1.

As n − 1 is odd, it follows from the counter-example (26) thatproblem (27) has no
solution. Howeverα = (1, . . . ,1) is a lower solution andβ = (0, . . . ,0) is an upper
solution of (27) such thatβm ≤ αm (1 ≤ m ≤ n). Those counter-examples were first
given in [3].

For n = 2, problem (10) is equivalent to the unique scalar equation

f1(x1) = 0

and, in this case, the validity of the method of upper and lower solutions, independently
of their order, follows from its equivalence with Bolzano’stheorem applied to the real
function f1.

REMARK 2. Notice that, in contrast to the periodic problem for difference
equations, whose eigenvalues are in the left half-plane, all the eigenvaluesλk = 2kπ i

T
(k ∈ Z) of the differential operatorddt with periodic boundary conditions on[0, T]
are on the imaginary axis. This explains that the method of upper and lower solutions
works irrespectively to the order of the lower and the upper solution.

7. Ambrosetti-Prodi type multiplicity result

Let f1, . . . , fn−1 : R → R be continuous functions,s ∈ R. Consider the problem,
with n ≥ 2,

Dxm + fm(xm) = s (1 ≤ m ≤ n − 1), x1 = xn,(28)
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with thecoercivity condition

fm(u) → ∞ as |u| → ∞ (1 ≤ m ≤ n − 1).(29)

Whenn = 2, problem (28) is equivalent to the scalar equation

f1(x1) = s(30)

and, under condition (29) withm = 1, it is clear that there existss1 (= minR f1)
such that fors < s1, equation (30) has no solution, fors = s1, equation (30) has
at least one solution, and fors > s1, equation (30) has at least two solutions. We
show that a similar result holds for anyn ≥ 2. Problems of this type were initiated
by Ambrosetti-Prodi for second order semilinear Dirichletproblems and the approach
given here slightly simplifies the one given in [2], modeled on the method introduced in
[12, 13] for periodic solutions of first and second order ordinary differential equations.

LEMMA 2. If condition (29) holds, then

n−1∑

m=1

fm(xm) → +∞ if ‖x‖ → ∞.

Proof. From (29),

(∃ c ∈ R)(∀ u ∈ R)(∀ m ∈ {1, . . . ,n − 1}) : fm(u) ≥ c,(31)

and

(∀ R> 0)(∃ r ′ > 0)(∀u ∈ R : |u| ≥ r ′)(∀ m ∈ {1, . . . ,n − 1}) :
fm(u) ≥ R − (n − 2)c.(32)

If r =
√

n − 1r ′ and if x ∈ R
m−1 is such that‖x‖ ≥ r, then, for at least onej ∈

{1, . . . ,n − 1}, one has|x j | ≥ r ′, so that, using (31) and (32),

n−1∑

m=1

fm(xm) =
n−1∑

m=1

[ fm(xm)− c] + (n − 1)c ≥ f j (x j )− c + (n − 1)c

≥ R − (n − 2)c − c + (n − 1)c = R.

Consequently,
∑n−1

m=1 fm(xm) → +∞ if ‖x‖ → ∞.

LEMMA 3. Let b∈ R. If condition (29) holds, there isρ = ρ(b) > 0 such that
each possible solution x of (28) with s≤ b is such that‖x‖ < ρ.

Proof. Let s ≤ b and(x1, . . . , xn) be a solution of (28). We see that

n−1∑

m=1

fm(xm) = (n − 1)s ≤ (n − 1)b.(33)

and the result follows from Lemma 2.
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THEOREM 3. If the functions fm (1 ≤ m ≤ n − 1) satisfy (29), there exists
s1 ∈ R such that(28) has zero, at least one or at least two solutions according to
s< s1, s = s1, s> s1.

Proof. Let

Sj = {s ∈ R : (28) has at least j solutions} ( j ≥ 1).

(a) S1 6= ∅.

Takes∗ > max1≤m≤n−1 fm(0) and use (29) to findR∗
− < 0 such that

min
1≤m≤n−1

fm(R
∗
−) > s∗.

Thenα with α j = R∗
− < 0 (1 ≤ j ≤ n) is a strict lower solution andβ with β j = 0

(1 ≤ j ≤ n) is a strict upper solution for (28) withs = s∗. Hence, using Theorem 2,
s∗ ∈ S1.
(b) If s̃ ∈ S1 and s> s̃ then s∈ S1.

Let x̃ = (̃x1, . . . , x̃n) be a solution of (28) withs = s̃, and lets > s̃. Thenx̃ is a strict
upper solution for (28). Take nowR− < min1≤m≤n x̃m such that min1≤m≤n−1 fm(R−)
> s It follows thatα with α j = R− (1 ≤ j ≤ n) is a strict lower solution for (28), and
hence, using Theorem 2,s ∈ S1.

(c) s1 = inf S1 is finite and S1 ⊃ ]s1,∞[.
Let s ∈ R and suppose that (28) has a solution(x1, . . . , xn). Then (33) holds, from
where we deduce thats ≥ c, with c ∈ R given in (31). To obtain the second part of
claim (c)S1 ⊃]s1,∞[ we apply (b).
(d) S2 ⊃ ]s1,∞[.
We reformulate (28) to apply Brouwer degree theory. Consider the continuous mapping
G : R × R

n−1 → R
n−1 defined by

Gm(s, x) = (Lx)m + fm(xm)− s (1 ≤ m ≤ n − 1).

Then(x1, . . . , xn−1, x1) is a solution of (28) if and only if(x1, . . . , xn−1) ∈ R
n−1 is

a zero ofG(s, ·). Let s3 < s1 < s2. Using Lemma 3 we findρ > 0 such that each
possible zero ofG(s, ·) with s ∈ [s3, s2] is such that max1≤m≤n−1 |xm| < ρ. Conse-
quently,dB[G(s, ·), B(ρ),0] is well defined and does not depend upons ∈ [s3, s2].
However, using (c), we see thatG(s3, x) 6= 0 for all x ∈ R

n−1. This implies that
dB[G(s3, ·), B(ρ),0] = 0, so thatdB[G(s2, ·), B(ρ),0] = 0 and, by excision property,
dB[G(s2, ·), B(ρ′),0] = 0 if ρ′ > ρ. Let s ∈ ]s1, s2[ and x̂ = (̂x1, . . . , x̂n) be a so-
lution of (28) (using (c)). Then̂x is a strict upper solution of (28) withs = s2. Let
R < min1≤ j ≤n x̂ j be such that min1≤m≤n−1 fm(R) > s2. Then(R, . . . , R) ∈ R

n is a
strict lower solution of (28) withs = s2. Consequently, using Corollary 1, (28) with
s = s2 has a solution in�R̂x and

|dB[G(s2, ·),�R̂x,0]| = 1.

Takingρ′ sufficiently large, we deduce from the additivity property of Brouwer degree
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that

|dB[G(s2, ·), B(ρ′) \�R̂x,0]| = |dB[G(s2, ·), B(ρ′),0] − dB[G(s2, ·),�R̂x,0]|
= |dB[G(s2, ·),�R̂x,0]| = 1,

and (28) withs = s2 has a second solution inB(ρ′) \�R̂x.

(e) s1 ∈ S1.

Taking a decreasing sequence(σk)k∈N in ]s1,∞[ converging tos1, a corresponding
sequence(xk

1, . . . , xk
n) of solutions of (28) withs = σk and using Lemma 3, we obtain

a subsequence(x jk
1 , . . . , x jk

n ) which converges to a solution(x1, . . . , xn) of (28) with
s = s1.

COROLLARY 4. If p > 0, am > 0 and bm ∈ R (1 ≤ m ≤ n − 1), there exists
s1 ∈ R such that the periodic problem

Dxm + am|xm|p = s + bm (1 ≤ m ≤ n − 1), x1 = xn

has no solution if s< s1, at least one solution if s= s1 and at least two solutions if
s> s1.

Similar arguments allow to prove the following result.

THEOREM 4. If the functions fm satisfy condition

fm(x) → −∞ as |x| → ∞ (1 ≤ m ≤ n − 1).(34)

then there is s1 ∈ R such that (28) has zero, at least one or at least two solutions
according to s> s1, s = s1 or s< s1.

COROLLARY 5. If p > 0, am > 0 and bm ∈ R (1 ≤ m ≤ n − 1), there exists
s1 ∈ R such that the periodic problem

Dxm − am|xm|p = s + bm (1 ≤ m ≤ n − 1), x1 = xn

has no solution if s> s1, at least one solution if s= s1 and at least two solutions if
s< s1.

8. One-side bounded nonlinearities

The nonlinearity in Ambrosetti-Prodi type problems is bounded from below and coer-
cive or bounded from above and anticoercive. In this section, we consider nonlinearities
which are bounded from below or above but have different limits at+∞ and−∞.

Let n ≥ 2 be an integer andfm : R → R continuous functions(1 ≤ m ≤ n−1).
Consider the problem

Dxm + fm(xm) = 0 (1 ≤ m ≤ n − 1), x1 = xn.(35)
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It is easy to check that the linear mappingL defined in (3) is such that

N(L) = {(c, . . . , c) ∈ R
n−1 : c ∈ R},

R(L) = {(y1, . . . , yn−1) ∈ R
n−1 :

n−1∑

m=1

ym = 0}.

The projectorP : R
n−1 → R

n−1

P(x1, . . . , xn−1) =
(

1

n − 1

n−1∑

m=1

xm, . . . ,
1

n − 1

n−1∑

m=1

xm

)

=
(

1

n − 1

n−1∑

m=1

xm

)
(1, . . . ,1)

is such thatN(P) = R(L), R(P) = N(L). Let us finally defineF : R
n−1 → R

n−1

by

F(x1, . . . , xn−1) = ( f1(x1), . . . , fn−1(xn−1)),

and letH = L + F, so that the solutions of (35) correspond to the zeros ofH. To study
them using Brouwer degree, we introduce, like in Theorem IV.13 of [10] the family of
equations

Lx + (1 − λ)P F(x)+ λF(x) = 0, λ ∈ [0,1].(36)

LEMMA 4. For eachλ ∈ ]0,1], equation (36) is equivalent to equation

Lx + λF(x) = 0.(37)

For λ = 0, equation (36) is equivalent to equation

P F(x) = 0, x ∈ N(L).(38)

Proof. We first notice that, applyingP to both members of equation (36), we get

P F(x) = 0

and hence, forλ ∈ ]0,1], equation (36) implies equation (37), and, forλ = 0, implies
equation (38). Conversely, if equation (37) holds andλ ∈ ]0,1], then, applyingP to
both members, we getP F(x) = 0 and we may add(1 − λ)P F(x) to the left-hand
member to obtain (36). If equation (38) holds, then

P F(x) = 0, Lx = 0,

and hence (36) withλ = 0 follows by addition.

The following Lemma, taken from [2], adapts to difference equations an argu-
ment of Ward [14] for ordinary differential equations.
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LEMMA 5. If the functions fm (1 ≤ m ≤ n − 1), are all bounded from below
or all bounded from above, say by c, and if for some R> 0

(39)
n−1∑

m=1

fm(xm) 6= 0 whenever min
1≤ j ≤n−1

x j ≥ R or max
1≤ j ≤n−1

x j ≤ −R,

then, for eachλ ∈ ]0,1] each possible zero x of L+ λF is such that

max
1≤ j ≤n−1

|x j | < R + 2(n − 1)|c|.(40)

Proof. Let (λ, x) ∈ ]0,1] × R
n−1 be a possible zero ofL + λN. It is a solution of the

equivalent system

(41)
n−1∑

m=1

fm(xm) = 0, Dxm + λ fm(xm) = 0, x1 = xn, (1 ≤ m ≤ n − 1).

On the other hand, if we assume, say, that eachfm (1 ≤ m ≤ n − 1) is bounded from
below, say byc, we have, for all 1≤ m ≤ n − 1, and allu ∈ R,

| fm(u)| − |c| ≤ | fm(u)− c| = fm(u)− c,

and hence

| fm(u)| ≤ fm(u)+ 2|c|.(42)

Consequently, using (41) and (42), we obtain

n−1∑

m=1

|Dxm| = λ

n−1∑

m=1

| fm(xm)| ≤
n−1∑

m=1

| fm(xm)|

≤
n−1∑

m=1

fm(xm)+ 2(n − 1)|c| = 2(n − 1)|c|.(43)

We deduce

max
1≤m≤n−1

xm ≤ min
1≤m≤n−1

xm +
n−1∑

m=1

|Dxm|

≤ min
1≤m≤n−1

xm + 2(n − 1)|c|.(44)

Using (41) and assumption (39), we obtain min
1≤m≤n−1

xm < R and−R < max
1≤m≤n−1

xm.

Combined with (44), this gives

−[R + 2(n − 1)|c|] < min
1≤m≤n−1

xm ≤ max
1≤m≤n−1

xm < R + 2(n − 1)|c|.

If the fm are bounded from above, it suffices to consider the equivalent problem−Lx−
F(x) = 0 with all function− fm bounded from below, as−L has the same null-space
and range asL .
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Defineϕ : R → R by

ϕ(u) = 1

n − 1

(
n−1∑

m=1

fm(u)

)
,

so that, foru(1, . . . ,1) ∈ N(L),

P F(u(1, . . . ,1)) = ϕ(u)(1, . . . ,1).

The following theorem slightly sharpens a result of [2].

THEOREM 5. Suppose that the functions fm (1 ≤ m ≤ n − 1) are all bounded
from below or all bounded from above, and that for some R> 0 andǫ ∈ {−1,1},

ǫ

n−1∑

m=1

fm(xm) ≥ 0 whenever min
1≤ j ≤n−1

x j ≥ R

ǫ

n−1∑

m=1

fm(xm) ≤ 0 whenever max
1≤ j ≤n−1

x j ≤ −R.(45)

Then, problem (35) has at least one solution.

Proof. For definiteness, assume that eachfm is bounded from below byc. For each
k ≥ 1, let us define

f (k)m (xm) = fm(xm)+ ǫxm

k(1 + |xm|) (1 ≤ m ≤ n − 1),

so that eachf (k)m is bounded from below byc − 1 and, using assumption (45),

ǫ

n−1∑

m=1

f (k)m (xm) > 0 whenever min
1≤ j ≤n−1

x j ≥ R

ǫ

n−1∑

m=1

f (k)m (xm) < 0 whenever max
1≤ j ≤n−1

x j ≤ −R.(46)

DefineF (k) : R
n−1 → R

n−1 by

F (k)m (x1, . . . , xn−1) = f (k)m (xm) (1 ≤ m ≤ n − 1).

Lemma 5 implies that each possible solutionx(k) of each equation

Lx + λF (k)(x) = 0 (k = 1,2, . . .), (λ ∈ ]0,1])(47)

is such that

max
1≤m≤n−1

|x(k)m | < R + 2(n − 1)(|c| + 1) := ρ (k = 1,2, . . .).
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Furthermore, condition (46) withx1 = . . . = xn−1 = ±ρ implies that

P F(k)(±ρ(1, . . . ,1)) = 1

n − 1

n−1∑

m=1

f (k)m (±ρ) 6= 0.

If C(ρ) = (] − ρ, ρ[)n−1, it follows then from Lemma 4 and the homotopy invariance
of Brouwer degree, that, for eachk = 1,2, . . . ,

dB[L + F (k),C(ρ)),0] = dB[L + P F(k),C(ρ),0].

Now, L + P : R
n−1 → R

n−1 is an isomorphism and, forz ∈ R(P), we have
(L + P)−1z = z, so that, using the multiplication property of the Brouwer degree
and denoting the Brouwer index byi B (see e.g. [7]), we obtain

dB[L + P F(k),C(ρ),0] = dB[(L + P)[I + (L + P)−1(P F(k) − P)],C(ρ),0]
= i B(L + P,0) · dB[I − P + P F(k),C(ρ),0]
= ±dB[I − P + P F(k),C(ρ),0].

Now, the Leray-Schauder reduction formula (see e.g. [7]) implies that

dB[I − P + P F(k),C(ρ),0] = dB[P F(k)|N(L),C(ρ) ∩ N(L),0]
= dB[ϕ(k), ] − ρ, ρ[,0],

where

ϕ(k)(u) = ϕ(u)+ ǫu

k(1 + |u|) .

Now assumption (45) withx1 = . . . = xn−1 = ±ρ implies thatϕ(k)(−ρ)ϕ(k)(ρ) < 0
for all k = 1,2, . . . , so that

dB[ϕ(k), ] − ρ, ρ[,0] = ±1.

Thus it follows from the existence property of Brouwer degree that equation (47) has
at least one solutionx(k) such thatx(k) ∈ C(ρ) for all k = 1,2, . . . .Going if necessary
to a subsequence, we can assume thatx(k) → x ∈ C(ρ) which is a zero ofL + F and
hence a solution of (35)

Let u+ = max{u,0}.

COROLLARY 6. For p > 0, am > 0, bm ∈ R (1 ≤ m ≤ n − 1), the periodic
problem

Dxm + am(x
+
m)

p − bm = 0 (1 ≤ m ≤ n − 1), x1 = xn,(48)

has at least one solution if and only if

n−1∑

m=1

bm ≥ 0.
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When am < 0 and bm ∈ R (1 ≤ m ≤ n − 1), problem (48) has at least one solution if
and only if

n−1∑

m=1

bm ≤ 0.

Proof. For the necessity, if problem (48) has a solutionx, then

n−1∑

m=1

bm =
n−1∑

m=1

am(x
+
m)

p ≥ 0.

For the sufficiency, each functionfm(xm) = am(x+
m)

p − bm is bounded from below by
−bm. Furthermore, if

R ≥
(∑n−1

m=1 bm∑n−1
m=1 am

)1/p

,

then
∑n−1

m=1 fm(xm) ≥ 0 when min1≤m≤n−1 xm ≥ R.On the other hand,
∑n−1

m=1 fm(xm)

= −∑n−1
m=1 bm ≤ 0 when max1≤m≤n−1 xm ≤ 0. Hence the result follows from Theo-

rem 5. The proof of the other case is similar.
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