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PERIODIC SOLUTIONS OF FIRST ORDER NONLINEAR
DIFFERENCE EQUATIONS

Abstract. This paper surveys some recent results on the existence atiglicity of peri-
odic solutions of nonlinear difference equations of the firsler under Ambrosetti-Prodi or
Landesman-Lazer type conditions.

1. Introduction

Periodic solutions of first and second order nonlinear diffiee equations have been
widely studied, and the reader can consult [1, 9] for refeesn In some recent work
with C. Bereanu, we have adapted the topological approatttetopper and lower so-
lutions method to this class of problems and used it, togetiitt Brouwer degree, to
obtain new existence and multiplicity results of the AmlettisProdi and Landesman-
Lazer type [2, 3]. In [4], we have used the same methodologydue similar results
for second order nonlinear difference equations with Bigt boundary conditions.
The present paper surveys some of those results and istedtrior the sake of sim-
plicity, to the case of periodic solutions of first order ditnce equations. Some of the
arguments of [2, 3] are simplified, and some of the conclissare sharpened.

2. Periodic solutions

Letn > 2 be a fixed integer. Faixy, ..., X)) € R", define the first order difference
operator(Dx, ..., Dxn_1) € R"~1 by

DXm:=Xmt1—Xm (A <m<n-1).

Let fm:R" — R (1 <m < n- 1) be continuous functions. We study the existence
of solutions for the periodic boundary value problem

(1) DXm + fm(X1,...,Xn) =0 (1<m=<n-1), X3 =X.
Let
2) UMl ={xeR":x1 = X},

so thatU"~1 ~ R"! because an element bf"~1 can be characterized by the co-
ordinatesxa, ..., Xn—1. The restrictionL : R"~1 — R"1 of D to R"1 is given
by

B) (LX)m=Xm1—Xm (A<m=n-2), (LX)n-1=X1—Xn_1,
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or, in matrix form, by the circulant matrix [6]

-1 1 o0 0
0 -1 1 0 0
(4) N
0 0 -1 1
1 0 .0 -1

If we defineF : R"1 — R"1 py
Fm(xl, R Xn—l) = fm(xl, X2, ... » Xn-1, Xl) (1 =m=n- 1)5

problem (1) is equivalent to study the zeros of the contisumappingH : R"1 —
R"-1 defined by

) Hn(X) = (LX)m+ Fm(X) (1<m<n-1).

3. Bounded nonlinearities

Let us first consider the linear periodic problem
(6) DXm+axm=0 (I<m=<n-1), X1=Xn,
wherea € R. The solutions of the corresponding difference system amendby
Xm=(L-a)"'x (L=m=n),
and hence (6) has a solution if and only if
X1 = (1—a)" Ix.
This immediately implies the following

LEMMA 1. Problem (6) has only the trivial solution if n is even angz 0 or if
nis odd andx ¢ {0, 2}. Whena = 0, the solutions are of the formmx=c¢ (1<m=<
n), and when n is odd and = 2, they have the formx= (—1)™1c (1<m<n),
with ¢ € R arbitrary.

Let
(7 bm:R"=> R, (X1,...,%X) — bm(X,..., %) (I<m<n-=1)
be continuous and bounded, and consider the semilineardpeproblem
(8) DXm+aXm+bm(X1,....,X) =0 (I<m=<n-1), X1=X.
If L is defined like above anB : R"~1 — R"~1 py

Bm(xls B Xn—l) = bm(xl, X25 ] Xn—l, Xl) (1 S m S n-— 1)7
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then problem (8) is equivalent to the semilinear proble®int
9 LX + ax + B(x) =0.
We have the following existence result.

THEOREM 1. Assume n odd and # 0 or n even andx ¢ {0, 2} and assume
that the functions § in (7) are continuous and bounded. Then problem (8) has atlea
one solution and, for all sufficiently large, R

dg[L +al + B, B(R), 0] = +1.

Proof. Let M > 0 is such that|B(v)|| < M for all » € R"~1. For eachi € [0, 1],
each possible zenoof L + a| + 1B is such that, using Lemma 1,

Jlull = AL +al) "Bl < IIL +ah)~HIM.

Hence, if we take anR > [|(L 4+ al)~1|M, and denote the Brouwer degree thy
(see [7]), the homotopy invariance of the degree impliet tha

dg[L + al + B, B(R), 0] = dg[L + al, B(R), 0] = %1,

and the existence follows from the existence property olLBser degree [7]. O

4. Upper and lower solutions

Let f, : R - R (1 < m < n — 1) be continuous functions, and let us consider the
periodic problem

(10) DxXm+ fn(Xm)=0 (l<m=<n-1), X1=Xn.

DEFINITION 1. a = (a1,...,an) (resp. 8 = (B1, ..., Bn)) is called alower
solution(resp.upper solutiopfor (10) if

a1 > on (resp.fp1 < pn),
and the inequalities
(11) Dam + fm(am) =0 (resp. Dbm + fm(fm) < 0)

hold for all1 < m < n — 1. Such a lower or upper solution will be calletrict if the
inequality (11) is strictforalll <m <n — 1.

The basic theorem for the method of upper and lower solutioes as follows.
The proof given here is a simplification of that given in [2hieh is modeled on the
corresponding one for differential equations in [11].
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THEOREM 2. If (10) has a lower solutionn = (a1,...,an) and an upper
solutionf = (f1, ..., Bn) such thatom < fm (1 < m < n), then (10) has a solution
X = (X1, ..., Xn) such thatam < Xm < fm (1 < m < n). Moreover, ifo and g are

strict, thenam < Xm < fm (L <m<n-1).

Proof. 1. A modified problem.
Letym: R — R (1 <m < n—1)be the continuous functions defined by

(12) ym(X) = X if am <X < fm
am If X <am.

We consider the modified problem

and show that ifx = (X1, ..., Xp) is a solution of (13) themyn < Xm < fm (1 <
m < n), and hence is a solution of (10). Suppose by contradiction that thesoigae
1 <i < nsuchthainj — % > 0 so thatam — Xm = Max<j<n(aj — Xj) > 0. If
l<m<n-1 then

Om+1 — Xm+1 = am — Xm,
which gives
Dom < DXm = Xm — am — fm(am) < Xm — am + Dam < Dam,

a contradiction. Now the conditios; > apn shows that the maximum is reached at
m = nonly if it is reached also ah = 1, a case already excluded. Analogously we
can show thakm < fm (1 < m < n). We remark that ifa, § are strict, the same
reasoning givegm < Xm < fm (L <m<n-—1).

II. Solution of the modified problem.

We use Brouwer degree to study the zeros of the continuouping : R"1 —
R"-1 defined by

(14) Gm(X) = (LX)m — Xm + fm o ym(Xm) + ym(Xm) (1 <m<n-1).

By Lemma 1,L — | : R™1 — R" 1 s invertible. On the other hand the mapping
with componentsf, o ym + ym (1 < m < n — 1) is bounded o1, Consequently,
Theorem 1 implies the existence Bf> 0 such that, for alp > R, one has

(15) |ds[G, B(p), 0l =1,

and, in particularG has a zerX € B(p). Hencex = (X, x1) is a solution of (13),
which means thaty, < Xm < fm (1 < m < n) andx is a solution of (10). Moreover
if a, B are strict, themm < Xm < fm (L <m=<n-1). O
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Suppose now that (resp. f) is a strict lower (resp. upper) solution of (10).
Define the open set

(16)  Qup={(X, ..., Xn-1) € R iam <Xm < fm (L <m=n-1),
and the continuous mappirg : R"~1 — R~ py
(17) Hm(X) = (LX)m + fm(Xm) (1<m<n-1).

COROLLARY 1. Assume that the conditions of Theorem 2 hold with strict fowe
and upper solutions. Then

(18) |dB[H99aﬂ90]| = 11
with Q4 defined in (16).

Proof. If p is large enough, then, using the additivity-excision propef Brouwer
degree [7], we have

|ds[G, Q4p, 0]| = |dB[G, B(p), 0]| = 1.
On the other hand is equal toG onQ,4, and then

|dB[G7 Q(Xﬂ: O]| = |dB[H9 Q(Zﬁ: O]|'

O
A simple but useful consequence of Theorem 2, goes as fallows
COROLLARY 2. Assume that there exists numbers: § such that
fm(@) >0= fm(f) 1=m=<n-1).
Then problem (10) has at least one solution witk x, < f (1 <m<n-1).
Proof. Justobserve that, ..., a) is alower solution an@g, . . ., £) an upper solution
for (10). O

COROLLARY 3. Foreach p> 0,an > 0Oand b, e R(1 <m < n-—1)the
problem

DXm — aml¥mlP Xm=bm (I<m<n-1), X=X
has at least one solution.

1/p . .
Proof. If R > (maxi<m<n-1 'gm—m') , then(—R, ..., —R) is a lower solution and

(R, ..., R) an upper solution. O
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REMARK 1. Whenpgm < am (L < m < n — 1), one can try to repeat the
argument of Theorem 2 by defining

om(X) = X if fmn=<X=<am
Pm I X < fm,

and considering the modified problem

As L + | is invertible, the degree argument still gives the existenf at least one
solution for (19). If one tries to show that, sg#, < Xm (1 < m < n—1), and assume
by contradiction thaps; — x; > 0for somel < i < n, one gets no contradiction with
Dfm + fm(Bm) < 0. This is in contrast with the ordinary differential equaticase,
for which the argument works independently of their orde3][1The reason of this
difference comes from the fact that a local extremum is dattar&zed by an equality
(vanishing of the first derivative) in the differential caaed by two inequalities (with
only one usable in the argument) in the difference case. fHses the question of
the validity of the method of upper and lower solutions withersed upper and lower
solutions in the difference case. This question is solvetidyegative in the next two
sections.

5. Spectrum of the linear part

The construction of the counter-example proving the laseii®n above is clarified
by analyzing the spectral properties of the first order diffiee operator with periodic
boundary conditions.

DEFINITION 2. An eigenvalueof the first order difference operator with peri-
odic boundary conditions is any € C such that the problem

(20) Dxm=AXm (1<m<n-1), X1=Xp
has a nontrivial solution.
Explicitly, system (20) can be written as
X1—Xn = 0

X2—A+A4Hxy = 0
(21)

Il
o

Xn - (1 + A)Xn_l
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and is equivalent to the matrix eigenvalue problem

—1—2 1 o ... . 0 X1
0 -1-2 1 0 0 X2
(22) e . |=0
0 e 0 —1-12 1 Xn—2
1 0 0 -1-2 Xn—1
Hence the eigenvaluelx areix = —1 + ux (0 < k < n — 2), where theuy are the
eigenvalues of the (permutation, unitary, circulant) ixatr
0 1 0 .- --- 0
0 O 1 0 .- 0
0 0O 0 1
1 0 0O o

namely (see e.g. [6]),
ki

(23) Jk=-1+en1 (0<k=<n-2).
The corresponding eigenvectars (0 < k < n — 2) have components
2kmri

ok =en1 (1<m<n-1).

In particular,2o = 0 is always a real eigenvalue, and all the other eigenvalaes h
negative real part. I = 2, 0 is the unique eigenvalue;nf> 2 is even, 0 is the unique
real eigenvalue; ifi is odd,i% = —2 is the unique nonzero real eigenvalue.

6. Reversing the order of upper and lower solutions

Forn > 2 odd andi = —2, system (21) becomes

X1—Xp = 0
Xo4+x1 = 0

(24)
Xn+X%-1 = 0

and has the solutiop associated te "~1/2 with components
om= (D™t L=m=n)
The adjoint system
X1+X2 = 0
(25) Xn1+Xn = 0
—X1 + Xn

Il
o
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has the same nontrivial solutien As by, = dnm (1 < m < n) (Kronecker symbol) is
not orthogonal to the kernel of the adjoint system (25), ttodjem

X1—Xn = 0
Xo4+x1 = 0
Xn-1+Xp2 = 0
Xn + Xn_]_ = 1

has no solution, or, equivalenttiie problem
(26)DXm+2Xn=0 (1<m=<n-2), DXp_1+2X-1=1 X1 =X
has no solutionHowever,a = (1,..., 1) is a lower solution angg = (0, ..., 0) isan

upper solution of (26) such th#, < am (L <m < n).
If now n > 2 is even, the problem

DXm + 2Xm = O (1 S m S n— 3), DXn_2 + 2Xn_2 = 1,
(27) Dxn—1 = 0, X1 =Xn

is of course equivalent to the problem
DXm+2Xm=0 (1<m=<n-3), DXp24+2X—2=1 X1 = Xp-1.

As n — 1 is odd, it follows from the counter-example (26) thmbblem (27) has no
solution. However. = (1, ..., 1) is a lower solution angt = (0, ..., 0) is an upper
solution of (27) such thgfyn < am (1 < m < n). Those counter-examples were first
given in [3].

Forn = 2, problem (10) is equivalent to the unique scalar equation

fi(xy) =0

and, in this case, the validity of the method of upper and t@eutions, independently
of their order, follows from its equivalence with Bolzantfeorem applied to the real
function fy.

REMARK 2. Notice that, in contrast to the periodic problem for diffece
equations, whose eigenvalues are in the left half-plarig¢haleigenvaluegx = @

(k € Z) of the differential operatord% with periodic boundary conditions of®, T]
are on the imaginary axis. This explains that the method pkupnd lower solutions
works irrespectively to the order of the lower and the upéutson.

7. Ambrosetti-Prodi type multiplicity result

Let fq,..., fa_1 : R — R be continuous functiong € R. Consider the problem,
withn > 2,

(28) DXm+ fn(Xm)=s (L<m=<n-1), X=X,
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with the coercivity condition

(29) fm(U) > 00 as Ju—oc0 (I<m=<n-1).
Whenn = 2, problem (28) is equivalent to the scalar equation
(30) fi(x1) =s

and, under condition (29) witim = 1, it is clear that there exists; (= ming f1)
such that fors < s;, equation (30) has no solution, fer= s;, equation (30) has
at least one solution, and fer > s;, equation (30) has at least two solutions. We
show that a similar result holds for amy > 2. Problems of this type were initiated
by Ambrosetti-Prodi for second order semilinear Dirictdedblems and the approach
given here slightly simplifies the one given in [2], modelextioe method introduced in
[12, 13] for periodic solutions of first and second order pady differential equations.

LEMMA 2. If condition (29) holds, then

n-1
> fm(xm) = +oo if x| > oo.

m=1
Proof. From (29),
(31) HceR)(VueR)(Yme{l,...,n—1}): fu(u) >c,
and

~VMR>0@r">0MueR:|ju=>r)Yme{l,...,n—1}):
(32) fm(u) > R—(n—2)c.

Ifr = «/n—1r" and if x € R™ 1 s such that|x| > r, then, for at least ong €
{1,...,n—1}, one hagx;j| > r’, so that, using (31) and (32),

n-1 n—-1
D fmbm) = D [fmm) —cl+ (M —De> fj(xj) —c+ (n—1c
m=1 m=1
> R—-(n-2c—c+(h-1Hc=R
Consequentlyy> "% fr(xm) — 400 if x| — oco. O

LEmMMA 3. Let be R. If condition (29) holds, there is = p(b) > 0 such that
each possible solution x of (28) withssb is such that|x|| < p.

Proof. Lets < band(xy, ..., X,) be a solution of (28). We see that
n—-1

(33) > fmm) = (N = Ds < (n— Db.
m=1

and the result follows from Lemma 2. O
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THEOREM 3. If the functions § (1 < m < n — 1) satisfy (29), there exists
s1 € R such that(28) has zero, at least one or at least two solutions according to
S<$,S=%,S> 9.

Proof. Let
Sj = {s e R:(28) has at least j solutions (j > 1).

(@ S # 2.
Takes* > maxi<m<n-1 fm(0) and use (29) to findR* < 0 such that

min  fn(R*) > s*.
1<m=<n-1

Thena with aj = R* < 0(1 < j < n) is a strict lower solution ang with gj = 0
(1 < j < n)is a strict upper solution for (28) with = s*. Hence, using Theorem 2,
st e §.

(b) IfSe€ S and s> Sthense S.

LetX = (X3, ..., Xn) be a solution of (28) witls =S, and lets > 3. ThenX is a strict
upper solution for (28). Take NnOR_ < MiNi<m<n Xm such that mif<m<n—1 fm(R-)

> st follows thata with aj = R_ (1 < j < n) is a strict lower solution for (28), and
hence, using Theorem 8¢ S;.

(c) st = inf § is finite and $ D ]s1, ool.

Let s € R and suppose that (28) has a solutie, ..., Xp). Then (33) holds, from
where we deduce that> c, with ¢ € R given in (31). To obtain the second part of
claim (c) S D ]s1, oo[ we apply (b).

(d) & D Is, 00l

We reformulate (28) to apply Brouwer degree theory. Conshiiecontinuous mapping
G:R x R"1 — R"1 defined by

Gm(s, X)) = (LX)m+ fm(Xm) —s L<m=<n-1).

Then(xy, ..., Xn—1, X1) is a solution of (28) if and only ifx1, ..., Xn—1) € R"1is
a zero ofg(s, -). Lets3 < 51 < $. Using Lemma 3 we fingg > 0 such that each
possible zero ofi(s, -) with s € [s3, %] is such that maym<n—1|Xm| < p. Conse-
quently,dg[5(s, -), B(p), 0] is well defined and does not depend upor [s3, S2].
However, using (c), we see thgtss, x) # 0 for all x € R"~1. This implies that
ds[5(ss, ), B(p), 0] = 0, so thatdg[G(sp, -), B(p), 0] = 0 and, by excision property,
ds[S(s2, ), B(p),01 = 0if p’ > p. Lets € ]s1, o[ andX = (X1, ..., Xn) be a so-
lution of (28) (using (c)). TheX is a strict upper solution of (28) with = s,. Let

R < mini<j<nXj be such that miftm<n-1 fm(R) > 5. Then(R,...,R) e R"isa
strict lower solution of (28) withs = s,. Consequently, using Corollary 1, (28) with
s = s has a solution if2rg and

|ds[S(s2, -), Qrx, 0l = 1.

Taking p’ sufficiently large, we deduce from the additivity properfyBoouwer degree
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that

= |dB[9(52’ ')9 QRY) 0]| = 1’
and (28) withs = s, has a second solution B(p’) \ Qrs.
(e)seS.

Taking a decreasing sequen@®)ken in ]S1, co[ converging tosi, a corresponding
sequenccex'l‘, cee xh) of solutions of (28) withs = ok and using Lemma 3, we obtain

a subsequenceqk, e x,%k) which converges to a solutiaixy, .. ., X)) of (28) with
S=¢5. O]

COROLLARY 4. If p > 0,8y > 0and iy € R (1 < m < n — 1), there exists
s € R such that the periodic problem

DXm+ am[Xm/P =s+bm 1<m<n—-1), X=X,

has no solution if s< s1, at least one solution if s= 5 and at least two solutions if
S > 9.

Similar arguments allow to prove the following result.
THEOREMA4. If the functions § satisfy condition
(34) fm(X) > —o0 as |x]—> o (I<m=<n-1.

then there is § € R such that (28) has zero, at least one or at least two solutions
accordingtos> §,S=5 0rs < s1.

COROLLARY 5. If p> 0,an > 0and hy, € R (1 < m < n — 1), there exists
s1 € R such that the periodic problem

DXm—amlXm/P =s+bm (1<m=<n-1), x1=X,
has no solution if s> s, at least one solution if s= 51 and at least two solutions if

S < s

8. One-side bounded nonlinearities

The nonlinearity in Ambrosetti-Prodi type problems is bded from below and coer-
cive or bounded from above and anticoercive. In this secti@consider nonlinearities
which are bounded from below or above but have differentttimi+oo and—oo.

Letn > 2 be aninteger anél, : R — R continuous function§l < m < n—1).
Consider the problem

(35) DXm+ fm(Xm) =0 (1<m=<n-1), X1=Xn.
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It is easy to check that the linear mappibglefined in (3) is such that

N(L) = {(,...,c)e R :ceR},
n—1

RL) = {(y.....¥n-1) eR": Dy =0}
m=1

The projectorP : R"-1 — R-1

1 n—-1 1 n—-1
P(Xt,...,%n-1) = (n—1zxm""’nT1 Xm)

Il
SN
>
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is such thatN(P) = R(L), R(P) = N(L). Let us finally defineF : R"~1 — R"-1
by

F(Xg,...,Xn—1) = (fa(x1), ..., fa1(Xn-1)),

and letH = L 4+ F, so that the solutions of (35) correspond to the zerdd ofo study
them using Brouwer degree, we introduce, like in Theorerh3\af [10] the family of
equations

(36) Lx+ (1 —2)PF(X)+AF(x) =0, 1€l0,1].
LEMMA 4. For eachi €]0, 1], equation (36) is equivalent to equation
(37) Lx 4+ AF(x) = 0.
For A = 0, equation (36) is equivalent to equation
(38) PF(xX) =0, xe N(L).
Proof. We first notice that, applyin§ to both members of equation (36), we get
PF(x)=0

and hence, fof €]0, 1], equation (36) implies equation (37), and, foe 0, implies
equation (38). Conversely, if equation (37) holds dnd ]0, 1], then, applyingP to
both members, we gd® F(x) = 0 and we may addl — 1) P F(x) to the left-hand
member to obtain (36). If equation (38) holds, then

PF(x)=0, Lx=0,
and hence (36) witth = 0 follows by addition. O

The following Lemma, taken from [2], adapts to differenceiaipns an argu-
ment of Ward [14] for ordinary differential equations.
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LEMMA 5. If the functions § (1 < m < n — 1), are all bounded from below
or all bounded from above, say byand if for some R> 0

n—1
(39) Z fm(Xm) #0 whenever min x; >R or max Xj <—R,
1 1<j=n-1 1<j=n-1

then, for each. €10, 1] each possible zero x of & AF is such that

(40) max1|xj| < R+ 2(n - 1)c|.

1<j=n-

Proof. Let (1, x) €10, 1] x R"~1 be a possible zero df + AN. Itis a solution of the
equivalent system

n—-1
41) D fm(m) =0, DXm+Afm(m) =0, X1=X), (<m<n-1).

m=1
On the other hand, if we assume, say, that efglil < m < n — 1) is bounded from
below, say byc, we have, forallI= m<n—1, and allu € R,

[ fm (W = lcl = [fm(U) —c| = fm(u) —c,

and hence
(42) | fn(U)| < fm(u) + 2[c|.
Consequently, using (41) and (42), we obtain

n—-1 n-1 n—1
DDxml = A [fmGm)l < D | fn(m)|
m=1 m=1 m=1
n—1
(43) < fm(Xm) + 2(n — )|c| = 2(n — 1)|c|.
m=1
We deduce
n—1
X Xm S, X D, D
(44) < min  Xm+2(n—1)c|.
1<m<n-1

Using (41) and assumption (39), we obtain  mixy,, < Rand—R < max Xm.

1<m<n-1 1<m<n-1
Combined with (44), this gives

—[R+2(n—=12Dic|]] < min Xun < max Xm < R+2(n-—1)ic|.
1<m=<n-1 1<m=<n-1
If the f, are bounded from above, it suffices to consider the equivpleblem—Lx —
F(x) = 0 with all function— f,,, bounded from below, as L has the same null-space
and range a&. O
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Definep : R — R by

1 n—1
o) = —— (Z fm<u)),
m=1

so that, foru(,...,1) € N(L),
PFu(,...,1) =9U)1,...,1).
The following theorem slightly sharpens a result of [2].

THEOREMS. Suppose that the functiong, {1 < m < n — 1) are all bounded
from below or all bounded from above, and that for some Rande € {—1, 1},

R

v

n—1
€ fn (X > 0 whenever min X
mgl m(m) > ,min_x;

IA

0 whenever max xj <-—R.
1<j=n-1

n-1
(45) € > fm(Xm)
m=1

Then, problem (35) has at least one solution.

Proof. For definiteness, assume that edghis bounded from below bg. For each
k > 1, let us define
€Xm

(k) _
fn’ Xm) = fm(Xm) + KL+ [xmD)

l<m=<n-1),

so that each‘rﬁk) is bounded from below bg — 1 and, using assumption (45),

n-1
£ (0 in X
EZ m (Xm) > 0 whenever lsjrsryrjlxJ >R
m=1
n-1
(46) € > f¥9xm < 0 whenever L max X < —R.
m=1 =l=n=
DefineF® : R"-1 . R"-1 py
FoO(Xa, .., %n-1) = P (m) A<m<n-—1).

Lemma 5 implies that each possible solutidl of each equation
(47) Lx+iAF®¥x) =0 k=1,2..), (1€]0,1])
is such that

max 1|x,(r‘f)| <R4+2n=1(c|+D:=p (=1,2...).

l<m<n—
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Furthermore, condition (46) witk; = ... = xpn_1 = +p implies that
1 n-1
(9] _ z (k)

If C(p) = (1—p, pD)"L, it follows then from Lemma 4 and the homotopy invariance
of Brouwer degree, that, foreagh=1,2, ...,

dsL + F®,C(p)), 0l = dg[L + PF®, C(p),0].

Now, L + P : R"™1 — R"1 s an isomorphism and, fax € R(P), we have
(L + P)~1z = z, so that, using the multiplication property of the Brouweguee
and denoting the Brouwer index by (see e.qg. [7]), we obtain
dslL + PF®,C(p),01 = dsl(L+P)[I +(L+P)"*(PFY —P)],C(p),0]
= ig(L+P,0)-dg[l — P+ PF®, C(p),0]
= +dg[l — P+ PF® C(p),0]

Now, the Leray-Schauder reduction formula (see e.g. [7plies that

dg[l = P+ PF®.C(p),0] = da[PF®|nw), C(p) N N(L),0]
dB[(/’(k): ] - p’ p[: O]’
where
7 (u) =g (u) K@+ u)
Now assumption (45) withy = ... = X,_1 = %p implies thatp®¥ (—p)p® (p) < 0

forallk=1,2,..., sothat
dgle®@,1—p, p[,0] = £1.

Thus it follows from the existence property of Brouwer degtieat equation (47) has

at least one solutior® such thax® e C(p) forallk = 1, 2, ... Going if necessary
to a subsequence, we can assumexfat— x € C(p) which is a zero oL + F and
hence a solution of (35) O

Letu™ = max{u, 0}.

COROLLARY 6. For p > 0,an > 0, by, € R (1 < m < n — 1), the periodic
problem

(48) DXm +am(X)P —bm=0 (1<m<n-1), X=X,

has at least one solution if and only if

n-1
Z bm > 0.
m=1
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When @&, < 0and b, € R (1 <m < n— 1), problem (48) has at least one solution if
and only if

Proof. For the necessity, if problem (48) has a solutigrthen

n—-1 n-1
Z bm = Zam()q)p > 0.
m=1 m=1

For the sufficiency, each functiofy,(Xm) = am(X;)P — b is bounded from below by
—bm. Furthermore, if

_1 1/p
n o ((Zhcibn
i —1 ’
> mei am
then> "% fm(xm) > Owhen min<m<n_1Xm > R. Onthe other handy""—% fm(xm)
= - ﬂf:ll bm < 0 when max<m<n-1Xm < 0. Hence the result follows from Theo-
rem 5. The proof of the other case is similar. O
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