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ZERO SHEAR VISCOSITY LIMIT FOR THE NAVIER-STOKES

EQUATIONS OF COMPRESSIBLE ISENTROPIC FLUIDS

WITH CYLINDRIC SYMMETRY ∗

Abstract. We study the problem of the limit process as the shear viscosity goes to zero for
global weak solutions to the Navier-Stokes equations of compressible isentropic fluids with
cylindric symmetry between two circular cylinders. We prove that the limit of the global
weak solutions is a weak solution of the corresponding system with zero shear viscosity.

1. Introduction

We shall study the convergence of solutions of the the Navier-Stokes equations for
a compressible isentropic fluid with cylindric symmetry, asthe shear viscosity goes
to zero. In this paper we restrict ourselves to isentropic flows between two circular
coaxial cylinders and assume that the motion of the flows depends only on the radial
variable and the time variable. The corresponding symmetric form of the compressible
isentropic Navier-Stokes equations, which express the conservation of mass and the
balance of momentum, can be written as [35]

ρt + (ρu)x + ρu

x
= 0,(1)

(ρu)t + (ρu2)x + ρu2

x
− ρv2

x
+ Px = (λ+ 2ǫ)

(
ux + u

x

)
x
,(2)

(ρv)t + (ρuv)x + 2ρuv

x
= ǫ

(
vx + v

x

)
x
,(3)

(ρw)t + (ρuw)x + ρuw

x
= ǫ

(
wxx + wx

x

)
.(4)

Hereρ is the density,u, v andw are the radial, angular and axial components of the
velocity vectorEv, respectively,x is the radial variable;

P ≡ P(ρ) = aργ , γ > 1

denotes the pressure, andλ, ǫ, a andγ are positive constants which stand for the bulk
(expansion) viscosity coefficient, shear viscosity coefficient, gas constant and specific
heat ratio, respectively.
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We shall consider the following initial boundary value problem for (1)–(4) in
the domainQT := (0, T)×� with � := {0< r1 < x < r2 < ∞}:

u = 0, v = vi (t), w = wi (t) for x = r i , i = 1,2,(5)

(ρ,u, v, w)|t=0 = (ρ0,u0, v0, w0).(6)

The boundary conditions (5) imply that the fluid sticks at thebounding cylinders which
move in such a way that the axis of symmetry is fixed. For simplicity, we take here
vi (t) = wi (t) ≡ 0, since otherwise we can use

v −
( r2 − x

r2 − r1
v1 + x − r1

r2 − r1
v2

)
and w −

( r2 − x

r2 − r1
w1 + x − r1

r2 − r1
w2

)

to replacev andw, respectively, and thus the proof only needs minor modifications.

The asymptotic behavior of viscous flows, as the viscosity vanishes, is one of
the important topics in the theory of compressible flows, andthe problem of small
viscosity finds many applications, for example, in the boundary layer theory [43].

Assuming that

(7) ρ0 ∈ H1(�), inf
�
ρ0 > 0, u0, v0, w0 ∈ H1

0 (�),

Shelukhin studies the zero shear viscosity limit for flows with heat-conducting between
two parallel plates [47, 48], while in [49] he investigates the passage to the limit for
a free-boundary problem of describing a joint motion of two compressible fluids with
different viscosities, as the shear viscosity of one of the fluids vanishes.

In [17] Frid and Shelukhin investigate the cylinder symmetric isentropic prob-
lem (1)–(6). For the cylinder symmetric case, the velocity components influence each
other through the momentum equations. This is one of the maindifferences between
the systems considered in [47, 48, 17]. Under the conditions(7), Frid and Shelukhin
prove that the problem (1)–(6) possesses a unique strong solution (ρǫ,uǫ, vǫ, wǫ) sat-
isfying

ρǫ ∈ L∞(0, T; H1), ∂tρǫ ∈ L∞(0, T; L2), inf
QT
ρǫ > 0,

(uǫ, vǫ, wǫ) ∈ L∞(0, T; H1
0 ) ∩ L2(0, T; H2), (∂tuǫ, ∂tvǫ, ∂twǫ) ∈ L2(QT ).

Furthermore, they use the method developed in [47] to obtainthe following uniform in
ǫ estimates:

∫

�

[
ρǫ(u

2
ǫ + v2

ǫ + w2
ǫ )+ ργǫ

]
dx

+
∫ T

0

∫

�

[
(λ+ 2ǫ)(∂xuǫ)

2 + ǫ(∂xvǫ)
2 + ǫ(∂xwǫ)

2
]
dxdt ≤ C,

C−1 ≤ ρǫ ≤ C, ‖(vǫ, wǫ)‖L∞(QT ) ≤ C,

‖∂xρǫ‖L∞(0,T;L2) ≤ C, ‖∂tρǫ‖L∞(0,T;L2) ≤ C,

‖(∂tuǫ, ∂
2
xuǫ)‖L2(QT )

+ ‖∂xuǫ‖L∞(0,T;L2) ≤ C,
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whereC is a positive constant independent ofǫ. Thus, using these uniform estimates,
they can prove by the standard compactness imbedding arguments that asǫ → 0,

(8)
(ρǫ,uǫ) → (ρ,u) strongly in C(Q̄T ),

(vǫ, wǫ) ⇀ (v,w) weak-∗ in L∞(QT ).

Then, with the help of (8), they utilize a framework suitablefor transport equations
which allows one to improve the weak convergence to the strong one by analyzing and
comparing the equations deduced for8(z) and8(z), wherez is any of the two velocity
componentsv orw,8 : R → R is a convex function, and8(z) denotes the weak limit
of 8(zǫ) with zǫ = vǫ or zǫ = wǫ . This idea of improvement of weak convergence
goes back to the notion of the renormalized solutions introduced by Diperna and Lions
[11], and applied and further developed in [25, 38, 39, 33, 34, 29, 14, 16, 48, 18, 30,
15, 50] and among others.

The problem of vanishing both shear and bulk (expansion) viscosity coefficients
(λ,µ) is much more complex and the situation becomes delicate. Itis expected that a
general weak entropy solution to the Euler equations shouldbe (strong) limit of solu-
tions to the corresponding compressible Navier-Stokes equations with the same initial
data as the viscosity and heat conductivity tend to zero. Indeed, the vanishing viscosity
limit for the Cauchy problem for the compressible Navier-Stokes equations has been
studied by several researchers.

For the one-dimensional isentropic compressible Navier-Stokes equations, Di-
Perna [9] uses the method of compensated compactness and establishes a.e. conver-
gence as viscosity goes to zero of admissible solutions of the Navier-Stokes equations
to an admissible solution of the corresponding Euler equations, provided that solutions
of the Navier-Stokes equations are bounded and the density is bounded away from zero
uniformly with respect to the viscosity coefficients. However, this uniform bounded-
ness is difficult to verify in general, and the abstract analysis in [9] gets little informa-
tion on the qualitative nature of the viscous solutions. In [27] Hoff and Liu investigate
the inviscid limit problem in the case that the underlying inviscid flow is a single weak
shock wave, and they show that solutions of the compressibleNavier-Stokes equations
with shock data exist and converge to the inviscid shocks, asviscosity vanishes, uni-
formly away from the shocks. Based on [19, 27], Xin in [52] shows that the solution
to the Cauchy problem of the one-dimensional compressible isentropic Navier-Stokes
equations with weak centered rarefaction wave data exists for all time and converges
to the weak centered rarefaction wave solution of the corresponding Euler equations,
as viscosity tends to zero, uniformly away from the initial discontinuity. Moreover, for
a given centered rarefaction wave to the Euler equations with finite strength, he con-
structs a viscous solution to the compressible Navier-Stokes system with initial data
depending on the viscosity, such that the viscous solution approaches the centered rar-
efaction wave at the rate 1/4 of viscosity uniformly for all time away fromt = 0.
Recently, Jiang, Ni and Sun [32] extended this result to the non-isentropic case by us-
ing some ideas from the stability study of rarefaction waves[40, 41] and the time-decay
property of initial discontinuities [24].

In the vanishing viscosity limit, the existence and stability of multidimensional
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shock fronts for the multidimensional compressible Navier-Stokes equations are pro-
ved in [23] and the Prandtl boundary layers (characteristicboundaries) are studied for
the linearized case in [53, 54, 51] by using asymptotic analysis, while the boundary
layer stability in the case of non-characteristic boundaries and one spatial dimension
is discussed in [46, 42]. We also mention that there is an extensive literature on the
vanishing artificial viscosity limit for hyperbolic systems of conservation laws, see, for
example, [9, 10, 19, 37, 36, 55, 20, 45, 5, 21, 22, 3], also cf. the monographs [4, 8, 44]
and the references therein.

Concerning the zero shear viscosity limit for (1)–(6), to our best knowledge, the
known results are concerned with strong solutions under theconditions (7). The aim
of this paper is to prove a similar vanishing shear viscositylimit result under weaker
regularity assumptions on the initial data. Namely, we willstudy the limit asǫ → 0 of
(1)–(6) under the following conditions on the initial data:

(9) inf
�
ρ0 > 0, ρ0 ∈ L∞(�), u0 ∈ L2(�), (v0, w0) ∈ L∞(�).

Under (9), it is not difficult to prove that there exists at least one global weak so-
lution (ρǫ,uǫ, vǫ, wǫ) with ρǫ > 0 to the problem (1)–(6) by using arguments similar
to those in, for example, [1, 2, 6, 39, 56, 26, 31, 28]. Moreover, (ρǫ,uǫ) is a renor-
malized solution of the equation (1), see [39]. On the other hand, for the vanishing
shear viscosity limit for the weak solutions here, comparedwith the strong solutions
dealt with in [17], the main difficulty lies in the derivationof the strong convergence
of the densityρǫ , due to lack of uniform a priori estimates on derivatives ofρǫ . To
overcome such difficulties, we use the techniques in the study of the global existence
of weak solutions to the multidimensional compressible Navier-Stokes equations (see,
e.g., [38, 14, 16, 29]), and exploit the feature of the equation (2).

Before stating our main result, we introduce the definition of weak solutions.

DEFINITION 1. (i) We call(ρ,u, v, w)(x, t) a global weak solution of (1)–(6),
if for any T > 0, ρ(x, t) ≥ 0 on [0, T] ×�, and

ρ, v,w ∈ L∞(QT ), u, v, w ∈ L2(0, T; H1
0 ), u ∈ L∞(0, T; L2),

and the following equations hold:

(10)
∫ T

0

∫

�

ρ(ϕt + uϕx)xdxdt+
∫

�

ρ0ϕ(x,0)xdx = 0,

∫ T

0

∫

�

{
xρuφt + xρu2φx + ρv2φ +

[
P(ρ)− (λ+ 2ǫ)

(
ux + u

x

)]
(xφ)x

}
dxdt

+
∫

�

xρ0u0φ(x,0)dx = 0,(11)

∫ T

0

∫

�

{
xρvφt + xρuvφx − ρuvφ − ǫ

(
vx + v

x

)
(xφ)x

}
dxdt

+
∫

�

xρ0v0φ(x,0)dx = 0,(12)
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(13)
∫ T

0

∫

�

{
xρwφt + xρuwφx − ǫxwxφx

}
dxdt+

∫

�

xρ0w0φ(x,0)dx = 0,

for anyϕ, φ ∈ C1(Q̄T ), φ ∈ C([0, T], H1
0 ) andϕ(·, T) = φ(·, T) = 0.

ii) We call (ρ,u, v, w)(x, t) a global weak solution of (1)–(6) withǫ = 0, if for any
T > 0, ρ(x, t) ≥ 0 on [0, T] ×�, and

ρ, v,w ∈ L∞(QT ), u ∈ L∞(0, T; L2) ∩ L2(0, T; H1
0 ),

andρ,u, v, w satisfy the equations (10)–(13) withǫ = 0.

Thus, the main result of this paper reads:

THEOREM1. Assume that the initial data satisfy (9). Then there exists aglobal
weak solution(ρǫ,uǫ, vǫ, wǫ) of the problem (1)–(6). Moreover, there is a sequence
ǫn ↓ 0, such that asǫn → 0,

(ρǫn, vǫn, wǫn) → (ρ, v,w) strongly in Lp(QT ), uǫn → u strongly in Ls(QT ),

∂xuǫn → ux strongly in L2(QT )

for any p∈ [1,∞) and s∈ [1,6). In addition, the limit(ρ,u, v, w) is a global weak
solution of (1)–(6) withǫ = 0.

REMARK 1. (i) If inf ρ0 = 0 and(ρ0,u0) satisfies a natural compatibility con-
dition, then we can prove that the problem (1)–(6) has a unique global smooth solution.
For the proof, see [7] whenγ ≥ 2 and [13] when 1< γ ≤ 2.

(ii) A similar result has been obtained recently for the magnetohydrodynamic
equations by Fan [12].

The next section gives the uniform estimates which will be used in the final
section to complete the proof of Theorem 1.

As the end of this section, we introduce the notation used throughout this paper.
L p(I , B) respectively‖ · ‖L p(I ,B) denotes the space of all strongly measurable,pth-
power integrable (essentially bounded ifp = ∞) functions fromI to B respectively its
norm, I ⊂ R an interval,B a Banach space.C(I , B − w) is the space of all functions
which are inL∞(I , B) and continuous int with values inB endowed with the weak
topology. We will use the abbreviation:

Lq(0, T; Wm,p) ≡ Lq(0, T; Wm,p(�)),

‖ · ‖Lq(0,T;Wm,p) ≡ ‖ · ‖Lq(0,T;Wm,p(�)), ‖ · ‖L p ≡ ‖ · ‖L p(�).

The same letterC will denote various positive constants which do not depend
on ǫ.

2. Uniform a priori estimates

We denote the weak solution of (1)–(6) by(ρǫ,uǫ, vǫ, wǫ) throughout the rest of this
paper. This section is devoted to the derivation of a priori estimates of(ρǫ,uǫ, vǫ, wǫ)
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which are independent ofǫ .

We start with the following conservation identity which is obtained by multiply-
ing (1) byx, integrating the resulting equation over(0, t)×� and using the boundary
conditions (5):

(14)
∫

�

xρǫ(x, t)dx =
∫

�

xρ0(x)dx.

The following lemma gives an elementary energy estimate which is proved in
[17] by multiplying the system (2)–(4) by(uǫ, vǫ, wǫ) in L2((0, t)×�) and using (1).

LEMMA 1. The following energy estimate holds.

sup
t∈[0,T]

∫

�

[x

2
ρǫ(u

2
ǫ + v2

ǫ + w2
ǫ )+ ax

γ − 1
ργǫ

]
(x, t)dx

+
∫ T

0

∫

�

x
[
(λ+ 2ǫ)(∂xuǫ)

2 + ǫ(∂xvǫ)
2 + ǫ(∂xwǫ)

2

+(λ+ 2ǫ)
u2
ǫ

x2
+ ǫ

v2
ǫ

x2

]
dxdt ≤ C.(15)

As in [17], we rewrite the equation (2) in the form

(ρǫuǫ)t +
[
ρǫu

2
ǫ + Pǫ − (λ+ 2ǫ)

(
∂xuǫ + uǫ

x

)
+ σǫ

]
x

= 0,

where

σǫ :=
∫ x

r1

ρǫ(u2
ǫ − v2

ǫ )

z
dz, Pǫ := aργǫ .

It is easy to see that by (15),

(16) ‖σǫ‖L∞(QT ) ≤ C.

Introducing the function

ϕǫ(t, x) :=
∫ t

0

{
(λ+ 2ǫ)

(
∂xuǫ + uǫ

x

)
− ρu2

ǫ − Pǫ − σǫ

}
(x, τ )dτ +

∫ x

r1

ρ0u0dξ,

one has

(17) ∂xϕǫ = ρǫuǫ, ∂tϕǫ = (λ+ 2ǫ)
(
∂xuǫ + uǫ

x

)
− ρǫu

2
ǫ − Pǫ − σǫ .

Observe that by virtue of (15), (17), the Cauchy-Schwarz inequality and (14),

‖∂xϕǫ‖L∞(0,T;L1) ≤ ‖ρǫuǫ‖L∞(0,T;L1)

≤ C‖√xρǫuǫ‖L∞(0,T;L2)‖
√

xρǫ‖L∞(0,T;L2)

≤ C
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and

sup
t∈[0,T]

∣∣∣∣
∫

�

ϕ(x, t)dx

∣∣∣∣ ≤ C.

Hence, the generalized Poincaré inequality implies

(18) ‖ϕǫ‖L∞(QT ) ≤ C.

Utilizing the equations (17), and the estimates (16) and (18), following the same
arguments as in [17, Lemma 2.2], we obtain the following lemma, the proof of which
is therefore omitted.

LEMMA 2. There are positive constantsρ, ρ independent ofǫ, such that

(19) ρ ≤ ρǫ(x, t) ≤ ρ ∀ x ∈ �̄, t ≥ 0.

As a consequence of Lemmas 1 and 2, one has by the Cauchy-Schwarz inequal-
ity that

∫ T

0
‖uǫ‖6

L6dt ≤ ‖uǫ‖2
L∞(0,T;L2)

∫ T

0
‖uǫ‖4

L∞dt

≤ C
∫ T

0

( ∫ r2

r1

|uǫ∂xuǫ |dξ
)2

dt

≤ C
∫ T

0
‖uǫ‖2

L2‖∂xuǫ‖2
L2dt

≤ C.(20)

Now, one can apply Lemma 1 and (19) to the parabolic equations(2)–(4) to
obtain bounds on the time derivative of(ρǫ, ρǫ Evǫ):

LEMMA 3.

(21) ‖∂tρǫ‖L∞(0,T;H−1) + ‖∂t (ρǫ Evǫ)‖L2(0,T;H−1) ≤ C,

whereEvǫ = (uǫ, vǫ, wǫ).

The following lemma gives us uniform bounds of(wǫ, vǫ) in L∞-norm, the
proof of which is based on using the properties of transport equations and Lemmas 1
and 2, and can be found in [17].

LEMMA 4.

‖vǫ‖L∞(QT ) ≤ ‖v0‖L∞(�) exp
(
C
∫ T

0
‖uǫ‖L∞(�)dt

)

≤ C‖v0‖L∞(�),

‖wǫ‖L∞(QT ) ≤ ‖w0‖L∞(�).
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3. Proof of Theorem 1

In this section we pass to the limit for(ρǫ,uǫ, vǫ, wǫ) as ǫ → 0 in (1)–(6). First,
it is easy to see by the uniform a priori estimates established in the last section and
Lemma C.1 in [38] that one can extract a subsequence of(ρǫ,uǫ, vǫ, wǫ), still denoted
by (ρǫ,uǫ, vǫ, wǫ) for simplicity, such that asǫ → 0,

ρǫ ⇀ ρ weak-∗ in L∞(QT ), ρ ≤ ρ(x, t) ≤ ρ, a.e.,(22)

ρǫ → ρ in C([0, T], Lγ (�)− w) for anyγ > 1,(23)

uǫ ⇀ u weak-∗ in L∞(0, T; L2(�))

and weakly inL2(0, T; H1
0 (�)) ∩ L6(QT ),(24)

(vǫ, wǫ) ⇀ (v,w) weak-∗ in L∞(QT ),(25)

(ǫ∂xuǫ, ǫ∂xvǫ, ǫ∂xwǫ) → (0,0,0) strongly inL2(QT ),(26)

and from (23) and the Sobolev compact imbedding theorem, onegets

(27) ρǫ → ρ in C([0, T], H−1(�)).

Using (22)–(24), (21) and Lemma 5.1 in [39], we find that

(28)
ρǫuǫ ⇀ ρu weak-∗ in L∞(0, T; L2(�)) and

weakly inL2(0, T; L p(�)) for all p > 1,

and by Lemma C.1 in [38],

ρǫuǫ ⇀ ρu in C([0, T], L2(�)− w),

from which and the Sobolev compact imbedding theorem, it follows that

ρǫuǫ ⇀ ρu in C([0, T], H−1(�)).

Hence, the above weak convergence together with (24) results in

(29) ρǫu
2
ǫ ⇀ ρu2 weakly inL2(QT ).

On the other hand, noticing that by virtue of Lemma 1 and the Sobolev imbedding
theorem,

∫ T
0 ‖uǫ(t)‖2

L∞dt ≤ C. Therefore,

∫ T

0
‖u2
ǫ(t)‖H1dt ≤ C uniformly in ǫ,

which together with (27) implies

(30)

∣∣∣∣
∫ T

0

∫

�

(ρǫ − ρ)u2
ǫφdxdt

∣∣∣∣ → 0 asǫ → 0, φ ∈ C∞
0 (QT ).
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So, recalling the pointwise boundedness ofρ, one immediately gets from (29) and (30)
thatu2

ǫ ⇀ u2 weakly inL2(QT ), which combined with (24) shows that

uǫ → u strongly inL2(QT ).

Therefore, by interpolation and (20), we infer that

(31) uǫ → u strongly inLs(QT ), ∀ s< 6.

Now, we use and adapt the techniques in [39, 14, 16] (also cf. [29]) to prove the
following strong convergence ofρǫ .

LEMMA 5.

ρǫ → ρ strongly in L1(QT ), asǫ → 0.

Proof. First, multiplying (2) byφ ∈ C∞
0 (�) and integrating over(r1, x), then mul-

tiplying the resulting equation byψ(t)ρǫ , ψ(t) ∈ C∞
0 (0, T), and integrating over

(0, T)×�, we obtain after a straightforward calculation that
∫ T

0
ψ(t)

∫

�

ρǫ

[
aργǫ − (λ+ 2ǫ)

(
∂xuǫ + uǫ

x

)]
φdxdt

=
∫ T

0
ψ ′(t)

∫

�

ρǫ

∫ x

r1

ρǫuǫφdξdxdt−
∫ T

0
ψ

∫

�

1

x
ρǫuǫ

∫ x

r1

ρǫuǫφdξdxdt

+
∫ T

0
ψ

∫

�

ρǫ

∫ x

r1

(aργǫ + ρǫu
2
ǫ)φξdξdxdt−

∫ T

0
ψ

∫

�

ρǫ

∫ x

r1

ρǫu2
ǫ

ξ
φdξdxdt

+
∫ T

0
ψ

∫

�

ρǫ

∫ x

r1

ρǫv
2
ǫ

ξ
φdξdxdt

−(λ+ 2ǫ)
∫ T

0
ψ

∫

�

ρǫ

∫ x

r1

(
∂ξuǫ + uǫ

ξ

)
φξdξdxdt,(32)

whereH := aργǫ − (λ + 2ǫ)(∂xuǫ + uǫ/x) is so-called the effective viscous pressure
which possesses some smoothing property and plays an important role in the existence
proof of global weak solutions to the multidimensional compressible Navier-Stokes
equations, cf. [39, 29, 14, 15].

Now, passing to the limit in (32) asǫ → 0, and making use of (22)–(29) and
(31), we see that

∫ T

0
ψ(t)

∫

�

[
aργ+1 − λ

(
ρux + ρu

x

)]
φdxdt

=
∫ T

0
ψ ′(t)

∫

�

ρ

∫ x

r1

ρuφdξdxdt−
∫ T

0
ψ

∫

�

1

x
ρu
∫ x

r1

ρuφdξdxdt

+
∫ T

0
ψ

∫

�

ρ

∫ x

r1

(aργ + ρu2)φξdξdxdt−
∫ T

0
ψ

∫

�

ρ

∫ x

r1

ρu2

ξ
φdξdxdt

+
∫ T

0
ψ

∫

�

ρ

∫ x

r1

ρv2

ξ
φdξdxdt− λ

∫ T

0
ψ

∫

�

ρ

∫ x

r1

(
uξ + u

ξ

)
φξdξdxdt.(33)
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Here and in what follows,f (η) denotes again the weak limit off (ηǫ) asǫ → 0.

On the other hand, with the help of (22)–(29) and (31), one hasby takingǫ → 0
in (1) and (2) that

ρt + (ρu)x + ρu

x
= 0,(34)

(ρu)t + (ρu2)x + ρu2

x
− ρv2

x
+
(
aργ

)
x − λ

(
ux + u

x

)
x

= 0(35)

in D′((0, T)× �), whereρv2 andργ denote the weak limits ofρǫv2
ǫ andργǫ , respec-

tively.

Now, multiplying (35) byφ ∈ C∞
0 (�), integrating then over(r1, x), and mul-

tiplying the resulting equation byψ(t)ρǫ , ψ(t) ∈ C∞
0 (0, T), and integrating over

(0, T)×�, we deduce by the same arguments as in the derivation of (32) that

∫ T

0
ψ(t)

∫

�

ρ
[
aργ − λ

(
ux + u

x

)]
φdxdt

=
∫ T

0
ψ ′(t)

∫

�

ρ

∫ x

r1

ρuφdξdxdt−
∫ T

0
ψ

∫

�

1

x
ρu
∫ x

r1

ρuφdξdxdt

+
∫ T

0
ψ

∫

�

ρ

∫ x

r1

(
aργ + ρu2

)
φξdξdxdt−

∫ T

0
ψ

∫

�

ρ

∫ x

r1

ρu2

ξ
φdξdxdt

+
∫ T

0
ψ

∫

�

ρ

∫ x

r1

ρv2

ξ
φdξdxdt− λ

∫ T

0
ψ

∫

�

ρ

∫ x

r1

(
uξ + u

ξ

)
φξdξdxdt.(36)

Comparing the right hand side of (33) with that of (36), we infer that

∫ T

0
ψ

∫

�

[
aργ+1 − λ

(
ρux + ρu

x

)]
φdxdt

=
∫ T

0
ψ

∫

�

ρ
[
aργ − λ

(
ux + u

x

)]
φdxdt,(37)

whence

(38) aρ1+γ − λρux = aρργ − λρux.

In the sequel, we apply the idea of the renormalized solutions to the equation
(1) introduced by DiPerna and Lions [39] to show thatρ satisfies

(
ρ logρ

)
t +

(
uρ logρ

)
x + ρux + ρu

x
+ ρ logρ

x
u = 0,(39)

(ρ logρ)t + (uρ logρ)x + ρux + ρu

x
+ ρ logρ

x
u = 0(40)

in the sense of distributions. In fact, sinceρǫ is uniformly bounded inL∞(QT ) and
u ∈ L2(0, T; H1

0 (�)), we get from Proposition 4.2 in [15] thatρǫ is a renormalized
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solution of (1), i.e.,ρǫ satisfies

(41) ∂tb(ρǫ)+ [b(ρǫ)uǫ]x + [b′(ρǫ)ρǫ − b(ρǫ)]∂xuǫ + b′(ρǫ)
ρǫuǫ

x
= 0

for anyb ∈ C1(R), b′(z) = 0 for z large enough. It is not difficult to verify that one
can takeb(z) = z logz in (41) by an approximate argument and the uniform a priori
estimates established forρǫ anduǫ . Thus, we have

(ρǫ logρǫ)t + (uǫρǫ logρǫ)x + ρǫ∂xuǫ + ρǫuǫ
x

+ uǫ
x
ρǫ logρǫ = 0.

Letting ǫ → 0 in the above equation and making use of (22), (28) and (31), we obtain
(39) immediately.

Similarly, the limit functionsρ, u are still a renormalized solution to (34).
That is, the equation (41) with(ρǫ,uǫ) replaced by(ρ,u) is still valid, and by an
approximation one can takeb(z) = z logz, and hence, the equation (40) holds.

Subtraction of (40) from (39) leads to

(42) [ρ logρ−ρ logρ]t +[u(ρ logρ−ρ logρ)]x + ρ logρ − ρ logρ

x
u = ρux −ρux.

On the other hand, from (38) and the weak lower semicontinuity of convex
functions, we find that

(43) ρux − ρux = a

λ

(
ρ1+γ − ρργ

)
≥ 0, a.e.

and

(44) ρ logρ ≥ ρ logρ, a.e.

As in [14, 16], consider a sequence of functionsφm ∈ C∞
0 (�), such that

0 ≤ φm ≤ 1, φm(x) = 1 for all x such that dist(x, ∂�) ≥ m−1,

|∂xφm(x)| ≤ 2m and dist(x, ∂�)|∂xφm(x)| ≤ 2 for all x ∈ �,
φm(x) → 1 asm → ∞ for all x ∈ �.

Notice that by virtue ofu ∈ L2(0, T; H1
0 ), |u|[dist(x, ∂�)]−1 ∈ L2(0, T; L2). There-

fore, multiplying (42) byxφm(x) and integrating over(0, t)×�, then takingm → ∞,
and using (43) and (23), we infer
∫

�

x(ρ logρ−ρ logρ)(x, t)dx ≤
∫

�

x(ρ logρ−ρ logρ)(x,0) = 0, a.e.t ∈ [0, T],

which combined with (44) givesρ logρ = ρ logρ a.e. onQT . This identity, together
with, for example, Theorem 2.11 in [15], yieldsρǫ → ρ a.e. onQT , which combined
with the Egorov theorem proves the lemma.



46 J. Fan - S. Jiang

By Lemma 5 and interpolation, it is easy to see that

(45) ρǫ → ρ strongly inL p(QT ) for any 1≤ p < ∞.

Now, passing to the limit in (1)–(4) asǫ → 0, and utilizing (22)–(29), (31) and
(45), we see that the limit functionsρ,u, v, w satisfy the following equations in the
sense of distributions:

ρt + (ρu)x + ρu

x
= 0,(46)

(ρu)t + (ρu2)x + ρu2

x
− ρv2

x
+ a(ργ )x = λ

(
ux + u

x

)
x
,(47)

(ρv)t + (ρuv)x + 2ρuv

x
= 0,(48)

(ρw)t + (ρuw)x + ρuw

x
= 0.(49)

In the sequel, we prove the strong convergence of(vǫ, wǫ, ∂xuǫ) to (v, w,ux)

in L2(QT ). To this end, we introduce the Lagrangian coordinates(y, t) or (z, t) which
are connected to the Eulerian coordinates(x, t) by

y ≡ y(x, t) := r1 +
∫ x

r1

sρǫ(s, t)ds

and

z ≡ z(x, t) := r1 +
∫ x

r1

sρ(s, t)ds.

Without loss of generality, we may assume that

(50)
∫

�

xρ0(x)dx = r2 − r1.

From (50) and the mass conservation, we find thaty, z ∈ �. Sinceρǫ andρ are
bounded and strictly away from 0, the mappings (the inverse mappings ofy(x, t) and
z(x, t)) x(y, t) andx(z, t): � → � are surjective. Moreover,

yt = −xρǫuǫ, yx = xρǫ, dydt = xρǫdxdt.

Thus, the equations (1)–(4) in the new variables(y, t) read:

(xρǫ)t + x2ρ2
ǫ ∂yuǫ = 0,(51)

∂tuǫ − v2
ǫ

x
= (λ+ 2ǫ)x

(
xρǫ∂yuǫ + uǫ

x

)
y
− x [ P(ρǫ)]y ,(52)

∂tvǫ + uǫvǫ
x

− ǫx
(

xρǫ∂yvǫ + vǫ

x

)
y

= 0,(53)

∂twǫ − ǫ(x2ρǫ∂ywǫ)y = 0,(54)

xt = uǫ, ρǫxxy = 1,(55)

(uǫ, vǫ, wǫ)|∂� = (0,0,0), (ρǫ,uǫ, vǫ, wǫ)|t=0 = (ρ0,u0, v0, w0).(56)
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First, we show the strong convergence ofwǫ . Multiplying (54) by 2wǫφ with
φ ∈ C∞(QT ), φ ≥ 0 andφ(·, T) = 0, then integrating over(0, T)×�, integrating by
parts and using the boundary conditions (56), we obtain

∫ T

0

∫

�

w2
ǫφtdydt+

∫

�

w2
0φ(y,0)dy

= 2ǫ
∫ T

0

∫

�

[
x2ρǫ(∂ywǫ)

2φ + x2ρǫ∂ywǫφywǫ

]
dydt.

Transforming this identity into the Eulerian coordinates,we see that

∫ T

0

∫

�

xρǫw
2
ǫ (φt + uǫφx)dxdt+

∫

�

xρ0w
2
0φ(x,0)dx

= 2ǫ
∫ T

0

∫

�

[
x(∂xwǫ)

2φ + x∂xwǫφxwǫ

]
dxdt.

Lettingǫ → 0 in the above equation, and using (26), (31) and (45), we find that

(57)
∫ T

0

∫

�

xρw2(φt + uφx)dxdt+
∫

�

xρ0w
2
0φ(x,0)dx = 2〈ǫxw2

x, φ〉 ≥ 0,

whereǫxw2
x, the weak limit ofǫx(∂xwǫ)

2 in the space of signed Radon measures on
QT , is a nonnegative Radon measure onQT . By transforming (57) into the Lagrangian
coordinates(z, t), the inequality (57) in the variables(z, t) reads

(58)
∫ T

0

∫

�

w2φtdzdt+
∫

�

w2
0φ(z,0)dz ≥ 0.

On the other hand, transforming (49) into the Lagrangian coordinates (calcu-
lated in the weak form), testing then the resulting equationwith 2wφ, we get

(59)
∫ T

0

∫

�

w2φtdzdt+
∫

�

w2
0φ(z,0)dz = 0.

Subtracting (59) from (58) and noticing thatφt can be nonpositive and arbitrary,
we find thatw2(z, t) ≤ w2(z, t), a.e. inQT . Hence,w2(z, t) = w2(z, t) a.e. inQT ,
which implies

(60) wǫ → w strongly inL2(QT ).

As a consequence of (60) and (59), we see that the left hand side of (57) in the
Lagrangian coordinates(z, t) is equal to zero, therefore,

〈ǫxw2
x, φ〉 = 0, ∀ φ ∈ C∞(QT ), φ ≥ 0 in QT , φ(·, T) = 0.
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Next, we show the strong convergence ofvǫ in L2(QT ) by similar arguments.
Multiplying (53) by 2vǫφ in L2(QT ) with φ ∈ C∞(QT ), φ ≥ 0 in QT andφ(·, T) =
0, integrating by parts, and using (55) and (56), we infer

∫ T

0

∫

�

v2
ǫφtdydt+

∫

�

v2
0φ(y,0)dy = 2ǫ

∫ T

0

∫

�

{
x2ρǫ(∂yvǫ)

2φ + 2vǫ∂yvǫφ

+x2ρǫvǫ∂yvǫφy + v2
ǫφy + v2

ǫφ

x2ρǫ

}
dydt+ 2

∫ T

0

∫

�

uǫv2
ǫ

x
φdydt,

which, in the Eulerian coordinates, turns out

∫ T

0

∫

�

xρǫv
2
ǫ (φt + uǫφx)dxdt+

∫

�

xρ0v
2
0φ(x,0)dx = 2ǫ

∫ T

0

∫

�

{
x(∂xvǫ)

2φ

+2vǫ∂xvǫφ + xvǫ∂xvǫφx + v2
ǫφx + v2

ǫ

x
φ
}
dxdt+ 2

∫ T

0

∫

�

ρǫuǫv
2
ǫφdxdt.

Passing to the limit asǫ → 0 in the above equation, similarly to (57), we deduce
that

∫ T

0

∫

�

xρv2(φt + uφx)dxdt+
∫

�

xρ0v
2
0φ(x,0)dx

= 2〈ǫxv2
x, φ〉 + 2

∫ T

0

∫

�

ρuv2φdxdt

≥ 2
∫ T

0

∫

�

ρuv2φdxdt,(61)

where,ǫxv2
x, the weak limit ofǫx(∂xvǫ)

2 in the space of signed Radon measures on
QT , is a nonnegative Radon measure. Transformation of (61) into the Lagrangian
coordinates(z, t) results in

(62)
∫ T

0

∫

�

v2φtdzdt+
∫

�

v2
0φ(z,0)dz ≥ 2

∫ T

0

∫

�

uv2

x
φdzdt.

On the other hand, transforming (48) into the Lagrangian coordinates(z, t), multi-
plying then the resulting equation by 2vφ in L2(QT ), φ ∈ C∞(QT ), φ ≥ 0 and
φ(·, T) = 0, one obtains

(63)
∫ T

0

∫

�

v2φtdzdt+
∫

�

v2
0φ(z,0)dz = 2

∫ T

0

∫

�

uv2

x
φdzdt.

Subtracting (63) from (62), we have

∫ T

0

∫

�

(
v2 − v2

) (
φt − 2

u

x
φ
)

dzdt≥ 0, ∀φ ∈ C∞(QT ), φ ≥ 0, φ(·, T) = 0,
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which impliesv2 ≤ v2 a.e. inQT , sinceφt can be nonpositive and arbitrary. Conse-
quently,

(64) vǫ → v strongly inL2(QT ).

Hence, it follows from (63) and the form of (61) in Lagrangiancoordinates that

〈ǫxv2
x, φ〉 = 0.

Again multiplying (2) by 2xuǫφ with φ ∈ C∞(QT ), φ ≥ 0 andφ(·, T) = 0,
then integrating over(0, T) × �, integrating by parts and employing the boundary
condition foru, one gets after a straightforward calculation that

∫ T

0

∫

�

xρǫu
2
ǫ(φt + uǫφx)dxdt+

∫

�

xρ0u2
0φ(x,0)dx

= 2(λ+ 2ǫ)
∫ T

0

∫

�

{
x(∂xuǫ)

2φ + 2uǫ∂xuǫφ + xuǫ∂xuǫφx

+u2
ǫ

x
φ + u2

ǫφx

}
dxdt− 2

∫ T

0

∫

�

{
ρǫuǫv

2
ǫφ + P(ρǫ)(xuǫφ)x

}
dxdt.(65)

Letting ǫ → 0 in (65) and making use of (24), (31), (45) and (64), we arriveat

∫ T

0

∫

�

xρu2(φt + uφx)dxdt+
∫

�

xρ0u2
0φ(x,0)dx

= 2〈(λ+ 2ǫ)xu2
x, φ〉 + 2λ

∫ T

0

∫

�

{
2uuxφ + xuuxφx

+u2

x
φ + u2φx

}
dxdt− 2

∫ T

0

∫

�

{
ρuv2φ + P(ρ)(xuφ)x

}
dxdt,(66)

where(λ+ 2ǫ)xu2
x, the weak limit of(λ+ 2ǫ)x(∂xuǫ)2, is a nonnegative Radon mea-

sure.

Now, multiplying (47) by 2xuφ in L2(QT ) with the sameφ as in (65), and
recallingv2 = v2, we find, in the same manner as in (65), that

∫ T

0

∫

�

xρu2(φt + uφx)dxdt+
∫

�

xρ0u2
0φ(x,0)dx

= 2〈λxu2
x, φ〉 + 2λ

∫ T

0

∫

�

{
2uuxφ + xuuxφx

+u2

x
φ + u2φx

}
dxdt− 2

∫ T

0

∫

�

{
ρuv2φ + P(ρ)(xuφ)x

}
dxdt.(67)

Combining (66) with (67), we conclude

〈λxu2
x, φ〉 = 〈(λ+ ǫ)xu2

x, φ〉 ≥ 〈λxu2
x, φ〉, ∀φ ∈ C∞(QT ), φ ≥ 0, φ(·, T) = 0,
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which impliesu2
x = u2

x. Therefore,∂xuǫ → ux strongly inL2(QT ).

Finally, by interpolation, (60), (64) and Lemma 4, we easilyconclude(vǫ, wǫ)
→ (v, w) in L p(QT ) for all 1 ≤ p < ∞.

Having had the strong convergence of(ρǫ,uǫ, vǫ, wǫ, ∂xuǫ), we easily see, by
testing (46)–(49) withC∞

0 -functions and employing a density argument, that the limit
functionsρ,u, v, w are indeed a weak solution of the initial boundary value problem
(1)–(6) withǫ = 0 in the sense of Definition 1. This completes the proof of Theorem
1.
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