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ZERO SHEAR VISCOSITY LIMIT FOR THE NAVIER-STOKES
EQUATIONS OF COMPRESSIBLE ISENTROPIC FLUIDS
WITH CYLINDRIC SYMMETRY *

Abstract. We study the problem of the limit process as the shear viscgsiés to zero for
global weak solutions to the Navier-Stokes equations of cesgible isentropic fluids with
cylindric symmetry between two circular cylinders. We prokattthe limit of the global
weak solutions is a weak solution of the corresponding systéh zero shear viscosity.

1. Introduction

We shall study the convergence of solutions of the the N&iekes equations for
a compressible isentropic fluid with cylindric symmetry,the shear viscosity goes
to zero. In this paper we restrict ourselves to isentropmwdldetween two circular

coaxial cylinders and assume that the motion of the flows midgpenly on the radial

variable and the time variable. The corresponding symmrim of the compressible
isentropic Navier-Stokes equations, which express theareation of mass and the
balance of momentum, can be written as [35]
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Herep is the densityy, v andw are the radial, angular and axial components of the
velocity vectors, respectivelyx is the radial variable;

P=Pp)=ap’, y>1
denotes the pressure, ahd, a andy are positive constants which stand for the bulk

(expansion) viscosity coefficient, shear viscosity cogdfit; gas constant and specific
heat ratio, respectively.
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We shall consider the following initial boundary value plerh for (1)—(4) in
the domainQt := (0, T) x Qwith Q:={0 <r1 < X <rz < oo}:

(5) u=0, o=oit), w=wit) forx=rj, i =12,
(6) (p, U, v, w)|t=0 = (po, Uo, vo, Wo).
The boundary conditions (5) imply that the fluid sticks atlloeinding cylinders which

move in such a way that the axis of symmetry is fixed. For siaitgliwe take here
vj (t) = w;j (t) = 0, since otherwise we can use

rp — X X—=TI1 rp — X X—r1
v—( v1 + 1)2) andw—( w1 + wz)
f2—ra f2—r1 ro—ra ro—ra
to replacer andw, respectively, and thus the proof only needs minor modifioat

The asymptotic behavior of viscous flows, as the viscosityislees, is one of
the important topics in the theory of compressible flows, el problem of small
viscosity finds many applications, for example, in the bargdayer theory [43].

Assuming that

©) po € HY(Q), infpo > 0, Uo, vo, wo € Ha (),

Shelukhin studies the zero shear viscosity limit for flowdwhieat-conducting between
two parallel plates [47, 48], while in [49] he investigatbe {passage to the limit for
a free-boundary problem of describing a joint motion of tveonpressible fluids with
different viscosities, as the shear viscosity of one of thielfl vanishes.

In [17] Frid and Shelukhin investigate the cylinder symriteigentropic prob-
lem (1)—(6). For the cylinder symmetric case, the velocignponents influence each
other through the momentum equations. This is one of the differences between
the systems considered in [47, 48, 17]. Under the conditf@hsFrid and Shelukhin
prove that the problem (1)—(6) possesses a unique stroafJaso{p., Ue, v¢, we) Sat-

isfying
pe € L0, T; HY), aipe € L0, T; L?), i(glfpe > 0,
T
(Ue, ve, we) € L0, T: Hg) N L2(0, T: H?), (8tue, droe, dwe) € LA(Qr).

Furthermore, they use the method developed in [47] to olit@ifollowing uniform in
€ estimates:

/Q[pf(u§+uf+w§)+p3]dx
.
+/ /[(/1+26)(6Xu6)2+e(6xv€)2+e(axw5)2]dxdt§ C,
0 Q

ct <pe =C, |(ve, we)llLe(qr) =C,
||axpg|||_oo(0,-|-;|_2) <C, ||atp€||L°°(O,T;L2) =C,

I@tue, 82Ul L2(qr) + 10xUe | L (0,T:12) < C,
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whereC is a positive constant independenteofThus, using these uniform estimates,
they can prove by the standard compactness imbedding angsithat ag — 0,

(pe>Ue) = (p,u) stronglyin C(Qr),
(ve, we) — (v, w) weak-x in L*(Qr).

(8)

Then, with the help of (8), they utilize a framework suitalide transport equations
which allows one to improve the weak convergence to the gtome by analyzing and
comparing the equations deducedde(z) and®(z), wherez is any of the two velocity
components or w, ® : R — R is a convex function, and (z) denotes the weak limit
of ®(z.) with z. = v, or z. = w,. This idea of improvement of weak convergence
goes back to the notion of the renormalized solutions intced by Diperna and Lions
[11], and applied and further developed in [25, 38, 39, 33,24 14, 16, 48, 18, 30,
15, 50] and among others.

The problem of vanishing both shear and bulk (expansiorpgisy coefficients
(4, 1) is much more complex and the situation becomes delicats eltpected that a
general weak entropy solution to the Euler equations shioeil¢strong) limit of solu-
tions to the corresponding compressible Navier-Stokeatams with the same initial
data as the viscosity and heat conductivity tend to zeradddthe vanishing viscosity
limit for the Cauchy problem for the compressible Naviepkets equations has been
studied by several researchers.

For the one-dimensional isentropic compressible Naviekés equations, Di-
Perna [9] uses the method of compensated compactness abtisbsts a.e. conver-
gence as viscosity goes to zero of admissible solutionseoRthvier-Stokes equations
to an admissible solution of the corresponding Euler equatiprovided that solutions
of the Navier-Stokes equations are bounded and the dessibunded away from zero
uniformly with respect to the viscosity coefficients. Howewthis uniform bounded-
ness is difficult to verify in general, and the abstract asialin [9] gets little informa-
tion on the qualitative nature of the viscous solutions.2r] [Hoff and Liu investigate
the inviscid limit problem in the case that the underlyingsaid flow is a single weak
shock wave, and they show that solutions of the compresNitlger-Stokes equations
with shock data exist and converge to the inviscid shocksjsa®sity vanishes, uni-
formly away from the shocks. Based on [19, 27], Xin in [52] sisahat the solution
to the Cauchy problem of the one-dimensional compressillatiopic Navier-Stokes
equations with weak centered rarefaction wave data exastallftime and converges
to the weak centered rarefaction wave solution of the cpaeding Euler equations,
as viscosity tends to zero, uniformly away from the initiedabntinuity. Moreover, for
a given centered rarefaction wave to the Euler equatiorts fiviite strength, he con-
structs a viscous solution to the compressible Navier<&talystem with initial data
depending on the viscosity, such that the viscous solufipnaaches the centered rar-
efaction wave at the rate/4 of viscosity uniformly for all time away fromt = O.
Recently, Jiang, Ni and Sun [32] extended this result to tihreisentropic case by us-
ing some ideas from the stability study of rarefaction wg¥€s41] and the time-decay
property of initial discontinuities [24].

In the vanishing viscosity limit, the existence and stapitif multidimensional
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shock fronts for the multidimensional compressible Na8t@kes equations are pro-
ved in [23] and the Prandtl boundary layers (characterisiicndaries) are studied for
the linearized case in [53, 54, 51] by using asymptotic aislywhile the boundary

layer stability in the case of non-characteristic bouretagnd one spatial dimension
is discussed in [46, 42]. We also mention that there is anmnekte literature on the

vanishing artificial viscosity limit for hyperbolic systenof conservation laws, see, for
example, [9, 10, 19, 37, 36, 55, 20, 45, 5, 21, 22, 3], alschef mhonographs [4, 8, 44]

and the references therein.

Concerning the zero shear viscosity limit for (1)—(6), to best knowledge, the
known results are concerned with strong solutions undecanelitions (7). The aim
of this paper is to prove a similar vanishing shear viscdsityt result under weaker
regularity assumptions on the initial data. Namely, we wstilidy the limit ag — 0 of
(1)—(6) under the following conditions on the initial data:

(9) infpo >0, po e L®(Q). Uo e LAQ). (vo,w0) € L¥(Q).

Under (9), it is not difficult to prove that there exists atdeane global weak so-
lution (pe, Ue, ve, we) With pe > 0 to the problem (1)—(6) by using arguments similar
to those in, for example, [1, 2, 6, 39, 56, 26, 31, 28]. Morepye., U.) is a renor-
malized solution of the equation (1), see [39]. On the othardh for the vanishing
shear viscosity limit for the weak solutions here, compaméti the strong solutions
dealt with in [17], the main difficulty lies in the derivatiaf the strong convergence
of the densityp,, due to lack of uniform a priori estimates on derivativesppf To
overcome such difficulties, we use the techniques in theystfithe global existence
of weak solutions to the multidimensional compressibleibla8tokes equations (see,
e.g., [38, 14, 16, 29]), and exploit the feature of the equatp).

Before stating our main result, we introduce the definitibweak solutions.

DEFINITION 1. (i) We call(p, u, v, w)(X, t) a global weak solution of (1)—(6),
ifforany T > 0, p(X,t) > 00n[0, T] x Q, and

p,0,w € L®(Q1), uv,wel?0,T;HY, uelL®(O,T;L?,

and the following equations hold:

L
(10) / /p(¢t+u¢x)xdxdt+/pogp(x, O)xdx =0,
0o Ja Q

/OT/Q [xpugt + xpuZx + po2p + [P(p) — (2 + 26)(ux + = ) | (xe)x fxat

(11) + /Q XpoUogh (x, 0)dX = O,

/OT /Q {xpv¢t + XpUvgx — pUve — e(vx + %) (qu)x}dxdt

(12) + /Q Xpovo (X, 0)dx = O,
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(13) /OT/Q {Xpwgét + XpUwepy — EXwX¢>x]dxdt+/QXpowo¢>(x, 0)dx =0,

foranyg, ¢ € C1(Qr), ¢ € C([0, T], HY) andg(-, T) = ¢(-, T) = 0.
i) We call (p, u, v, w)(X, t) a global weak solution of (1)—(6) with = O, if for any
T>0pXxt)>00n[0,T] x Q, and
pov,w € L®(Q1), uelL®0,T;L%)NL30,T;HY),
andp, u, v, w satisfy the equations (10)—(13) with= 0.

Thus, the main result of this paper reads:

THEOREM1. Assume that the initial data satisfy (9). Then there exigf®hal
weak solution(p¢, U, ve, we) Of the problem (1)—(6). Moreover, there is a sequence
en | 0, such that ag, — 0,

(Pen> Ven» Wey) = (p, v, w) strongly in LP(QT), U, — u strongly in L°(Qr),
xUe, — Uy strongly in L2(Qr)

forany pe [1, c0) and se [1, 6). In addition, the limit(p, u, v, w) is a global weak
solution of (1)—(6) witke = 0.

ReEMARK 1. (i) If inf pg = 0 and(po, Up) satisfies a natural compatibility con-
dition, then we can prove that the problem (1)—(6) has a ungobal smooth solution.
For the proof, see [7] when > 2 and [13]when 1< y < 2.

(i) A similar result has been obtained recently for the metghydrodynamic
equations by Fan [12].

The next section gives the uniform estimates which will bedum the final
section to complete the proof of Theorem 1.

As the end of this section, we introduce the notation usesliginout this paper.
LP(1, B) respectively|| - ||Lr(1,B) denotes the space of all strongly measurapte;
power integrable (essentially boundegit= oo) functions froml to B respectively its
norm,| C R an interval,B a Banach spac&€ (I, B — w) is the space of all functions
which are inL*°(I, B) and continuous in with values inB endowed with the weak
topology. We will use the abbreviation:

L9, T; W™P) = L9, T; W™P(Q)),
Il - llLa,m;wmpy = || - llLage,;wme@)yy, Nl -llee =1 - llLe)-

The same lette€ will denote various positive constants which do not depend
one.

2. Uniform a priori estimates

We denote the weak solution of (1)—(6) by, u., ve, we) throughout the rest of this
paper. This section is devoted to the derivation of a pristingates of p., Ue, v, we)
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which are independent ef.

We start with the following conservation identity which istained by multiply-
ing (1) byx, integrating the resulting equation ou t) x Q and using the boundary
conditions (5):

(14) /gzx/)e(x,t)dx:/QXpo(x)dx.

The following lemma gives an elementary energy estimatekvis proved in
[17] by multiplying the system (2)—(4) b§u,, v¢, we) in L2((0, t) x ©) and using (1).
LEmMMA 1. The following energy estimate holds.

ax
y —1

X
sup [ [SpeZ+02+wd) +
tefo,T]/a L2

.
2 XEZ X€2 X€2
+/0 /Qx[(/wr €)(BxUe)? + €(0x0e)? + €(Oxwe)

uz | v?
(15) +(h+26) 5 + eﬁ]dxdt <C.

pl |x, dx

As in [17], we rewrite the equation (2) in the form

(pet ) + [peu2 + Pe = G+ 26) (Bxuc + <) ] =0,

X

where . ) 5
u J—
Oc :=/ szf)dz, P :=ap!.
r

1

It is easy to see that by (15),
(16) lloellLe(qr) < C.

Introducing the function

X

t
pet.0i= [ {4 20) (B + 55) = pu? = Pe— o} (xr)le + [ pouode.
0 X

r

one has
Ue 2
(1) Gpe=pele, g = (2 +26) (oxuc + 7) — peu? — P — o.
Observe that by virtue of (15), (17), the Cauchy-Schwarguadity and (14),

Ox@ellLoo,T:L1) = lIPeUellL@,T:LY)

< CllV/XpeUell Lo 0,7;12) lIv/XPell Lo 0,T:12)
<C
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and

sup
te[0,T]

<C.

/ng(x,t)dx

Hence, the generalized Poinéanequality implies
(18) l9ellLoe(qr) < C.

Utilizing the equations (17), and the estimates (16) anjl fb8owing the same
arguments as in [17, Lemma 2.2], we obtain the following lemthe proof of which
is therefore omitted.

LEMMA 2. There are positive constangs p independent of, such that
(19) PEpX,t)<p  ¥xeQ, t=0.

As a consequence of Lemmas 1 and 2, one has by the Cauchy+&éhegual-
ity that

T T
6 2 4
(/ uwnwdtsnumemTLa/"numme
0 > 0

T ry 2
< C/ (/ |u56XuE|d5) dt
0 r

1

]
fCA 1Ue 12, 1 oxUe 12t
(20) <c.

Now, one can apply Lemma 1 and (19) to the parabolic equa(@rg4) to
obtain bounds on the time derivative @f., pcv):

LEMMA 3.
(21) ||atpe|||_00(0,T;Hfl) + lléx (peae)”Lz(O,T;H*l) <C,

wherev, = (U, ve, ).

The following lemma gives us uniform bounds @b, v¢) in L*-norm, the
proof of which is based on using the properties of transpguatons and Lemmas 1
and 2, and can be found in [17].

LEMMA 4.
.
loellLe@r) =< llvollLee(q) eXD(C/O ||Ue||L°°(Q)dt)
< CllvollL=(q),

lwellLoe(@ry < llwoll L.
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3. Proof of Theorem 1

In this section we pass to the limit f@pe, Uc, ve, we) ase — 0 in (1)—(6). First,
it is easy to see by the uniform a priori estimates estaldishehe last section and
Lemma C.1in [38] that one can extract a subsequenég.ofi, v, w,), still denoted
by (pe, Ue, ve, we) for simplicity, such that as — 0,

(22) pe — p weak-x inL>(Qr), p=<pxt)<p, ae,
(23) pe — p in C([0, T],L7” (Q) — w) foranyy > 1,
Ue — u weak-x in L®(0, T; L3(Q))
(24) and weakly inL2(0, T; H}(Q)) N L8(Qr),
(25) (ve, we) — (v, w) weak-x in L*°(Qr),
(26) (€dxUe, €dxve, €dxwe) — (0,0, 0) strongly inL?(QT),

and from (23) and the Sobolev compact imbedding theoremgetse
(27) pe — p inC(0,T], H Q).
Using (22)—(24), (21) and Lemma 5.1 in [39], we find that

8) pele — puweak-# in L°°(0, T; L2(Q)) and
weakly inL2(0, T; LP(Q)) forall p > 1,
and by Lemma C.1in [38],
pele = puin C([0, T], L*(Q) — w),
from which and the Sobolev compact imbedding theorem, libfed that
pele — puin C([0, T, H ().
Hence, the above weak convergence together with (24) sasult

(29) peU? — pu? weakly inL?(Qr).

On the other hand, noticing that by virtue of Lemma 1 and thieo&w imbedding
theorem,foT luc (t)]I2dt < C. Therefore,

T
/ ||uf(t)||H1dt§C uniformly in e,
0

which together with (27) implies

T
(30) VO /Q(pe — p)ufqﬁdxdt‘ — 0 ase —0, ¢eC(Qr).



Zero shear viscosity limit in compressible isentropic fluids 43

So, recalling the pointwise boundednesg pbne immediately gets from (29) and (30)
thatu? — u? weakly inL2(Qr), which combined with (24) shows that

Ue — u strongly inL?(Qr).
Therefore, by interpolation and (20), we infer that
(31) U, — ustrongly inL3(Qt), Vs <6.

Now, we use and adapt the techniques in [39, 14, 16] (als@#8) fo prove the
following strong convergence @f .

LEMMA 5.
pe — p strongly in 1(Q7), ase — 0.

Proof. First, multiplying (2) by¢ € C;°(Q) and integrating ove(ri, x), then mul-
tiplying the resulting equation by (t)pe, w(t) € C3°(0, T), and integrating over
(0, T) x Q, we obtain after a straightforward calculation that

/OT t//(t)/gpg [apg — (A +20) (axue + “;)] pdxdt

T X T 1 X
=/ t///(t)/ pe/ psue¢dédth_/ l/// _peus/ PeUcpdédxdt

0 Q r 0 X r
T X ) T X peuz

v [oe @+ paidrgdzaxat- [y [ g [T 2T pdzaxar
0 o Jn 0 o Jn ¢
T X 2

[ [ pe [P gdzaxar
0 Q ri 5

T X
@ ~G+20 [ v [ (agu5+u—€)¢5dfdxdt,
0 Q ry 5

whereH := ap! — (1 + 2¢)(dxUc + U /X) is so-called the effective viscous pressure
which possesses some smoothing property and plays an empoote in the existence
proof of global weak solutions to the multidimensional coagsible Navier-Stokes
equations, cf. [39, 29, 14, 15].

Now, passing to the limit in (32) as — 0, and making use of (22)—(29) and
(31), we see that

-
(e + PY
/0 1,1/(t)/9[ap1”r i(pux—i— X )]¢dxdt
T X T 1 X
=/ l//’(t)/p/ pUqﬁdédth—/ 1/// —pu/ pupdédxdt
0 Q r 0 QX r
T X T X puz
+/ l/// p/ (ap? +pu2)¢gdfdxdt—/ 1/// p/ —pdédxdt
0 Q r 0 Q ri 5

T xm T X u
(33) +/ t///p/ —qbdédxdt—/l/ (///p/ (u§+—)¢5dc§dxdt
0 Q ri 5 0 Q ry é
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Here and in what followsf (77) denotes again the weak limit df(5.) ase — 0.

On the other hand, with the help of (22)—-(29) and (31), onéblgdaakinge — 0
in (1) and (2) that

(34) pr+ (pU)x + % —0,
2
© T ) 2o

X

in D'((0, T) x Q), wherepv? andp? denote the weak limits gf.0? andp! , respec-
tively.

Now, multiplying (35) byy € C3°(Q), integrating then ovefry, X), and mul-
tiplying the resulting equation by (t)pe, w(t) € C§°(0, T), and integrating over
(0, T) x Q, we deduce by the same arguments as in the derivation ofl{ap) t

/OT W(t)/ﬂp [ap_l’— A (ux + ;)] pdxdt
=/T 1//('[)/ p/xpu¢dg“dxdt—/T w/ Epu/xpu¢dédxdt
/ / / ap’ + pu? qﬁcdfdxdt—/ / / —¢d§dxdt
(36) +/ / /1 —qﬁdédxdt— /0 W/Qp/rl (uHE) pededxdt

Comparing the right hand side of (33) with that of (36), weeirthat

/OT y//g[afm—z(pTer %)]qﬁdxdt

T
__ u

(37) =/0 V//Qp [apV - (ux + ;)]qﬁdxdt

whence

(38) ap't’ — ApUy = app? — Apux.

In the sequel, we apply the idea of the renormalized solsttorthe equation
(1) introduced by DiPerna and Lions [39] to show thatatisfies

p |09p

(39) (plogp), + (uplogp), + pUx + ? +5=Fu=o,
lo
(40) (p10gp); + (Uplogp), + pux + 20 + 2 Xgp -0

in the sense of distributions In fact, singeis uniformly bounded in.*°(Qt) and
ue L?0,T; H (Q)), we get from Proposition 4.2 in [15] that is a renormalized
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solution of (1), i.e.p¢ satisfies

Pele
X

(41) otb(pe) + [b(pe)uclx + [b/(pe)pe — b(pe)loxue + b/(pe) =0

for anyb € CY(R), b'(2) = 0 for z large enough. It is not difficult to verify that one
can takeb(z) = zlogzin (41) by an approximate argument and the uniform a priori
estimates established fpr andu.. Thus, we have

Pele

(pe 109 pe)t + (Ue pe 109 pe)x + pedxUe + + L)I(_e/)e log pe = 0.
Lettinge — 0 in the above equation and making use of (22), (28) and (3d.)phtain
(39) immediately.
Similarly, the limit functionsp, u are still a renormalized solution to (34).
That is, the equation (41) witko,, uc) replaced by(p, u) is still valid, and by an
approximation one can talk&€z) = zlogz, and hence, the equation (40) holds.
Subtraction of (40) from (39) leads to

_ plogp —plo
(42) [plogp—plogpli+lu(plogp—p |09p)]x+wu = pux —pUx.

On the other hand, from (38) and the weak lower semicontinofitconvex
functions, we find that

a [—— _

(43) PUx — pUx = — (p”V - p/ﬂ) >0, ae.
2

and

(44) plogp = plogp, ae.

As in [14, 16], consider a sequence of functigiig € C3°(Q), such that

0 < ¢m <1, ¢pm(x) = 1 for all x such that digix, 6Q) > m1,
[oxdm(X)| < 2m and distx, 0Q)|oxdm(X)| < 2 forallx € Q,
dm(X) — Lasm — oo forall x € Q.

Notice that by virtue ofi € L2(0, T; H3), |u|[dist(x, 8Q)]~* € L2(0, T; L?). There-
fore, multiplying (42) byx¢m(x) and integrating ovefO, t) x Q, then takingm — oo,
and using (43) and (23), we infer

/X(plogp—plogp)(x,t)dxs/X(p logp —plogp)(x,00 =0, a.etel0,T],
Q Q

which combined with (44) giveslogp = plogp a.e. onQy. This identity, together
with, for example, Theorem 2.11 in [15], yielgs — p a.e. onQT, which combined
with the Egorov theorem proves the lemma. O
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By Lemma 5 and interpolation, it is easy to see that
(45) pe — p strongly inLP(Qt) forany 1< p < oo.

Now, passing to the limit in (1)—(4) as— 0, and utilizing (22)-(29), (31) and
(45), we see that the limit functions, u, v, w satisfy the following equations in the
sense of distributions:

u
(46) pt+(pu)x+p7=0,
(47) Ut e+ P PP oy = 4 (gt
pWt+ (p )X+X_X+ P )x = (X+X)X’
2pu
(48) (po) + (puv)x + pxo =0,
u
(49) (pw)t + (puw)x + % =0.

In the sequel, we prove the strong convergencegfwe, dxUc) to (v, w, Uy)
in L2(Qt). To this end, we introduce the Lagrangian coordin&es) or (z, t) which
are connected to the Eulerian coordinates) by

X
y=yXt):=rg +/ Spe (s, t)ds
r

and «
z=2z2(x,t):=r1 +/ sp(s, t)ds.
r
Without loss of generality, we may assume that
(50) / Xpo(X)dX =rp —r1.
Q

From (50) and the mass conservation, we find that € Q. Sincep. andp are
bounded and strictly away from 0, the mappings (the inverappimgs ofy(x, t) and
z(x, 1)) x(y, t) andx(z, t): Q — Q are surjective. Moreover,

Yt = —Xpele,  Yx = Xpe, dydt= xp.dxdt
Thus, the equations (1)—(4) in the new variakles) read:

(51)  (Xpe) + X2pZoyuc =0,
2

)] u
(52) G — -< = (1 +20)x (prayue n

x| £

~x[Po)ly,
), ~X[PGAly
0,

u
(53) Otve + Jebe _ €x (prayvg + 1)_5)
X X7y

(54)  dwe — e(X2pedywe)y =0,
(55) Xt = uf) PeXXy = l)
(56) (ufa Ve, w6)|8Q = (0’ 07 O)a (pfa uEy Ve, wE)'tZO = (p09 an 00, U)O)
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First, we show the strong convergenceugf Multiplying (54) by 2w.¢ with
¢ € C®(QT),¢ = 0andg(-, T) = 0, then integrating ovei0, T) x Q, integrating by
parts and using the boundary conditions (56), we obtain

)
/ / wiprdydt+ / w3 (y, 0)dy
0 Q Q

T
= 25/0 /Q[sze(ang)zqﬁ +X2p€6ywe¢yw5]dydt
Transforming this identity into the Eulerian coordinates, see that
T
| [ e+ wepodxat+ | xpoudpe, orax
T
= 26/ / [X(axw€)2¢7 + X@Xwg¢xw5]dxdt
o Ja

Lettinge — 0 in the above equation, and using (26), (31) and (45), we fiatl t
T S -
(57) / / Xpw2(pr + u¢x)dxdt+/ Xpowéqﬁ(x, 0)dx = 2(exw?, ¢) > 0,
0 Q Q

whereexw?, the weak limit ofex(dyxwe)? in the space of signed Radon measures on
Qr, is a nonnegative Radon measure@p. By transforming (57) into the Lagrangian
coordinategz, t), the inequality (57) in the variabldg, t) reads

T
(58) /O /Qw%tdzdt—i—/gwggb(z, 0)dz > 0.

On the other hand, transforming (49) into the Lagrangiarrdioates (calcu-
lated in the weak form), testing then the resulting equatidh 2w, we get

.
(59) /0 /Qu)2¢tdzdt-|-/gw(2)¢(z, 0)dz=0.

Subtracting (59) from (58) and noticing thatcan be nonpositive and arbitrary,
we find thatw?(z, t) < w?(z 1), a.e. inQt. Hencew?(z,t) = w?(z, 1) a.e. inQr,
which implies

(60) we — w strongly inL?(Qr).

As a consequence of (60) and (59), we see that the left haad&i®7) in the
Lagrangian coordinatgg, t) is equal to zero, therefore,

(exw2,¢) =0, V¢eC®Qr), $>0inQr, ¢(-,T)=0.
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Next, we show the strong convergencevpfin L2(Qt) by similar arguments.
Multiplying (53) by 2v.¢ in L2(Q7) with ¢ € C®(Q7), ¢ > 0in Q1 and¢ (-, T) =
0, integrating by parts, and using (55) and (56), we infer

T T
| [ onaydes [ do.ody=2¢ [ [ {xoeeuos+ 2oy
0 Q Q 0 Q

2
= gaydt,

2 T
[
+X2pevedyvedy + 02py + 5 }dydt+ 2/ /
X Pe 0 Jo

which, in the Eulerian coordinates, turns out
T T
| [ 3o+ vepaxdts [ xpmfpoxodx=2c [ [ [
0 Q Q 0 Q
2 T
20 0xDedh + X0eOxvepy + v2py + f¢}dxdt+ 2/ / peUcvipdxdt
0 Jo

Passing to the limit as — 0 in the above equation, similarly to (57), we deduce

that
T —
/ /vaz(¢t+u¢x)dxdt+/ Xpovgqb(x, 0)dx
o Ja Q
R T _
=2(6Xv§,¢)+2/ /va2¢dth
0 Ja
T _
(61) 32/ /pUu2¢>dxdt,
0o Ja

where,exv2, the weak limit ofex(yv¢)? in the space of signed Radon measures on
Qr, is a nonnegative Radon measure. Transformation of (6)the Lagrangian
coordinategz, t) results in

(62) /()T/Qﬁgzﬁtdzdw/ng(p(z, 0)dz> 2/0T/Q“7”_2¢dzdt

On the other hand, transforming (48) into the Lagrangiarraioates(z, t), multi-
plying then the resulting equation by@ in L2(Qt), ¢ € C®(Q7), ¢ > 0 and
¢ (-, T) = 0, one obtains

63) /OT/Q,)2¢tdzdt+/Qv§¢(z, 0)dz=2/oT/Qu%2¢dzdt

Subtracting (63) from (62), we have

/OT/Q (”_2_ ”2) (¢t - 2;45) dzdt>0, V¢ eC®(@Qr), ¢ >0, ¢(,T)=0,
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which impliesﬁ < v?a.e. inQr, sinceg; can be nonpositive and arbitrary. Conse-
quently,

(64) ve = v strongly inL%(Qr).
Hence, it follows from (63) and the form of (61) in Lagrangi@oordinates that
(exv2, ¢) = 0.

Again multiplying (2) by Xu.¢ with ¢ € C*(QT1), ¢ > 0 and¢(-, T) = 0,
then integrating ovef0, T) x Q, integrating by parts and employing the boundary
condition foru, one gets after a straightforward calculation that

.
| xpeuin+ uepodxat+ | xpoupx.odx
o Ja Q
T
_ 2
=200 + 26)/0 /Q {x(axug) b + 2Uc OxUegb + XU O U
uZ 2 T 2
(65)  +-5 -+ Ul dxdt-2 /0 /Q [petco?p + P(po) (xucg)axat
Lettinge — 0 in (65) and making use of (24), (31), (45) and (64), we araitve
T
/ / XpU?(dy + u¢x)dxdt~|—/ XpoUsg (x, 0)dx
o Jo Q
I T
_ >
— 2(( + 20)X W2, ) + 21/0 /Q {2uux¢ + XUy
u? 2 T 2
(66) +?¢+u ¢X}dxdt—2/0 /Q{pul) ¢+ P(p)(XUgb)x}dXdT,

where(/ + 2¢)xu2, the weak limit of(2 4 2¢)x(dxU¢)?, is a nonnegative Radon mea-
sure.

Now, multiplying (47) by Xug in L2(Qt) with the samep as in (65), and
recallingo? = v2, we find, in the same manner as in (65), that

.
/ / XpU?(ghy + Ughy)dxdt + / Xpouse (x, 0)dx
0 Q Q
T
= 2(XU2, ¢) +2/1/ / {2uux¢+xuux¢x
0 Q

u2 T

(67) +—¢+ u2¢x}dxdt— 2/ / {pUquﬁ + P(p)(xu¢)x}dxdt
X 0 Ja

Combining (66) with (67), we conclude

(AXUZ, $) = (L + XU, $) = (AXU, ¢), V€ CP(Qr), ¢ =0, ¢(,T) =0,



50 J. Fan - S. Jiang

which impliesuZ = u2. Thereforepyu, — Uy strongly inL?(Qr).

Finally, by interpolation, (60), (64) and Lemma 4, we easiyclude(v,, we)
— (v, w)inLP(Qr)foralll < p < oo.

Having had the strong convergence(pf, Uc, v¢, we, OxUe), We easily see, by
testing (46)—(49) wittC3°-functions and employing a density argument, that the limit
functionsp, u, v, w are indeed a weak solution of the initial boundary value [enob
(1)—(6) withe = 0 in the sense of Definition 1. This completes the proof of Taso
1.
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