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A DYNAMICAL APPROACH TO THE STUDY OF RADIAL
SOLUTIONS FOR P-LAPLACE EQUATION

Abstract. In this paper we give a survey of the results concerning thetence of ground
states and singular ground states for equations of theafimitpform:

Apu+ f(u,|x))=0

whereApu = div(JDU|P~2Du), p > 1 is the p-Laplace operatox € R" and f is con-
tinuous, and locally Lipschitz in tha variable. We focus our attention mainly on radial
solutions.

The main purpose is to illustrate a dynamical approach, whiatives the introduction of
the so called Fowler transformation. This technique turrzetparticularly useful to analyze
the problem, whenf is spatial dependent, critical or supercritical and to cdegingular
ground states.

1. Introduction

Let Apu = dio(] Du|P~2Du), p > 1 denote thep-Laplace operator. The aim of this
paper is to discuss the existence and the asymptotic behafvpmsitive solutions of
equation of the following family

(@H) Apu+ f(u,[x[)=0

whereA pu = dio(|DulP~2Du), p > 1, denotes the p-Laplace operator: R" and
f (u, |x]) is a continuous nonlinearity such th&€0, |x|) = 0. The interest in equation
of this type started from the classical Laplacian that is 2:

(2 Au+ f(u,|x])=0

and is motivated by mathematical reasons, but also by theaete of some equations
of this type as model to describe phenomena coming fromegbpliea of research. In
particular Eq. (2) is important in quantum mechanic, agiroy and chemistry, while
(1) is connected to problems arising in theory of elasticge e.g. [26]. Our purpose
is to give a short, and not exhaustive, survey of the resuiswcan be found in the
wide literature concerning this argument, and in partictdadiscuss a method which
is suitable to study radial solutions.

We think is worthwhile to stress that Eq. (2) can be regardetth@ Euler equa-
tion of the following energy functiondE : R x WH2(R") — R,

2
E(x, u, Vu) =/Q(|V;| — F(u, [x]))dx
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whereF (u, [X]) = fou f (s, |x])ds. The p-Laplace operator arises naturally when we
want to extend this functional t¢/1-P(R") functions. In fact (1) is the Euler equation
for the functionalEp : R x WHP(R") — R,

[VulP

Ep(x, u, Vu) =/ ( — F(u, [x]))dx.

Q
We will focus our attention mainly on radial solutions, henee will reduce (1) to the
following singular O.D.E.

(3) WPy 4o furyr"t=0

wherer = |x| and we commit the following abuse of notation: we writg) for
u(x) when|x| = r andu has radial symmetry; here and latetenotes derivation with
respect ta. Observe that (3) is singular when= 0 and whent’ = 0, unlessp = 2.

We introduce now some notation that will be in force througthall the paper.
We will use the term “regular solution” to refer to a solutio¢r) of Eq. (3) satisfying
u(0) = up > 0 andu’(0) = 0. We will use the term “singular solution” to refer to a
solutiono (r) of Eq. (3) such that lign,go(r) = +o0.

A basic question in this kind of PDE is the existence and tlyenasotic be-
haviour of ground states (G.S.), that are solutio6g of (1) which are nonnegative for
anyx € R" and such that lij— ~c u(x) = 0. We are also interested in detecting singu-
lar ground states (S.G.S.), that is solutioKs) which are well defined and nonnegative
for anyx € R™\{0} and such that lig—, o v (x) = 0 and limy,_.o u(x) = +oo. Other
interesting family of solutions for the radial equation {8)the one of crossing solu-
tions, that is regular solutiongr) which are positive for smaller than a certain value
R > 0 and become null with nonzero sloperat R. So they can also be regarded
as solutions of the Dirichlet problem in the ball of radiRs Finally we individuate
solutionsu(r) of the Dirichlet problem in the exterior of the ball of radi&s that is
u(R) =0,u(r) > Oforr > R, andu(r) has fast decay. We say that a positive solution
u(r) of (3) has fast decay if lip, o u(r )r "=P/(P=D < 4 o0 and that it has slow decay
if lim _ sou(r)r ™=P/(P-1D — 450,

This article has the following structure: in section 1 weaduce the general-
ized Fowler transformation, and we apply it to a toy exampiaijnly for illustrative
purpose. In sections 2 and 3 we introduce the Pohozaev fumttiat is one of the main
tool for the analysis of equation of type (1), and we consildeicase where respectively
f(u,r) = k@)ujul9tand f(u,r) = ke(r)uju|%=1 + ka(r)uju/%-1 whereq > p,

02 > g1 > p, the functionk(r), k1(r), ko(r) are positive and continuous for> 0.

In both the cases we assume that the corresponding Poharadiofis have constant
sign. In section 4 we discuss the cas@, r) = k(r)uju|9~1 when the Pohozaev func-
tion changes sign, stressing in particular the aase p*. In section 5 we explain
briefly few results concerning Eq. (2) whei(u,r) = ufu/%~1 + uju|%2~1, when

P« < g1 < p* < g2 andp = 2. We remark that in this case there are still many open
problems. In section 6 we discuss the cé$e, r) = —k¢(r)uju|% 1+ ka(r)uju|%—1,
whereq: < g, and the function&; andk, are positive and continuous for > 0.
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Finally in the appendix we show how some more general equatian be reduced to
(3), and we explain the concept of natural dimension, intoedl in [20].

2. Preliminary results and autonomous case

The main purpose of this paper is to explain the method ofstiyation of positive
solution of (3) which has been used in [2], [3], [4], [11], [142], [13], [14], [15], [16],
[17]. The advantage in the use of this method lies essgntallithe fact that we can
benefit of a phase portrait, and of the use of techniquesdlpfcdynamical systems
theory, such as invariant manifold theory and Mel'nikovdtions. Moreover, restrict-
ing ourselves to the study of radial solutions, we overcoheedifficulties deriving
from the lack of compactness of the critical and superaiittase. With our method
we can also naturally detect and classify singular solgtiarhich are not easily found
by variational techniques or by standard shooting argusaefhe main fault of the
method is that it can just give information on radial soloio However we wish to
stress that, when the domain has radial symmetry (e.g. lieisvholeR"), G.S. and
solutions of the Dirichlet problem, if they exist, are rddiramany different situations,
which will be discussed in details in the following sectipsse [6], [9], [42], [44].

Furthermore radial solutions play a key role also for mamgpalic equations
associated to (2). In fact in many casesdhimit set is made up of the union of radial
solutions, see e. g. [39], [23].

The first step in this analysis consists in applying the feifg change of coor-
dinates

a=r2, A=F2-1 p=p-0-1, 1>p
(4) X =um)r* y=u@)mP b r=¢

wherel > pis a parameter. This tool allows us to pass from (3) to theotdhg
dynamical system:

X a O X | |2;F1)
5 ) _ )( |)+ ViV P
© ()=(52) )+
Here and later-” stands for%, and

(6) a (Xl 5 t) = f (X| eXF(—al t), exqt))e(ll ( —1)t.

This transformation was introduced by Fowler in the 30s fiar tasep = 2, and we
generalized it to the cage > 1 just recently in [12], [13], [15] [14], [16], [17]. It will
be useful to embed system (5), and in general all the dyn&systems that will be
introduced in the paper, in a one-parameter family as falow

()=(5 ) +(aw)
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We start from the special nonlineariti(u, r) = k(r)uju|9=2. In such a case, setting
| =qand(t) = k(e'), system (5) reduces to the following:

. 2-p
® (o) = (5 20) Go) (Lo

Ya 074/ \Ya —p(1)Xq|Xq|92
At the beginning of this section we will also assume that ¢ > 0 is a constant, both
for illustrative purpose and because the results will béulidater on in more difficult
situations. We think it is worthwhile to recall that most bétresults are well known in
this rather trivial situation; however our method gives @/ paint of view on the prob-
lem and allows to to clarify and complete some aspects camgesingular solutions
even in this easy setting. A first advantage in this changeofdinates consist in the
fact that it allows us to pass from a singular non-autonon@D& to an autonomous
dynamical system from which the singularity has been remd@wbviously this is not
the case for every type of nonlinearity). Moreover now we apply to the problem
techniques typical of dynamical system theory, thus etiplpia different point of view.

We recall the value of two exponents that are critical fos #uation. When

n > p, we denote byp* = np/(n — p) the Sobolev critical exponent and lpy =
p;‘%é; when p > n we set bothp* and p, equal to+oco. Let Q be an open bounded
domain with non-empty smooth boundars2, then p* is the largest] > p such that
the embeddingv:P(Q) c LI(Q) holds, whilep, is the largest| such that the trace
operatory : WLP(Q) — L9(6Q) is continuous.

REMARK 1. We stress that, whenevgr> p, aq > 0, yq = _(p*—qq_# has

the same sign ag, —q, andag + yq = (n_‘gﬁ, has the same sign @ — . Also
observe that (8) i€ ifand only if 1 < p < 2 andq > 2.

Notation.

In the whole paper we will use bold letters for vectorial @ige We denote by
u(d, r) a regular solution of (3) such thatd, 0) = d andu’(d, 0) = 0. Moreover if
a(r) is solution of (3) we denote by (t) = (X (), ¥i (t)) the corresponding trajectories
of (5). For anyQe RR? we denote by (Q, t) = (X (Q, t), yi (Q, t)) the trajectories of
(5) passing througlQ att = 0, and byx/ (Q, t) = (X (Q, 1), yf (Q, 1)) the trajectory
of (5) passing througl att = z or equivalently the trajectory of (7) passing through
Q att = 0. Finally we denote bg@i the subset(x, y), |x > 0}.

In this section we will always assuntge > p. From a straightforward com-
putation it is easy to observe that the system (8) admit&tbrigical points whenever
g > p. the originO, P= (P, Py) and—P, where Py = |yqa§_1/k|1/(q*p), and
Py = —|yq/kad ™ 1|@~D/@=P), Note that the critical poin® is a center when = p*,
it is asymptotically stable foi > p* and it is asymptotically unstable fgr< p*.

Positive and decreasing solutiam@ ) of (3) correspond to trajectories such that
Yq(t) < 0 < Xq(t). Moreover, trajectoriesg (t) which are bounded and such tixg(t)
is uniformly positive fort > 0 (resp. fort < 0) correspond to solutions(r ) which
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have slow decay (resp. are singular foe= 0), that isu(r)r*a is uniformly positive
and bounded as — oo (resp. as — 0). Now we want to give a rough picture of the
phase portrait of (8), in the autonomous céase k > 0. For this purpose we need to
introduce a function which plays a key role in all our anadysiet us denote by

n— -1 b [x|9
(©) Ha(x. y. 1) o= Py + 2 Zyef1 gt 2 -

p p q
This function is a translation in this dynamical context loé twell known Pohozaev
function

n— puu|u|P—2
p r

-1 q
P(u,u’,r)y =r" [ + 2 . |u’|P+k(r)%}

which is one of the main tool in the analysis of equations ekthtype, see e.g. [38],
[34], [35]. Observe in fact that, ikp«(t) = (Xp=(1), yp (1)) is the trajectory of (8)
corresponding tai(r), then

PU(r), u'(r),r) = Hp=(Xp=(t), yp= (1), t) = Hq(Xq (1), Yq(t), tye~(Catrat,

Whenk is differentiable from a simple computation we get the failng
d d - [Xp+|9(t)
= Hor (X . — — | grpr@—pMt 7Zprl A

(10 i Hr O 0, Ypr (0,1 = g [ TP | =2

Note that the functiorHp: does not depend explicitly on whenk is a constant and
g = p*; so in this case it is a first integral for the system. Themfarsing some
elementary argument, it is possible to draw each trajeatbtiie system, see Lemma
in [12], and to give a picture of the phase portrait see fig. 1.

Then we easily get a lot of information on the original eqoa3).

We stress that in this easy situation we have an explicitéitarfor all the regular
solutions, that is

_nh-p
P

_ 2
(11) u(d,r)=d[1+(np ;)rﬁl(z—ln)rildm—ﬁm—m”fl] K7

It can be shown easily that system (3) with= p* and¢(t) = k > 0 and with

g =sand¢(t) = ep* (P =9 are topologically equivalent. In fact we can push much
further this kind of identification. This is done in the apdenwhere the concept of
natural dimension is introduced, see [20], [33].

We will see that an unstable set for (8) exists for gny p, while a stable set
exists just whemp,, < q < p*. It can be shown that the former existence result is
equivalent to the existence of regular solutions of (3),levthie latter is equivalent to
the existence of solutiong(r) with fast decay.

From now on we will commit the following abuse of notation: wl call
stable and unstable sets (or manifolds) the branches wiejghrtifrom the origin and
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Figure 1: A sketch of the phase portrait for the autonomostesy (8) wherp = k >
0, andg = p*. The lines also represents the level curves for the fundtlgrfor t
fixed, whengg(Xq, t) = ¢ (t)Xq|Xql972.

gets intoR?2 , which correspond to the positive solution§ ) of (3) we are interested
in. The existence of trajectories converging to the origthex in the past or in the
future can be inferred from invariant manifold theory, whegr 1< p < 2 andqg > 2.
In such a case we directly prove the existence of a stable mnohstable manifold,
denoted respectively By® and byw", see [12].

When these regularity hypotheses are not satisfied the pbectsme more dif-
ficult, due to the lack of local uniqueness of the trajectieossing the coordinate
axes. But using Wazewski’s principle and the fact that thttories we are interested
in do not cross the coordinate axes, it is possible to obtaimédar result. However,
with this different proof, a priorfiW" andWs are just compact and connected sets. But
in the autonomous case= const> 0, we can exploit the invariance of the system
with respect td, to conclude thaw/s andW" are in fact graph of a trajectory having
the origin respectively as-limit set anda-limit set. Therefore, even in this case, they
are 1 dimensional manifolds, see [15], [17]. We think it isrthkamentioning the fact
that, when the system is not Lipschitz, a priori the trajgescould reach the origin at
somet = T finite, either in the past or in the future. However it is easghow that
this possibility cannot take place whgr> p, see [17] for a detailed proof.

Note that, ifk > 0 is a constant, we also have thd§(xq(t), yq(1), t) is increasing
along the trajectories if and only if, < q < p*, and it is decreasing if and only if

g > p*. Moreover for any trajectory converging to the origintas> oo, we have
limi_s 400 Hp= (Xps (1), yp+(t), t) = 0. Putting together all these results, we can draw
fig. 2, and classify positive solutions in one of the follogistructures.

A All the regular solutions are monotone decreasing G.S. slidtv decay. There are
uncountably many solutions of the Dirichlet problem in tixéeeior of the ball.
More precisely, for anyR > 0 there is a solution(r) such thab (R) = 0, o(r)
is positive for any > R and it has fast decay. There is at least one S.G.S. with
slow decay.
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Figure 2: A sketch of the phase portrait for the autonomowssesy (8) whenp =
k >0,1< p < 2andq > 2. The figures show the stable manifdld® (dotted
line) and the unstable manifoM/" (dashed line). The solid curv@indicates the set
{(Xq, ¥Yq) | Xg = 0 Hq(Xq, ¥Yq) = 0}. Figure 2A refers to the case> p. while 2B to
the casep, < q < p*.

B All the regular solutionsu(d, r) are crossing solutions, and there are uncountably
many S.G.S. with fast decaxyr). There is at least one S.G.S. with slow decay.

Namely, ifq > p* positive solutions have structufe while if p, < g < p*
they have structurB. In both the cases the S.G.S. with slow decay is unique and can
be explicitly computed. 1§ = p* we are in the border situation, so all the regular
solutions are G.S. with fast decay, see (11), there are umably many S.G.S. with
slow decay, and uncountably many oscillatory solutions,[$8]. Whenq < p,, itis
easy to show that all the regular solutian®) of (3) are crossing solutions.

We conclude this section with some basic results concerthiagexistence of
regular solutions and positive fast decay solutions foa(8) a wide class of functions
f (u,r). First of all we recall that, iff (u, r) is continuous and locally Lipschitz contin-
uous in theu variable, the existence of regular solution is ensured,ifaridd, 0) > 0
we also have local uniquenessugfl, r). The proof of this standard result can be found
in [19] for the spatially independent case, but the arguroantbe easily adapted to the
general case, see [16], [17]. We give now a result concetthingsymptotic behaviour
of positive solutions. The proof of this result can be foumgtli9], [13], [17].

PrRoPOSITIONL. Consider a solution () of (3) such that (r) < 0 < u(r)
foranyr > R for a certain R> 0, andlim;_, ,cu(r) = 0.

A Assume that there are 3 Oand glu) € Llloc such that f (u,r)| < g(u) forr >0
and0 < u < U, and denote by Qi) = f(;‘ g(s)ds. Moreover assume that

Jo |G(s)|~Y/Pds < co. Then the support of(@) is bounded.

B Assume that there are € 0, U > Oand q > p such that f (u,r)| < Cu%~1 for
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O<u=<Uandr=>0.Thenuyr) > Oforr > Randthe Iimilimr%oou(r)r% =
/ exists. Moreover, if fu,r) > 0for u small and r large, thed > 0, while if
f(u,r) < Oforu small and r large, thel < oco.

When Hypothesis B is satisfied we can go a bit further. Now wendjgish
between the case in whidh(u, r) is always positive and the case in which it is negative
for u small.

COROLLARY 1. Assume that HypothedBsof the previous Proposition is satis-
fied. First assume that(fi,r) > Ofor u small and r large.

11fqg1 < p«, and there are U> 0, ¢ > Oand @ € (p, g1] such that fu,r) >
cuQ—1forr large and0 < u < U. Thenl = oo

Assume now that (fi, r) < O for u small and r large.
2 Ifg1 > p«, thend > 0.

3 If g1 < ps«, and there are U> 0, c > Oand Q@ € (p, gi1] such that— f (u, r) >
cuQi~1forr large and0 < u < U. Theni = 0 andlim SUR oo u(r)r Ql P <

oo. Furthermore if Q = p, we also havémsup _, qu(r)r = 1|In(r)| D <
Q.

4 Assume that the following limit exists is bounded and negati

f(ur @ r)

‘Q —1 = —k(00).

If Q1 < P4, thenlimy_ u(r)r_ﬁ = Px > 0 whereP= (P, Py) is the
crltlcal point of system (5) where q and g= k(co)x|x|972. If Q1 = p, then

u(r)r - §| In(r)|™ = is uniformly positive and bounded for r large.

Exploiting the knowledge of the autonomous case (8) witke k > 0, it is
possible to prove the existence of a local stable and urstalhifold also for the
non-autonomous system (5), under suitable hypothesggrnt), or equivalently on
f(u,r).

PrRoPOSITION2. Assume that (u, r) is continuous for r= 0 and consider
system (5) where} p; then there is a local unstable set

WU(z) := {Q € R | X (Q,t) € R? foranyt< 0 and lim x(Q,t) = O}.

This sets contains a closed connected component to Whisgdongs and whose diam-
eter is positive, uniformly im.
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Assume that there ate> 0 and @ > p, such that, for any re [0, v], we have

limsup,_, « fug‘z’fl) < a(r) where0 < a(r) < oo. Moreover assume that one of the

following hypotheses are satisfied

f(ur)
uql_l

e f(u,r) > Oforr large and u> 0; moreover there isg> p, such that is

bounded for u positive and small and r large.

e f(u,r) <Oforr large and u> 0.
Then there is a local stable set

Wo(r) := {Q e R | x,(Q,1) € R? forany t<0 and lim x3,(Q.t) =0}.

This sets contains a closed connected component to Whiigiongs and whose diam-
eter is positive, uniformly im.

Proof. Consider first the casé(u,r) = k(r)ulu|92, and assume thad(r) is uni-
formly continuous. Then the existence of these stable asthble sets follows from
invariant manifold theory for non-autonomous system, 283, [[30]. Moreover in
such a case we also know that these sets are indeed smooffoldsanihich depend
smoothly one. In the general case the existence of the unstable set &zlkilys from
the existence of regular solutions for (3). The existencthefstable set is more com-
plicated and can be proved through Wazewski's principle,[$8] and [17]. In [17]
the proof is given for the casé(u,r) < 0 for u small andr large, but the argument
can be easily extended also to the cése, r) < kuju|%—2 with gy > ps, for u small
andr large. O

We give now a result proved in [13] and [17] which explains tBEtionship
between stable and unstable sets of (5) and solutions of (3).

PrROPOSITION3. Consider system (5) and assume thdkgt) is bounded as
t - —oo, for any x > 0. Then each regular solution(t)) of (3) corresponds to a
trajectory x/ (Q", t) such thatQ" e WU(7), and viceversa. Moreover any trajectory
X (Q%, t) whereQ® € W5(r), corresponds to a solution(t) of (3) with fast decay.

REMARK 2. Takef (u,r) = —kg(r)uju|®—2 4 ka(r)uju|®—2, whereq; < o
and the function; (r) are continuous, uniformly positive and bounded as> oc.
Then ifgy < p we are in the Hypotheses of claim A of Proposition 1, whilejif> p
Hyp. B is satisfied. Moreover tf; > p,, then we are in Hyp. 2 of Corollary 1, while
if p<q1 =< ps Hyp. 3 of Corollary 1 holds. To satisfy Hyp. 4 we need to asstimaé¢
P <t < psandlim_ qki(r) = k(co) > 0.

We recall that, roughly speaking, positive solutions of@&) have two asymp-
totic behaviours, both as — 0 and ag — oo. Obviously the asymptotic behavior
asr — 0 is influenced by the behaviour dffor u large and small, while their be-
havior asr — oo depends on the behaviour 6ffor u small andr large. Generally
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speaking, wherf is positive foru small, we have seen that solutions with fast and
slow decay may coexist, while when it is negative we can haheresolutions with
fast decay or oscillatory solutions. Analogously whig(u, r) is positive and supercrit-
ical with respect top,, for u large and small, we can have regular solution&, r)
such thau(d, 0) = d andu’(d, 0) = 0, and singular solutions(r) that are such that
lim;_ov(r) = +o00. More precisely

PROPOSITION4. Assume that there ares p,, p > 0 and positive functions
b(r) > a(r) such that, forany <r < p we have
(u,r) f(u,r)
1

oo f .
0 <a(r) < liminf < limsup
U—+oo US™ u—+00 us—1

<b(r) <.

If Q € WY(z) then the solution (r) corresponding to<g (Q, t) is a regular solution.
Moreover any singular solution, if it exists, is such thatw P/S~P) is bounded for r
small and, if s# p*, u(r)r P¢=P) is uniformly positive, too.

Assume further that ¢ p* and that the limitimy_ ;o T8 = k(c0) > 0
exists and is finite. Thelim,_, sou(r)r =P = P, > 0 whereP= (P, Py) is the
critical point of system (5) where= g and g= k(c0)x|x|S~2.

Assume that there are g§ p,, R > 0 and positive functions @) > A(r) such
that, for any r> R we have

f(u,r)

ua-1

f(u,r)

ua-1

0<A(r) < Iimigf < limsup
u—

u—0

<B(r) < 0.

Then, ifQ € W5(r), the solution r) corresponding tocg (Q, 1) has fast decay, that
is the limitlim,_ scu(r)r ™=P/(P-D = 0 exists and is finite. A slow decay solution
(if it exists), is such that @)r ”@—P) is bounded for r large; moreover if ¢ p*,
u(r)r P/@=p) is uniformly positive, too.

Assume further that the limitmy_ o % = k(c0) > 0O exists and is
finite. Therlim, _, sou(r)r P@=P = P, > 0whereP= (P, Py) is the critical point of
system (5) where# g and g= k(co)x|x|972,

These results are proved in [12], [13], [17] using dynamé&guments.

3. When the Pohozaev function does not change sign

3.1. The casef (u,r) = k(r)uju|9—2

In this subsection we discuss positive solutions of equaf®) in the casef (u,r) =
k(r)ulu|—2andq > p.. This problem has been subject to rather deep investigsition
the '90s also for the relevance it has in different appliexhar First of all, whemp = 2
eg. (1) can be regarded as a nonlinear Schroedinger equisttyaover, wherg = p*
and agairmp = 2, this equation is known with the name of scalar curvatuteaggn. In
fact the existence of a G.8(x) amounts to the existence of a metgiconformal to a
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standard metrigp onRR" (g = uﬁgo), whose scalar curvaturekg|x|). Furthermore,

if the G.S. has fast decay, the metgajives rise, via the stereographic projection, to
a metric on the sphere deprived of a pot\ {a poin{ which is equivalent to the
standard metric.

Moreover wheng > 1 andk(r) takes the fornk(r) = r/, eq. (2)is also
known as Matukuma equation and it was proposed as a modelrupaysms This
problem will be investigated in details also in section 4ewhwe will assume that the
Pohozaev functions change their sign, so that positivdisalihave a richer structure.

We begin by some preliminary results concerning forward laackward con-
tinuability and long time behaviour for positive solutigisrelation with the Pohozaev
function. These results can be proved using directly theoPadv identity, or through a
dynamical argument exploiting our knowledge of the levéd séthe functionH (x, t),
see [34] and [13].

LEMMA 1. Let u(r) be a solution of (3), andp:(t) the corresponding trajec-
tory. Assume thatminf;_, 1, H(Xp+(t),t) > 0O, thenxp:(t) has to cross the coordi-
nate axes indefinitely as& +o00, respectively.

Assume thaimsup_, ;. H(Xp«(1), t) < 0, thenxp: (t) cannot converge to the
origin or cross the coordinate axes.

When p = 2, the standard tool to understand the behaviour of solsitigith
fast decay is the Kelvin transformation. Let us set

(12) s=r7t a@E=r""ur) K@) =r?Kr? i:w;
Then (3) is transformed into
(13) [Us(s)s" s + K (9)]0|92(s)s" 1 = 0.

Note that a regular solution(d, r) of (3) is transformed into a fast decay solutions

a(s) of (13) such that lin, o G(r)r P= (= = d, and viceversa. So we can reduce the
problem of discussing fast decay solutions to an analysregilar solutions for the
transformed problem.

However we do not have an analogous result for the page2, so we need the
following Lemma, that, whemp = 2, is a trivial consequence of the existence of the
Kelvin inversion.

LEMMA 2. Assume that fu,r) > 0 for any u > 0 and consider a solution
n_
u(r) which is positive and decreasing for anyt R. Then ur)r = is increasing for
anyr> R.

Proof. Consider system (8) whete= p, and the trajectory,, (t) corresponding to

u(r). Note thatxp, (t) = u(r)rH and thaty; = 0; henceyp, (1) < 0 whenever
Xp, (t) > 0. Assume for contradiction that theretis> T = In(R) such thatp, (t1) <
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0, then, from an elementary analysis on the phase portth#érethere i, > t; such
thatxp, (t2) < 0, or lim_, oo Xp, (t) = 0. Assume the latter, then Iirn,oou(r)rg%E =
lim{_ 0o Xp, () = 0; but from (3) it follows thau’(r)g%i is decreasing and admits limit
A < 0. Using de I'Hospital rule we find thal’(r)rr% — rﬁ’%;/l; so we getl = 0 and
u'(r) =u(r) =0forr > R, so the claim is proved. O

Recall that, wherk(r) is differentiable, the Pohozaev identity can be refor-
mulated in this dynamical context as (10). Therefore we bémktof Hp+ as an en-
ergy function, which is increasing along the trajectoriehaewas(s)e"p*(p**q)t is in-
creasing and decreasing Whﬁ(rs)eap*(p**‘]')t is decreasing. This observation can be
refined combining it with the fact that all the regular sadus u(r) are decreasing,
and fast decay solutions are such tkgf(t) is increasing, whenever they are posi-
tive. For this purpose we define two auxiliary functions, ethare closely related
to the Pohozaev identity, and which were first introduced38].[ In this subsec-
tion we will always assume (without mentioning) treit¢ (t) e L((—o0, 0]) and

(n—a%=H)s 1 : : S
e 1P (t) e L ([0, +oo)), so that we can define the following functions:

t _ t
It = @ - n—pp/_oo¢(s)e”5ds
- eIt p_p p
@) = — = (—a5Hrsy
® q p(p—1) /,oo pEe s

We will see, that the sign of these functions play a key rolgégtermining the structure
of positive solutions for (3). Whed is differentiable we can rewritd¢™ andJ~ in this
form, from which we can more easily guess the sign:

t
JT) = }/ i[¢(S)eap*(p*_Q)s]e“p*qus
(15) 9./-c ds
7@ = 1/+OO d [ (s)e"- (P —DS]e™ R0 S s
" gt ds

Letu(r) be a solution of (3) and let(t) be the corresponding trajectory of (8). Using
(10) and integrating by parts we easily find the following

Hpe (xpe (£, )+ lim_H (xp: (D), 1)
t t
= Jﬂt)w —/ JT(s5)U'(e%ujul9~2(e%)ds
Hp« (Xp= (1), t) — t'_')rgoHp* (Xp= (1), 1)

o pPelO / % 1 (9%, (9%, X, T2(S)d
q t

From (16) we easily deduce the following useful result.
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REMARK 3. Assume that there i such thatJ™(t) > 0 (resp. J™(t) < 0),
but J*(t) # 0 for anyt < T, and consider a regular solutiar{r) which is posi-
tive and decreasing for any @ r < R = In(T). ThenHp:(xp«(t),t) > 0 (resp.
Hp«(Xp=(t), t) < 0) foranyt < T.

Analogously assume that=(t) > 0 (resp. J~(t) < 0) butJ—(t) # O for
anyt > T, and consider a solution(r) which is positive and decreasing for any
r > R=In(T) and has fast decay. Thetp: (Xp: (t), t) > 0 (resp.Hp (Xp«(t), 1) < 0)
foranyt > T.

Using Remark 3 and Lemma 1 we obtain the following result.

THEOREM 1. Assume that eitherJ(r) > Oand J*(r) # 0,0or J=(r) > 0
and J (r) # Ofor any r > 0. Then all the regular solutions are crossing solutions
and there exists uncountably many S.G.S. with fast decay.

Assume that eitherJ(r) < 0and J*(r) # 0orJ=(r) < Oand J°(r) £ 0
foranyr > 0. Then all the regular solutions are G.S. with slow decay. &wer there
are uncountably many solutiongry of the Dirichlet problem in the exterior of a ball.

The proof of the result concerning regular solutions can be ifn [34], and
involves just a shooting argument and the usedfand J~ in relation with the Po-
hozaev identity. Translating this argument in this dynah@ontext we easily get a
classification also of singular solutions, see also [12].

Proof. Assume that)™(r) < 0 for anyr > 0, butJ™ = 0; consider a regular solu-
tion u(r) which is positive and decreasing in the interf@l R) and the correspond-
ing trajectoryxp«(t). Using (16) we easily deduce théty (xp«(t),t) < 0 for any

t < T = In(R). From our assumption we easily get that theré is p* such that
9(x, 1) is uniformly positive fort large and linp, oo Hi (X (), t) < 0. It follows that
X (t) is forced to stay in a compact subset of the op@miadrant fott large, sau(r)

is a G.S. with slow decay.

Analogously consider a trajectoRy(t) converging taO ast — +oo. Then the
corresponding solutiofi(r) has fast decay, is positive and decreasing forrany R
whereR > 0 is a constant. Assume for contradiction tiat= 0; then from (16)
we find that liminf_, _oc Hp+ (Xp+(t), t) > lim¢_ oo Hp+(Xp+ (1), t) = 0. Hence, from
Lemma 1, we deduce tha@p«(t) has to cross the coordinate axes indefinitely as
—o0. ThusR > 0 andu(r) is a solution of the Dirichlet problem in the exterior of a
ball.

The other claims can be proved reasoning in the same waygs@e[da2]. [

Reasoning similarly we can complete the previous resultipgothe existence
of S.G.S. with slow decay, to obtain the following Corollary

COROLLARY 2. Assume that J(r) > 0 for any r but J (r) # 0, and that
there is p < m < p* such that the limifim;_, o.¢ (t)e“m(M-Dt — k(o) exists is
positive and finite. Then positive solutions have a strigctitypeA.
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Analogously assume thattdr) < 0 for any r but J*(r) # 0, and that there
is s> p* such that the limitim_, _o¢ (1)~ = k(0) exists is positive and finite.
Then positive solutions have a structure of tfgpe

Note that if the limits lim_ o k(r) = k(oco) and lim_ ok(r) = k(0) exist are
positive and finite we can simply set= q = s. In [12] there is a condition sufficient
to obtain the uniqueness of the S.G.S. with slow decay. Rgupieaking this result is
achieved respectively when£ p* andm # p*.

We give some examples of application of Theorem 1 and Caoyolla

REMARK 4. Assume thak(r) is uniformly positive and bounded and that the
limit lim, _, oK(r) exists. Then, iff < p* andk(r) is nondecreasing, positive solutions
have a structure of typl, while if g > p* andk(r) is nonincreasing, positive solutions
have a structure of typB.

Consider the generalized Matukuma equation, that is (3)revli€u,r) =
1+%u|u|q—2. Then, if r < p positive solutions have a structure of typewhen
p <q < p(n-r1)/(n— p), and of typeB whenq > p*, see also [35]. The re-
maining cases will be analyzed in section 4.

3.2. The generic casef (u,r) = ky(r) f1(u) + ki (r) f2(u)

Now we try to extend the results of the previous subsecti@waler class of functions
f(u,r):

N
i=1

whereN > 1 and the functiong; (r), are continuous and positive. We will see that,
under natural conditions on the functiokgr), whenp, < g1 < qn < p* positive
solutions have a structure of tyge while whenqg; > p* they have a structure of
typeB. The behavior of regular solutions have been classifieajrasing Pohozaev
identity in [35]. In [13] we have completed the results byssliflying the behaviour of
singular solutions, using dynamical methods. In fact wesHallowed the path paved
by Johnson and Pan in [29], for the analogous problem in the ga= 2.

In this paper we generalize slightly the techniques use84hdnd [13], com-
bining them with some ideas of [17], to obtain more genersiiits. As usual we set
#i(t) = ki(e), and we always assume (without mentioning) theite;(t)

e L((—o0,0]) ande(”_qig)sqﬁi (t) € L1([0, +00)) for anyi = 1,..., N, so that
we can define functions similar t&* of the previous subsections:

|+ ._M_ﬂ ‘ . ns
JT() = a 5 [m¢|(s)e ds

b (t)e(n—CIi H)t n—p +00

. (n—qj ==P)s
— s)e p~17>ds
q op-D S O

J @) =
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Observe that, iffi(u) = ulu/9~! andk = 1, the functionlei(t) defined in (3.2)
coincide with the functiong* (t) defined in section 3.1. As we did in section 3.1, if
¢ € C1 we can rewrite the function\ii in a form similar to (15) from which we can
more easily guess the sign. So we find the analogous of (16):

Hp+ (Xp= (1), t) +t_|irPOOHp*(Xp*(t),t)
N i (ot t
= Z [Jf(t)% —/ Ji+(s)u/(es)uqi‘1(e5)ds]
i=1 ' o0
Hp+ (Xp= (1), t) — tﬂ)”goHp* (Xp= (1), 1)
N xd (t)
;[ T

Therefore we have a result analogous to Remark 3 and regehgrargument of the
proof of Theorem 1, we obtain the following generalization.

+ /t Ji_(s)xp*(t)ngl(s)]ds

THEOREM2. Assume that either.J(t) > Oforany i and> Y, 3*(t) # Oor
J~(t) > Oforany i andZiN:1 J~(t) # 0. Then all the regular solutions are crossing
solutions; moreover if > ps, and k(r) is uniformly positive for r large, there are
uncountably many S.G.S. with fast decay.

Assume that either.J(t) < Oforanyi and3[\; 3*(t) % Oor 3~ (t) < Ofor
any i andZiN:1 J~(t) # 0. Then all the regular solutions are G.S. with slow decay.
Moreover there are uncountably many solutior(s)uof the Dirichlet problem in the
exterior of a ball.

This result is proved in [13] for the case< p < 2. However it can be easily
extended to the casp > 2 putting together the construction of a stable B&(r)
developed in [17] (and quoted in Theorem 2), and the argufddB] concerning the
function Hp: (that we have sketched in this section). In fact the minireguirement
for the fast decay solution to exist, is that there are 0 andm > p, such that
g(Xm(t), t) > cxXm(t)|Xm(t)|™2 for t large.

Repeating the argument in Corollary 2 we easily obtain dlsoresult:

COROLLARY 3. Assume that all the functions™Jdt) > 0 for any r but
ZiN:l J7 () # 0, and that there is p < m < p* such that the limitim;_, .o g(Xm(t), t)
/Ixm(®)|™ 1 = km(co) exists, is positive and finite. Then positive solutions have
structure of typéA.

Analogously assume that all the functiorifS(ﬂ) < Oforanyr butZiN=1 Ji+(t) E3
0, and that there is s p* such that the limit §xs(t), t)/|xs(t)|5~1 = ks(0) exists, is
is positive and finite. Then positive solutions have a stmeodf typeB.

Once again ifm # p* ands # p* respectively, and a further technical condi-
tion is satisfied the S.G.S. with slow decay is unique, sek [E®m Theorem 2 and
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Corollary 3 we easily get the following.

REMARK 5. Consider (3) wherd is as in (17) and assume that the functions
ki (r) are uniformly positive and bounded. Then,gf < g1 < gy < p* and the
functionsk; (r) are nondecreasing, positive solutions have a structurgpefX, while
if g1 > p* and the functiong; () are nonincreasing, positive solutions have a structure
of typeB.

4. When the Pohozaev function changes sign

In this section we discuss equation (3) whefu, r) = k(r)uju/92, and we assume

thate™¢ (t) € L1((—o0, O]) ande(”_qg)sgb(t) € L1([0, +00)), so that the functions
J*(r) are well defined. We discuss now the case wh&r ) andJ~ (r) change sign.
In such a case positive solutions may exhibit the followiic structure:

C There are uncountably many G.S. with slow decay and crossihgions, and at
least one G.S. with fast decay. There are uncountably maBySSwith fast
decay, S.G.S. with slow decay, and solutions of the Dirichteblem in the
exterior of the ball.

Let us recall that, fon > 2 we denote by2= 2n/(n—2) and by 2 = 2(n—1)/(n—2).
We start from this interesting result proved by Bianchi ih [6
2%
THEOREM 3. Consider (2) and define(g) = k(r)|r? — c2|Z7-2 ; assume that
there is ¢> 0 such that gr) is non-increasing fof < r < ¢ and non-decreasing for
r > c. Then all the G.S. and the S.G.S. are radial.

This fact gives more relevance to the study of radial sohgtioNote that, if
g = 2* then the Theorem simply requires that theressich thak(r) is non-increasing
forr < c and non-decreasing for > c. In fact we think that these results may be
extended also to the cape£ 2; but it cannot be extended to any kind of poteriti@l)
in fact, modifying the nonnegative potentigh = (1 — (r/é)”l)Jr +(1- (5r)/’2)+,
whered, p1, p2 > 0, Bianchi in [6] constructed a positive potential= k(r) so that
(2) admits no radial G.S. with fast decay, but it admits nadial G.S. with fast decay.
The potentiak(r) is obtained from a potential satisfying the hypotheses @oFém 3
and subtracting an arbitrarily small bumprat 0 and atr = co.

For completeness we also quote the following result, boetbfvom [5], con-
cerning potentiak(x) which are not necessarily radial.

THEOREM 4. Consider (2) where g= 2* and assume = 4. Choose two
pointsy,z € R" and two numbers £ C, > 0. Then there is a positive potential
k = k(x) of the form

k(x) = Cy —elx—y|” forxinaneighborhood oy

(18) .
k(x) = C;—¢|x —2z” for x in a neighborhood of
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wheree > 0is small enough ang = n — 2, such that (2) admits no G.S. with fast
decay.

In the same article Bianchi has also proved that a poterstafging condition
(18), with p > n — 2 ande arbitrary chosen, and some further sufficient conditions
necessarily admits a G.S. with fast decay. This result sHows sensitive to small
changes in the potentiklthe behaviour of positive solutions is.

Now we turn again to the cage # 2, and we focus our attention on radial
solutions. In order to find a G.S. with fast decay we need to difhlance between
the gain of energy, due to the values for whigh)r P~ is increasing, and the loss of
energy, due to the values for which it is decreasing. A firgfdntant result concerning
the structure of positive solutions is the following:

THEOREMS5. Consider (3) and assume that there is>R0 such that one of the
following conditions is satisfied

J*(r) > 0forany0 <r < R and it is decreasing for » R
J~(r) <0foranyr> R anditis increasing fob <r < R.
Then regular solutions have one of the following structure.
1. They are all crossing solutions
2. They are all G.S. with slow decay

3. There is D> 0 such that (d, r) is a crossing solution for & D, itis a G.S.
with slow decay for d< D, and a G.S. with fast decay for-d D.

The result concerning ™ (r) has been proved in [35], evaluating the Pohozaev
function on regular solutions. The part concernihg(r) is not explicitly stated in
[35], however it can be easily obtained as follows, see &8 [We can construct a
stable seWs(r) through Proposition 2, and then deduce the existence disafuwith
fast decay. Then, applying the argument of [35] to thesetisols, we conclude. We
think that one could easily reach a classification resutt fds S.G.S. in this situation,
combining the argument in [35] with a dynamical argument.fdct, if we restrict
to regular solutions, structur® andB give back structure 1 and 2 respectively, and
structure 3 is a special case©f

We have already seen that, when eitlder(r) or J=(r) are positive for any
r > 0 we have structurd (so we are in the first case), while when they are negative
we have structur® (so we are in the second case). In order to derive a sufficient
condition for structureC to exist, we start from the cage= 2 and following [43] we
introduce the function:

(—2)p

(19) Zt):=e 2 Jtt)—e

(n—

29 (1)

Thenwe defing, = inf{r € (0,00)|J*(r) < 0},andp_ = supr € (0,00) | J7(r) <
0}, settingpy = oo if J*(r) > O foranyr > 0 andp_ = 0if J=(r) > O for any
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r > 0. Now we can state the following result proved in [43], usthg Pohozaev
identity and the Kelvin transformation.

THEOREM 6. Consider (3) where p= 2 and assume > Oandp_ < oc.
If Z(r1) > Ofor some g € (0, p1] and Z(r2) > 0for some p € [p_, c0), there is
D > Osuchthat D, r) is a G.S. with fast decay.

Let us setl := W; following [43], we get the following more explicit result.

COROLLARY 4. Consider (3) where p= 2 and suppose g p* and that Kr)
is nonnegative and satisfies:

kr) = Ar’ +0o(r°) atr =0  k(r) = Br' +o(r") atr = oo,

where AB > 0and| < A < ¢, then there is a G.S. with fast decay.
Now assume ¢ p* and that Kr) satisfies

k() = Ao+ Air® +o(r?) atr =0  k(r) = Bo+ Bir' + o(r') atr = oo,

where A,B; > 0, Ag, Bp > 0,—n <1 <0 < o < n. Then there is a G.S. with fast
decay.

Note that the casg = p* is more delicate; we stress that the restriction|o |
smaller tham is needed even if it was not required in [43]. However witgn= 0 we
do not need the restriction di and whenBy = 0 we do not need the restriction on
lo|.

Using a similar argument Kabeya, Yanagida and Yotsutanj32j found an
analogous result for the cape# 2.

THEOREM 7. Consider (3) where &) > 0 for any r. Assume that either
Iiminfrﬁori‘j(—ﬁr)) > Jork(r) = Ar? +0o(r?) atr = Ofor some A> Oando > 1.

Moreover assume that eithiém sup._, ., E,E(ri)) < Zork(r) = Br' +o(r')atr = Ofor

some B> 0,1 < A. Thenthere is a strictly increasing sequenged0, j =0, ..., oo,
such that (dj, r) has exactly j zeroes and has fast decay. So in particules,u ) is
a G.S. with fast decay.

Note that the conditions of the previous Theorem at 0 (and atr = o0) are
similar, but they do not imply each other. In fact the formeuseful wherk(r) has
a logarithmic term, e. gk(r) = |In(r)|r?, and the latter wheR(r) behaves like a
power atr = 0 (and atr = co). However, in both the cases, whgn= p* we have
k(0) = k(c0) = 0.

We wish to mention that Bianchi and Egnell in [5], [7] have soather suffi-
cient conditions for the existence of G.S. with fast decaactecondition, as the ones
of Corollary 4 and of Theorem 7, in some sense, requires agehamthe sign of the
function J*(r) which is “sufficiently large to be detected”. We stress thatgituation
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becomes more delicate whgn= p* andk(r) is uniformly positive and bounded, see
[5], [7], for a careful analysis. In fact, as suggested fronedrem 8 stated below and
borrowed from [7], we are convinced that the condition ondhellness ofl|, |o | of
Corollary 4 is not technical.

THEOREM 8. Consider (2) where g= 2* and take two numbergy, p2 >
n(n — 2)/(n + 2), such thatl/p1 + 1/p2 > 2/(n — 2). Then there is a function(k)
such that Kr) = 1 — M1r”! near the origin and i) = 1 — Mar —”2 near oo, where
M1, M2 are positive large constants so that (2) admits no radial.@:igh fast decay.

We also stress that the previous result shows that the isitust much more
clear whenJ*(r) is positive forr small and negative far large, than when we are in
the opposite situation.

We introduce now some perturbative results, proved wittadyical techniques,
that help us to understand better also what happens to airgplltions, and also which
is the difference between the case in which we have a sutadriiehaviour for small
and supercritical for large (easier situation), and the opposite case (difficulagon).
We focus on the casg= p*: in the autonomous case this is a border situation between
a structure of typé andB. So it is the best setting in order to have new phenomena as
the existence of G.S. with fast decay.

Let us assume th&i(r) has one of the following two form:
k(r) = 1+ e¢K(r), whereK is a bounded smooth function,
k(r) = K(r€), whereK is a bounded smooth function, positive in some interval,

wheree > 0 is a small parameter and we assukhe C2. In the former case we say
thatk(r) is a regular perturbation of a constaktdhanges little), in the latter we say
that it is a singular perturbation of a constakichanges slowly). It is worthwhile to
note that, in the latter casemay change sign.

This problem was studied in the cape= 2 by Johnson, Pan and Yi in [30]
using the Fowler transformation, invariant manifold thefmr non-autonomous system
and Mel'nikov theory. In both the cases they found a non-degecy condition of
Mel'nikov type, related to some kind of expansioreinf the Pohozaev function, which
is sufficient for the existence of G.S. with fast decay. Thep aroved that whei (')
is periodic and the Mel'nikov condition is satisfied, theseaiSmale horseshoe for the
associated dynamical system. Then they inferred the existef a Cantor set of S.G.S.
with slow decay.

In the singular perturbation case the condition is easy topede: there is a
G.S. with fast decay for each non-degenerate positivecatipoint of K(r). These
results have been completed by Battelli and Johnson in 8],[4], and eventually
they proved the existence of a Smale horseshoe also in thés ddhus they inferred
again the existence of a Cantor set of S.G.S. with slow dessyming thak (e!) is
periodic.

These results have been extended to the cagg2+ 2) < p < 2in [14], and
completed to obtain a structure result for positive sohgid-irst we have introduced a
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dynamical system of the form (8) through (4) wite= g = p*. In this section we will
always set = g = p* in (4) so we will leave the subscript unsaid, to simplify trotaz
tion. Since (8) i and uniformly continuous in thievariable,0 admits local unstable
and stable manifolds, denoted respectivelyigy; . (v) andW;.(z), see [30], [14].
From Proposition 3 we know that, @ € WY,,.(z), then lim—, _.x* (Q", t) = O and
the corresponding solutiom(r) of (3) is a regular solution, while IQ° < leoc(r),
then lim_ ,.x*(Q%,t) = O and the corresponding solutiarir) of (3) is a solution
with fast decay. Using the flow it is possible to extend thealonanifolds to global
manifoldsW!(z) and W2 (7). As usual we commit the following abuse of notation:
we denote byW!(z) and W2(z) just the branches of the manifolds that depart from
the origin and get intcRi. From [30] we also know that the leaves &@é and vary
continuously in theC* topology with respect te ande. Observe that foe = 0, both

in the regular and in the singular perturbation case, theifoldnW (z) and W2 (z)
coincide and are the image of the homoclinic trajectory. Wafsegment. which is
transversal tWWg' () = W;(z) and which intersects it in a point, sy Using a conti-
nuity argument, we deduce that, for- 0 small enoughW!(z) andW2(z) continue

to crossL transversally in point§S(z, €) and&(z, €) close toU. We want to find in-
tersection®) betweenW! () andW2(z); then the trajectorx®(Q, t) corresponds to

a regular solutionu(r) having fast decay. Then it is easily proved tR&(Q, t) ]Ri

for anyt so it is a monotone decreasing G.S. with fast decay.

Let us rewrite (8) ag = f(x, r + t, €). From now on we restrict our attention
to the singularly perturbed system since the other can bestlesimilarly, see [30] and
[14]. We define a Melnikov function which measures the dictawith sign between
&3(r, €) andeY(z, €) alongL.

d
M) = 4 [£7(r, ) = &P (7, )] Le=onf(U, 7)

where “A” denotes the standard wedge producRf Then define

M(7) for e=0

he, &) = [f(@fﬂﬂ Af(U,7) for e #£0.
We point out that the vectdi (z, €) — &7 (z, €) belongs to the transversal segmént
sowe havéh(zr,e) =0 <= ¢ (r,¢) — ¢ (1,€) =0 fore # 0.

SupposeM (1g) = 0 andM’(zg) # 0, then, using the implicit function theorem,
we construct eC* functione — z(¢) defined on a neighborhood ef = 0, such
thatz (0) = 1o, for which we have=(z(¢), €) = & (z(¢), €). Therefore we have a
homoclinic solution of the system (8).

Following [30] and [14] we find that

n —+00 o
(20)  M(2) = —¢/()p(x) P / Pal4

—00

t=—C¢'(t)p(r) P

wherexy (t) = (x1(t), y1(t)) is a homoclinic trajectory of (8) whekg = 1, soC > 0is
a computable positive constant. Note tatr) is closely related to the first termin the
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expansion ire of the functionZ(t) defined in (19). It follows that for any positive non
degenerate critical point &f(r) there is a crossing betwe&d" (z (¢)) andWZ(z (¢)),
so we have a G.S. with fast decay.

Introducing a further Mel'nikov function depending on twarpmeters, it can
be proved that such a crossing is transversal, see [30][12], In order to use the
Smale construction of the horseshoe, we need to prove thdtitittions:* (e, 7) are
C2 even if the system is jusE!. This has been done in [4], using some fixed point
theorems in weighted spaces, and observing that the finstbraf W (z) andW?(7)
cannot cross the coordinate axes, where part of the reyuiatost.

Now we assume that is periodic and admits a non-degenerate positive critical
point. Using the previous Lemma we find a po@te) € W (z(¢)) N W2(z (¢€)).
Then, using the Smale construction, we find a CantorAsetose to the transversal
crossingQ(e), such that the trajectories (P, t), whereP € A are bounded, and do
not converge to the origin. With some elementary analysihemphase portrait we can
also show thak* (P, t) e Ri for anyt € R. So we find the following, see [30], [2],
[3], [4] [14] for the proof.

THEOREM9. Consider (3) where g= p*, 2n/(n+2) < p < 2, and ke C?is
a singular perturbation of a constant. Then there is a monetdecreasing G.S. with
fast decay for each positive non-degenerate critical pofri(r).

Moreover assume thai(&) is a periodic function and it admits a non degener-
ate positive extremum. Then there is a Cantor-like set ofatoore decreasing S.G.S.
with slow decaw (r). Moreover if Kr) is strictly positive, the S.G.S. are monotone
decreasing.

Whenk is a regular perturbation of a constant, we proceed in thes saay but
we find a different Mel'nikov function:

_ +o00 p* _ +00 p*
M(r) = ¢/(t+r)|xl|* dt, M'(r) = ¢S”(t+r)|x1|* dt
—co p —00 p

Then, arguing as above we find the following.

THEOREM10. Assume thatk) = 1+ ¢K (r) is a C? function ande > Ois a
sufficiently small parameter. Then equation (3) admits a @ith fast decay for each
non degenerate zero of (). Assume in addition that (') is a periodic function.
Then equation (3) admits a Cantor-like set of monotone desong S.G.S. with slow
decay.

Following [14], we point out that now it is possible to getther information
on the structure of positive solutions, both regular andudar, with a careful analysis
of the phase portrait. The idea is to construct a barrier setenup of branches of the
manifoldsW! () andW2(z). We illustrate it with an example, remanding to [14] for
a detailed discussion. Let us assume R{aj admits 9 positive non degenerate critical
points forr > 0, 5 maxima and 4 minima , see figure 3.
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Figure 3: A sketch of the sd(z), whenk(r) = K(r€) has 5 maxima and 4 minima.
The solid line representB(z), and it is obtained joining segments \f(z) (dotted
line), and ofW3(r) (dashed line).

First observe thatiQ” € WY (z)NW3(z) thenx” (Q*, t) € WY (z +t)NWS(z +
t) for anyt. So the number of intersection betwaat{(z) andW?(z) does not depend
on z. Therefore there are 9 functions(e) such thatt(z(¢), €) = £5(z(¢), €) for
i =1,---,9and9 pointdN' (7) of intersection between stable and unstable manifolds.
We denote byN!(z), the first point met followingNZ(7) from the origin toward®R?
by N?(z) the second, and so on. Let us denote®%yr) the branch ofV3(7) between
the origin andN(z), by B1(z) the branch oMW" (r) betweenN(z) andN?(z), by
B?(z) the branch oWS(z) betweenN?(z) andN3(z), and so on till the branch of
WY(7) betwee_r1\|9(r) and the origin which is denoted B8P(z). Finally we denote by
B(r) = U?ZOB' (r), and byE(z) the bounded open subset enclosedy). The key
observation is thaB(r) is contained irRi foranyz, and in{x|y < 0 < x} wheng¢
is uniformly positive, see [14] for a detailed proof.

Observe thaE(z)\ (WY(r) U W3(z)) contains uncountably many points and
takeQ in it. The trajectoryx’ (Q,t) is forced to stay in the interior dE(z + t) for
anyt, therefore it corresponds to a S.G.S. with slow decay. Widaraful analysis
on the phase portrait it is possible to find poi@ts= B(z)\ WZ(7) such thai® (Q, t)
is forced to stay in the interior oE(z + t) for anyt > 0, andP € B(z)\ W:(t)
such thax® (P, t) has to cross thg axis for some > 0. Therefore they correspond
respectively to G.S. with slow decay and to crossing sahsticAnalogously we find
Q. P € B(r)\ W!(r) such thax" (Q,t) € E(r +t) for anyt < 0 andx®(P,t) has
to cross they axis for somé < 0, which correspond respectively to S.G.S. with fast
decay and to solutions of the Dirichlet problem in the extedf a ball, see [14] for
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more details. The results can be summed up as follows. Letrxluce the following
hypotheses:

M1 there existep > 0 such thak(p) > 0 is a non degenerate maximum &qd) is
uniformly positive and monotone increasing forOr < p.

M» there exist®R > 0 such thak(R) > 0is a non degenerate maximum &{d) > O
is uniformly positive and monotone decreasingrfos R.

O1 Kk(r) is oscillatory ag — 0 and admits infinitely many positive non degenerate
critical points.

02 k(r) is oscillatory ag — oo and admits infinitely many positive non degenerate
critical points.

Then we have the following result:

THEOREM11. Consider equation (3) and assume thatk= K (r€) is bounded.
Then, fore > 0 small enough, we have at least as many G.S. with fast decag ash
degenerate critical points of(k). Moreover

1. Assume that eithévl, or O is satisfied. Then the there are uncountably many
G.S. with slow decay and uncountably many crossing solgition

2. Assume that eithevl; or O is satisfied. Then there are uncountably many
S.G.S. with fast decay and uncountably many solutignsof Dirichlet problem
in the exterior of a ball.

3. Assume that both Hypotheses 1 and 2 are satisfied. Therosites@ solutions
of equation (3) have a structure of tyfe

Furthermore, if Kr) is uniformly positive, then G.S. and S.G.S. are decreasing.

REMARK 6. Note that wheik(r) is decreasing for small and increasing far
large, we are not able to state the existence of S.G.S. andsofa&h slow decay. This
is due to the fact that, in such a case it is not possible totamtsa setB(z) which is
contained iriRi for anyz, so our argument fails. However also in this case we are able
to prove the existence of G.S. with fast decay.

Following [14] we can easily obtain an analogous result lf@r tegularly per-
turbed problem. The difference lies in the fact that the M@&wn condition is a bit more
complicated, so we have to replace the assumptiorkthahas a positive critical point
by the condition thaM () = 0 andM’(z) # 0.

Now we want to extend some of these results to the “in the lTargse, so we
want to see what happens wher> 1. This in fact will shed some light on the reason
for which positive solutions exhibit the same structuregemwo completely different
types of perturbation. The idea is to use our knowledge ofatltenomous case to
understand the non-autonomous one, replacing the Melrfikastion by the energy
function H. We will discuss the following Hypotheses
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M7 k() is increasing for small andk’(r)r =/(P=1 ¢ L 1(0, 1].
M7 k(r) is decreasing for small andk’(r)r =/(P=D ¢ L1(0, 1].
M7 k(r) is increasing for large andk'(r)r" ¢ L1[1, c0).
M, k(r) is decreasing for large and<’(r)r" ¢ L1[1, cc).
Now we can state the following theorem, see [18], [15].

THEOREM 12. Consider (3) where ¢= p* and Kr) € [a, b] for any r > 0,
for some b> a > 0. Assume that either hypothesdg“ andM;, orM7 andMg‘ are
satisfied. Then there is a G.S. with fast decay. Moreover

1. If M2 is satisfied there are uncountably many G.S. with slow degedyiacount-
ably many crossing solutions.

2. If M7 is satisfied, there are uncountably many S.G.S. with fastydand un-
countably many solutions of Dirichlet problem in the exdenf a ball.

3. If l\_/lir and M2 are satisfied positive solutions have structQre

Proof. Consider the autonomous system (8) whgre p* and¢ = a, or¢ = b re-
spectively. Denote by, (t) andxp(t) the trajectories of the former and the latter system
such thatx;(0) = 0 = X,(0). Denote byAtT = {Xxa(t) |t < 0}, A~ = {Xa(t) |t > O},
Bt = (xp(®)[t < 0}, B™ = {xp()[t = O}, by A = (Ax, Ay) = xa(0) and by
B = (Bx, By) = Xp(0). Let us denote b (respectivelyE ~) the bounded subsets
enclosed byA™, BT (resp.A~, B™) and the isoclinex = 0.

Note that the flow of the non autonomous system (861 B™ points towards
the interior of E* while on A~ U B~ points towards the exterior d&~. So, using
Wazewski’s principle, we can construct compact conneatésias follows, see [15].

WY(7) :={Q e E™ | t_Ijrpoo X' (Q,t) =0 and x*(Q,t) e Etfort < 0},
W3(r) :={Q e E™ | t_Ijrroo X*(Q,t) =0 and x*(Q,t) € E” fort > 0}.

We denote byY(z) and &3(r) the intersection of the isocling = 0 respectively
with WY(z) andW3(z). In analogy to what we have done in the perturbative case we
want to measure the distance with sign of the compact nortyesepss!(7) andés(z)
evaluating the energy functiad on these sets.

We wish to stress that we have committed a mistake in [15] aln @wvaluation,
but we can correct it as follows, see [18]. Let us denotd_lthe linex = By, and
by C* the intersection oL with At; finally let L* be the segment of between
C* andB. Denote byx}(t), the trajectory of the autonomous system whgre= a
such thax}(0) = C*, and byxg (1), the trajectory of the autonomous system where
¢ = b such thaig (0) = B. Recall that we have explicit formulas f&f (t) andx (t)

1 p* 5Pt T T P et
and that we can fin€ > c such that®/ce ? ~ < x[(t) < xi(t) < /Ce® ' for
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t < 0. Consider a trajectory® (Q"(z), t) of the non-autonomous system (8) such that
X7 (QY(r),0) = QY(z) € L™. It can be proved that

e < IXEMP < X (QU(x), )P < X (®)|P < CeM

for anyt < 0, see [18]. Denote bW!(z) andW3(7) respectively the subset 8§ (7)
andWs3(z) contained in{x|0 < x < Ly}. It can be shown easily that for any point
Q € WY(r) we havec(Q)e™ < |x*(QY(z),1)|P < C(Q)e™, whereC(Q)/C =
K(Q) =c(Q)/c> 0.

Now assume that hypothesid,” is satisfied; then there i > 0 such that
$(t) > 0for anyt > To. Hence for anyQ € WY(z) we have

0 T(0)- p*
Hp Q. 7) =/_ e +t>%dt >

(21) .
e K T,
> & 2O cwm - b e [ o]
o To
Sinceg ()" ¢ L0, 00)], we can findNT > To such thatHp+(Q, ) > 0 for any
Q € WY(r) andz > N*.
We denote byd, ((Q) the diffeomorphism defined by the flow of (8), precisely
D, +(Q) = x"(Q; t). Note that for anyQ < W“(‘r), wherer > N*, and anyt > 0, we
haveH (®,:(Q),t +7) > H(Q, 7) > 0 sinceg(s) > 0fors > z > NT.
Observe that there is a uniqtie= TY(Q) > 0 such thak®(Q; t) € E™ for any
t < TYQ) andx™(Q; T¥(Q)) € cUTY(Q) + 7). We chooseT,F = min{T¥(Q) +
N*|Q e WY(NT)); it follows that @+ ([WU(NF)] D WUY(NT +t), for anyt >
T.F — NT. HenceH (Q, 7) > 0 foranyQ e WY(r) foranyz > T..
Moreover, for anyP € WS(z) we have
+o0 T p*
|X (P,*t)l q

Hp (P, 7) = — bt + 1) )

t <0,

sinceg(t) > 0fort + 7 > To. ThereforeHp«(P,7) < 0 < Hp«(Q, 7) for any
P € WS(z) and anyQ € WY(r). Analogously ifM;" is satisfied, we can find,” < 0
such thatHp+(Q, 7) < 0 < Hpx(P, 7) for any pointP € WS(z) andQ € W!(z), for
anyr < T . Itfollows that there igg € (T, , T,) such thats(z0)N&Y(z0) # . Soif
QY € &3(20) N ¢Y(zp) we have that the solutiom(r ) of (3) corresponding ta™(QP, t)
is a G.S. with fast decay.

Then repeating the argument of the perturbative case wdumtenthe proof of
the Theorem. O

This way we have proved structure results for positive gmhstalso in the case
p > 2 and corrected the corresponding results in [15]. Howeecannot correct the
proof of the results concerning the existence of multipl8.®uith fast decay, published
in [15].
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Note that with this approach it is possible to prove the exisé of G.S. with
fast decay also wheNl; and M, are satisfied, while the approach of [43], [32] fails
in that case. However the latter article is able to deal alitlo the casey # p*. We
wish to stress that the condition on the integrabilitk@f ))r™ andk’(r)r =P is in
some sense optimal, in view of Theorem 8. Moreover obseateith can combine the
existence results for G.S. with fast decay given in Theorefrlf12 with the structure
result of Theorem 5 to obtain uniqueness. Furthermore we the/following, see [18],
[15].

REMARK 7. Assume that hypothes&!sf andl\_/lg are satisfied. Then there are
B > A > 0 such thati(d, r) is a crossing solution for any > B and itis a G.S. with
slow decay for O< d < A.

Assume that hypothes&é; andMJ are satisfied. Then there aBe> A > 0
such that(d, r) is a crossing solution for any > B and any O< d < A. Moreover
there areR > p > 0 such that the Dirichlet problem in the ball of radiuadmits 2
solutions for > Rand 0 solutions for &< r < p.

Roughly speaking, ik(r) € C' is uniformly positive and bounded, admits just
one critical point which is a maximum and it is not too flat fosmall andr large,
regular solutions have structure 3 of Theorem 5 (and pes#blutions have structure
C). But if the critical point is a minimum, the situation is neccomplicated. We know
from Theorem 12 a sufficient condition to have a G.S. with estay. However we
conjecture, that, in such a case, we may have multiple G18.fast decay, perhaps
even infinitely many.

Theorem 12 also helps to understand what happens in therlpstite case.
When we have a regular perturbation, the striggsand E~ are very narrow. So,
when we approximate the trajectory of the perturbed systéim avtrajectory of the
unperturbed one, we commit a small mistake. In the sing@eupbation case we have
that ¢ varies slowly, sap has constant sign in long intervals. Since the trajectory of
the stable and unstable sets have an exponential decayjgithef she energy function
H mainly depends on the sign ¢fct + 7)xP*(t) evaluated whem(t) is far from the
origin. Choose&Q either ing3(z) or in £Y(z). The idea hidden in Theorem 11 is that,
playing with the values of the parameterande, we can make the sign ¢1,.(Q, 7)
depend just on the sign gfevaluated at = 7.

5. f subcritical for u small and supercritical for u large

In this section we collect few results about an equation fbictv even some basic
questions are still unsolved. We consider Eq. (1) whigfg) = u|u|%~2 4 uju|% 2,
andp, < q1 < p* < . Infact as far as we are aware there are only two articles,
[11] and [1], concerning the argument and they deal with teep = 2. Recall that
2*=2n/(n—2)and 2 = 2(n —1)/(n — 2).

Zhou in [44] established that G.S. for (2), in this case havieet radial. So we
can in fact consider directly an equation of the form (3) kwit= 2).



Radial solutions fop-Laplace equation 79

Flores et al. in [11] and [1] use the classical Fowler tramsftion and change
equation (3) into a dynamical system of the form (5). Thew faee the problem using
dynamical techniques such as invariant manifold theoryeyTdetl = g in (4) and
obtain a system of the form (5) such thgt (Xq,, t) is bounded a$ — —oo, for any
fixed Xq,. In fact they consider the 3-dimensional autonomous systetained from
(5) adding the extra variable = &', where¢ > 0. As usual this system admits 3
critical points: the originO, P(—oo) = (Px(—00), Py(—o0) and —P(—c0), where
Py(—o00) < 0 < Py(—o0). In such a case regular solutions of the original problem
correspond to trajectories of the-Bimensional unstable manifold of the origin, while
the singular solutions corresponds to the trajectory wigoaph is the +dimensional
unstable manifold oP(—o0). Then they consider the system obtained from (5) with
| = gy, adding the extra variable= &', where¢ < 0, which again have three critical
points: O, P(+00) = (Px(400), Py(+00) and —P(400), where Py(+00) < 0 <
Px(400). In this caseO admits a 2 dimensional stable manifold whose trajectories
correspond to solutions with fast decay of (3), ad-oo) admits a Edimensional
stable manifold made up of a trajectory corresponding tolatiso with slow decay.
Then they use dynamical arguments in order to find intersesthetween these objects,
and this way in [11] they prove the following very interesfiresults.

THEOREM13. a) Let @ > 2* be fixed. Then, given an integerk 1, there is
anumber g < 2* such that if g < q1 < 2%, then (2) has at least k radial G.S.
with fast decay.

b) Let2, < g1 < 2* be fixed. Then, given an integepk1, there is a number,S< 2*
such that if2* < g2 < &, then (2) has at least k radial G.S. with fast decay.

They have also found a non-existence counterpart, whictvshow sensitive
to the variations of the exponents these existence regelts a

THEOREM14. Let ¢p > 2* be fixed. Then there is a number=Q2, such that
if 1l <q1 < Q, then (2) admits no G.S neither S.G.S.

This non-existence result is in some sense optimal. In facghd Ni in [36]
have constructed explicitly a G.S. with slow decay of thefaKr) = A(B+r2)~/(P-1D,
whereA andB are suitable positive constants, in the special gase 2(q; — 1) > 2*
(note that 2 = 2(2, — 1)). However the existence of G.S. with slow decay probably
is not a generic phenomenon. In fact it corresponds to ttetemnde of 1 dimensional
intersection of a 2dimensional object with a-2dimensional object in 3 dimensions.

Finally we have this result concerning S.G.S. and G.S. viitiv slecay.

THEOREM15. a) Given ¢ > 2%, there is an increasing sequence of numbers
Qk — 2* such that if ¢ = Qg then there is a radial S.G.S. of (2) with either
slow or fast decay.

b) Given2, < q1 < 2*, there is a decreasing sequence of numbgrs>S2* such that
if g2 = & then (2) admits either a radial S.G.S. with slow decay or dab@.S.
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with slow decay.

Moreover, exploiting the existence of the G.S. with slowalein the case, =
2(q1 — 1) > 2*, Flores was able to prove the following result in [1].

THEOREM16. Assumetha?, < o < 2* < gpandq > 2'\'“\#V i Then,
given any integer k> 1, there is a numbegx > 0 such that, ifigz — 2(q1 — 1)| < e,
then there are at least k radial G.S. with fast decay for (2). particular if ¢ =

2(q1 — 1) there are infinitely many G.S. with fast decay.

2N+2

The conditiong; > "

point is crucial for the proof

We think that all the Theorems of this section could be gdizedto the case
p # 2 using the new change of coordinates (4). Moreover we thiak these tech-
nigues could be adapted to generalize Theorems 13, 14,d toalse spatial dependent
case, that is wherfi (u, r) = kq(r)uu|% =2 + ki (1 )ulu|%=2~2, wherek; andk; are actu-
ally functions. The last Theorem 16 crucially depends orettistence of the G.S. with
slow decay, that seems to be structurally unstable. Howeedrave been able to com-
pute this solution also for the corresponding equation$b)perhaps also Theorem 16
can be extended to the cage# 2.

ﬁv Z guarantees tha(+o00) is a focus and this

REMARK 8. Consider (1) wherd (u,r) = uju/%~1 + uju|%1, whereqy, =

(q})‘% andp, < g1 < p* < gp. Then there is a radial G.S. with slow decay

p-1
1 q1—p
ur) = A(—p)
B+rpI
-1

—1 _1 _ q-1
whereA = [| [P (n — D) ]aP andB = (n — BA-2) A%

6. f negative foru small and positive foru large

In this section we will consider (3), assuming thalu, r) is negative foru small and
positive foru large and small. The prototypical non-linearity we are interestedsin
the following

(22) f(u,r) = —ke(r)uju®=2 4 ko(ryuju|%=2

where the functiong; (r) are nonnegative and continuous. When= q; = 2 (2)
describes a Bose-Einstein condensate, and the G.S., ifsiisexs the least energy
solution. In order to have G.S. we need to have a balance battixe gain of energy
due to the negative terms and the loss of energy due to thevedsirms. The strength
of the contribution is proportional to the correspondintueaof | Ji+(r)|, so it depends
strongly on the exponemnf. When f is as in (22) and;; < p* < g the contribution
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given by the positive term is not strong enough, while wher= p* the contribution
of the positive term is too strong. When < g2 < p* we expect to find a richer
scenario, similar to the one depicted in Theorem 5 (3), wike& with slow decay are
replaced by oscillatory solutions.

Also in this situation, roughly speaking, solutiong& ) which are positive for
r large can have two different behaviour: either they corweagO, usually with fast
decay (see Proposition 1 and Corollary 1), or they are umifppositive, and typically
they oscillate indefinitely between two values ¢, where O< ¢; < ¢ < o0.

Also in this case radial solutions are particularly impottaince in many cases
G.S. in the wholeR", S.G.S. and solutions of the Dirichlet problem in the bat fo
(1) have to be radial. This fact was proved whenr= 2 and f is as in (22) and the
functions—k1(r) andkx(r) are decreasing by Gidas, Ni, Nirenberg in [24], [25] using
the moving plane method and the maximum principle. Aftedsathis results have
been extended to the caselp < 2 in [9], [10], and finally in [42] to the casp > 1,
and to more general spatial independent nonlineariti@s: they simply assume that
f(0) =0, f is negative in a right neighborhood vf= 0 and it is positive fou large.

Once again the Pohozaev identity proves to be an importahtiacface the
problem of looking for positive solutions. In fact it was dday Ni and Serrin in [38]
to construct obstructions for the existence of G.S. in tlaiapindependent case.

THEOREM17. Consider (3) where f has the following form

N M
(23) fuy==> kuu% 2+ > kuu%? ¢ <g

i=1 i=N+1
where k > O are constants forany = 1,..., M, gne1r > p*, M > N > 1. Then

there are no crossing solutions neither G.S.

Note that wherN = 1 andM = 2 (23) reduces to (22). Recall that in such a
case all the G.S. of (1) and also all the solutions of the Bleicproblem in a ball have
to be radial. Therefore the non existence result holds giofma the PDE (1).

Whenk; (r) behave like powers at = 0 or atr = oo, using the concept of
natural dimension explained in the appendix (see [20] ary,[it is possible to reduce
the problem to an equivalent one in which the functions aiértmly positive and
bounded either far small, or forr large, or for both.

In [13] we have discussed a problem similar to the one of Ténmaot7, but in
the spatial dependent framework, using again dynamichhigoes combined with the
Pohozaev identity. In [13] we have analyzed functioh®f the form (22), but the
proofs work also wherf is as in (23) and satisfies:

FO gn < p* < qnua; ki(r) is a positive, continuous function for > 0, for any
i <M. J"(t) <0< J M foranytandj < N <iand> M, 3"t £ 0.

REMARK 9. Assume thaF0 holds and that there s> p* such that the lim-
its limi_, _aopi (1)€#s(P=0t = A > 0 exists and are finite for < M, and that
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Zi“":N+1 A > 0. Then there is at least one singular solutign) of (3).

THEOREM 18. Consider (3) where f satisfi&x). Moreover assume that there
are positive constantsiGnd g such that k(r) > C; and kj(r) < Cj for r large and
i <N and j> N. Then all the regular and singular solutions are defined pasitive
forany r > Oandlimsup _, ,, u(d,r) > Oforany d> 0.

Assume further that-k; (r) and k; (r) are decreasing and bounded for r large
andi < N and j > N, then there is is a computable constafit buch that all the
regular solutions ¢r) (and the singular, if they exist) are such that

0 < liminfu(r) < liminfu(r) < b*
r—-oo r—o0

ReEMARK 10. The Hypotheses of Theorem 18 are satisfied for example if w
take f asin (22),q1 < p* < g2, Q1 < 02, and the function; (r) uniformly positive,
bounded and-k; (r) andkx(r) are decreasing.

It is possible to give some ad hoc condition for the existesfo8.S. even in the case
g1 < p* < gzandgz > ;. In fact we have to lower the contribution given by the
negative term—ky (r)uju|%—2, taking a strongly decreasing functién(r), see [13].
More precisely

THEOREM19. Assumé0, and that the limitsim;_, oo (t)e%r* (P =9t = B; >
0 exist and are finite for i< M, and thatzi"":N+1 Bi > 0.
Then all the regular solutions (n) are G.S. with slow decay. Finally, if there is a
singular solution itis a S.G.S. with slow decay.

REMARK 11. The Hypotheses of Theorem 19 and Remark 9 are satisfied for
example if we takef asin (22),01 = p* < g, k1(r) uniformly positive, bounded and
increasingka(r) = a + bre@=P") wherea, b > 0; or if we takeqs < p* = o,
ko(r) uniformly positive, bounded and increasing, aad) = a/(1 + br%p*(P"~@)),
wherea, b > 0.

As we said at the beginning of the section, the situation im&somore inter-
esting whenf is subcritical both asi — 0 and asu — oo. A first important step
to understand equation (2) in this setting was made in [25gre the authors proved
the existence of a G.S. in the cape= 2 and assuming that (u,r) is as in (22),
g1 = 2 < g2 < 2* and—ky(r) andkx(r) non-increasing. These results have been
extended to more general operators, includinggHeaplacian forp > 1, in [19] and
to a wider class of nonlinearitieb. They just require that there i > 0 such that
F(u)y <0forO<u < A F(A)=0andf(A) > 0, whereF (u) := [5' f(s)ds.

In [19] the non-linearity f is assumed to be spatially independent and sub-
halflinear, namely either therelis> A such thatf (b) = 0, or liminf,_ o FT(,‘)Q < 00.
If we consider the prototypical case (22) the assumptiorjé@jfreduce to 1< q1 <
02 < p, k1 = 1 = k. They also proved the uniqueness of the G.S., and they have
given good estimates of the asymptotic behaviour. The mresf uniqueness has
been discussed in many papers, see e.g. [19], [20], [8],tlsitieyond the purpose



