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MICROSTRUCTURED SOLIDS AND INVERSE PROBLEMS

Abstract. Microstructured solids are characterized by their diggensroperties and disper-
sive effects can be used for solving the inverse problemsfareNondestructive Testing. In
this paper the Mindlin-type one-dimensional model is derif@dongitudinal wave motion
in such solids. In case of linear approximation, the invensblems based on harmonic
waves and localized boundary conditions are posed anddsakging the measurements of
phase and group velocities and phase shifts. The full neatimodel leads to solitary waves
due to the balance of dispersive and nonlinear effectstieguh an asymmetric solitary
wave. In this case the characteristics of wave profiles aed tor solving an inverse prob-
lem.

1. Introduction

Contemporary materials are often characterized by theiptex structure at various
scales. For short, such materials are refered to as “miaaiated materials”. The mi-
crostructural properties influence strongly the macroabiur of compound materials
and/or structures, that is why stress analysis should bedbas proper modelling of
possible physical effects caused by the microstructureo gessible classes of prob-
lems must be distinguished: (i) given the properties of tla¢emial and its constituen-
cies, and external disturbance, determine the global lheina\(ii) given the external
disturbance and the global behaviour, determine the ptiepef the material. The first
class is identified as direct problems, the second — as iy@blems. In technical
terms, the second class (inverse problems) is the Nondés&uesting (NDT) with
the aim to determine the physical and/or geometrical pteggeof materials (speci-
mens) by measuring the wave fields at given excitations. Bygugltrasound, NDT
has found wide range of applications not only in engineebimtgalso in medicine.

The ideas of using ultrasound in NDT have been developee@ shecdiscovery
of the piezoelectric effect in quartz in 1880 (see [1]). Téhesas were developed further
for detecting objects in water (or air) and for detecting #aw solids. Overviews on
later applications are given in [2] - [5], for example.

Quite often in engineering applications of NDT, simplifie@timematical mod-
els are used and the origin of these models, based on contimechanics, is for-
gotten. In [6], a simple straight-forward idea is advocaffed theoretical background
of NDT, the conservation and constitutive laws should bé&edtdirst in the full cor-
respondence to the axioms of continuum mechanics. The matamuld be rather
complicated but all the possible simplifications (appraaiions) of the basic model
should be based on clear procedures retaining the effettie shme order of accuracy.
Only then the solutions of the inverse problems reflecteali
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In most general terms, microstructured materials meancpgtalline solids,
ceramic composites, functionally graded materials, geamaterials, etc. The exis-
tence of grains, inclusions, layers, block walls, etc. -ttedt refers to microstructure.
There are powerful methods in continuum mechanics in oldescribe such materi-
als or the existence of irregularities in materials stgrfnrom early studies of Cosserats
and Voigt up to contemporary formulations [7]. The straifgrivard modelling of mi-
crostructured solids leads to assigning concrete phygioglerties to every irregularity
or to every volume element in a solid. This means introdudingct dependencies of
all the physical properties on material coordinates andsequently leads to an ex-
tremely complex system. Another approach is to separateanand microstructure
in continua. Then the conservation laws for both structsresild be separately for-
mulated [7, 11] or the microstructural quantities are safgdy taken into account in
one set of conservation laws [8].

In this paper, we present a mathematical model for microsirad solids fol-
lowing the ideas of separating macro- and microstructutg [Ihe details of modelling
are described in [12, 13]. Based on that model, inverse pnoblin one-dimensional
(1D) setting are posed and solved by making use of wave fieddackeristics. Pre-
sented are the main ideas whereas the uniqueness andstabitirems are published
elsewhere [14, 15].

In Section 2 the basic assumptions are presented and themmeatibal model is
derived. The physical effects described by such a modelistexllin Section 3. The
focal point of this paper is Section 4 where three inverséleras are posed and their
solutions briefly envisaged. In Section 5, results are sudnmpe

2. Mathematical model

We start from the Mindlin model [11] for microstructuredisial. This model has a clear
physical background interpreting the microstructure derdeable cells which can be
“amolecule of a polymer, a crystallite of a polycrystal oraig of a granular material”.
The displacement of a material particle in terms of macrostructure is defiredsual
by its components; = x — X, wherex;, X;(i = 1, 2, 3) are the components of
the spatial and material position vectors, respectivelythWW each material volume
there is a microvolume (microstructure) and the microdispinentu’ is defined by
ui = x — X{, where the origin of the coordinates moves with the displacement
u. The displacement gradient is assumed to be small and thaitpeo use the basic

assumption of the Mindlin model
1) U} = Xiepkj (Xi, 1)
and consequently

ou’
@) o0 = i =a.

Further we limit ourselves to the 1D case (see discussioreati@ 5) and
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denoteu; = u, ¢11 = ¢. The fundamental balance laws are formulated separately fo
macroscopic and microscopic scales.

We assume that free energy functdhhas the formiW = W5 + W3, whereW,
is the simplest quadratic function

1
3) W, =2 <au§ + B2+ Cp2 + 2A<pux>
andWs includes nonlinearities on both the macro- and microlevel

1
Herea, A, B, C, N and M are constants and indices here and below denote differen-

tiation. The non-quadratic potentisls is the first approximation towards nonlinear
theory. Then the governing equations (for details, see]2Pare the following:

(4) W3

%) pUtt = alxyx + NUxUxx + Ay,

(6) lptt = Coxx + Moxoxx — Aux — Bo,

wherep is the macrodensity, anidis the microinertia. It can be shown that this system
can also be interpreted as a balance of pseudomomentumffirahat see [16].

Let us rewrite this system (5), (6) in dimensionless vagall = x/L, T =
tco/L, U = u/Ug, whereUg is the amplitude of an excitation, ahd- the wavelength
of an excitation, anatg = a/p. Note thaty is already dimensionless. We introduce
also the geometric parametets= 12/L2, ¢ = Uo/L, wherel is the scale of the
microstructure. System (5), (6) yields then

Ne A
() Urt = Uxx + —5UxUxx + —5¢x,
pCH pCHE
(8) Sal*orT = 8C* pxx + 8% M*pxpxx — AcUx — By,

wherel = 1*pl2,C = C*l2andM = M*|3.

For further analysis we eliminate microdeformatiprirom (7), (8) by making
use of the slaving principle [16, 17]. This results in thddaling hierarchical govern-
ing equation fot

) Urr = (=) Uxx+ 5 UHx +8(BUTT — ¥ Uxx)xx —
A
53/2§<U§x)xx,
where
b— A2 _ Ne ﬁ_Azl* _A2c* _ASM*e
“aB T a B2 VT aBZ - aB3

This is the sought model equation for longitudinal wavesDnsktting.
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3. Direct problem: physical effects

Equation (9) is a comparatively simple model but surprisirrgch. For the sake of
further analysis we separate lingdt = M = 0) and nonlineakN # 0, M # 0)
cases. In the linear case

(10) Urt = (1 —b) Uxx +8(BUtT — ¥ Uxx)xx

the hierarchical structure is explicitly seen. Indeed, @€) includes two wave opera-
tors - one for macrostructu & macro = UtTt — (1 — b) Ux %), another for microstruc-
ture (Lmicro = BUTT — ¥ Uxx). If the scale parametéris small thenLmicro can
be neglected; ib is large then on contrary the influence of macrostructuredaker
and Lmacro Can be neglected; clearly the intermediate case includisdffects. The
wave speed in the compound material is affected by the miadsre (lversus) and
clearly only A = 0 excludes this dependence. The influence of the microsteicin
wave motion is, as expected, characterized by dispersiwesteHowever, the double
dispersion occurs due to the different higher order teflhsr x x andUx x x x) — cf.
[16, 18].

The dispersion analysis [12, 13] shows that the phase ¥gldepends strongly
on the wave number, i.e. on frequency of the excitation. €gusntly, this effect could
be used for solving the inverse problem in the linear setting

In nonlinear case of Eq. (9) wittN # 0, M # 0), dispersive and nonlinear
terms act together. From the theory of nonlinear waves i@ that if dispersive and
nonlinear effects are balanced, then solitary waves maygamé would be of interest
to analyse this case separately from the viewpoint of anrseveroblem — can the form
of a solitary wave (if it exists) give information about theoperties of microstructure?

In what follows, we present the main ideas of solving the iisgeproblems
in linear (Eq. (10)) and nonlinear (Eq. (9)) cases. In otherds, we are going to
determine the coefficients of these equations related tsipdlyparameters in (3), (4),

(5). (6).

4. Inverse problems

4.1. Linear case, harmonic waves

For sake of simplicity, we rewrite Eq. (10) with lower castides
(11) Ut = (1 — b) Uxx + 8(B Uttxx — ¥ Uxxxx)-

Obviously (see Eqg. (3, 8, 8, y are positive and < 1. If we consider the
scale parametérto be known, then the number of parameters to be determimedefo
inverse problem is three.

Assume that Eqg. (11) has a solution in the form of harmonicasav

(12) u(x,t) = exdikx — wt)],
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wherek andw are the wave number and frequency, respectively. Then thsepbe-
locity cph is determined by

sk +1—b\ "
1 = (X0
( 3) Cph( ) ( 5/3|(2+1 )

The inverse problem is the following: given three phase aiti&s cpn(ky),
Cph(k2), andcpn(ks) which correspond to wave numbeds kp, ks such thakf + k3,
k? # k2, k5 # k2, determine the parametelbsg, andy. The qualitative behaviour
of phase velocities is shown in Fig. 1. This means solvingsiysem of nonlinear
equations with three unknowns

(14) ki) (8ykj2+1_b>1/2 =123
Con(Kj) = | ——5 ; I=L42s3
3pKE + 1

ph

c
macro

C .
micro

Figure 1: Qualitative behaviour of phase velocities. H&kgcro and Cmicro
denote the velocities in pure macro- and microstructuspeetivelycj, j =
1, 2, 3 are phase velocitiegh (kj).

Actually it is possible to transform Eq. (14) to a more suigefiorm for practical
solution

(15) b+ sk¥ch, (kB — 8k¥y = 1 — chu(k)), j=123.

The detailed analysis of uniqueness of solution to Eq. @ &)ven in [14].
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4.2. Linear case, localized boundary condition

In practice of NDT, the excitations (boundary conditions) asually localized. The
general solution to Eq. (11) satisfying the boundary céoditi(0,t) = g(t) is the
following:

(16) uix,t) = % /OO G(w) exp[i (k(w)Xx — wt)] dw,

a7 G(w) = /Oo g(t) exp(i wt)dt.

We assume now

t2 .
(18) gt) = Aexp (—m> exp(—int),

whereA, v are given and is the fixed frequency.
Then expression (16) yields (for details see [17])

A & .
(19) ux,t) = T; [w exp[—vz(w - n)z] exp[i (K(w)x — wt)] do.

Further on, we use an approximation and dekye) into the Taylor series
aroundw = n. Keeping three first terms, we have

1
(20) K(w) ~ k(n + K (1@ = n) + 5K (D@ — 2,

where prime denotes differentiation. From the definitioplodise and group velocities
we determine

n , 1
21 k(n)=—, K@mn=—
(21) (m Con ()] Cq

and denotel = k" ().
The real part of the integral (19) can now be evaluated [@i4]€notes the ap-

proximation):
(22) Rai(x,t) = Ay(X) exp[—vz f1(X, t)] cos[n (i - t) DX
Cph
— xdfi(x,t)],

(23) AL = Av(v* + x2d?)" 1,

1 ( X )2 4 2421
(24) fl(X7 t) =-—-t (l) + X d ) )
4\cq
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arctanjxd

(25) (x) ~

From (22) - (25) it follows that the amplitude of the wave icdEsing with
increasingk and the dispersion of the normal distributiongi¢t) is increasing. So it is
possible to determine the numhskfrom the measurement.

The inverse problem stated now is the following: given thagghand group
velocitiescph, ¢g and the numbed, determine the parametesg, y. This problem
has the unique solution providegy # cq:

1
(26) B = m(m:(m) -1,
(27) y = 2% (degF(m) — Con),
(28) b = 1+ cph [4(cg — Cpn) F (M) — Cpp]
with

C 2dm§ -1
29 Fm=|-3%__ "9 |
(29) (m) |:Cph - Cphi|

wherem is the wave number corresponding to the frequepeynd the condition G<
F~1(m) < 4 must be satisfied in order to get positj$e

4.3. Nonlinear case, solitary wave

As in Section 4.1, we rewrite the basic equation — Eq. (9) \ather case letters. As
far as here is no need to distinguish the wave speed commioemhicrostructure, we
denote byb; = 1 — b. Equation (9) reads then in termswf= uy

% A
(30) vt = by vxx + E(Uz)xx + 86(Butt — Y uxx)xx — 53/2§(v§)xxx-

First we establish a solution to the direct problem and thmatyse the possibil-
ities to solve the inverse problem. We seek the travellingesa

(32) v(Xt) = w(X — ct) = w(§)

wherec is a free parameter (velocity of the wave) an¢) satisfies the equation
" " )\' / "
(82 (@—bpuw’— S -8B~y +5%25 [w)?] =o.

When looking for solitary waves, the conditions¢), ' (&), »”(§) — 0 as|é| — oo
should be satisfied. After integrating Eq. (32) three tintefqre the last integration
multiplying by «’), we obtain

@) 55 (8 ) ()7 - 35V ()’ =

3 (C2 — b1> w? — E,U,w3.

6

NI =
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It can be proved [18] that for the existence of the solitaryevsolution the following
in equalities should be satisfied

(34) B —y #0, P—b1#0, pu#O0.
In addition, the necessary solvability condition is
(35) <02 - bl) / (ﬂcZ - y) > 0.

Now we introduce the following three parameters which haaain physical
or geometrical meaning:

3/2
T Bl SN it VIR it ¥ IS
8(Bc2—y)’ 2 ' B2 —y nw

In terms of these parameters, Eq. (33) has the form

N AP S w
(37) () = — (@) = ?w (1—A).

Figure 2: Solitary wave in case Figure 3: Solitary wave in case
6=09 6=-09

The parameter is the exponential decay rate of the solutiongs— oc. The
inverse of decay rate/k is usually referred to as the width of the wave. Paramater
is actually the amplitude of the wave and paramétés related to the asymmetry of
the wave. We remind now that in our model two nonlinearitiestaken into account:
on the macrolevelu % 0) and on the microlevelr # 0) —cf. Eq. (9). IfA =0, i.e.
nonlinearity on the microlevel is neglected then a symrodteil-shaped solitary wave
can be found [16, 18]

(38) w(€) = Acoslt (%) .
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In casen # 0, A # 0, the situation is more complicated and we have used
numerical integration for finding the solitary wave. Two eyaes of solitary waves,
computed by means of the second-order Adams-Bashforthomhedine depicted in Figs
2, 3, wherer = k&, y = w/A. The results are clearly asymmetric. Let us fix same
relative levely € (0, 1) and consider the front and rear half-lengths of the waveiat th
level — namely the quantitid§ —(y A)| and|£T(y A)|. The asymmetry at this level is
the ratio of those quantities which depends on [18]:

EF(yA)
1E= (YAl

whereFy(9) is an increasing function df in the interval (-1,1) andry(0) = 1. The
details on complicated functiofy are presented in [15].

In the model equation (30) there are 5 material paraméberg:, 8, y, A which
need to be determined in the NDT. Measuring just a singleéasglwave, one could
recover maximally, A, andd, i.e. only 3 parameters. That is why for solving the full
problem, one should use the measurements of two independitatry waves [19].
The full procedure is formed by two stages. As before, weragsuto be known.

The first stage is to determine the parameters of macrosteyth andu. Let
be given two solitary waves; andw; with the velocitiesc; andcp, and amplitudes
A1 and A2.

We expect that the conditiomé + c% and henceA; # Ay are satisfied. Then
from expressions (36) we have the system

(39) = Fy(0),

(40) D1+ Au=3? j=12
J ]

which determine uniquellg; andpu.

The second stage is to find other unknovis, A. For that not only the am-
plitudesAj andc;j should be known but also some additional information. Weviix t
numberswi1, w12 Which lie between 0 and\y; for the first solitary wave at both sides
of the maximum amplitudé\;, respectively and a numbar,1 which lies between 0
and A; for the second solitary wave. We need also to registrer tifmenthe first wave
reacheswi1, w = Az, andwjz and the second w»1 andw = Ap. Then knowing
¢ andcy, the corresponding coordinatés, £12 andé&»; can be calculated. Note that
& = 0 for both A; and A,. Now the inverse problem posed is the following: given
b1, u, the points(&11, wi11), (€12, wi2) with £&11 > 0, £12 < 0 on the graph of the first
wave and the pointzs, wo1) with £&21 # 0 on the graph of the second wave, determine
B. v, .. The details of solving this inverse problem with the probfte uniqueness
and a stability estimate are given in [19].

5. Summary

It has been demonstrated how to solve the inverse probleretefrdining the mate-
rial parameters from wave characteristics in microstngctunaterials. The following
physical effects have been used: (i) the dependencies se@ral group velocities on
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wave numbers and (ii) the asymmetric structure of solitaayes. The measurements
of velocities are easily carried on, the measurements oéwaofiles need higher ac-
curacy. However, the experimental studies of strain wavesicrostructured materials
[20] have demonstrated the asymmetry of solitary waveshifdase tungsten-epoxy
composites were used with reference samples made of alumini

In practical realizations the ultrasonic transducers aegldior generating waves
in samples. In principle, the generated wave beams are matlinmensional but the
diffractional expansion in the transverse direction isieatweak. On the axis of the
wave beam, the 1D approximation is possible [21].
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