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DIFFERENTIAL GEOMETRY, LEAST ACTION PRINCIPLES
AND IRREVERSIBLE PROCESSES

“Les plenongnes ireversibles et le #oréme de Clausius ne sont pas explicables au
moyen degquations de Lagrange'Poincagé, 1908.

Abstract. This contribution is intended as both a course on diffeedrgeometry and an

illustration of the involvement of differential geometry imet calculus of variations, in articu-
lation with the occurrence of irreversibility. Potentigidications in terms of the continuous
symmetries of the constitutive laws of dissipative materiaéide mentionned, leading po-
tentially to a systematic and predictive approach of the tooson of the so-called master
curves.

1. Introduction

The contribution of differential forms to mathematics amysgics is considerable, due
to fact that they allow the unification, generalization amtheeption of notions en-
countered in a wide range of disciplines: mention amondgtrstelementary geom-
etry, analysis, thermodynamics, continuum mechanicstrel@magnetism, and analyt-
ical mechanics, (see [1, 2, 9, 11, 12, 16, 26, 28, 29, 30, 3Ike first part of the
contribution gives the essentials of differential geométra synthetic manner. The
proofs shall most of the time be omitted (the reader shadirref one of the references
related to differential geometry).

The following notations shall be used in the sequel: theigdaterivative of a quantity
a with respect to the variable shall be notediy, or a x, or 9xa. The transpose of a
vector or a tensoA is noted with a superscripa!l. The convention of summation of
the repeated index in monomials is implicitly used (unlegdieitly stated). The fol-
lowing abbreviations shall be used: w.r. for with respecsta for such that; r.h.s. for
right-hand side; iff for iff and only if; notation := standerfthe definition (expressed
on the r.h.s.) of the quantity placed on the left hand-side.

2. Differential geometry: a reminder of the essential notios

2.1. Differentiable manifolds (submanifolds)

ConsiderM a set of points endowed with a topology afgla finite dimensional vector
space (dimension). A local chart onM is the pair(U;, ¢) consisting of an open set
U; of M and an homeomorphisg. Ui — ¢ (Uj) C Ep: one says that; is the
domain of the chart (figl).

Since a point inM can belong to 2 distinct open seis, Uy, with the charts
(Uj , ¢j) and (U, ¢k), a C9-compatibility condition between the 2 charts is defined
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Figure 1: Chart of a manifold.

asUjNUx #0 = ¢k o qu‘l‘u_muk is a diffeomorphism of clasg¥ between the open
]

setsp; (Uj N Ux) andgk (Uj N Uk). Pointsp on M are conveniently labeled by local
coordinatex', which are the coordinates " of the pointg (p). An atlas of clas€?
on M is a set of chartgU;, ¢);, s.t. the domains of the charts cowdr, all charts of
the atlas ar€9-compatible.

ExAMPLE 1. Consider the sphere of radius unity iB 3pace, defined by

3
&= ((Xl, X2, X3) € R%/ lez = 1)

i=1

the stereographic projection of the North palento the plane defined byg = O is a
bijection betweers? \ {n} and this plane. A similar projection of the South Pole can
be defined.

In the following, the base of the topology & is supposed countable, thus the
manifold M is supposed separable. Submanifold®R81K can be defined from the
notions of submersion and immersion. Ebopen inR", aC>® mapy : U — RNk
is an immersion if its differentiatiy (u) € L (TURn — Tw(u)R”“‘) is a one-to-one
map at everyu € U. The linear algebra characterization of an immersion it tia
differential dy (u) induces a one to one linear map frdd? to R"* (equivalently,
the differential mapdy (u) has rankn). The dual notion of submersion is defined
in the following manner: fol open inR", and f :— RK a smooth mapf is a
submersionif its differential Df (x) € L (TX]R”Jrk — Ts (X)Rk) in an onto map, thus
when the matrixD f (x) has rankk.

EXAMPLE 2. Consider the case = 2 andk = 1; forh € C*® (R) a strictly
positive function, the map which rotates the curve- h(z) around thez axis, namely
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¥(u, 0) = (h(u) cog6), h(u) sind, u) gives a parameterized surface of revolution. The
differential is
h'(u)cosd —h(u)sind
Dy (u, 9) = | h'(u)sind  h(u) cosd ,
1 0

the column of which being independent, thisss an immersion. As an example of
an submersion, let consid&t = {(x1, X2, X3) XZ + x5 + x5 > 0}, and the function

f (X1, X2, X3) = X2 4+ X5 + x3. Its differential isDf (X1, X2, X3) = 2 (X1, X2, X3),
which is not zero oV, thus f is a submersion.

Manifolds can be parametrized as curves and surfacesitraaliy; considerM as

a subset ofR"K: an n-dimensional parametrization bf is given by a one-to-one
immersiony : W — U c R™K with U an open subset @&k with U N M # ¢,
andy (W) = U N M. The image of a D parametrization is a parametrized curve, and
that of a D parametrization is a parametrized surface. For instaheaplication

0:(0,2r) — U=R%10
® +— (cosh,sind)

gives a D parametrization of the unit circle iR?.

The implicit function theorem gives a conveniéntplicit function parametrization
i.e. one having the special forgh (X1, ..., Xn, h1(X), ..., ha(X)), with h an implicit

function.

For example, a R implicit function parametrization at the poi@, 0, 1) of the sphere

S inR3is given byy (x, y) = (x, Y, v/1—x2— y2>, with domain
W= {(x, y) € RZ/x2 +y2 < 1}

and rangaV x (0, +00).

2.2. Transformations, Lie groups and Lie derivatives

Generally speaking, transformations map a set into itaatf,a mathematical structure
cam be characterized by those transformations that leavegariant (for instance,
Euclidean geometry is invariant under orthogonal tramsédions, whereas special rel-
ativity has a structure compatible with invariance w.r. lie Lorentz group). Very
often, transformations establish as a group, and the pooidhere is the infinitesimal
transformation, which is described by a vector field (an itdsimal generator of the
group).

To each point of the manifold can be attached an n-dimenki@tdor space, called
the tangent space (local notion). At a pomt € M, let define thegermof a differ-
entiable functiorg as the equivalence class of differentiable functions tbataide in
an open neighborhood qfy. Furthermore, aangent vectoris an equivalence class
of curves having the same tangencypat the curvesc : | ¢ R — M are tangent
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at a pointpy, if, in a given chart(U ¢), they give the same valugf(gb o €)(0), with

po = ¢(0). Using further the composition of functions theorem gives tate of varia-
tion of the functiong along the curve (i.e. the composite mago ¢~1 : R" — R),

d n (9 dx .
as m(g 0¢)(0) = |Z_:1 (8_>?i>XO d—):(O). Thereby, the notion of tangent vector re-
ceives a second definition: the tangent vector also is d@rivacting on the set of
germs of functions defined in an open neighborhoog®fi.e. a linear application
Xpo 1 9= Xpo(Q) = %(g o ¢)(0). Thus, the vector fielKp, has the coordinates
dx . . L L dx 0
d—):(O) (in the local basigx;)i), and is given intrinsically by, = (d—):) pro It

X |
is easy to see that the value of the actiorXgf, on any function is the sarone for any
representant in the class of curves having he same tangpgit at

DEFINITION 1. The tangent space to M at the poinj ip the set of equivalence
classes of tangent curves to M af; it is also the set of tangent vectors to M af. it
is noted T,,M, and its dimension is n. The notion of tangent space to afnlarillows
an intrinsic definition of the differential (independerdr the local coordinates).

ForV,, Wi, differentiable manifoldsf : V, — Wy, differentiable Xg a tangent
vector toV,, at pointxg, with zg = f(xg) € W € Wiy, the differential off atxg is the
linear applicatiord fy, : Tx,Vn — Tz, Wm; Xo — dfy,Xo, s.t. Vh, dfy,Xo(f*h), see
fig 2. The applicationf * therein is the reciprocal image

Figure 2: Differentiable functions and tangent mappingsveen manifolds.

The vectorZg := dfy,Xo is tangent toWn at zg. In local coordinates, one
simply has

) £l )
z! =27(xo)x'
|
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. afi o . . .
and the matrix of eIement%ﬁ (xo)} therein is the Jacobean matrix. This notion

| 1]
obviously reminds the transformation gradient in contmumechanics.

DEFINITION 2 (Derivation). A derivation is a first-order differential operator,
which is sensitive only to linear terms, thus a derivationhélsoperate on products
of functions according to the rule @ g) = f X(g) + gX(f). This defines the Leibniz
rule for derivatives that warrants X being insensitive tadtatic and higher-order
terms (as shown earlier, vector fields act as derivations).

For two vector fieldsX, Y acting on functions, the double operatitY also
maps functions to functions, but is not a derivation. As aanegle, any derivation
at the point(0, 0) acting on the functionf (x,y) = x? + y? must give zero (use
Leibniz rule). But, composingy with itself givesaydy f (X, y) = 2, thusdy o dy
is not a derivation (and the composition of derivations doet give a derivation
in general). However, the operation bfe bracketrestores the property of being
a derivation: it is defined byXY — Y X], which in 3-vector notation would read
[X,Y] = (X-V)Y — (Y- V) X. The Lie bracket receives an important geometric
interpretation, in connection terobenius Theorem if at every point, the Lie bracket
of tangent vectors to two families of curves are a linear coation of the two vec-
tors, the curves then fit together to define a 2-surface. Hnieasily be generalized to
higher dimension.

DEFINITION 3. A Lie group G is a set that both has the structure of a group
and of a manifold. Thus, it is a differentiable manifold ofisd C°, and the group
structure is characterized by the following operationsoghrct and inversion)

G xG— G;(X,y) — XV; G— G;x— x L

Every neighborhood of is then sent by y to a neighborhood of by the left
translation; the differential applicatiahlLy : TeG — TyG allows the definition of left
invariant vector fieldsYy € G, dLyX(e) = X(y).

It can easily be shown that the left invariant vector field€3have a vectorial
structure (same dimension &), and that this vectorial space is isomorphic to the
tangent spacé&:G. Furthermore, the bracket of two left invariant vector feeisl itself
a left invariant vector field, namely one hd$y [X, Y] (e) = [dLyX,dLyY](e) =
[X, Y]1(y). The left invariant vector fields on the Lie gro@thus have the structure of
Lie algebra

DEFINITION 4. The Lie algebra of the Lie group G is the Lie algebra of the
left invariant vector fields. A Lie group action on a manifdill is given by a map
uw:GxM— M;(@q) — ua(q), satisfyingue(q) = g and the composition rule
a o p = Map. Lie groups and Lie algebra are most of the case discussestiinst of
their matrix representations.

ExAamMPLE 3. The Lorentz group action i& D space-time can be represented
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by the one-parameter family of matrices

chy  shy,
shyy  chy,

which defines a one-dimensional group (identity elementvisrgby v = 0), with
group manifoldR. The group action oiR? is defined by the application

t,X) — (t, chy + x shy, t shyr + x chyr)

The Lie algebra is endowed with the bracket operation (ofordields); it sat-
isfies the properties of linearity, anticommutativifyX, Y] = —[Y, X]), and the Jacobi
identity ([ X, [Y, Z]] +[Y,[Z, X]] +[Z.[X, Y]] = 0).

Once the action of a transformation on points is defined, thiera on tangent vec-
tors (or more generally on elements of the tangent bundie)ensors and differential
forms (on elements of the cotangent bundle) are determifilee.change operated on
those objects is called thde derivative Recall that any differentiable vector fiekl
on a manifoldM generates a 1-parameter local group of diffeomorphigimelating
neighborhoods oM, viz¢; : M — M X — ¢ X, that satisfies the differential equation

% = X(¢tx)
with the initial conditiongg(x) = X. The orbit of the group passing through point
Xo = ¢(Xp) is the integral curvéR — M; — X(t) = ¢iXo tangent to the vectors
X (¢t xp) of the field at each poing; Xg. Since the manifolds (contrary to the Euclidean
spaces) do not allow an easy comparison of vector fieldshetthat different points
(thus leaving in different vectorial spaces), a novel deie needs to be introduced.
Considerg a differentiable function oM; the tangent vector to the groyp at the

point Xg is Xp = <gx(t)> = (id)txo) . The derivative of (the germ of)
dt t=0 dt t=0

d
g in the direction ofX at the pointxg is the realXpg = <& (f o) (xo)) =

t=0
9 dx
< (59, (),
i /X 0

e The Lie derivative of the functiog in the direction ofX at pointxg, is defined as

m g (¢tXo0) — g (Xo)
0 t

the directional derivativé x,g = Xog = tIi . The operation
—

achieved therein means a pull-back along the orbit to thiet pgj comparing the
valueg (¢t Xp) to the valueg (xp) at the same point. In a set of local coordinates,
one writes

Lxg=X'dg

e The Lie derivative of tge vector field in the dire((:jtion of the vector fielX at
. . BT - -1 _ — et -1 —
pointxpis LxY = tI@ot (dqbt Yoxo YXO) (dtd¢t Y)t 0. It can be
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proven that the Lie derivative coincides with the Lie bradkgyY = [X, Y]. In
a set of local coordinates, one writes

LxY = (XJa;¥' = Yla;x) ai.

e The Lie derivative of{ g ) tensor field is similarly defined as

-1 _
LxT o= lim = (A0 Touro = Yo )

o Noting ¢; Tgx, the pull-back at poinkg of the tensoily, x,, the Lie derivative of

a( 0 tensor field is elaborated as

1 d
LxT := !inof (@t Toro — Yxo) = <a¢t*T>t=0

e Similarly, for completely antisymmetrical tensors of theyous type, i.e. for
differential formsw, the Lie derivative is defined as

L li Ligs d 4
(Lxwdo = Im & (f0m-og) = ( oto)
In a set of local coordinates, one writes for the Lie derxeabf a 1-form
(Lxw); = X1 9jwi + w;jd; XI.

Properties

Only the essential properties of the differential operaiso far introduced are listed
in the sequel. A vector field s.t. L,v = 0 is said to be.ie-transported or dragged
along the vector fieldv. Since the Lie derivative is a local approximation, it shall
satisfy Leibniz rule, thus

Ly(@®b=Ly,a®b+a®L,b.

Using the same rule gives the Lie derivative of a 1-ferndifferentiating the function
f = a.vrenders(Lya).v = d(a.v) w — o [w, v], thus in terms of a set of coordi-
natesL,o = (ap, Swv + wfw’v) dx’. Lie derivatives inform about symmetries of

geometrical objects; so for instance, the infinitesimal myatries of the 1-form field

. ) d 0 a .
dx are given by those vector fields = X& + Ya/ + Za_z’ that satisfies ,,dx = 0,

thus X has to be constant.
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2.3. Calculus on differential forms

Differential forms find their origin in 1889 in the work of EliCartan(1869— 1951),
and in the third volume ofes Methodes Nouvelles de la Mecanique Celegtdenri
Poincaé (1854— 1912. The program of writing the laws of physics in an invariant
form (using differential forms), was started by g. RiccifBastro(1853— 1925 and
his student T. Levi-Civita(1873 — 1941); it provided the useful framework for A.
Einstein(1879— 1955 to develop the theory of relativity.

ConsiderM an n-dimensional manifold angs, Xo, ..., X,) a coordinate system on
this manifold.

DEFINITION 5. A p-form or exterior form of degree p on M is alternated or
completely antisymmetrical if it is the antisymmetricattpaf a multilinear applica-
tion from M toR. Thus, for ¥ a p-linear form (at point x of M), the operation of
antisymmetrization renders

1
Ath (V17 DR Vn) = E antx (Va(l), RN Va(p)) )
o
with o a permutation having the signatueg.
A p-form can be built from the tensorial product of n one-formsa\b, accord-
ing to the rule: the tensorial product gf 1-forms is thep-form, the components of
which are identified with the components of the tensoriabpa if the p associated

vectors.

EXAMPLE 4. Consider (X1 X2) = 3X2 — X1 andB (X1 X2) = 2x2 + X1; one then

a®ﬂ=(xl,Xz)[( }1)@9(;)](2):

-1 -2 X1
=(x1x2)< s 6 ><X2>=—xf+x1xz+6x§

DEFINITION 6. The exterior product (notation) of p 1-forms Ay, is the p-
form obtained by the anti symmetrization of the tensoriabipict, viz

has

ALA Az APNp =8P AL ®... @A,
(summation of the indiceg), with

o 0 if the ik are not a permutation of the |
6:1::'& = 1if the ik are an even permutation of the |
—1if the ik are an odd permutation of the |

EXAMPLE 5. One has irR* the equality

X3AXL =X3® X1 — X1 Q@ X3 = —X1 A X3
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The canonical basis of the set of p-forms of orgher n at the pointx € M,
noted2{ (M), is given by theC{l exterior productsq, A ... A X;,, with the following
ordering of the indice$; < i < ... < ip.. Thus, one can express agyform o
in a basisv’t A ... A 6t of QF(M) using thestrict componentsf the p-form w =
wiy..i,0" A ... A 0P, with the summation done only on the ordered indiges i» <

. <ip.

ExXAMPLE 6. Considetw € Q)Z((M); the action ofw on a couple of tangent
vectorsX,Y € TxM is given byo(X,Y) = o (X'e,Yle)) = wjj XY}, noting
wij = w(§, €)) the action okw on the basis vector® , ej). Expanding the result and
using the antisymmetry of the matrix; + wji = 0, renders

(X, Y) = Z(Xin _ xiYi) = wijb ABI(X,Y).

I<]j I<]j

Thus, one has = Y wij6' A 60!, and the products’ A 6J,i < j, generate any
i<j

2-form.

The exterior product of forms has the following propertigne exterior product
A is bilinear, associative, non commutative. For two fomef order p, and i of
orderg, one hasv A 1 = (—=1)P9 . A w. The space exterior product of the two spaces
QP (M) andQ (M) is then the vectorial spacel 9 (M).

DEFINITION 7. The exterior differentiation is the application d that asstes
to a p-formw a (p + 1) -form dw, satisfying:

e for afunction g from M tdR, the exterior derivative dg is simply the differential
of g;

it has the following properties
e d is alinear operator;
e d is2-nilpotent, viz do d = O (iteration rule);
e d is an antiderivation, viztv A ) = dw A u 4+ (—=1)Pw A du.

A practical formula for the calculus of the exterior derivatis given in the
following

THEOREML. Setw = wj, i, dx; A...AdX, ap-form; its exterior derivative
Wiy iy
Xy

isgiven by @ = dwi; i, AdXy AL AdX, = dx AdX, ... AdX,.

EXAMPLE 7. OnR3, consider the 2-formv = x3 X1 dX2 A dxz. One has

do = x3dxg A dxo A dXs.
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It is interesting to relate exterior differentiation @&® to classical vector cal-
culus. Given a vector fielK = 51% + éz% + éfsaiz, one defines the work form
and the flux form ofX respectively, asvx = & dx + & dy + &3dz andgx =
& dydz+ &> dz dx+ & dx dy. These coinages come from the fact that the line integral
of a one-form along a path measures the work donX byhile the surface integral of
the flux form measures the flux of the field through the surfaeestly, let define the
density form of a smooth functiofi on the open sdt) ¢ RS, asps := f dxdydz
The table 2.1 then gives the correspondence between trezatiffal formswx, ¢x,
ot , and the vector components given as components of the @xtiivatives ofvx,

ox.

Differential formw Exterior derivativedw Vectorial
operator
f=1(xY,2 df = wgrad f = grad
fxdx+ fydy+ f.dz
Work form dwx = ¢curl x = curl
063 0d&2
=&d d d —= — 22 )dyd
wx =& dX+ & dy+&3dz oy 0z yazt+
B
(& - @) dzdx+
0z 0X
d
E_@ dx dy
X ay
Flux form dox = pdivx = Div
061 052 063
= &1dyd dzd dxd —= 4+ 2= 4+ == ) dxdyd
ox:= &1dydz+ &xdzd x+ &3dxdy (8x+ay+az) xdydz
fdxdydz 0

Table 2.1: exterior differentiation of forms and vectorazalis

The set of differential forms of arbitrary order on a mardfdfl defines the
exterior algebraon M, otherwise called the Grasmann algebra. The exterior edgeb
Qx (M) at M is the direct sunf2y (M) = QS(M) ® Q)l((M) @...0 QY (M). Elements
in Q0(M) are functions, and the maximum ordergs= n (having only one element,
the volume form). The dual to the tangent space to a manigotdlied thecotangent
space it consists of the 1-forms (otherwise calledvectorsor covariant vectors - the
tangent vectors being called contravariant) acting onadhgent space.

Another notion of differentiation of forms is given in thdlfiwing

DEFINITION 8. The vertical differential of a function & f (qi, ¢i) (notation
f
d,) expresses locally as,d = g—q_dq , with d,(dg) = 0= d,(dg).
|
The inverse operation of decreasing the order of forms isrgin the following

DEFINITION 9. Consider a vector field X defined on M, and a p-form
0 = Wi, dx, A ... A dxip . The interior product ofv by X, noted xw, is the
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L 1
(p— D-formixw := m Wkiy...i p Xk dx, A... A dxip.
EXAMPLE 8. consider ofR? the 1-formw = x, dx; and the vector field
0 0
X=Xp— + —
28X;|_ + X2

the direct application of previous definition giviesw = wk Xk = x%.

Properties
The following identity is often referred to &artan identity
Lyw=i,do+d(,w).
One further list some basic properties (without proof):
iv(wAv) = (>{,0) Av+ (=DPo A (1,v)

Lydw =dL,w; L, (ijyw) =ip, o +ivlyw;
Liya=fLa+df A(,a)
Ly(wAv)=(Lyw)Av+wA (Lyv).

The pullback of a p-form w defined on the manifoltV, by the differentiable function
f: Vy — Wp; X = z= f(x)istheinduced p-formf* : QP (W) — QP (Vy), s.t.

VX € Vn,VV]_, ceey Vp (S Txvn, (f*a))x (V]_, ceey Vp) = Wz (dfol, ceey dfop)

The representation of*w in local coordinates is given by

f* L D(Zh""’sz)d i1 d ip
W = Wji...jp (Z(X))m Xt AL AOX
X D(Zjl,...,sz) . ) ‘
with ————= the Jacobean of the transformation from k). to the(z!).. The
D(x)1,...,x!p I J

operatorsd and f* commute, vizdo f* = f*od.

ExamMpPLE 9. The pullback of the 3-forndx dy dz(omitting here the symbol
A) under the change of coordinates=r cosf, x =r sin@, z = z (cylindrical coordi-
natesr, 0, z)is f*(dxdydz = d(r cosd) d(r sinf)dz = r dr do dz (the Jacobean
is thusr).

The pullback of forms is used to evaluate integrals on médsf¢change of
variables). Both the differential and the pullback openafind simple interpretations
in terms of the Jacobean matrix: suppase= A;dy! + ...+ A;dy™is a 1-form on
the open seV ¢ R", andy = ¢*w expresses ag = Bidx! + ... + B,dx" as an
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1-form on the open séd C R", with ¢ : U — V a diffeomorphism. Representing

andn as the row vector® = [Ag, ..., Anlandy = [By, ..., By] then gives
Digt ... Dpol
[B]_,,Bn]Z[A]_,,Am]
D1¢m ce Dn¢m

Thus, the pullback of a 1-form corresponds to matrix posttiplication. As an appli-
cation, whenp = n = m, one recovers the change of variable formula used in the the-
ory of integration, vizo = A (dy* A ... Ady") = ¢*w = |Dg| A(dXt A ... AdX").

The exterior derivative of a 1-form corresponds to the prétiplication by the Ja-
cobean matrix, since the operation corresponds to the samgapping associated to
the differential. The pullback of 1-forms is related to theatloperation of the push-
forward of vector fields: foiX a vector field orlJ, the push-forwardof X underg is
defined as the vector fielth X onV, s.t.¢- X(y) = d¢(x) (X (¢~1(y))) The pullback

of the 1-formw then relates to thpush-forwardof X as: (¢p*w) . X(X) = w.¢ - X(y).

f h
V —W —R
n m

T fe ]

h

R

Figure 3: Diagrammatic representation of the pullback afien.

These two operations find useful applications in continuuactmanics, see [1].

The Hodge star operator

Let V,, be ann-dimensional vector space equipped with an inner product Since
dim(Q"P (Vy)) = dim(QP (Vy)), for p < n, one can define a natural isomorphism
between both these spaces. For ang QP (V,), and assuming a given choice of
the orientation of space has been done, there exists a ualqoeent - noted1 €
QP (V) -st.Vu € QVP (V) , AApn = (*A, w)n_po, with o the volume form on
Vih. The Hodge star operator is the application that sends* A.

As an application, the correspondence between the extdgebra and the 3D vector
algebra is shown in the following Table.

Further applications of the Hodge star operator shall berglater on. Note
lastly that differential forms receive a geometrical iptetation [31]. So, for instance,
a 1-form can be represented by two parallel lines (planeipiB 2D, representing
the density of lines being cut. Just think of the gradient @firection as the 1-form
giving the intensity of the slope between neighboring corgmn a topographic map
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Vector algebra expression Exterior algebra expression
Cross productu x v) *(UAv)
Triple productu. (v x w) *UAVAW)
lux v|2 = |ul?v? = (uv)w (UA D, UA D) = (U, U)(v, v) — (U, v)?
ux (vxw)=Uw)v— Uv)w uA™(Aw)= (U, w)*v) — (U, v)(*w)

Table 2.2: relation between the exterior algebra and the&iov algebra

[31]. The gradient of the functiori (here the height of the contour) is orthogonal to
the 1-form representation. The conditiid f = O for a vectorv then means that

is orthogonal to the componengsad f of the 1-formdf. In electricity, a 2-form in
3D space (represented by a box aligned by the current flow @irgaives the current
density (section of the box).

2.4. Contact structures and symplectic mechanics

The contact structure is a manifold suitable for the desioripof unparameterized
curves. The line element contact bundle, called CM in theiskgonsists of a pair,
namely a point in the manifold and a line element at that pdihe line element itself
gives the local approximation of the unparameterized guagea tangent vector of
unspecified length (in fact a class of equivalence of tangectors, under the relation
v ~ kv). Considering a submanifold - the p&M, 1) - as being represented by a map
¥ : N — M (s.t. bothy and its differential are one-to-one), the first order contac
between two submanifolddN, ) and(N’, ') at a common point/(p) = ¥'(p)

is traduced by the equality of tangent mappiigs[Tp(N)] = T/ [Ty (N')] (this

is not a point by point equality, but rather an equality betwsets). The equivalence
class of submanifolds in contact at a paing M is called acontact elemeratq, and

is noted[N, ], for any submanifold\; it is in fact a linear subspace of the tangent
space. Note that this notion of contact is weaker than trega@lnotion of tangency.
The contact structure is both a bundle (it has a projectida thre base space) and it has
a contact structure: for each n-dimensional submanifdld+) in M, one can define
the natural lifte : M(M, n); g — (q, [N, v¥]), with[N, ] a contact element.

A simple chart forC(M, N) is given by selecting n of the coordinates Mf
(labeledg#), and considering the remainirgy — n) coordinatesy@ as functions of
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C(M,n)

Figure 4: the geometric structure of the contact bundlen{ff81]).

theg*. The contact elements are then represented by the pantlmmﬂesp S
(note that the index position is here coherent with that enhder the manlfoldsﬂ/l
andC*M).

DEFINITION 10. Note that not all curves are lifts; a lifted submanifold istdbs
manifold for which the @ coincide with the partial derivatives, as written aboveisTh
condition can be expressed using théorms6? = dy? — pfidqu, that we pull-back
onto a submanifold of M, N), withy : N — C(M, N) aqr (q, Y@, P@)).
Using the pull-backg/* - dq = dq = dq; v* - dy? = dq“ one gets/™* - 62 =

Ya
gq—ﬂ — Pa These pull-backs do vanish when N is a lifted submanifbkekse lifted
submanifolds shall then be called integral submanifoldefcontact ideal.

Qq/‘

ExAMPLE 10. Consider functions on the plane as the mBps R? — R.
The graphs of these functions are the sections describedebmapy : R2 — R3:
(X, y) = (X, ¥y, F(X, y)), that define 2-sumanifolds d&*. A contact element at the
point
p (X0, Yo, F (X0, Yo)) is an equivalence class of 2-submanifolds that have firstrord
contact atp. It can be represented by the linear submanifold

X, y) —~ [ x F+8F(x x)+8F( )
Y » Y, Ix 0 ayy Yo

The partial derivatives (here evaluated at the poipt yo)) are natural coordinates for
the contact elements; the coordinates for the jet bundl@are(x, y. f, fx fy), in
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which fy, fy are coordinates of the contact element (and not partiaVatéres). The
pull-back of the contact 1-form := df — fydx — fydy onto a submanifold defined
by the application : (x,y) — (x, y, F, FxFy) givesy* -0 = SEdx + $£dy -
Fxdx — Fydy, which vanishes wheky = %; Fy = % The geometric approach to
the calculus of variations presents some interest becditssoniginality, compared to
the standard approach. The standard formulation of theicksnechanics of uncon-
strained conservative systems states the existence ofrangign functiorL, depend-
ing upon the state variables and possibly upon time, suchtaaction integra) L dt

is extremized. On the contact bundle of the configuratiorcsphaving the natural
coordinatest, g, ¢), the integrand L dt is a one-form. The possible motions of the
system are then described by the curves in the contact bondihich the contact 1-
formsa := dq— ¢ dt pull back to zero. The variation of the action integral ambtime

extrema is further performed, using the vector fielg Q(t) E +0O(t) ai restricting

to isochronal variations. Restricting further to variasawith fixed end conditions, the
variation is given by

oL . oL
L, (Ldt) = i, (dLdt) = —dt+ Q—dt
fr (Len /1"|( ) fr[Qaq g }

In order now for the variations to satisfy the previous cmaiat condition, the vector
field v has to move the initial path into a path that is parallel to ¢heénstead of
pushing the path forward, one can equivalently pull backlttfiermsc, asa(e) =

a +eLya. The condition that the 1-forma(e) pulls backs to zero on the integral curve,
vizija(e) = 0, renders; L,a = 0, thusi; (dQ — Q dt) = 0. Since integration over
the optimal path is equivalent to contracting the integrawtti y, using the previous
equation allows to replac® dt by d Q, thus

oL oL
LU/Ldtz/[ 9= dt+ 254 }
r r Qaq aq e

Integrating the second term by part and omitting the pediferential (since we con-
sider fixed ends) renders

oL oL

The arbitrariness in the choice of the functid@é) then leads to the condition

. oL oL
'*{ad”d(a—q)}ﬂ

for y to be tangent to the path.
This condition together with the constraint

I, (dg —gdt) =0

gives 4 relations for the & components of the line element.
SincelL dt is not a general 1-form (its exterior derivatigé dt being in the differential
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ideal generated bl dt) , andde also is in the ideal generated hydt, a more general
viewpoint is needed. Let then enlarge the previous coraiders, starting first from the
extemum condition of unconstrained integrals of the fdrea f w, with the smooth
enough 1-formw defined on a manifolé1, andI” a curve inM (between two pointé\
andB) s.t. the integral does not vary at the first order Bss deformed. Considering
a curve parameterized tgy the tangent vector to the curyeexpresses as the push

. . d _
forward of the basis vectc%FS, vizy = T,. 75 ) Let then continuously deform the

curvel by a vector fieldv; the previous condition that the integdatdoes not change
under this deformation expresses as

/ Lyw
r

Using the properties of the Lie derivatives further renders

fivdw+/ivw:0
r r

Sincev vanishes at the end pointé @nd B being fixed), the boundary term vanishes.
From the definition of a line integral, we further have

b
/ivdwzf I*. (iy (i o)) dS = O, Vo,
r a

thus the local conditiom, (i);dw) = 0, Vv, that further gives, ¢, = 0, which is an
ordinary differential equation far.

Using the local coordinates* = x*(s) along the curve, one can further elaborate
previous condition: the integrél= [ w, dx*dsrenders the Euler-Lagrange equations

. d
XM ger = 0 thus giving the Schwarz conditide,,,, — w,,;.) X, = 0. A first
insight into Noethers theorem can here be given: supposefamitesimal symmetry

exists, having the vector fiek] such thatLyw = 0. This clearly glves/ Lkw = O;
r
along any piece of a curve that satisfies the Euler-Lagraggat®ns, the condition

iydw = 0 gives
fLka)=/d(ika))+/ikdw=/ika)=0
r r r r

which means that the quantityw is constant along the solution curves. This is an il-
lustration of Noether’s theorem, articulating infinitesilsymmetries and conservation
laws.

The case of constrained variations is next treated, whettebgonstraint is expressed
by the vanishing of some functiah : M — R, in the case of holonomic variations:
we require that the variation of the integta& [ w vanishes, vid_, [ « = 0, for all
deformations of the curve that satisfy the constraing = i,d¢ = 0. Summarizing,
the variation of the integral must vanish at any point, i\ﬁiﬁ,;dw) = 0, Vv, for all v



Differential geometry, least action principles 187

satisfying the conditiom,d¢ = 0. This implies the existence of a multiplier function
A = A(9), s.t. the following condition holds along the curvig.dw = Ad¢, where
¢ =0.
This condition forms a set of determining equations for theve and the Lagrange
multiplier A. In the case of anholonomic variations, the constraintsbeaaxpressed
in the formiy« = 0O, for a set of prescribed 1-forms The extension of the vector
field y off the curve is done using the conditibn y = 0, thus the constraint condition
iyLya =1L, (i);oc) =0.
The optimal patiT” is again determined by the conditigyd (w + Aa) = 0, along with
iy = 0. To be complete, one can evidence a Lagrange multipl&t. an uncon-
strained minimum exists for the problem having the one-fariia, see e.g [31]. For
that purpose, a vector field is selected s.t. the deformation of the curve can be written
in the formv = vc+&w, wherev, satisfies the constraint, agds a sca_\la[function that
IyLye
iy (iyda) ’
the conditioni ,da # 0 (with da # 0O, otherwise the constraint would be integrable).
Using next Cartan identity and neglecting the exact difigeds gives the multiplier
iy (iwdw)
iy (ipde)”

restores the degree of freedom lost in the constraint; dusdé = under

ExXAMPLE 11. The dynamic equations of motion of a conservative system
scribed by a Lagrangiah (g, g, t) is given as the stationary conditions of the func-
tional [ L (9, g, t) dt, under the constraintg (qdt —dq) = 0. Application of pre-

. - L .
vious general methodology renders the multiplies ~3a and the equivalent un-

oL
constrained problem if [Ldt — % (qdt — dq)}, the Euler-Lagrange equations of
r
which being

iy {dLdt—d (2%) @dt - da) - %} =iy {&kdqdt—d (%) @dt - dg)| =o.
It holds true that

iydqdt=iy (dq— qdt)dt=— (dq — qdt) dt=— (dq — qdt) (i,dt)
the previous equation then gives

i [d Ldt—d (%) (@t — dq)—%dddt] =i, {%dth—d (%) (th—dq)] -0

. [oL oL .

Consequently, the extremals are the integral curves of Hoems %dt —d <%)
anddq — gdt.
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The invariance of the constrained problem under infinitasBgmmetries again
leads to the evidence of a conservation law: let indeed th®wrk be an infinitesimal
symmetry of both the variational principle and of the coaistt, viz L, = 0 and
L,a = 0. Thus, the Lie derivative of the one-forinhas to be in the ideal generated
by o (sinceiya = 0). Incorporating the multiplier into the Lie differentin then
gives the conditiorLy (w + Ae) C | [«], which traduces into a differential format
asfF {d (w + Aa) + ikd (w + Ax)} = 0. The second term is identified as the Euler-
Lagrange equation (it vanishes), thus one obtains the paaigmn lawiyd (o + Aa) =
constant along the extremals.

3. Lagrangian formalism and irreversibility

3.1. Differential structure of thermodynamics

A few words related to the geometrical setting of thermodyica are first in order.
Thermodynamic systems are described in the contact buunstigised by the following
coordinates:

e The total energy and entropy;

e the extensive variables (such as the volume, the numberiidlpaor the electric
charge), that are the measurable degrees of freedom;

e the intensive associated variables, which are forces engiats that describe the
energy transfer between the various extensive variables.

ExAMPLE 12. An ideal gas is described in a 2D state space, with coatesn
entropy and volume. An open gaseous system would requirgdtiigional coordinate
of the amount of gas present in the system.

A thermodynamic system shall then be described by a lineaetste, a contact
structure and a convexity structure: thear structureis a model for the physical
idea of short-range interactions and existence of homamensystems with a scaling
symmetry. Thecontact structurds associated with the energy conservation (first law
of thermodynamics), while theonvexity structur@ccounts for the Second Law and
the entropy increase due to mixing. As a starting point, ftmelamental equation
consists of the expression of the stored internal energh@tystem for all possible
states, versus the set of state variables. For instancéyridamental equation of an
aggregate oN molecules of an ideal gas is

U(SV) = N¥3v 28 exp(2S/3NK),
with k the Boltzmann’s constant. Linear structures rely on tharagsion that the sys-

tem size is much larger than the range of its interactionss the internal energy is
proportional to the size of any subsystem (the shape of th&ystem does not matter):
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by Euler’s theorem (traducing here the homogeneity of degree), this scaling sym-

. U U . .
metry givesU = SE + V —. Contrary to the status of the extensive variables, the
intensive variables do not change versus size (homogeofaitygree zero). The graph

of the fundamental equation is an n-surface ifiran 1)-space, with the potentials (par-
tial derivatives of the internal energy w.r. to the exteasmariables) the components of
the contact elements to that surface. The contact bundEatsrof the(2n + 1)-space
with coordinates the extensive variables, their assatisitiensive variables, and the
internal energy. The contact ideal is generated by the h-for

o =dU + Z (forces d (extensive variables

ExAMPLE 13. The previously introduced ideal gas is modeled in théed-
sional contact bundle with coordinatés, T, S, P, V), and a contact ideal generated
by the 1-forme = dU — TdS+ Pdv, with P = -9 — VU; T = dasU. The previous
homogeneity condition becomes= T S— PV, which is theGibbs-Duhem relation
In addition to the fundamental equation, the equation déstapressing the intensive
variables has to be specified. As an example, consider tlédgds, which obeys the
relationPV = NKT, together with the internal energy expressidn= 3/2NkT. In
the contact manifold, the system is described by the foligwnap

v: S V) U TSP, V)=UE V), TS V), S P(@E V),V)
which expresses as
v:(SSV)— (U, T, S P,V)=(3/2NkT, T(S, V), S, NkT/V, V).

The functiondJ, Y, P shall satisfy the two previous conditions, as welkasé = 0,
with the 1-formf = dU —Uy dV —updP = dU — TdS+ PdV. Accounting for the
pullbacks

T T
v*.dU = (3/2) Nk(z—sds+ S—Vdv> . y*.dS=dS y*.dV =dV

one obtains

oT oT NkT
*0 = 2Nk — —dV ) -T —_— V=
V0 = (3/2) <8Sd8+ v ) dS+( v )d 0

The independence of the differential elemeqaty¥, dT) then implies

10T 10T

—— =2/3Nk; —— =-2/3V

T 0S / T TV /
The integration of these two equations givles= AV~%3exp2S/3NK), thus we re-
cover the fundamental equatith(U, V) = N3V ~%/3exp(2S/3Nk). Note that the
factor N%/3 therein ensures the satisfaction of the homogeneity dondif U (a sys-
tem of twice the volume, with twice the number of molecules twéce the energy).
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Having so far developed what could be called a differentiatinodynamics [31], the
use of Frobenius theorem closes the characterization aftitheture of thermodynam-
ics: consider for instance the energy 2-surface as the Rfap> R3; (S, V) —
(U, S, V), with the intensities given by = dasU and—P = dyU. The symmetry
of the partial derivatives also leads @ T + 3sP = 0. The system can locally be

0
described by a 2D surface element, spanned by the two veetefsam + T +
0

0 0
b— c— andA = d— — — + f —, that must lie in the zero surface
s %P ou Tar sty
of «, thus the conditionsipa = 0 = iga. ThIS givesa = bT andd = eT — fP.

The fact that it is a differential ideal also implies thtat is one generator of the ideal,
thusipg (iade) = 0. Combining the previous relations gives the Maxwell ielat

dv dpP . "
(cv —Cp) /T + — ] =0, with Cy, Cp the heat capacities at constant
dT dT /y,

volume and pressure respectively.

3.2. Differential geometric setting for dynamical systems

Noether’s theorem embodies the fact that to every symmeitagsociated a conserva-
tion law. For an exterior differential system, a consevatiaw is a differential form
whose restriction to the integral manifold is closed. Anyseld generator of the ideal
leads to a conservation law.

ExAmMPLE 14. [31] The heat- equauon% + B_(f =0 (with¢ = ¢ (X, t) the

temperatureg the specific thermal diffusivity), can be equivalently regded as the

au o0
first order systemu = —¢ — = —¢ = 0. The last equation of this system rewrites

X a
asda = 0, having defined the 1-form = ¢ dx + u dt, that represents theeat flux
T hus, the equatioda = 0 describes theonservation of energyThe geometrical
picture of the heat transport equation can be given, usiadafowing sharp operator:

d :
gdx = &; gdt = 0, leading to the Hodge star operatdr = dx dt, *dt =
*dx = dt; *dxdt = 0. We then havéa = ¢ dt; d*a = ¢ xdx dt The heat flux
can further be writtem = i 2. Therefore, the geometric form of the heat equation is
given by the following dlfferentlal system

doa =0

de*a = i«

Note that the 1-form fieldr describes a field of conserved flux lines, but the 1-form
*a is not the gradient of any function, thus the flux lines are awtt by a regular
family of orthogonal hypersurfaces. The problem can furthe formulated as the
integral submanifold of the ideal generated by the two 2rfap = d¢ dx+du dtand

B = udx dt—« d¢ dt: for a 2D submanifoldy : (t, x) — (t, X, ¢, u), the condition

of zero pull-back, vizp* § = 0, traduces the relationship= « ¢ x. Note that the ideal
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generated by the previous 2-forms is a differential idead t the relationship
dg =dudxdt= —dx A w.

In the ideal defined by the forms, B, the formw is closed, and the 1-form := isw
satisfies the differential identitgfj = L sw — isdw which vanishes for every isovec-
tor S, sincedw pulls back to zero. This leads to conservation laws, foraimsg the
conservation of heat, viz
i¢%+u%w=¢dX+Udt.

One of the approaches suitable for the generalization dfadlyeange formalism
to dissipation is the differential geometry of manifoldse interest of this generalized
Lagrangian formulation lies in the fact that it follows fraime structure of the chosen
manifold, and naturally introduces the notion of a Raylgigkential. In order to illus-
trate this method, let consider a discrete system pfinctual masses,, having the
do.f.g={q ), | =1...3n}in 3D Euclidean space. Such a mechanical system is
characterized by (Godbillon):

o adifferentiable manifold generated by the d.q.t= {g; (t), i = 1...3n}, called
configuration manifold (the integen = 3n is the number of d.o.f.);

o adifferentiable functiork on the tangent space ¥ (here notedl (M)), called
kinetic energy;

o a pfaffianz (differential form of degree one) defined M), that takes the
form of the worknm = F; (g, q)dqg of the forceF;. The fundamental form
of the mechanical system is defined as the exterior diffexkeat the vertical
differential ofK, viz

9°K dok Adg + K
00k aG 00k AG

ddk A dg

Assuming this 2-form is closed and regular, and introdutivggLiouville vector field
d . . .
v =G W the manifold structure implies the following
i

. . ! 0 0 )
THEOREM 2. There is a unique vector field X% g ﬁ + by ﬁ defined on
| |
T(M) s.t.

[ K ax dg 2K g dok + K bk dg

w = : - — 4 ——

X a0kaG 0k0G oGkaGi :
92K

i Aok = K —vK
aqkaqia'qu d( vK) + 7
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The integral curve of X (as a dynamical system) are solutaribe Lagrange
equations

d oK 9K

T _F 3

The force fieldr is further decomposed into a contribution due to consemati
forcesFlc, deriving from a potential energy, according to

RAY . _— .
—dV =Fdg — F° = ~dg and a non conservative contributiéii‘dg, viz

Introducing the Lagrangian of the system givenlby= K — V, previous equation
rewrites as

doL oL
1 - 2= F_nc o
1) atG g i@, 9

ExampLE 15. Differential geometry of the oscillatory mass
In the case of single mass evolving on a straight line, with positionp = q(t), sub-
. . AV .
mitted to an elastic forc€® = —kq = _ﬁ (with clearlyV = Equ) and a viscous

1
force F"¢ = —\q (with A a constant), the kinetic energyks = —qu, and the force

field associated t&¢ andF"°is 7 = —Ag dq— k g dg Thus, the fundamental form
 and the Liouville vector field are respectively given by

w:md(']/\dq;vzq;—q.

Application of previous Theorem then leads to the searchvefctor fieldX under the
form

0 Bl
X = D —+b ) —
a, q aq +b@, @ aq
satisfying the differential form identity

ixoe = —ma(q, q)dgq+-mb(qg, 4)dq
d(K —vK)+ 7 = —-mqdqg + (—Aqg — kqg) dg.

The identification of the coefficients of the one-fordganddg then leads to

weal (Parkq)?
_qaq md T E)

The integral curves oX are the solutions of the differential system
dg dqg; dq g K that condenses into the dynamical equation of motion
dt $a T Tmd T m y q

md + Aq + kg = 0.
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- . . 1 1 .
Defining the Lagrangian as the differerice= K —V = quz_iqu’ the equivalence
between the Lagrange equation and the integral curvseasily appears:

daoL L

- — =F"%e mj+kg=—

dt aq Bq © M +ka=-2q
Previous theorem can be considered as a generalizatioe dfarangian formalism,
since the previous equation (1) results from the Lagrangehbert principle

t _ t . doL oL
) 5/ L@, dt+/ F'@. dogidt=0= ——— ——— =F"(q. 9
t fo

0

In the conservative cage = —dV), previous equation resumes to the station-
ary condition of the action integral. Note furthermore ttiet non conservative forces
are usually supposed to derive from a pseudo-potentiapdissn (also called Rayleigh

1 R
potential)R, asR = ——Aq = F"°= % (= —1Q)
The application of the Lagrange-d’Alembert principle atémws that the variation of
t

1
the action mtegra/ L (g, ) dt does not vanish, evidencing thereby a closure defect

t
of the pfaffianL (q,oq) dt along its extremal (topological torsion of the configuratio
manifold, according to [21]).

The notion of Rayleigh potential introduced in the dynangeskes the nearby
concept of dissipation potential, that plays a role esabytin the thermomechanics
of continuous media. Various attempts towards the forrmrdabf the state laws and
evolution equations of a viscoelastic and / or viscoplastiid under a Lagrangian
form have been addressed in the literature. Those appreaelyeon the setting up of
the Helmholtz free energy - here notg¢dthat essentially depends upon two types of
variables:

e Observable variables (one can measure them), being in@dhertemperature
T and a deformation like variable

e hidden variables that describe the internal state of theraht These variables
are otherwise called internal variables, here natefbf a scalar or tensorial
nature).

Accordingly, the potential takes a priori the general expieny = ¢ (¢, «, T), from
which the state laws follow from the use of Clausius-Duheegimality, as

or = poV,e; A= —po¥a; S=—poV¥. T

with pg the density in the reference configuratiepthe reversible part of the stregss,
the thermodynamical affinity (conjugated to the internaialales), ands the entropy
density. These state laws shall be completed in the casessipdiive media by the
information related to the irreversible behavior, via ayuke potential of dissipation
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Q(€), s.t. the irreversible part of the stress is givenday = Q ¢, considering the
additive decompositionr = o + oj; . Adopting a viscoelastic behavior, the affinity
derives from a second pseudo-poten®aly), asA = & 4.

The Lagrangian formalism established in [33] relies on thénition of a pseudo-
potential D, being the sunD = Q (é) + ® (&). The author next defines a functional
S= SJ[u, U, o, T] with

t 1 (du\?
S = /;0 (/\; |:§'00(d_5£1> — po¥ (e (U), a, T):|dV>dt
t1
+ / (k/ Td.udS>dt
to St

with T9 the given imposed traction on the portion of bound8fy andx a loading
parameter that explicitly depends upon time. The variafigminciple associated to
the extremality conditions of can be viewed as a generalization of the Lagrange
d’Alembert principle to continuous dissipative media;fiissmulation w.r. to the sole

displacement is
B aD
ssi [* [ (Ress)av]an—c
to \% o€

leading to a relation analogous to (2):

oL daL 9D

ou  dtaa  o¢
This equation in turn leads to the dynamical equations ofliegum

2

. deu
div (or +0ir) = ,OOW; (or +oir).N= ATd
with n the outward normal t&;. The complementary information relative to the ther-
modynamic forces (that traduces the internal evolutionheftiody) is given by the

Lagrange equations relative to the internal variables, viz

aL oL Yy 0D

@ " 9a T % T
One shall note the strong analogy between the descriptidheoflynamics of a dis-
crete system of dissipative punctual masses and the wafitige Lagrange equations
in presence of non conservative forde%": the first involves a Rayleigh potenti&],
while the second approach requires the functi@tal be supplemented by the pseudo-
dissipation potentiaD.
Going further in that direction, an attempt to extend therbage formalism for dissi-
pative media is further elaborated, in connection with tb&oaiated variational sym-
metries.
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4. Lagrange formalism and TIP

Following the axioms of classical thermodynamics as stia@di], let assume the exis-
tence of a functionak, called the internal energy, being extensive w.r. to itsiargnts,
viz E = (E (Ve, S, N), whereby the introduced arguments reflect the differemh$or
of energy:

e mechanical energy (we here focus on small deformationgth a nearby con-
stant volumeV);

e calorific energy, represented by the total entr&y

e chemical energy, represented by the number of miles {Nx, k =1...n} of
the various species.

The extensity oE (homogeneity of degree one) expresses as (Euler’'s theorem)
E (MVe, AS, AN) =AE(Ve, S, N), VAeR
Deriving previous equation w.r. toatA = 1 leads to the Euler identity

IE 9E _ 9E
9 wvo+EstENZE(Ve S N
sve VOIS TN (Ve )=

E(Ve, S, N)=0 (Ve, S N): (Ve) + T (Ve, S, N)S+pu (Ve, S, N).N

wherein the intensive quantities conjugated to the inddpenintensities have been
introduced: the stress (Ve, S, N), the temperaturg (Ve, S, N), and the chemical
potentialsi (Ve, S, N). Accounting for these relationships then leads to the funda
mental Gibbs relation:

dE=0:d(Ve) + TdS+ n.dN
The differentiation of Euler’s identity leads to the Gibbsthem relation
(Ve) :do +SAdT+ N.du =0

Both the Gibbs and Gibbs-Duhem relations are at the rootseofrtodynamics; Gibbs-
Duhem relation expresses the adjustment of the intensiv@bles during the variation
of the extensities. When sufficient mechanical energy isdimbto the system as in-
put, may lead to a change of the internal configuration of th@ypdue to the fact
that the system escapes from equilibrium. Assuming thaintieenal energy still has
the status of a potential function, and replacing the véembl by extensive inter-
nal variablex?;, one hasE = E (V¢, S, ). The thermodynamic driving forcA (or
affinity in the language of De Donder) associated to the inaterariablex expresses as
dE (Ve, S, Q)
Ai(Ve, S Q) =——"—

Qi
thus writing the generalized fundamental Euler’s relatisn

. Inthe sequel, we shall rather work with densities,

e, S, a)=0(, S, a):e+T(e, S, 0)Ss— A(e, S, o).
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here introducing the energy and entropy densiyds respectively, and the density of
the internal variables extensiti€s notede. The Gibbs-Duhem relation then rewrites
as

€:do+sdT—a.dA=0

The state laws that give the constitutive behavior of theytibdn express in rate form
as

o €ce €es ey €
(3) T = e,se eyss e,Sak . S N
—A €ae Cas  Cayax —Qk

In the vicinity of equilibrium, the matrix of second orderrpal derivatives can be
considered as made of constant entries. In order to be gimtle¢introduce the vector
y = (e, S)! of the controlled extensities (their densities), beingjegated to the dual
observable, note¥ = (o, T)!. Previous system then rewrit€= 0, with

(4) — PY(yﬂ 0() = Y_ e,yy-y - e,ya.O.l =0
’ PA(Y, @) = —A—€q4y.Y —€4q.& =0

Elementary calculations show that the previous systersfetithe self-adjunction con-
dition of the Frechet derivative &%, viz Dp = D*P, being equivalent to the Maxwell’s
relations for the internal energ{19, 32]. Recall that th€rechet derivativef a vector
of functions P, (x, u(”)), depending upon the independent variablend the depen-
dent variableu, up to its derivatives to the order is the differential operatdd, given

R . . . . .
by (Dp).. = Dy, i=1...r, j =1...9. The multiindexJ of dimension
y (Dp); XJ:.()UH ) j q
k consist of a set ok indices each less than 4, viz = (j1,..., jk), 1 < jk < 4.
aKu;
Accordingly, one expresses the partial derivative = S —
0Xj1....0Xjk
2 oP  oP
EXAMPLE 16. ForP = u + ug, one hadDp = m + ™ Dy = 1+ 2uxDy,
X

with Dy the total derivative operator w.r. ta

THEOREM3. The adjunct of the Frechet derivative is the matrix of déferal

. AN i
(D*P);; =2J:(—D)J F i=1...q; j=1...r

Given the scalar products of two elements=P{P, (x, u™)}, Q = {Q; (x, u™)}
q

as(P, Q) := / Z P Qidx, the adjunct satisfies the following condition
2121

(P. DQ) = (Q. D*P), YP =[P (x, u™)}, v =[Q (x u™)}
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d . . .
EXAMPLE 17. ForD = at the operator acting on functions with compact
support in2 =]0, 1[, one writes
1 dv 1 dv
u, Dv) = —dt=— [ u—dt+ [uv]} = (v, D*u),
( U>/ovdt /Odt +[uuld = (v, D*u)

thus the adjuncb* = — .

The existence and construction of a Lagrangian for a systsurihed by a set
of PDE’s is expressed in the following

THEOREM4. [27] A system of PDE on the dependent variables u of the form
Pu) ={R (x, u™), 1 =1...q} = Orealizes the extremum of a functional integral
S= fQ L dQ, i.e. R = Ej(L), with E (.) the Euler-Lagrange operator, iff its Frechet
derivative is self-adjunct. In this case, a possible Lagian is given by the line inte-

149
gral / Z ui. P (Au)di. Equivalent Lagrangian are obtained up to the generalized
i=1
4 P

divergence of a vector B {P;, Px, Py, P;}, definedas Di P = Ft
1

i=1

ExaMPLE 18. (The vibrating string) The transverse vibrations ofrangtof
lengthlg are described by the PDEUi; — T uxx = 0, with A the lineic mass, and the
tension applied to the string. It is immediate to see thatBWP is self-adjunct, and a

. L 1 : .
possible Lagrangian is set up as= Eu (A U — T uyxx), however lacking a physical
significance. It can further be worked out as

L = 1AuerlTu +d 1Au d 1Tuu
o2t T2 dt S dx \2 )

1 1
An equivalent Lagrangian is = EA u:’-t — ET u?x, thus the action integral

/dt/ ()\ut u?x> dx=K -V,

T lo 1
difference of the kinetic energi = / dt/ 5/\ uzt) dx and of the potential

energyV, which itself results from the linearization of the expiiess

|
V=T(|—|0)ET(/0 1+U§dX—|o).
0

Application of the previous theorem shows that the selfsadjion condition of
the state laws is satisfied, thus the Lagrangian

1
L= / [y.Py (LY, 2a) + a.Pa(ry, Aa)] dA.
0
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Accounting for the homogeneity of degree -1 of the secondmpdrtial derivatives of
e(y, a), and the homogeneity of degree zero of the intensities «) and A(y, «)
then leads to

. . d
L=yY-aA+eyy+eq,a— . (ey.y+eq.a)
The last contribution can be removed (it is a total derivgtiand the first contribution
vanishes, according to Gibbs-Duhem relation, thus an atpnv Lagrangian is given
by L = ey.y + eq.«, as independently obtained in [23]. The stationarity ofabton
integral

. . de
S= /e,y.y+e,a.oz il = |y, o]

(it is indeed a functional, due to the history dependencéefiotentiake = e(y, «)
upon the internal variables) simply means that the internal energy keeps its status of
potential function during the evolution of the system. Tlostplate of existence of a
thermodynamic potentigE outside equilibrium thereby generates a stationarity-prin
ciple, equivalent to the state laws. Note that adapted piatercan be built using the
Legendre transformation, when a given set of control véggbave been chosen. The
Lagrangian so far established incorporates the thermauigad information related
to the state laws, but it does not consider the evolution lafnke internal variables.
These can be written for GSM (generalized standard matexsathe following subd-
ifferential identities:(—&) = 0a¢™ (o, T, A), with ¢* (o, T, A) the pseudo-potential
of dissipation [14]. Thus, using this last equation as a traitd via a set of Lagrange
multipliers yields the unconstrained problem:

t n
Sf é+2kk(dk—8Ak¢*(U, T, A)) dt=0
to k=1
where the subdifferential is taken w.r. to the affinity, for the augmented Lagrangian
n
e+ > ik (dk — dng* (0. T. A)
k=1
sum of a thermodynamic Lagrangiamermo := € and a kinetic Lagrangian
n
Liin := ) _ Ak ¢k — 0a 9™ (0, T, A).
k=1

Note that the subdifferential reduces to the partial dékigedn a 'smooth’ case.

4.1. Continuous symmetries of dissipative constitutive las and master curves

A reminder of variational symmetries is first in order: wheulifierential problem
admits a variational formulation in terms of the statiotyadf a functional, Noether’s



Differential geometry, least action principles 199

theorem associates to each variational symmetry a congsmntaw. Recall that the
one-parameten( is the parameter) Lie group of transformatidds X, = X (X, u, w);
Ui = Ui (X, u, w)is a symmetry group for the functional integral

S= /;2 L (x, u(”)) do

iff Skeeps the same value in the set of transformed variables, viz

S:/ L (%, a™ dQ:S:/L x, u™) de
,C (2 ) L (e u®)
The vector field (symmetry generator)

4 ad d d LA A
|
=D &K W—+ Y (X, )— = —
v k71$k( )8xk kfl(bk( )8uk Dm0 U

i=1

defines a variational symmetry group iff the following caiah is satisfied:
pr™ + Ldive =0.
The prolongation of the vector field, alias pr™, is defined as the extended vector

field d
priWy = v + ZZ@S (X’ um)) ﬁ

k=1 J

4 4
d
J n\ _ _ . . i k
¢ (x u™) = D, <¢>k 25.%.) 25 (Dau¥)
J being an arbitrary multiindex or order less than 4.

THEOREM 5 (E. Noether, [20]).Whenv generates a symmetry group for the
functional u] = [, L (x, u‘1)) d2, the conservation law

DivP=DiP1+---+ D4Ps =0

is satisfied, with the quadrupl¢P,, i = 1...4} given by

Going back to the finding of the variational symmetries aisded to the La-
grangianL = Linermo+ Lkin, the group generator

V=80t + Pec0c + PTOT + Gy Oy + P o + PSS + DA A,

maybe elaborated in such a way that the variational symnf@try:nermoiS automati-
cally satisfied: just compute the components of the intengariables s.t. they satisfy
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the state laws. Previous symmetry condition then simplifig49, 32]

pr(n)v + LkinDivé = 0 with divé = D&

Using TIP and the elegant formalism of differential geomebalance laws
for intrinsically dissipative continuous media can thenftwenulated, in articulation
with symmetries. These can be obtained in the following neantie variation of the
functional Sunder an arbitrary group of transformations expresses as

oL oL
3S=M/Q<a—uk—Di m)(‘bk_gjuk,j) dQ + /L/aQ(Lé‘l +(¢k—Uk,j&j)) ni d(0)

This form can be transcribed into the compact differentiahf identity (Cartan for-
mula):
Lxw =ixdow+d(ixw)

which allows a condensed writing of Noether’s theorem: urnle conditiond. xw =
0 (invariance of[, w = [, L dxdt by the group generated by) andixde = 0
(validity of the Euler-Lagrange equations), the followitmnservation law is obtained:

. aL
Div <Léi + (¢k —Uk,ij) m) =0

This identity appears as a balance law for dissipative meudi@rein the Lagrangian
describes the kinetics of evolution of the internal vamahlaccording to previous de-
velopments). This approach seems more natural comparkd teadrk in [5], since the
authors do not truly consider dissipative media per se.

ExAMPLE 19. (Conservation of Deborah number in linear viscoeldgjie\s
a simple illustrative example, let consider the linear e&asticity law relating the
Cauchy stress rai@ to the strain and strain rates, written as the following firster
PDE with initial condition:

9 _ g0y 4 o=E¥e®) _
Delta:— | ot B¢t —m =0
c(0) =0

whereint(T) is a temperature dependent relaxation time, &Jd E> denote the
instantaneous and relaxed moduli respectively. The paeasieg € are here considered
as dependent variables, whereas the tinsehe independent variable. An equivalence
principle is defined as the prescription of two groups of¢farmationsGy, G, s.t.

Gi(t, o, u1) =Gz (t, o, n2)
whenuy = ug, with o solution of A. In terms of the generators, previous condition

is rephrased aprPvi(A) = pr@uy(A), whenA = 0. As a specific generator
that satisfies the previous condition together with theahaonditions (0) = 0, one
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obtains the time dilatation group (expressing the equnadegrinciple and integrating
the resulting system of ODE satisfied by the coefficients et#o selected generators

= £ (t ')a—i-(tté)a and =Bt ')a
vl_ ’Tieat a?’ aé v2_ 1T168t1

having the generators

: 9 9
vp=t— —é—; Vo) = —T—.
YE%0 T e 2 It

They correspond to the two symmetry groups

{1 = et Hh=t

1=t Ty =@ Hr
Cilt. oo =1 = _ o andGa (t, o, ) := ¢

o1=0 02 =0

denoting the transformed variables with an over bar. Tranduihe equivalence condi-

. e -7 e =T . t . .

tionassy (f1, 01, é1) = a2 (o, 62, €2) gives the relatiomr | —, at, é ), witha = e
o

Thereby, it appears that an identical response of the raatembtained, when a time
contraction and a strain rate dilatation are operated, thighfactors Yo ando re-
spectively. This equivalence between time and strain estdd to the conservation of
Deborah number, defined as the ratio of the internal relemaitine (microscopic time)
to the observer (macroscopic) time scale, viz

T T ot

Np = — = —=—
tobs €/ (aé) t

Applications of this methodology to the time-temperatugeiealence princi-
ples have been further done [19], within a thermodynamimé&aork of relaxation [6].
Thereby, a systematic and predictive methodology for titengaup of master curves of
dissipative media has been elaborated. Note that the symgreups act in the space
of both independent variables (space and time) and depewvalgables (that itself de-
pend upon the selected thermodynamic framework); thesengyries shall further be
exploited.
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