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ANALYTICAL SOLUTIONS AND UNSTEADY PROCESSES
GOVERNED BY NON-LINEAR NON-INTEGRABLE
EQUATIONS

Abstract. The benefit of finding particular exact and asymptotic sohgiof non-integrable
non-linear partial differential equations is considerédis shown how explicit analytical
solutions predict important features of the waves behavien eutside their formal applica-
bility. In particular, an arbitrary initial pulse splits @ numerical solution into the train of
localized waves each described by the analytical trawgliave solution. This happens both
for the bell-shaped and kink-shaped localized waves. Alsoerical simulations demon-
strate an incident wave amplification/attenuation to a staldve with the amplitude and
velocity defined by the relationships obtained via an asytigsolution. Physically reason-
able equations are used to illustrate above mentioned stateme

1. Introduction

It would be nice to obtain an analytical solution of a goveghnon-linear equation.

Most of the mathematical work in the realm of non-linear givaena refers to inte-

grable equations and their exact solutions. In this caseerajeneral methods may
be employed to obtain general solutions, see, e.g., [1,.2U8Fortunately, most of

non-linear equations are non-integrable, and only pdaticolutions may be found.

Of special interest are the solutions that keep their shagar@pagation. One
of them is a bell-shaped solitary wave, see Fig. 1(a), tha¢sathanks to a balance be-
tween nonlinearity and dispersion. Another one is a shoslewaa kink-shaped wave,
see Fig. 1(b), that usually appears due to a balance betvordinearity and dissipa-
tion. One can find a lot of papers where particular exact gwlatof these kinds are
obtained. However, most of them do not consider an appticadf the solutions to the
real physical problems. Indeed, exact travelling wavetsmis of non-integrable equa-
tions are obtained as a rule. Hence, they require specifialinonditions. Moreover,
some solutions do not contain free parameters, and spetiionships between the
equation coefficients are needed for their existence. Asgtiegsolutions of non-linear
equations are not travelling wave ones without fail. Howetleey usually describe a
particular process, e.g., evolution of a single solitaryevil]. Real physical problem
requires a more general solution, in particular, evolutiban initial pulse of arbitrary
shape. Usually such a problem may be solved only numericalat is why people
prefer to deal with numerical simulations. However, a dolubf a non-linear equation
is very sensitive to the values of the equation coefficientsta the initial conditions;
this may be missed in a numerical modelling. Also numeriealits may happen to be
unusual, and its justification is needed. So, a natural gpreatises: may one employ
particular analytical solutions to predict a behavior ia tfeneral problem when only
numerical solution may be obtained? May the relationshgisiéen the coefficients
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Figure 1: Various profiles of travelling wave solutions: a)lishaped solitary wave; b)
kink-shaped wave; ¢) oscillatory vanishing solitary wa@ “fat” solitary wave.

of the equation obtained via analytical solutions descttiteeconditions when one or
another stable profile of permanent shape is realized in rias?e

An attempt is done in this paper to answer these questionse 8ie size of the
paper does not allow to study the whole problem, the presents designed using
some instructive examples that illustrate main ideas.t,Rine employment of exact
solutions is considered. Usually exact solutions of na@dimon-integrable partial dif-
ferential equations are obtained using various direct ovsthHere the attention is paid
to one of them- the method of an ansatz. It looks the most effidor non-integrable
equations and rather simple in use. More information anfuuseferences regarding
direct methods may be found in [1, 2, 3, 4, 5]. Some exact wolgtare presented
to illustrate the power of the ansatz method. Then it is shbaw the solutions ob-
tained may help to understand some results of numericallaiions. Next section is
devoted to the employment of asymptotic solutions in theesaranner. The procedure
used for finding asymptotic solutions is familiar [1, 5], leerit is not explained here in
details. Instead, again some examples are considered tieeesymptotic solutions
describe important numerical results. The evolution oftib#-shaped solitary wave
is studied on the basis of one seismic waves model. Then tietiah is paid to the
use of the kink-shaped solutions of the Burgers equationifieddy weak dispersion
and higher-order nonlinearity. It is important to mentitvattthe moderate values of
the small parameter responsible for the weak dissipatialispersion may be formally
used in numerics. It is found that even in this case the feataf the asymptotic solu-
tions remain valid.
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2. Exact solutions

2.1. Direct methods for finding exact solutions

Sometimes, a solution may be obtained using a transformafigariables that allows
us to reduce our equation to an equation whose solution igknénother method,
method of ansatz, allows us to reduce our differential éqnab algebraic equations
for the parameters of the solution.

Important steps in employment of these methods are:

e Reduce non-linear partial differential equation (PDE)naadinary differen-
tial equation (ODE) considering only travelling wave s@us (or self-similar);

e Reduce the obtained ODE to an ODE whose solution is alreadwinby
means of a suitable transformation of variables or

e Reduce ODE to coupled algebraic equations for the parageténe solution
by means of a suitable ansatz.

As an example, consider the double-dispersive equatiorE(j(MD, 5],

2
1) Upt — ap Uxx — @2 (U%)xx — o3 Uxxtt + 4 Uxxxx = O.

that describes, in particular, longitudinal strain waveslation in an elastic rod. Its
travelling wave solution depending on the phase varidble- x — V t is obtained
from the ODE reduction of Eq.(1),

(2) (V2 — a1) Ugg — a2 (UD)gg + (s — a3 V2) Ugges = O
Using substitution of variables,

6(a3V?2 — V2 —
u = dwVioaw o Vi—a
o2 200

equation (2) is transformed to the Weierstrass equation,

(V2 —ap)?

1 2 3 _ _ — =
3) WO =47 —gv -0 &= 15— U5

whose known exact solution is expressed through the elljgierstrass function,
v = (@, g2, 93).

In order to transform the problem of finding exact solutioiSODE to the
problem of finding solutions of algebraic equations, it vebbke nice to express an
ansatz through the functions whose derivatives are exgulemsy through these func-
tions. That is why various elliptic functions are widely dst® obtain periodic so-
lutions. One possibility is to use the set of the Weierstfasstion g and its first
derivative py. Indeed, we haveyy = 602 — 0.502, ppes = 126y etc. An
important limit of the Weierstrass function correspondshe choicegy, = 8k*/3,
gs = —8k8/27. Inthis casep = k?/3 — k?Seclf (ko) that accounts for a bell-
shaped solitary wave solution. Also the solitary wave sohg are obtained directly
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using the hyperbolic functions for an ansatz. One can find aflpapers where the
hyperbolic tangent is employed. Indeed, we have Tfas = k(1 — Tanhk6)?),
SecK(kf)y = 2(Tank(k9) — Tanhkd)) etc. A more complicated ansatz through the
Ricatti functions was suggested in [6]. These functionisBathe Riccati equations,

/

4) o0 = —ot,7 = 12— Ao+ 1
Certainly any derivatives of the Riccati functiomsandr are expressed through them-

selves. Egs. (4) possess the exact solution that allows epiess the Riccati func-
tions through the hyperbolic functions,

1 CoCoshk) + C1Sinh(k)

A+ C1Coshkd) + CoSinh(kg)’ t= A+ C1Coshks) + C,Sinh(kd)

(5) o =

A power series in Tanh or/and in Sech is often used to cortdtra@nsatz. Use
of the power series in the Riccati functions allows us to lfwla solution as a rational
function of the hyperbolic functions while power series pimation in terms of the
hyperbolic functions appears as a special case. Indeedy Ghe= A, C, = 0, we
get from Eq. (5) L ) )

0 0
o = 2ASeci"r( > ), T = Tanh > ).

However, substitution of an infinite power series into theagipn yields a com-
plicated algebra to find the coefficients of the series. Fur#implification may be
done using the pole analysis of the solution to define thetimmal form of the ansatz.
One can see that the critical points of the elliptic and higpkc functions are poles (in
the complex plane). Let us consider the DDE (1), for exanguie, assume that its so-
lution possesses a pole of ordg ~ 6~". ThenuZ, ~ 672""2, upggy ~ 6 "4
Comparing higher order derivative (dispersion) and naairterms one finds = 2.
This provides a balance between nonlinearity and dispersiquired for existence of
localized bell-shaped solitary wave solution. Then theatmmay be suggested,

(6) u = B SecKkd).

Substituting (6) into (2) integrated two times one obtains
Secl(kd)Blag — V2 — 4k?(ag — azV?)]+
Secl(k0)Blaz B + 6k?(a — a3V?)] = 0

Equating to zero combinations at each power of Sech, onénslatigebraicequations
for B, andk whose solutions are
3(v2 - — V2
@) B — Q, K- _“a-v
200 4(ag — azV?2)

There may be more than one higher-order derivative or nwewsli terms in the
equation. Consider the Korteweg-de Vries-Burgers (KdVd)ation,

) Ut + U2 + b Uk + S Uk = O,
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In this case we gaet = 2 comparing nonlinearity and dispersiaggx andn = 1
comparing nonlinearity and dissipatiany. We have to satisfy both possibilities in
order to provide a common balance between nonlinearitpedson and dissipation.
Hence the solution should contain both the second and thefder poles. The suit-
able ansatz is

9) u = B SecK(kd) + F Tanhké) + C.

It allows us to find the well-known kink-shaped solution oé tidVB equation with
parameters defined by

6b k 3b? b 6b?
B = 6k’s, F = 5,c :|:255,k :I:lOS,V :t25s

More examples regarding the method of ansatz may be foundfs B, 4, 5].

2.2. Exact bell-shaped solitary wave solutions

Following the procedure described before one can find exagtisns to many non-
integrable equations. However, most of them are singlesliiag wave solutions that
require special initial conditions. In particular, therfoof the initial condition for the
exact solitary wave solution of the DDE is defined by Eq. (8),witht = 0in 6.
What happens when an initial condition differs from the "Sesitape? Certainly, it is
unlikely to describavholeevolution of an arbitrary input analytically. But if we find
such a solution numerically, what is the reason for findirecsgd exact travelling wave
solution?

Numerical simulation of the DDE has been performed in [5jvdis found that
for ap > O rather arbitrary initial pulse with positive amplitudeligpinto a train
of solitary waves with different amplitudes while negatimput is dispersed, and no
travelling localized wave appears. The higher is the anngditof the wave, the larger
is its velocity. The distance between the localized waveeemses in time, hence the
waves interaction becomes weaker and weaker. Hence eaehmay be considered
as a single travelling wave and comparison with the exacttisol may be done. It
is found that each localized wave generated by positivetiapolves according to the
exact travelling wave solution (6), (7). Moreover, realifithe parameters in (7) gives
rise to the conclusion that only positive amplitude sojitaaves may exist fax, > 0.
Similarly, negative amplitude solitary waves arise fromegative amplitude input for
a2 < 0 Hence exact solution allows us to choose suitable signeoinut amplitude
to provide generation of localized stable solitary waved sndescribe each solitary
wave thus confirming numerical results.

Sometimes numerical simulations yield rather unusuallt®siRecently, the
Gardner equation,

(10) U 4 a U2 + cu + bukxx = 0,

was studied in [8]. It was found that a train of solitary waspgears from certain initial
pulse. However, there is an input that produces rather vty wave followed by
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a sequence of usual bell-shaped waves. These results maplagmed using known
solitary wave solution of the Gardner equation [7]:

3b k2
a(BiCoshké) +1)°

9bck?
B = 1+ 2°¢ g = x— bkt
2a2

The solution has an interesting feature for negatiiendency to the extensive or "fat”
shape ak — /—2a2/(9b c¢). The amplitude of the wave tends to the limiting value
equal to—2a/3c, while the width growths without limits, see Fig.1(d). Likethe case
of the DDE, numerical simulations are successfully chediethe exact solution (11)
both to account for the usual bell-shaped waves and the stdifary wave [8].

Even more interesting unusual profiles appear studying rically the equa-

(11) Us =

where

tion
(12) U+ 2D U Uy + 3CUPUx + T Ulyyyx+ S Uy Uxx 4+ d Uz + f Usx = O,

which is often called the extended KdV equation [5, 9]. A esviof its exact bell-
shaped solitary wave solutions may be found in [3, 5]. An appece of the solitary
waves described by the exact solutions from rather arlitrgout was studied numer-
ically in [5, 9]. It was found that sometimes there is a gootkagent with the exact
solutions, namely, in the shape of generated solitary wamdsn dependence of their
parameters upon the equation coefficients. Also the camditrequired for existence
of exact solutions were realized in numerics. At the same tithe localized waves
were obtained that differ from those described by the aitallysolutions. In particu-
lar, an oscillatory vanishing at infinity, see Fig.1(c), awhulti-humps localized waves
have been discovered in [5, 9] as well as the "fat” solitarwevf®]. One has to note
that all known exact solutions of Eq.(12) either do not comfeee parameters or exist
under special relationships between the equation coeff&ieSo the absence of free
parameters or additional restrictions do not allow us toaxset solutions so efficiently
as in the case of the DDE whose solution (6) contains the faegnpeteN and in the
case of the Gardner equation having free paranketer

2.3. Kink-shaped solutions
The Burgers equation
(13) ut + (Uz)x + buxx =0,

is widely used in many physical problems [10, 11]. In pattcLit possesses the well-
known shock-wave solution (or a kink),

(14) Up=b pTanh p(x — Vt)) + V/2.
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Figure 2: Evolution of the exact solution of the Burgers diumeforb < 0.

wherep andV are free parameters to be defined by the boundary condit@ns. f
The Burgers equation is integrable, and a more generaisolot the Cauchy problem
may be obtained. However, integrability fails for most sfgieneralizations caused by
an inclusion of the additional terms like dispersion, higheder non-linearity etc.

Figure 2 shows stable movement of the kink wave of permanwaes (14).
This is because the shock-wave solution of the Burgers &guatises as a result of a
balance between nonlinearity and dissipation.

The same simulations for the KDVB equation (8) yield a prdfilgerent from
that of the exact solution since it contains oscillationstenupper or on the lower parts
of the step depending upon the signspBee Fig.3. A possible reason of it lies in the
fact that the exact solution of the KDVB equation (9) doesawsitain free parameters
in contrast to the two-parameter solution of the Burgersa&qo (14).

In order to check this idea let us add an additional non-titexan to the KdVB
equation,

(15) Ut + U2 + b Uxx + S Uxyx +q U2, = 0.
Its exact kink-shaped solution

(16) U = %Tanr( P(X — W) + W/2,

contains is a free parametprand fixed velocity

s—bq

W = 2
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Figure 3: Evolution of the initial Burgers shock wave for< 0,s > 0.

The solution (16) never coincides with the Burgers kink §otu(14) since the equality
in the amplitudesb = s/q yieldsW = 0 for the velocity in the solution (16).
Now numerical simulation of Eq.(16) demonstrate almostial to the Burgers kink
evolution for certain values agfandg. However, the amplitude in the solution (16) does
not depend on the value bf It means that the wave shown in Fig.2 might propagate
for positive values ob, and this prediction of the exact solution is realized aldtere
exist domains of the values sfandq where initial Burgers kink evolves like in the case
of the KdVB equation with oscillations on the profile, see.BigAnother scenario is
the smoothness of the initial profile shown in Fig.4. It isyrely that oscillations are
caused by dispersion while higher-order nonlinearity pomsible for the smoothness,
and observed deviations in the kink shape are caused bytboé#te balance between
dispersion and higher-order nonlinearity. So, additiothefhigher-order nonlinearity
allows us to provide two balanceeparatelybetween nonlinearity and dissipation and
between higher-order nonlinearity and dispersion. Inmamttto it, the solution (9) of
the KdVB equation should satisfy two balans@sultaneouslyhat fixes its parameters
and prevents the appearance of the solution from an anpitrput.

3. Asymptotic solutions

The balance between nonlinearity and dispersion may beogestdue to the influence
of dissipation and/or accumulation. When this influence iaky@asymptotic solutions
may be obtained to account for the bell-shaped solitary veaedution. Introduction

of the fast (usually phase) and slow (time or space) varsaallews us to study more
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Figure 4: Smoothness of the initial Burgers shock wave.

general processes than those described by exact travetivegsolutions. In particular,
asymptotic solutions may account for an amplification oeratation of a wave. The
ODE describing the solitary wave amplitude variation magduxt the case when an
increase or a decrease in the amplitude happens to some\ihite defined by the
values of the coefficients of the original PDE. We call thisqass the solitary wave
selection. Selection frorbelowis accompanied by the growth of the initial amplitude
while selection fromaboveis provided by the decrease of the initial solitary wave
amplitude.

Similarly the case may be studied when the balance betweaimearity and
dissipation is destroyed by the presence of dispersion gytethorder nonlinearities.
In this case, the asymptotic solution allows us to accounafpropagation of a kink
with stationary deviations on its front and to establish ar@ztion between the shape
of these deviations and the structure of the perturbationgen the equation. Both
for the bell-shaped and kink-shaped waves the featuregagdpmptotic solutions are
realized in numerics even when the small parameter chaizntgweak perturbations

achieves moderate values.

3.1. Evolution of the bell-shaped waves

The asymptotic solution allows us to describe seismic waesction on the basis of
the model equation obtained in [12]:

a7 Ut + U Uy +d Uxxx = —¢ (alu —apu® + a3u3) ,
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a1, ap, ag are positive constants aads a small parameter. One can see that Eq.(17) is
nothing but the disturbed KdV equation that possesses eer#lethaped solitary wave
solution in the absence of disturbances. In the general Easg17) may describe an
appearance of microseisms. Following [5, 13] assume thetitmu depends upon a
fast variablet and a slow timeT , such as

&=1 &=-V(), T=c¢t.
The asymptotic solution is sought of the form
(18) ugé, T)=up&, T)+eur(¢, T)+...
The bell-shaped solitary wave solution of the KdV equatinses in the leading order,
(19) Up = 12d k(T)%SecK (k(T) &)

However, now its parameters depend upon the slow fimlext order solution yields
the equation for the wave amplitu@@= 12d k(T)? of the form [5, 13]:

(20) Qr = —%5 Q(24a3Q? — 28a,Q + 35a).

The behavior of the solitary wave amplitud@, depends on the value §fp =
Q(T = 0). Indeed,Q will diverge atQp < Q1, whenQ1 < Qp < Q2, Q will grow
up to Qz, while if Qg > Q2, it will decrease byQ,. HereQ1 < Q2 are the roots of
equation 243Q? — 28a,Q + 35a; = 0. Hence parameters of the solitary wave tends
to the finite values prescribed by the equation coefficiantand theselectionof the
solitary wave takes place.

Despite this solution requires special initial conditiomymerical simulations
[5, 13] confirm the behavior of the wave predicted by the tiieawen when an initial
condition is arbitrary or in the presence of solitary wavagiaction. In the former
case, the situation is close to that of the DDE when the inptiainsformed into the
train of solitary waves each separately being describedthéwasymptotic solution. In
the latter case, it is found that the interaction does notgmesolitary waves amplifi-
cation, vanishing or selection that are realized for thdfuxents of Eq.(17) prescribed
by the asymptotic solution. Itis important that the ampulés of the resulting localized
waves in the numerical solution are equal to those of thetlavaves obtained from
the asymptotic solution. Moreover, the value of the amgbtof the selected solitary
wave remain valid when is not small.

Similarly the amplification, attenuation and selectiontd bell-shaped nonlin-
ear waves may be studied using an equation

2
Vit — Uxx — €a1(V)xx — Y2 Uxxt + 6(@3 Vxxxx — @4 Uxxtt)+

(21) ¥ 8 (a5 Uxxxxt + 06 Uxxttt) + 7/2017Uxxtt =0,

that appears to account for the strain waveés, t) in a microstructured medium [5,
14]. Whené = O(e), y << 1, this equation is nothing but the DDE disturbed by
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Figure 5: Influence of the weak dispersion on the Burgers fanbk < 0: a)s > 0;
b)s < 0.

dissipative/active terms. Its asymptotic solution is oi#d in [5, 14] similar to the
solution of Eq. (17).

The same procedure may be applied to study the bell-shapatizied wave
evolution in the two-dimensional case. An example of the-taensional selection
of the lump of the Kadomtsev-Petviashvili equation may hefbin [15].

3.2. Evolution of the kink-shaped waves
Let us consider the KdVB equation

(22) Ut + (Uz)x + buyxx = —8SUxxx,

whens is a small parameter. The asymptotic solution accountinghi® perturbation
of the kink-shaped wave is sought in the form

u®) = uo(0) +dus(®) + ...

whered = x — V't, andu; — 0 for6& — +oo. Substituting this series into Eq.(22) we
obtain in the leading order an ordinary differential eqoaifODE)

(~VUg+U3+buggly = 0,

which is satisfied by the travelling wave solution of the Banggequation (14). In the
next order an inhomogeneous linear ODE appears for theifumat,

(—Vu1 + 2upus +bugg)g = —Sug,eee,

whose solution is
uy = 2p?s Secl(ps)Log(Cosh p 6)).

Figure 5 demonstrates affect of the weak dispersion on thpesbf the Burgers shock
wave,u = Ug + du;. Here and in the following the unperturbed solution is shdayn
dashed line. One can note non-symmetric influence on the appdower parts of the
wave. For positives, a "hat” appears at the upper part while the lower one is stije
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Figure 6: Evolution of the initial Burgers shock wave ®r> 0 and smalb.

to a smoothness of the wave front. The mirror profile appearadgative values .
We see that all deviations are concentrated around the wane f

Our travelling wave asymptotic solution requires specidial condition in the
form of already perturbed kinky(t = 0). However, one can check numerically that
the Burgers unperturbed kink transforms into another onesetshapes agrees well
with that described by our solution, see Fig. 6. One can saepirturbations of the
shock wave profile are stable, they are located near the wamednd do not evolve
far from it. Moreover, even fo8 = O(1), the initial Burgers kink wave still evolves
into the profile predicted by the asymptotic solution whismot valid in this case in a
strict mathematical sensé is not small). Typical evolution is shown in Fig.3, where
this new wave continues to propagate with one and same tyelowl the shape. Hence
asymptotic solution explains what was not covered by thetes@lution (9).

Next equation to be considered is similar to the extensidheKdVB equation
(15),

(23) Ut + (UZ)x + DUxx = —8(SUxxx + qUZ,).
Its asymptotic solution is
U = Uo + 8p?Sech(pd) [2(s — b gq)Log(Coshp 6)) — V q6]

An influence of the higher-order quadratic nonlinearitygsisin Fig. 7 fos = 0. A
smoothness is achieved fgr < 0 the same happens for the numerical solution shown
in Fig. 4. Again the asymptotic solution reveals the featwas not discovered by the
exact solution (16).

Similarly one can study an influence of the higher-orderipan uxxxx and
other linear and non-linear perturbations on the kink sofuof the Burgers equation.
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Figure 7: Influence of the weak higher-order nonlinearitytbe Burgers kink for
b < 0:a)g > 0;b)g < 0.

4. Conclusions

One can see that exact travelling solitary wave solutiork f#ee parameters arise in
a more general numerical solution, they may predict impotfisatures of an arbitrary
input evolution. However, exact solutions with fixed pargengare not necessary real-
ized in computations. In the case when exact solution wéh frarameters is unlikely
to find, an asymptotic solution depending upon the fast amglthw variables may help
to understand the behavior of the wave, in particular, dinption and selection of the
bell-shaped solitary wave.

Even more speciatravelling waveasymptotic solutions predict deviations in
the profile of the Burgers shock wave that are realized in mioaesimulations of
unsteady processes. Like for the bell-shaped waves, thregiéciions remain valid
even outside the formal applicability of the asymptotiausioh at moderate values of
the small parameter.

Both the exact and asymptotic solutions provide us with tHationships be-
tween the coefficients of the equation required to achiewearanother kind of the
wave evolution. One can use this information in advance fdesign of numerical
study, it does not allow us to miss one or another scenaribeofMaves localization.
On the other hand, analytical solutions may be used as aggsbint for a design of
numerical scheme. To sum up, they deserve time requiretiéarfinding.
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