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THERMOELASTIC STRESS ANALYSIS FOR LINEAR
THERMOELASTIC BODIES

Abstract. The thermoelastic stress analysis for linear thermoelastiiek is developed as
a mathematical support to the infra-red radiometric method T&PApplied to structures
under cyclic loading conditions.

1. Introduction

The use of high-tech materials for structural applicatioas shown in recent years that
the study of mechanical behaviour of such materials is dftadequate. Studies on

the interaction between mechanical and thermal effectslid bodies have therefore

received considerable attention.

Thermographic stress analysis has been adopted as a [zalyiconvenient
mean of experimental stress analysis based on the therstioadfect. The thermoe-
lastic stress analysis tecnique is based upon the use oPHEES Stress Pattern Anal-
ysis by the measurement of Thermal Emission) equipmenhé&radiometric monitor-
ing of the temperature changes induced by cyclic loadinpéndiastic range [1], [2],
[9], [10], [11].

In [8] a theoretical analysis of the thermoelastic effect baen developed in
order to provide a mathematical model as a support to SPATREtenresults of tests
carried out on concrete and mortar [1] are reported as expetal evidences of the
theory described.

The aim of this paper is to generalize the results obtaing8]in the intrinsic
formulation of the linear theory of thermoelasticity is atied [3] and the linear rela-
tions given in [8] between the variation of temperature dr@wariation of stress are
obtained after suitable assumptions.

In Section 2, within the linear theory of elasticity for amtiopic continuum
body, we deduce from the First Law of Thermodynamics a difiial equation which
gives a relation between stress and temperature.

In Section 3 we integrate this equation and we remark thheiftincipal stress
components are two and three the solution depends on tharfdshe second invariant
of the stress while the second invariant vanishes in the eisee component of the
principal stress.

In Section 4 we show that if we linearize the equations olethim Section 3,
we get, at least for the case of dimension one, the sameses|f].

*This work was supported by the Italian M.U.R.S.T. researciegt “Modelli matematici per la scienza
dei materiali” (Cofin 2002).
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In Section 5 we apply the results obtained in Section 3 to th&T& model
considering sinusoidal principal components of stress.

2. The mathematical equations

Let us consider a continuum body as defined in [4] and let usnasghe bounded
regular region of space occupied by the body in a fixed reteraonfiguration be
closed with respect to mass transfer and open with respecetay transfer. The body
can be considered a thermodynamical closed system.

According to [3] we recall that the local form of the First La# Thermody-
namics for the system considered is:

(1) pé=S.F —divq + pr,

wheree is the internal energy per unit masgis the heat flux vector per unit surface
area and unit time, is the heat supply per unit mass and unit timés the mass density,
S andF are respectively the first Piola-Kirchhoff stress tensad #re deformation
gradient.

If n is the entropy per unit mass aidthe absolute temperature, we introduce
the free energy per unit mass [3]

2 Y =e—nd.

If we assume that the body is elastic, the Second Law of Theymamics im-
plies the following restrictions:

3) v =¥ (F, ), S=SF, ), n=nF,0)

4) S(F, 9) = pdry (F, 9), A(F,0) = a9 (F, 0).

If we differentiate (2) and (3)with respect to time, by means of (4), from (1)
we get:

(5) pnd = —divg + pr.

Defining the finite strain tens@ by [3], [4]:
(6) D=%(TF—1),
wherel is the unit tensor, the restrictions (3) and (4) are sulistitbyy:
(7) v =v(D,v), S=FS(D, ), n=i(D,9)
and

€) S(D, ) = pdey (D, 9), (D, 9) = =3, % (D, 9),
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as a consequence of material frame indifference [3], [4].

By differentiating (8} with respect to time and introducing the specific heat at
constant deformation [3]:

9 c=vadyn(D, ),
from (5) we get:
(10) —993S- D+ pcd = —divg + pr.

Now we assume that the gradient displacen®atand its rate of chang®u
are small and that the body is subjected to small incremetetoperature.

Nevertheless the stress tenSatepends on the temperature through the material
functions which appear in the constitutive equations.

Therefore, introducing the infinitesimal strain tensor, [3]:
1 T
(11) E_§<Vu+Vu>,
if
(12) F=1+Vu,

from (6) we get:
1.1
(13) D=E+ EVu vu.

If we assume that the body is isotropic, then the constituiguation is [3]:
(14) S=2uE + [AtrE — B(¥ — ¥p)]1.

In the above equatioh and . are the Lard moduli, whileg is related to the
coefficient of linear thermal expansianby [11]:

(15) B = (3Br+ 2w

From the experimental data we deduce thaind . are functions of the tem-
perature? ([6], [11]).

Moreover from (13) and the assumption of linear approxiorator the gradient
displacement we can obtain:

(16) DxE

Therefore by substituting (14) in (10), with the use of (1@ get the following
equation:

(17) pc = —divg + pr + 1 {209 LE + [0y AtrE — 35 B(9 — o) — BIL}E
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Let us assume that the thermodynamical process is adiabigliout internal
heat sources, that is [3]:

(18) —divg+ pr =0

From experimental results and from the analysis of the cofleragnitude we
can deduce thdty (% — o) is negligible with respect t@, while 0y uE anddyAtrE
are relevant, therefore, with the use of (18), equation ¢hr)be written as:

) . .
(19) 'OCE = 209 uE - E + [0 ArE — B] trE.

Equation (19) represents the thermoelastic coupling kestveérain and temperature.

Let us now deduce from (19) a similar expression in termsretst Because of
the isotropy of the material we can assume ihat 0, 3\ + 2 > 0 [5]. Therefore the
constitutive equation (14) can be inverted in

1

20 E=—S—-———
(20) 21 21(3r 4 2u)

trS1+ a(d — 9o)L.

Let us now recall the well known relations between the Eamodulix, © and
the Poisson’s ratio and the Young’s modulug:
Ev

M= AT nd—)
(21)
E

hS

By means of (21) we gety; 2 anddy u in terms ofdy E anddy v, then with the
use of (20) and the assumptions that b@th-9¢) and its time-derivative are negligible,
from (19) we deduce:

D ) .
(22) - =— |:i — FltrS] rS+1IS-S
9 pC

where

1 v 1
MN=—|—-—=0E+ =0yv
pC

E? E
(23)
1[1+v 1
N=—|—0d3E—- =0
) pC[EZ ) Ew}
Let us now set:
o=11=1trS
6 =trS L
24 withi =1,2,3
@9 oi = (S

i = ()
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where(S); are the principal stresses with respect to an orthonorngsba). If we
3

recall thatS- S = Z(S)i (S)i, with the use of the (24), the relation (22) becomes:
i=1

: 3
0 o . .
(25) 52_[;)_0_F10]0+F2;_10im

3. Stress-temperature relations

In order to get from (25) a relation between temperature ame$swe must suppose
that:

i) the mass density is constant during the thermodynamical process;

i) the partial derivatives with respect to temperattiref the Poisson’s ratie and
of the Young’s modulu& are constant with respect to time and temperature.

It follows therefore that"; andI'> given by (23) are constant. If we introduce
the “thermoelastic constant”

(26) k=2

pC
and we denote with the second invariant of the stress tensor:
(27) T = lp = 0102 + 0103 + 0203,
under the assumption thét = g, 0 = og andr = 1o fort = 0, the integration of
(25) with respect to time gives:
(28) Inl% — k(o — 00) + % (T'1 +T) (02 - 002) — Tt — 10).

It is interesting to remark that in the two-dimensional cta is when the
principal stresses are:
(29) o1 #0, o2 #0, o3=0
equation (28) still holds assumimg= 1, 2 in (24) and replacing (27) by
T = lp = 0102,

while in the one-dimensional case in which
(30) o1 # 0, op=03=0 ando; =o
the second invariant of the stress tensor vanishes andq28placed by:

9 1
(31) Ins- = k(> ~00) + 5 ("1 +T2) (52 — ag) .

Let us remark that the solution of (25) shows a non linear ddpece on the
first invariant of the stress in all the cases (see (28) anj) (8hile only in two and
three-dimensional cases a linear dependence on the sec@nidint appears.
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4. The linear case

In classical theory [2], [7] from the generalised heat cardun equation, by assuming
that straining occurs adiabatically with no conduction eadhand with no heat supply,
the Kelvin formula has been deduced:

AD

(32) — = —kAc
Yo

with k thermoelastic constant defined in (26).

We shall prove that, from (28) and (31) of the previous sectadter suitable
linearizations, it is possible to get linear relations bestw the variation of temperature
and the variation of stress which are comparable to (32).

Infact, let us define the average values of the principakse®, of the stress
invariants and of the temperature by the following linedatiens:

1
oim = 5(0i +oi0), oio=oi fort=0i=123
(33)
1 1 1
om=5(0 +00), Tm=3(+w), Im=0+0)

We assume moreover that the principal stresses, the sinemsants and the
temperature are related to their variations by:

oi =oim+ Acj, i=123
(34)
o=0om+ Ao, T=1Tnhn+Atr, U =0n+ AV
From (33) with the use of (34) we get:
oy —0ogig=2Aci 1=1,23
(35)

o—op=2A0, T—10=2AT, ¥ —09=2A0

By using the relations (33), (34) and (35) and linearizing ldgarithm, as usu-
ally done if|2A9% /99| < 1:

% 2A0 2AY
36 Inf—)=mh{14+— )~ —
. &)=+ 5) =%
we obtain from (29) and (31) the linearized equations:
AY
oo [-k+ (T'1 4+ T'2) om] Ao — MN2AT
0
37)
AV

— =[-k+ T1+T2)om] Ao
o
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Let us remark that (33)can be compared with the Kelvin’s formula but the
coefficient of Ao is the thermoelastic constant plus a coefficient dependimgnp
and on an elasticity modulus [9]. We remark also that {3Hows a dependence on
the variation of the first and the second invariant of thesst@nd on the Poisson and
Young moduli .

5. SPATE model results

The SPATE model allows us to obtain the temperature variattated to the elastic
deformation by spectroscopical experimental analysis.

The fundamental ipothesis of the SPATE model are the fotigwi
1) the deformation must be adiabatic,
2) there must not exist other heat sources.

Now the relations obtained in Section 3 will be applied to $EAnodel, analysing a
cyclic loading [11] in which the temperature variatigh — ) is small compared to
the initial temperaturég. We assume that the principal stress are:

(38) 0i = oim + @ sin(wt), i=123
whereoim, withi = 1, 2, 3, denote the average stresses andvithi = 1, 2, 3, are

arbitrary constants. Let us set:

q

3 3
(39) Om = foim, a=
i=1 i=1

The equation (28), with the use of (36), (3,/038) and (39), becomes:

2A0

(40) vl Asin(wt) + B[1 — coq2wt)]
0
where
3
A= —ka+Tioma+T2 ) oimd
(41) =1

1 1
B= 2 (T1+Tp)a? — Er‘z(alaz + a1a3 + axag)

Formulas (40), (41) are the generalization of the resultsrgin [11] and include the
particular cases of dimension 1 and 2. Infact, # 1, 2 formulas (38)-(41) are valid
replacing (41) by

1 , 1
B= 2 T1+Tpa— Erzalaz;



238 M. Bonadies

if i = 1then
(42) 01 =0 =om+asin(wt), om=o1m, a=ay,
(39) and (40) still hold, with:

A= —-ka+ ('t +I'2)oma

(43)
1 2
B = Z. (Fl + FZ) a

Let us remark that, in the case of dimension 1, from (43) ar®) (& deduce that
the elastic behaviour of the material is described by thengomodulus, while in the
cases of dimension 2 and 3 both Poisson and Young modulus\arledad, as it turns
out from (41) and (23). Moreover in case of dimension 1 it isgible to analyze the
relation between the temperature variation and the sti@sstion. According to [1],
let us replace in (42), (43) the constant a by the variatigiressAos and let us assume
in (43) that the thermoelastic constanbe relevant with respect to the other terms.
Then from (40) we observe that according to the first addenalftihe right member
there is a loss of temperature for an increase of stress aiti@ase of temperature
for a reduction of stress. The second addendum of the rightbeeof (40) is relevant
only for large variation of stress. In [1] a detailed diséassof tests performed on
various specimens is reported and the conclusions are éeagmt with our remarks.

6. Conclusions

The assumption of the dependence of the Poisson and Younglinbdlasticity from
the temperaturé allows us to get a relation between the temperature vaniatial the
stress variation. This relation presents coefficients iwvhie not only the thermoelastic
constant, as in the classical Kelvin’s formula, but depemthe average stress, on the
first and second invariant of the stress and on the moduluksti@ty. This result is
supported by experimental results [11]. The applicatioowf results to the SPATE
model gives a solution which is the superposition of two icyftinctions with a phase
difference ofz /2 one with respect to the other. The relation between the ¢esnp
ture variation and the stress variation obtained can be aoedpwith the experimental
results given in [1].
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