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A. Casasst

NONLINEAR WAVES IN PLANE COSSERAT SOLIDS

Abstract. As it is well known, the propagation of nonlinear strain wawveay be governed
by a nonlinear dispersive-dissipative equation. In thiskwee study models in one or two
dimensions. The final purpose is to apply the analytic tearegveloped by Samsonov [7]
to dynamic equations arising in the theory of microstructw@étls. To do this we search to
reduce the 2 or 4 Euler-Lagrange equations of the model to pat.2. each depending only
on one field variable.

1. Introduction

Nonlinear wave dynamics in dissipative solids has beerudged in two recent books
by A. Porubov [6] and A. Samsonov [7], with the same goal ohabihg and exploiting
physically and mathematically meaningful results reldtetthe propagation of solitary
waves mostly in complex wave guides. In particular in [7]sitpresented a method
of reduction of the dynamic p.d.e. to a second order Lie eéguahence to the Abel
equation, but only for the 1D-case.

Now, we want to apply the same passages even for the 2D-chseis possible
if, after, we have reduced the 4 Lagrange equations to a eafgbartial differential
equations each depending only on one field variable. Thisctash is the main purpose
of this work, and it is used in one-dimensional or bi-dimensi models.

We want to remark that in our model the non linearity is due &train en-
ergy density which depends on the deformation variableh tmacro and micro, the
dissipation is introduced trough a linear combination ddistvelocities.

2. Method of reduction

The aim of this work is to find the travelling wave solution (T@{}he initial p.d.e., that
depends only upon the phase variable- £Vt and describes the wave propagation
along the x-axis in tim¢ and velocityV. The process used can be resumed in two
principal steps. In the first we reduce the Euler-Lagrangeggns to one or two p.d.e.
equations each depending only on one field variable. To dowhichoose a suitable
form of the potential energy W, we calculate the Euler-Lageequations (two for
the one-dimensional case and four for the two-dimensioaséxand then we reduce
this system to the wanted partial differential equatiomgshe method of the “slaving
principle”, (for a general treatment of this principle, sk instance, [4]).

The second step requirs to distinguish the one- from thedim@nsional case.
For the one-dimensional case we introduce the phase vadablx + Vt, where V is

*This work was supported by the Italian M.U.R.S.T. researciegt “Modelli matematici per la scienza
dei materiali” (Cofin 2002).
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the wave’s velocity. We consider the vector
r=r(x,t) =u(x,t)i
for the macrostructure and the vector
d=d(x,t) = g(x,t)i

for the microstructure. So we transform the function u(igtla function u(z) that
depends only on the variable z:

ux,t) =u(

For the two-dimensional case, the procedure is a bit mofiedif To simplify it, we
suppose that the components of vectoasd of vectod depend only on one direction,
such that we have:

rX, ¥, t) = ux, i + v(y, )j
and

d(X, ¥, ) = o(X, )i + x (v, V)j.
Hence two phase variablesandz’

z=x=+Vt, Z=y+£Vt
and two new functions(z) andv(Z') are introduced:
ux,t) =u@@, v(y,t) =v(2)

Thereafter, we reduce the starting partial diferentiakgign to an ordinary differential
equation using the funtiom(z) for the one-dimensional case am@) andv(Z) for the
two-dimensional case. Then we reduce this ordinary diffégaéequation to a second
order Lie equation, we pass to an Abel equation, a first orgeaton, and, last step,
we reduce, if possible, the Abel equation to the Weierstegsstion and we integrate
it to find the solution called “soliton”.

3. One-dimensional case

We consider now an example of model in one dimension. We dihlthe vectorr
andd defined above and we choose the following form for the kinetiergyK and for
the strain energyV:

K:%[pﬂz—i-lq')z]

1 1 1 1 1
W = Eozuﬁ + 6,8u§ — Apuy + §B<p2 + E(:<p§ + ngof

With the above mentioned formulas, the Euler-Lagrange tampswhich in general
read
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ow oW
pUtt = -
X

dUy ou
| <8W) AW
o=\ ———
8‘Px X a(p

become

pUtt = alxx + BUxUxx — Apx
(1)
lprt = CoxX+ Doxpxx + Aux — B

To reduce this system to one partial differential equatiepeshding only on the
funtion u, we introduce the dimensionless form of the variahlex, t and two new

parameters:
u X c.t \?2 U
U= — X==, T="25=(—) . e=(=2
Uo L L L L

wherelL is the wave’s length, is the size of the microstructure. We suppose
also thatl , C and D verify the following equalities

| =pl?l*, C=1%C*, D=1°D*

Now we use the slaving principle. It means that determined in terms dfix
using a power expansion: = ¢o + 8¢1 + 8%¢2 + .... The dimensionless form for
equation (1) yiels this expression fap:

8

A . . D*
(2 ¢ = EEUX + B Cloxx —al o + T¢x§0xx

We evaluatepg ande1 in terms ofU and its partial derivatives obtaining:

A A D* Ae
Yo = GEUX 1= 6@ <C*Uxxx —al"Uyrr + Tuxxuxxx>
Inserting them into the governing equationyiits dimensionless form, we get finally
the single differential equation fdu:

Be [ 2 A2 S A?
Urr = Uy + o (UX)X - Euxx - EC*UXXXX‘F
3A? D* Ae
+ o B2 |:aI*UXXTT T BL (Uxxexx)x]
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To apply the second step in a simple way we supfddse 0 in the previous
model. In this case the microstrutured part of the straimggndepends only o and
@2, andW is written as

1 2 1 3 1 2 1 2
W = Eaux + E'BUX — Apuy + EB(p + EC(pX

Let us introduce three positive dimensionless parameters:

e ¢ :=V << 1 accounting for the elastic strain;
2

o §:= 2 << 1 characterizing the ratio between the microstructure aimkthe

wave lenght;
d - . o
oy = T characterizing the influence of the dissipation.

We assume the dissipation is weak and we introduce the anwti = ux. Then the
governing nonlinear p.d.e. for the macrostra{®, t) is:

2
Vit — Vxx — €@1(V)xx — Y 02Vxxt + 8 (@3Vxxxx— 4Vxxtt) + ¥ 8 (05 Vxxxxt+ e Vxxttt) = 0

whereasy, ..., ag are given in [2]. Where = O(8) nonlinearity and dispersion are in
balance. If in additiory = 0 we have the non-dissipative case governed by the double
dispersive equation:

2
Ve = Vex — € |:O[1(V )xx — O3Vyxx + a4v><xtt] =0

. . A
Using the function(z) = v(x, t) and the boundary condltlonasz—ll: — 0 for|z] — oo,

k =0, 1, 2, 3 we obtain the Abel equation:
/ (V2 -1 3 €01 2.3

vV = >— VU Vv
eaz — eVéay

ez — eV,
and the Weierstrass equation.

V-1 2¢ay 8

N2 v
W) = 5V — ——
caz — eVéuy caz —eVéay 3

The exact bell-shaped travelling solitary wave solutioises as a result of balance
between nonlinear and dispersive terms and it is given by:

3(VZ -1 |eas — eV2ay
v(2) = TalseCﬁ 2 W(Z_ C)



Nonlinear waves in plane Cosserat solids 245

4. 2D-case

Now we try to do the same thing for a two-dimensional modethis case, we suppose
that the vectors andd are written in this form

r=r(x,y,t) =u(x,t)i+v(y,t)j

d=d(x, y,t) =X, i+ x(y, )

We can see that in this casendy depend only on the directidrandv and y depend
on the directiorj. We choose the strain energy in termaugf vy, ¢, x, ¢x, xy as
follows:

1 1 1 1 1 1 1 1
W= EAU§+§BU§+§C¢2+EDX2+§E¢J§+EF)(3+§GU)2(¢+§HU§X

Then the Euler-Lagrange equations become:

pUtt = Alxx + Guyxe + Guxpy

pvtt = Boyy + Hoyyx + Huyxy

3) 1
loit = Egxx — Co — EGUE

1
I xtt = Fxyy — Dx —EHv§

To obtain two partial differential equations, each one delreg only on one field vari-
able, we couple equation 3o (33 and equation (3)to (3.

As in the one-dimensional case, we introduce the dimersssnariables and
parameters

2
U:i,V=1, Zi’Y=X7T=CLt7 — I_ e = @
Uo Vo L L L L L

and we also suppose thigtE andF verify the following equalities:

| = pl?l*, E=I°E*, F =I°F*

Now we must determine in terms ofUy and x in terms ofVy. We expand them in
powers of§ and we use the slaving principle in the same way as in the Ha:cd/e
get (from egs. (3)):
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G
Urr = Uy + —+ (Uxx¢ + wax)

A

¢ = _Gg_(e;zUx2 + %(E*(pxx — Al%¢rq)
Vyr = Vyy + % (Ve + Vo xy)

X = _';_EZVYZJr %(F*xw = BI"Xrr)

We proceed as in the one-dimensional case, and finally we ficmuple of partial
differential equation depending on the functibhand V. In conclusion we have
trasformed the starting system of four Euler-Lagrange tous in the functionsu,
v, @, x in this system of two equations in the functiddsandV::

22
€e“G” (1
Urt =Uxx — {

1)
AC §U>%U><>< + Euxx [E* (Uxex)X —Al” (UXUXT)T]
)

~UZ + 2Us [E* (UxUs), — AI” (UXUXT)XT]}

VT =Wy —

€2H? (1 8
=5 {EVYZUW + 5 Vey [F* (VW Vi), = BI* (Y Vor), |

)

2

V2, + 5% [F* (VyVyy),, — BI® (VYVYT)YT]}

Now we consider another two-dimensional model. The veat@asdd are the

same as in the previous case while the strain eng/gg slightly different: we add
cubic terms for the derivatives of v, ¢, x:

1 1 1
W =S AUZ +0)) + 5B + 4 + 5C5 + 1)
1 1 1
+§ D(uigo + v)z,x) + éE(ui + vg) + éF(go)::’ + X?)

So, we obtain the Lagrange equations in this forms:

pUtt = Alxx + Duxxep + Duxey + EuxUxx

pvit = Avyy + Doyyx + Doy xy + Evyvyy
4)

1
lott = Coxx + Foxoxx — Bo — EDui

1
I xtt = Cxyy+ Fxyxyy— Bx — EDU5
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The procedure is the same as in the previous case, and so, italdhe passages. We
can prove that, from equations {4gnd (4} we obtain the following system

Urr = Uy + TI?\ (Uxx‘p + wax) + %Uxuxx
2 *
0= =35U7 +§ (Conx— Al%vrr + Tono)
and from equation (4)and (4), the system
Vir =Vyy + % (VYYX + VYXY) + %VYVYY

2 5
x =G5 V7 b (Crr = Alrr + Eavxe)

Now we writeg and x in terms ofU andV using the slaving principle. Our finally
result is the reduction of the starting system (4) to thigesys

3D2¢2 2 §D2%e? 2 2 2
Usr =Uyy (kmux T TARZ {C*[ Uxx (UXT + (UXT)X)+(UXUXTT)X]

AB2
—Al” [ Uyx (Ux +Uxp)r + Uy (Uyy + UXXT)T]

De?F* €E
_T [ Uxex(Zufxufuxxxx) + Uxxx(Ufuxx)x]} +

KUXUXX

3D22 2) §D2¢2 {C*[ Voy (VYZT + (V\(ZT)Y)+(V3UYTT)Y]

VTT:VYY<1_ 2AB ¥ | AR
_Al * [ VYY(VY + VYT)T + VY (VYY + VYYT)T]

cE

De2F* 3.3 3
- [VYVYY(ZV V, VYYYY)+VYYY(VYVYY)Y] +_VYVYY

BL

YY 'Y A

5. Conclusions

At this stage we have obtained the Abel equation, followlmg nethod presented by
Samsonov [7], only for a one-dimensional model. The pouwgosfuture researches
is to extend this work also to a two-dimensional model. Iripatar we want to reduce,
if it is possible, the four Euler-Lagrange equations of a-tlumensional model, to a
system of two Abel equations. Thereafter, our aim is to obassoliton solution.
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