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NONLINEAR WAVES IN PLANE COSSERAT SOLIDS

Abstract. As it is well known, the propagation of nonlinear strain waves may be governed
by a nonlinear dispersive-dissipative equation. In this work we study models in one or two
dimensions. The final purpose is to apply the analytic technique developed by Samsonov [7]
to dynamic equations arising in the theory of microstructuredsolids. To do this we search to
reduce the 2 or 4 Euler-Lagrange equations of the model to 1 or 2p.d.e. each depending only
on one field variable.

1. Introduction

Nonlinear wave dynamics in dissipative solids has been discussed in two recent books
by A. Porubov [6] and A. Samsonov [7], with the same goal of obtaining and exploiting
physically and mathematically meaningful results relatedto the propagation of solitary
waves mostly in complex wave guides. In particular in [7] it is presented a method
of reduction of the dynamic p.d.e. to a second order Lie equation, hence to the Abel
equation, but only for the 1D-case.

Now, we want to apply the same passages even for the 2D-case. This is possible
if, after, we have reduced the 4 Lagrange equations to a couple of partial differential
equations each depending only on one field variable. This reduction is the main purpose
of this work, and it is used in one-dimensional or bi-dimensional models.

We want to remark that in our model the non linearity is due to astrain en-
ergy density which depends on the deformation variables, both macro and micro, the
dissipation is introduced trough a linear combination of strain velocities.

2. Method of reduction

The aim of this work is to find the travelling wave solution (TW)of the initial p.d.e., that
depends only upon the phase variablez = ±V t and describes the wave propagation
along the x-axis in timet and velocityV . The process used can be resumed in two
principal steps. In the first we reduce the Euler-Lagrange equations to one or two p.d.e.
equations each depending only on one field variable. To do this we choose a suitable
form of the potential energy W, we calculate the Euler-Lagrange equations (two for
the one-dimensional case and four for the two-dimensional case) and then we reduce
this system to the wanted partial differential equation using the method of the “slaving
principle”, (for a general treatment of this principle, see, for instance, [4]).

The second step requirs to distinguish the one- from the two-dimensional case.
For the one-dimensional case we introduce the phase variable z = x + V t, where V is
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the wave’s velocity. We consider the vector

r = r(x, t) = u(x, t)i

for the macrostructure and the vector

d = d(x, t) = ϕ(x, t)i

for the microstructure. So we transform the function u(x,t)in a function u(z) that
depends only on the variable z:

u(x, t) = u(z)

For the two-dimensional case, the procedure is a bit more difficult. To simplify it, we
suppose that the components of vectorsr and of vectord depend only on one direction,
such that we have:

r(x, y, t) = u(x, t)i + v(y, t)j

and
d(x, y, t) = ϕ(x, t)i + χ(y, t)j .

Hence two phase variablesz andz′

z = x ± V t, z′ = y ± V ′t

and two new functionsu(z) andv(z′) are introduced:

u(x, t) = u(z), v(y, t) = v(z′)

Thereafter, we reduce the starting partial diferential equation to an ordinary differential
equation using the funtionu(z) for the one-dimensional case andu(z) andv(z′) for the
two-dimensional case. Then we reduce this ordinary differential equation to a second
order Lie equation, we pass to an Abel equation, a first order equation, and, last step,
we reduce, if possible, the Abel equation to the Weierstrassequation and we integrate
it to find the solution called “soliton”.

3. One-dimensional case

We consider now an example of model in one dimension. We deal with the vectorr
andd defined above and we choose the following form for the kineticenergyK and for
the strain energyW:

K = 1

2

[

ρu̇2 + I ϕ̇2
]

W = 1

2
αu2

x + 1

6
βu3

x − Aϕux + 1

2
Bϕ2 + 1

2
Cϕ2

x + 1

6
Dϕ3

x

With the above mentioned formulas, the Euler-Lagrange equations which in general
read
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





















ρut t =
(

∂W

∂ux

)

x
− ∂W

∂u

I ϕt t =
(

∂W

∂ϕx

)

x
− ∂W

∂ϕ

become

(1)







ρut t = αuxx + βuxuxx − Aϕx

I ϕt t = Cϕxx + Dϕxϕxx + Aux − Bϕ

To reduce this system to one partial differential equation depending only on the
funtion u, we introduce the dimensionless form of the variablesu, x, t and two new
parameters:

U = u

U0
, X = x

L
, T = c0t

L
, δ =

(

l

L

)2

, ǫ =
(

U0

L

)

whereL is the wave’s length,l is the size of the microstructure. We suppose
also thatI , C andD verify the following equalities

I = ρl 2I ∗, C = l 2C∗, D = l 2D∗

Now we use the slaving principle. It means thatϕ is determined in terms ofUx

using a power expansion:ϕ = ϕ0 + δϕ1 + δ2ϕ2 + .... The dimensionless form for
equation (1)2 yiels this expression forϕ:

(2) ϕ = ǫ
A

B
UX + δ

B

(

C∗ϕX X − α I ∗ϕT T + D∗

L
ϕXϕX X

)

We evaluateϕ0 andϕ1 in terms ofU and its partial derivatives obtaining:

ϕ0 = ǫ
A

B
UX ϕ1 = ǫ

A

B2

(

C∗UX X X − α I ∗UXT T + D∗ Aǫ

BL
UX XUX X X

)

Inserting them into the governing equation (1)2 in its dimensionless form, we get finally
the single differential equation forU :

UT T = UX X + βǫ

α

(

U
2

X

)

X
− A2

αB
UX X − δA2

αB2
C∗UX X X X+

+ δA2

αB2

[

α I ∗UX XT T − D∗ Aǫ

BL

(

UX XUX X X

)

X

]
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To apply the second step in a simple way we supposeD = 0 in the previous
model. In this case the microstrutured part of the strain energy depends only onϕ and
ϕ2

x, andW is written as

W = 1

2
αu2

x + 1

6
βu3

x − Aϕux + 1

2
Bϕ2 + 1

2
Cϕ2

x

Let us introduce three positive dimensionless parameters:

• ǫ := V << 1 accounting for the elastic strain;

• δ := l 2

L2
<< 1 characterizing the ratio between the microstructure sizeand the

wave lenght;

• γ := d

l
characterizing the influence of the dissipation.

We assume the dissipation is weak and we introduce the functionsν = ux. Then the
governing nonlinear p.d.e. for the macrostrainν(x, t) is:

νt t −νxx−ǫα1(ν
2)xx−γα2νxxt+δ(α3νxxxx−α4νxxtt)+γ δ(α5νxxxxt+α6νxxttt) = 0

whereα1, ..., α6 are given in [2]. Whenǫ = O(δ) nonlinearity and dispersion are in
balance. If in additionγ = 0 we have the non-dissipative case governed by the double
dispersive equation:

νt t − νxx − ǫ
[

α1(ν
2)xx − α3νxxxx + α4νxxtt

]

= 0

Using the functionν(z) = ν(x, t) and the boundary conditions
∂kν

∂zk
→ 0 for |z| → ∞,

k = 0,1,2,3 we obtain the Abel equation:

v′ = (V2 − 1)

ǫα3 − ǫV2α4
νv3 − ǫα1

ǫα3 − ǫV2α4
ν2v3

and the Weierstrass equation.

(ν′)2 = (V2 − 1)

ǫα3 − ǫV2α4
ν2 − 2ǫα1

ǫα3 − ǫV2α4

ν3

3

The exact bell-shaped travelling solitary wave solution arises as a result of balance
between nonlinear and dispersive terms and it is given by:

ν(z) = 3(V2 − 1)

2ǫα1
sech2



2

√

ǫα3 − ǫV2α4

V2 − 1
(z − c)




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4. 2D-case

Now we try to do the same thing for a two-dimensional model. Inthis case, we suppose
that the vectorsr andd are written in this form

r = r(x, y, t) = u(x, t)i + v(y, t)j

d = d(x, y, t) = ϕ(x, t)i + χ(y, t)j

We can see that in this caseu andϕ depend only on the directioni andv andχ depend
on the directionj . We choose the strain energy in terms ofux, vy, ϕ, χ, ϕx, χy as
follows:

W = 1

2
Au2

x + 1

2
Bv2

y + 1

2
Cϕ2 + 1

2
Dχ2 + 1

2
Eϕ2

x + 1

2
Fχ2

y + 1

2
Gu2

xϕ + 1

2
Hv2

yχ

Then the Euler-Lagrange equations become:

(3)



















































ρut t = Auxx + Guxxϕ + Guxϕx

ρvt t = Bvyy + Hvyyχ + Hvyχy

I ϕt t = Eϕxx − Cϕ − 1

2
Gu2

x

I χt t = Fχyy − Dχ − 1

2
Hv2

y

To obtain two partial differential equations, each one depending only on one field vari-
able, we couple equation (3)1 to (3)3 and equation (3)2 to (3)4.

As in the one-dimensional case, we introduce the dimensionless variables and
parameters

U = u

U0
, V = v

V0
, X = x

L
, Y = y

L
, T = c0t

L
, δ =

(

l

L

)2

, ǫ =
(

U0

L

)

and we also suppose thatI , E andF verify the following equalities:

I = ρl 2I ∗, E = l 2E∗, F = l 2F∗

Now we must determineϕ in terms ofUx andχ in terms ofVy. We expand them in
powers ofδ and we use the slaving principle in the same way as in the 1D-case. We
get (from eqs. (3)):
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

















UT T = UX X + G

A

(

UX Xϕ + UXϕX

)

ϕ = −Gǫ2

2C
U2

X
+ δ

C
(E∗ϕX X − AI ∗ϕT T )



















VT T = VY Y + H

B

(

VY Yχ + VYχY

)

χ = − Hǫ2

2D
V2

Y
+ δ

D
(F∗χY Y − BI ∗χT T )

We proceed as in the one-dimensional case, and finally we find acouple of partial
differential equation depending on the functionU and V . In conclusion we have
trasformed the starting system of four Euler-Lagrange equations in the functionsu,
v, ϕ, χ in this system of two equations in the functionsU andV :























































UT T = UX X − ǫ2G2

AC

{

1

2
U2

X
UX X + δ

C
UX X

[

E∗ (UX UX X

)

X
− AI ∗ (UX UXT

)

T

]

−U2
X X

+ δ

C
UX

[

E∗ (UXUX X

)

X X
− AI ∗ (UXUXT

)

XT

]

}

VT T = VY Y − ǫ2H2

BD

{

1

2
V2

Y
UY Y + δ

D
VY Y

[

F∗ (VY VY Y

)

Y
− BI ∗ (VY VY T

)

T

]

−V2
Y Y

+ δ

D
VY

[

F∗ (VY VY Y

)

Y Y
− BI ∗ (VY VY T

)

Y T

]

}

Now we consider another two-dimensional model. The vectorsu andd are the
same as in the previous case while the strain energyW is slightly different: we add
cubic terms for the derivatives ofu, v, ϕ, χ :

W =1

2
A(u2

x + v2
y)+ 1

2
B(ϕ2 + χ2)+ 1

2
C(ϕ2

x + χ2
y)

+1

2
D(u2

xϕ + v2
yχ)+ 1

6
E(u3

x + v3
y)+ 1

6
F(ϕ3

x + χ3
y)

So, we obtain the Lagrange equations in this forms:

(4)



















































ρut t = Auxx + Duxxϕ + Duxϕx + Euxuxx

ρvt t = Avyy + Dvyyχ + Dvyχy + Evyvyy

I ϕt t = Cϕxx + Fϕxϕxx − Bϕ − 1

2
Du2

x

I χt t = Cχyy + Fχyχyy − Bχ − 1

2
Dv2

y
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The procedure is the same as in the previous case, and so, we omit all the passages. We
can prove that, from equations (4)1 and (4)3 we obtain the following system











UT T = UX X + D
A

(

UX Xϕ + UXϕX

)

+ Eǫ
A UXUX X

ϕ = − Dǫ2

2B U2
X

+ δ
B

(

C∗ϕX X − AI ∗ϕT T + F∗
L ϕXϕX X

)

and from equation (4)2 and (4)4 the system











VT T = VY Y + D
A

(

VY Yχ + VYχY

)

+ Eǫ
A VY VY Y

χ = − Dǫ2

2B V2
Y

+ δ
B

(

C∗χY Y − AI ∗χT T + F∗
L χYχY Y

)

Now we writeϕ andχ in terms ofU andV using the slaving principle. Our finally
result is the reduction of the starting system (4) to this system:







































































































































UT T =UX X

(

1− 3D2ǫ2

2AB
U2

X

)

− δD2ǫ2

AB2

{

C∗
[

UX X

(

U2
XT

+ (U2
XT
)

X

)

+(U2
X
UXT T)X

]

−AI ∗
[

UX X(UX + UXT )T + UX (UX X + UX XT)T

]

− Dǫ2F∗

BL

[

UX UX X(2U3
X X

U3
X
UX X X X)+ UX X X(U

3
X
UX X)X

]

}

+ ǫE

A
UX UX X

VT T =VY Y

(

1− 3D2ǫ2

2AB
V2

Y

)

− δD2ǫ2

AB2

{

C∗
[

VY Y

(

V2
Y T

+ (V2
Y T
)

Y

)

+(V2
Y

UY T T)Y

]

−AI ∗
[

VY Y(VY + VY T)T + VY (VY Y + VY Y T)T

]

− Dǫ2F∗

BL

[

VY VY Y(2V3
Y Y

V3
Y

VY Y Y Y)+ VY Y Y(V
3

Y
VY Y)Y

]

}

+ ǫE

A
VY VY Y

5. Conclusions

At this stage we have obtained the Abel equation, following the method presented by
Samsonov [7], only for a one-dimensional model. The pourpose for future researches
is to extend this work also to a two-dimensional model. In particular we want to reduce,
if it is possible, the four Euler-Lagrange equations of a two-dimensional model, to a
system of two Abel equations. Thereafter, our aim is to obtain a soliton solution.
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