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FINE CROSS-SLIP OF A SCREW DISLOCATION IN
ANTI-PLANE SHEAR

Abstract. In this work we present the main results of Armano and Cermélli¢garding
the motion of a screw dislocation in a crystalline solid. Iwisll known that dislocations
can only move along a finite number of crystallographic dimewdi in two dimensions, the
resulting trajectories are piecewise rectilinear patheweter, in special situations such as
near an attractor, dislocations are forced to move alongecupaths: we characterize this
class of motions as fine mixtures of crystallographic motioasiaithe notion of generalized
curves due to L. C. Young, and explicitly compute the parametrimeasure associated to a
sequence of polygonals.

1. Introduction

We present here the results of Armano and Cermelli [1], afed te that paper for the
proofs of the main theorems and numerical simulations.

We study the motion of a rectilinear screw dislocation in iéndyical crystalline
elastic body, in the framework developed by Cermelli andti@(]. Peculiar to crys-
talline materials is the fact that dislocations are resddo move along special planes,
the so-called glide or slip planes.

In elastic materials, a state of stress induces a force oslacdtion, the so-
called Peach-Khler force (cf. [6], [3] and [2]), and the defect moves pkalaio the
direction on which the projection of this force is maximalgxmum dissipation cri-
terion). Now, the motion of a straight dislocation can becdbégd in terms of the
intersection point of the dislocation line with an horizainplane. The motion of the
representative point can be viewed in turn as the solutienméne dynamical system,
obtained by projecting the PeactoKler force on the crystallographic directions. Since
the number of such directions in a crystal is finite, it folkthat the trajectories are
piecewise rectilinear paths.

The general properties of this dynamical system have begtest in [2]: we
focus here on a special situation, namely the motion neana& &which is an attractor.
The dislocation is attracted b§: when it reaches it, it cannot escape (since it would
violate the maximum dissipation criterion), but it cannaiva alongs either, since it
would, in general, violate the crystallographic restdntion the direction of motion.
Hence, it seems natural to approximate the motion of thectlefeS by a sequence of
polygonals, which are piecewise parallel to the crystaipgic directions but do not
necessarily satisfy the maximum dissipation criterionllgiraes.

The main result of [1] is the proof that, if such a sequence iBaximizing
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sequence for the dissipation, it converges to a unique $nmotion onS, which we
refer to adine cross slip.

To study the limits of maximizing sequences we use the naifageneralized
curves due to L.C. Young, in their formulation known as pagtiimed (or Young) mea-
sures in the literature on the calculus of variations. Yooreasures provide a richer
characterization of finely oscillating sequences tharr theak limits: we compute the
Young measure associated to sequences of polygonals nzéngrtine dissipation, and
characterize fine cross slip as a fine mixture of crystallpigiarectilinear motions,
with weights depending on the direction of the attra&or

2. Statement of the problem

We shortly summarize in this section the model discusse@]in Consider an elas-
tic cylinder B = © x R, with © a domain inR2. A screw Volterra dislocations a
singular displacement field dB which can be constructed by the following ideal pro-
cedure [8]: first cut the cylindeB along a vertical half-planél, then translate one of
the faces along the cut by a constant vertical vebtaglue back the faces alorg,
and let the cylinder relax to an elastic equilibrium statig@Fe 2). The resulting dis-
placement field, measured with respect to the initial comdiion, is smooth irB \ IT,
but is discontinuous acro$s with constant jumpb. The vertical linedIT is called the
dislocation line andb is theBurgers vector In order to avoid dealing with discontin-
uous displacement fields, it can be shown that a screw disdooean be characterized
equivalently in terms of a deformation field @&\ aI1, singular abIl. In simple cases,
the deformation field generated by a dislocation is independf the vertical coordi-
nate, and the problem admits a two-dimensional formulaticerms of planar fields
on €2, which are singular at = 91T N Q (cf. [2]).

Figure 1: A screw Volterra dislocation in the cylind@rx R.

Precisely, le€2 be a domain irR?, with cartesian coordinatex, y) and asso-
ciated basige;, &), and letx denote a generic point if2.

*Fine cross slip of screw dislocations has indeed been erpatally observed (cf., e.g., [5] and [4]).
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Fix a defect positiorz € Q and consider the solution : @ — R of the
Neumann problem

Au=0 in Q
1) ou

— =—Qp-Nn onog2,

an Jgo-N+o0
with A the Laplace operatofi/on the normal time-derivative of<2, n the outward
unit normal tod2 and

2 Jo = 9o(X, 2) = e x (X — 2),

2w |x — 7|2
whereb is a real constants = e; x e is a unit vector inR3 orthogonal to the plane
containingQ (so thatez x (-) represents a counterclockwisg2-rotation in theQ2-
plane), antbp = op(X) is an assigned function o#2. The fieldu represents the
regular part of the displacement due to the dislocation athile g is related to the
singular part of the deformation.

For each fixedz € 2, the Neumann problem (1) has a unique smooth solution
(modulo an additive constant), which we henceforth dengte b

3) u=u(x, 2, X € Q.
Consider now the smooth vector fielddh
(4) J(X) = bVu(x, X) x e3, X € Q,

whereVu(x, X) = VxU(X, 2)|,—y IS the gradient of the solution(x, z) of (1), for a
dislocation located at = x. The vector fieldJ (x) only depends on the domain
and the boundary conditiorg, and may be identified to the Peaclitider force on a
dislocation located at € Q.

Let nowt denote time andlO, T] be the time interval of interest. In order to
study the behavior of a defect under the action of the forgec@hsider a dislocation
motion

z:[0,T] — Q.

Introducing the (finite) set afrystallographic directions

CZ{SL’SH},

with s fixed unit vectors irR2, the basic physical idea is that a dislocation can only
move parallel to a crystallographic directisre C on which the projection of the force

J - sis maximal, provided this is greater than a given thresHqlthe so-called Peierls
force (Figure 2). Therefore, we write the basic equationegowg the motion of a
dislocation as

5) 7=V (2, zeQ,
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where the superposed dot denotes time-derivative, andewthervector field/ is de-
fined by

o if JX)-s<F VseC(,

whereM > 0 andF > 0O are given constants, aradx) € C is determined by the
maximum dissipation criterigni.e., the requirement that the projection &fx) on
e(x) be maximal, i.e.,

(7) J(X) - e(x) = o« CmJa;<>F{J(X) - s}

It may happen that at some poixtthe maximization problem (7) admits two
solutions: at such points the fiedgx), and by consequence al¥dx), is multi-valued.
Indeed,J - s can have at most two maximadhfor J given. Assume in fact that there
exist three distinct unit vectors, sp, s3 such thatl - s; = J - sp = J - s3; then the
endpoints of;, s andsz belong to the same straight line perpendiculad fevhich is
impossible since thg are unit vectors.

Sz
T_>s, >

V=M(js-F)s

Figure 2: The definition of the vector fieM.

A detailed analysis of the phase portrait of the dynamicatesy (5) has been
performed in [2], where it is shown th& splits into (i) regions wher&/ (x) = 0,
and the dislocation is stationary; (8)ngle slip regions Rs) (open regions iR?), in
which e(x) = sis constant; and (iii) curveS on whiche(x) is multi-valued. We are
interested here in the motion on a so-cali¢tlacting curve(Figure 3).

Figure 3: Attracting curve separating two single-slip o

The motion of a dislocation, solution of (5), can be desatihe follows: con-
sider, to fix ideas, a dislocation initially & € R(s;): the evolution equation (5)
reduces to
z=V1(2)s1,
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with V1(z2) = M(J(2) - s1 — F). Hence, the dislocation moves along a straight line
parallel tosy, until it reaches some point at the boundanRg§;). If this point belongs
to an attractor, then the solution of (5) cannot be prolorigaalthe adjacent region,
since it would violate the maximum dissipation criteriongiire 3).

Hence, the problem seems to be ill-posed in the presenceatfrantor. In order
to remove the ambiguity, it was suggested in [2] that, whendislocation reaches an
attractors, it continues to move along it according to an evolution égueof the form

(8) z=w(2), with  w(2) = V12(2)(a1(2)81 + 22(2)S2),
whereVia(2) := J(2)-s1— F = J(2) - s2 — F, anday, a2 are determined by solving

(9) a1 top = 1:
@1(s1 — S2) - (VI)s1 +aa(s1 — S) - (VI)s2 = 0.

The resulting smooth motion of the dislocation, referreadfine cross slipis therefore
non-crystallographic, since it does not occur along a etlggiraphic directiors € C.
The purpose of the next section is to show that motion by fiessslip (8) can be
realized as the limit of a sequence of infinitesimal crogssdicross the attracting curve
S, when this sequence maximizes the dissipation.

Remark. Letting

0, if J.-e<F,

(10) V(e,J):={ M(J-e—F), if J.-e>F,

we may rewrite condition (7) as the requirement that motiay mnly occur in those
directionse which maximize thalissipationV (s, J)J - s, i.e.,

(11) V(e,J)J-e:max[\?(s,J)J~s],
seC

provided thatV (e, J) > 0. The equivalence of (7) and (11) follows from the fact that
the functionM (¢ — F)& is monotonic with respect tofor & > F.

3. Convergence of sequences of admissible polygonals

We study here the motion of a dislocation near an attractimges; in order to justify
(8) rigorously. From now on we regard the vector figldx) in (4) as assigned and
smooth in<2.

Letz: [0, T] — Q be a given motion (not necessarily a solution of (5), (7), and
(6)); writing

(12) z(t) = V(t)e(t), te[0, T],
with V = |z| ande = z/|z|, we say that is admissibldf

(i) zis continuous and piecewise smooth;
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(ii) the direction of motione(t) belongs to the set of crystallographic directions, and
the velocity is a function of the projection of the force oatthlirectior, i.e.,

(13) et)eC and V() =V(et), J(zt))),
at each time, with VV given by (10).

An admissible motion does not necessarily satisfy the masindissipation
criterion at all times, but its trajectory is a polygonal védges parallel to the crystal-
lographic directions.

We assume from now on that the set of crystallographic doestis

with s; = e; ands; = e, and consider two adjacent single slip regidds;) and
R(sp), connected open sets §hsuch that R(s1) N R(sp) # @ andR(s)) N2 = 0,
R(s2) N 02 = @. By definition, inR(s1) and R(sp) the dissipation is maximal in the
directionss; ands; respectively, i.e.,

(15) X € R(s1) = S1-J(X) >s-J(X), Vse(C, s# sy,
X € R(s2) = S2-J(X) >s-J(X), Vse(C, s# sp.

Also, we assume that

J(X)-s1>F and J(X)-sp > F, X € R(s1) U R(sp).

3.1. The definition of attracting curve
Let
(16) G(X) == (s — s1) - I (%),
and assume that is such thavG # 0 in Q. By definition,

G(x) <0 for x e R(sp) and G(x) >0 for x e R(sp),
so that, by the smoothness@fand the fact thaV G # 0, the set

S=R(s) NR(s2),

is a smooth curve on whicB vanishes, i.e.,
a7 GX)=0 & $5:-JX)=s-JX) X €S

We say thaSis anattracting curvefor R(s;) andR(sp) if it satisfies the supplementary
conditions

(18) s1-VG(X) > 0, S2 - VG(x) < 0, X € S.

TFor z continuous and piecewise smoo#tis the right time-derivative at corner points.
*HereR denotes the closure of a SRtC Q.



Fine cross-slip in anti-plane shear 255

Hence, at an attracting curve; points into R(sp) and s, points intoR(sy) (Figure
3(c)). We denote by
VG

BT

the tangent vector t8.

No admissible motion satisfying the maximum dissipatiatedon can origi-
nate from an attracting curv®. To see this, consider an admissible motion aleng
with initial point on S: by (18), G is increasing alongi, and the dislocation moves
into the single slip regioR(sz). But in this region the dissipation is maximal in the
directions,, and the maximum dissipation criterion is violated.

Moreover, writing

(19)

{ Vi(%) ==V (s1, (X)) = M(s1- I (x) = F),
V2(x) := V(s2, J()) = M(s2- I(X) = F),

for the admissible velocities in the directiogsands; at x € R(s1) U R(sp), (17)
implies thatV1(x) = Va(x) atx € S, and we denote by

V(X) := V1(X) = Va(X) X €S,

their common value. However, since &the maximum dissipation criterion admits
boths; ands; as solutions, the vector fieM in (6) is multi-valued, with values

V (X)s1 and V(X)sp,

atx € S

3.2. Admissible polygonals

We study here admissible motions which do not necessattigfgghe maximum dis-
sipation criterion. By definition, an admissible motinis a time-parametrized polyg-
onal with sides parallel to the crystallographic directisne C and piecewise continu-
ous speed given by (10). Restricting to admissible moti@esiming inR(s1) U R(sp)
along the directions; ands; only, we have

either 2(t) = Vq(z(t))sy or Z2(t) = Vo(z(t))so,
fort € [0, T], whereVi andV5 are given by (19) and(t) is the right time-derivative
at the corner points of the polygonal.
3.3. Sequences of admissible motions

The natural notion of convergence for sequences of adnfessibtions should account
for the fact that the velocity oscillates between the dicests; and sy, and there-
fore may only converge in average. Weakonvergence itWw1>°((0, T), R?) serves
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the purpose. We say that a sequence of Lipschitz mofiagsconverges weak-in
WL ((0, T), R?) if there exists a motio§ € WL>°((0, T), R?) such thatzx — &

strongly inC([0, T], R?), andz — & in L>®([0, T], R?), i.e.,

sup |z(t) — &) — O,
te0,T]

and
/I<'zk(t> — &) dt — 0,

for any intervall c [0, T], provided{Zz(t)} is bounded in_L>([0, T], R?).

The weak limit of a sequence of admissible motions is charaed by the
Young measure associated to the sequence of the velocitieé®(ng [9] or, for a more
recent approach, [7]). Consider in fact a sequefige : (0, T) — R?} converging
weak= to wg in L>((0, T), R?). A Young measure associated with the sequénge
is a family of probability measureSi }te(o, 1) in R?2 which depends measurably bn
i.e., for anyp : R? — R continuous, the function

(20) G(t) = / o (w)du (w)
RZ

is measurable. The fundamental propertywofs that, for any continuoug, the se-
quence{p(w)} converges (modulo a subsequence) wedk-¢ in L>°((0, T), R?),
ie.,

(21) /Iw(wk(t))dt% /I/szp(w)dw(w)dt,
for any intervall C [0, T], provided thafe(wy)} is bounded inL*° ([0, T], R).

THEOREM1. Consider a sequence of admissible polygomza($) in the direc-
tions s; and sp, converging weak-in W-°°((0, T), R?) as k — —+oo to a Lipschitz
motion& € WL((0, T), R?). Then the Young measure associated to the sequence
{2z} is
(22) vt = A1(t) Svyectyys; + A2(t) Svye sy te(T),

With v, e (t))s;, and dv,e(t))s, Dirac measures localized at;¥(t))sy and Va(§(1))s2
respectively, and

EM) st HORE
23 r) = , Ao(t) = )
@3) O=ven 0= Vem)
Notice that, since the velocity of the limit motion is
(24) (1) = 2 (DVLE®)SL+ A2 Va(E (1),

it follows that the weak limit of a sequence of admissible iomd is not necessarily
admissible, but can be represented as a fine mixture of dogt@phic motions in the
admissible directions; ands;.
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COROLLARY 1. Let S be an attracting curve separating two single slip ragio
R(s1) and R(sp): any sequence of admissible polygonalét) with directionss; and
Sy such that

(25) dist(z(t), S) — 0,

uniformly int e [0, T] as k— +oo, converges weak-in W->((0, T), R?) (and, in
particular, uniformly) to a smooth motidf(t) on S with velocity

: VE®)
26 1) = T(&(1)),
(26) 0= 50 e TED
with 7 the unit tangent vector to S and(¥) := V1(X) = V2(x) the speed evaluated at
x € S (cf. (19)). Moreover, the Young measure associated tceteesice z} is

(27) v = A1(E(1) Svietys, + 226 (1) Svetys,
with
(28) J) = — )3 ha(x) = — )%

T TX) (1t S) T TX) (1t S)]

fora.e.x € S.

Notice that, even though each admissible motigt) does not necessarily sat-
isfy the maximum dissipation criterion for alle [0, T], the sequencek is a max-
imizing sequence for the dissipation, since the limit mofosatisfies the maximum
dissipation criterion (recall, though, that the limit natiis not admissible). To see
this, letJ(X) := J(X) - 51 = J(X) - s andV (x) := Vi(X) = Va(x) for x € S(cf.
(17)): the maximum dissipation (among all admissible matjoatx € Sis (cf. (11)
and (15))

(29) mg,v(\?(s, J(x)) I(X) - 8} = I(X)V (),
Sse

while the dissipation relative to the limit motidtt) is

V(E)
T(¢(1) - (s1+52)

sinceJ = J(s1 + ), and these expressions coincidexat &(t).
Also, it is not difficult to prove that (26) coincides with (8)n fact, solving
system (8) and recalling (16), we obtain

(30)  JEWMm)-EM) = JEM®) - TEM) = VEMD)IED),

oy = (2—s1) (V)5 _ VG- s
(2—51) - (VI — (=51 - (VI)s1 VG-5—-VG-s1’
—(s2—951)-(VI)s1 VG- s

2T sm—s) (VI)m—(2—s)-(Vd)s1 | VG -5%-VG. 5
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with G given by (16). Now, noting tha?G - sp = VG- e3 x S1 = —e3 x VG - 5 =
—|VG|t-s1,andVG - 51 = -VG-e3x S =e3x VG- s = |[VG|T - S, We find
T-9 TS

o= ———, 0=,
T-914+717T-S T-91+7T-S

which yields (26) recalling tha¥;, coincides withV in our present notation.

3.4. Sequences of admissible polygonals maximizing the sligation

In this section we show that every sequence of polygonalsmiaixg the dissipation
converges to the smooth motigron S given by (26).

Forx € @, let Vi (x) andey (x) denote the speed and direction of motion se-
lected by the maximum dissipation criterion (11) among athasible velocity fields,
i.e. such that

(31) Vi 00em (X) - J(x) = max{\?(s, J(x) s- J(x)} ,
seC

whereV is given by (10). Notice that, even thougfy (x) is in general multi-valued
at S, the maximum dissipation (31) is single valued everywh@ansider the function
D : © x R?2 - R defined by

(32) D(x, w) = J(X) - (VmM(X)em(X) — w).

For a given motiorz € W1-2°((0, T), R?) the real functiorD(z(t), z(t)) belongs to
L*°((0, T), R), and measures the difference between the maximum possdsipat
tion and the actual dissipation at each time.

Fix zg € Sand consider the set of admissible curves originating fegm
A = {z: [0,T] > R? : z piecewise smoothz(0) = zg € Sand

either z(t) = Vi(z(t))sy or 2z(t) = Va(z(t))sp, t € [0, T},

wherez denotes the right time-derivative at corner points of thigganals.
By definition

(33) D(z(t), 2(t)) > 0,  Vze A, vt [0, T],

althoughD can be negative for some non admissible motion.
Consider now the functional associatedp

T

T
(34) E(2 =/0 D(z(t), (1)) dt =/O J(z() - (Vm(z)em (z(t) — z(t)) dt,
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defined forz € W1°((0, T), R?). By the discussion following (18), no admissible
motion satisfying the maximum dissipation criterion caigimate fromsS, so thatkE is
strictly positive onA. Indeed, as we shall show in the next section,

(35) Z|en}‘l E(z) =0,

and the infimum is not attained o4.

THEOREM 2. Any sequence of admissible polygon@s} ¢ .A minimizing E
(or, equivalently, maximizing the dissipation), i.e., stitat

(36) lim E(z) =0,
k—+o00

converges weak-in W1 ((0, T), R?) to the smooth motio&(t) on S, whose velocity
is (26).

Theorem 2 is the main result of this paper.
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