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MICROSTRUCTURES AND GRANULAR MEDIA

Abstract. A general model of solids with vectorial microstructures isaduced. The field
equationsare the obtained as Euler-Lagrange equatiorsudbéle energetic functional. The
Cosserat model is encompassed in this model and it can be usteaiyotise behaviour of
granular media. A first approach to this problem deals with@dimensional model, since
in such a case the field equations have a simpler form, theontatithe single grain depends
on one parameter only, the angle of rotation, but the modeilipsysically meaningful. In
order to obtain constitutive equations rigorously dedutenh the principles of Continuum
Mechanics, we must take in account both the interaction mgtains and grain-grain. As
a first step, we deal with linear dissipation, as already domgneral for vector microstruc-
tures, such that we can also study some simpler problems of wagagmstion.
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1. Introduction

A wide class of phenomena can be described by means of nriescasial models of
solids and fluids, where the microstructure can be desclijacector fields over the
body. In principle, there are no restrictions on the numifereator fields, which are
unknown variables of the problem, but there are obviousicgisins due to the possible
physical meaning of each vector field.

The use of the Cosserat continuum theory to describe thevioemaf granular
materials or powders has been proposed in several papetddsénstance, Grekova
[7] and references therein quoted). Basically we refer 4, [iut we follow a different
approach, in the framework of a general theory of microstmes as developed by
Capriz [1], Maugin [8]. In particular we deal with a so-calleector micro- structure,
which includes the Cosserat theory. These theory has glieeen used with some
success by Pastrone and others [2, 3, 4, 10, 11, 12] to study prapagation in one
and three-dimensional microstructured solids.

In Section 2, the three dimensional Cosserat model is inted. A Cosserat
microstructure is defined by a triple vector fidldi }, such thatd; - dj = §;. The
vector fieldsd; = dj (X", t) are often called “directors”, whed¢"'s are the Lagrangian

coordinates of a poinK in a reference configuration of the body which represents

the grain, and is time. The main feature of such a microstructure is itstiota
which is expressed through an angular velocity vector argpatfal” spin tensor. The
basic equations of motion in the three-dimensional caseleriged via a variational
principle. In fact, we assume the existence of a strain grfergction and we take in
account the dissipation by means of the expression of thépgower expended.

*This work was supported by the Italian M.U.R.S.T. researciegt "Modelli matematici per la scienza
dei materiali” (Cofin 2002).
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The case of a plane Cosserat solid is introduced in Sectiwhi8h can be used
to model plane granular media. By this way, the model is muokersimplified since
we restrict our attention to a two-dimensional plane bodhe fotation is fullydescribed
by a scalar functio® = 6(X", t) and the field equations reduce to four differential
equations. Some interesting identities are derived, swethnecan easily compare our
model with

that one introduced by [14] ina general contest and used Jpy(if we do not
neglect thecoupled-stress. On the other side, we provethibastress tensor is not
symmetric (as natural in such models) and its skew symmp#itis related to the
micro body force. Finally, alternative forms of the field etjons are provided.

In Section 4, we make a first step toward the introduction g@irapriate con-
stitutive equations, taking into account the friction am@articles and describing this
phenomenological aspect through a dissipation functionsetexplicit form is sug-
gested by the total power expended in any motion. A simplengle, obtained after
further simplifications on the dissipation function, is yided, but the problem of a
correct constitutive theory for such models is not solvedl iawill be the main subject
of further researches.

2. Vectorial microstructures

The usual approach to microstructure is assumed to be teahtmduced by Mindlin
[9], where the model is the linear theory of elasticity. Widw his basic ideas for the
kinematics, but in the general framework of non linear &#gt both in the macro and
in the micro-structure. We will obtain a model which could bemehow, encompassed
in the model of Capriz, even thought it is not a straightfaxvarocedure.

Let B be the body, as a manifold embedded in a 3-dimensional affiaeesxX
a point of this body in its reference configuratiGf, andx the corresponding point in
the actual configuratio@®. As usual, the displacement is given by the vector function

(2.1) u=x-—X

and, assuming the coordinat¥§ of X as material coordinates, for any motion it will
be:u = u(X", 1), sincex = (X, t), wheref is the deformation functionf(: C* —
C).

The macrostructure is a three-dimensional bBdgnd it can be equivalently be
described by a position vector, from some fixed origin = x—o, r = r(X", t) where
the X"’s are material coordinates anis time. Commas denote partial derivatives with
respect toX" and superposed dots denote partial derivatives with respéme, e.g.:

- or P ar
= axn oot
By microstructure we mean that it is possible to apply a nicope to each
pointx € C and discover a “small world”. As shown elsewhere( [10]), sdgatures
of this "small world” can be captured by a suitable set of sextly = dy (X, t),
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H =1, 2,...,n, which can be called "directors” and represent the micreomotTheir
number depends on the physical aspects we want to desaritiee present case, we
can reduce this number to three or less, hence we shall usarielower case indices
as for coordinatesd; = dj (X, t),i =1, 2, 3.

The kinetic energy density of the body is defined as a quadfatm in the
velocitiest andd;:

(2.2) T= E[p(Xh)f-f+2p'(Xh)f -di + p'ldj - djl.
In Eq. (2.2),p is the usual three dimensional mass dengityandp'l are coefficients
including density and inertia terms, which must satisfydbaditions:

T>0, T=0si=d =0

As it is well-known, it is always possible to diagonalize foem making linear trans-
formations orr andd;, such that

p' =0p" =pl;
the 1'l’s are effective inertia terms of the microstructure.
We assign a strain energy density function

(2.3) W = W(r,i;dj; djn X" + W

whose existence follows from the assumption that the tatalp expende®y is given
by P, = dW/dt and the total energy is given by

2.4) E— / (T — W)p dX2dX2dX3 — / Whp dX1dX2dX3
B B

whereW, is the potential of the external body forces, which depemdsand X" only.
We avoid internal constraints and leave apart the probletheoboundary conditions.
The equations of motion can be derived as the Euler-Lagraqgations of the
; 1 .
energy functionat = fto Edt:

oW oW  doaT

ari); or  dtor
(2.5)

() ow e

8dj,i i 8dj Tdt ad,-

Since the microstructure can have a dissipative effectntveduce dissipation
in the field equations Egs. (2.5). The deformation velosiéiee given by

ar ar,i - ad; . adj i
(2.6) f=—, fj=—1 d = —, di j = —
ot ot ot ot
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The total power expended is the sum of scalar products akkatvi
(2.7) PT=b'f+Zi°'i";,i‘i‘zifi'di‘f‘Zij’?ij'di,jy

The quantitied, o, i, n;; are forces, stresses and generalized (or coupled) stresses

We can split the “conservative” part from the dissipationnbgans of the de-
composition:

dw
(2.8) Pszw—I-PD:E—i—PD
wherePp = 6-r‘+Zi Gi-fi+Yti-di+Y ij -di j, the hat meaning that we deal
with the dissipative part of the stresses, or the so-cakedeaquilibrium stresses. The
dissipation implie?p > 0 for any admissible deformation, hence the non-equilibriu
stresses cannot be arbitrary, but they must satisfy thipizidy.

Finally the stresses can be written in the additive form

W, .«
b = —-Z245b
ar
ow
o = —— +0j
or.,i
(2.9) o W s
i = ad Tj
ow
njp = m + 1jj
and the field equations read
doT
i +b = =
(2.10) it dt or
' et = doT
A dt ad;

which obviously include (2.5). In many cases the body foraesneglected, hence
b = 0 and the microbody force included i vanishes as well, but; # 0, because
the coupling part remains.

3. 3-D Cosserat solids

Let us introduce Cosserat solids as a particular model dbviet microstructure and
obviously it can encompass Cosserat shells and rods as wellosserat models the
microstructure is described by a rigid trigd] }, which is attached to each particle of the
body. It means that one must add to our field equations (263 dhstraint equations:

(3.1) di - dj = §jj.
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Formally we can apply the Lagrange multipliers method toghergy functional
(3.2) 5:/[W+A”(di-dj—Sij)+T]dB
B

and easily derive the equations of motion as a determinedfgedrtial differential
equations

(aw> oW,  daT
i

ar,i or — dt oF
(33) OW N AW daT g
8dj,i i 8dj Toat ij I
di - dj = §jj

Moreover they contain the constraint reactions (nameéyl igrange multipliers) whi-
le the main interest here is to obtain equations of motioa &fereactions, sufficient to
determine the motion.

This goal can be attained following an intrinsic approashpmeans of the an-
gular velocityw such that

(3.4) di = @ x d;
(since we deal with a rigid microstructure), with
(3.5) o=0@,.d.1, qd =g X"

being suitable measures of the rotations in an affine thimestsionalEs (i.e., Euler
angles), and a “spatial spi2 € Lin such that

(3.6) di.h= Sikj Qg]dk
wheres!! is the Levi-Civita symbol, an@ = Q(q', ¢’ ,n , 1).
Henceforth, we can write
W =W(r,i, 2, x"
3.7)
T=T(, w)

whereT is a quadratic form in the variablésandg'.
At this point we have to apply the usual variational techegto the functional

(3.8) £ = / [W(ri, @, X" + T, ©)]dB.
B

The Lagrange equations are (3.8nd

doT
) h ) —
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where
W 92 0T dw h a oW 9 oW 9Q
iW=——=, 0l =_———, dhoj W= = O An i
3% aq dw 3q’ ! XN aq,l — 9XMaQ aq,L
If we introduce SW 9T
Wo=s—, Ty, = —
T YT o
the equations of Cosserat microstructure can be written as
oW A S _doaT
ari); or ~ o dtoor
(3.10) a0 IQ d 9 3
Wo o) —well = —<Tw—_w.)—Tw—Q
aq', N aq' dt aq' aq'

An open problem is to write the (known) explicit expressidmwan terms of theg' and
g' and the explicit expressions of the spin in terms ofdhey' 1, hence to write down
explicit forms of of the strain energy funtions, such that freld equations become
suitable and useful both to obtain analytical results anéjplications.

4. 2-D Cosserat solids and plane granular media

If the body is a 2-D solid and its configuration at any time isoandin contained in
R2, we can choose an orthonormal spatial bdsig, h = 1,2 and a material basis
{gn}, wheregn = r.n, hence writer = x"(XK, t)e, ; the functionsx"(XX, t) have the
meaning of deformation function components.

The director fields can be reduced to one vector field d(X¥,t),d - d = 1,
because one director is sufficient to define the orientati@my particle (grain). In the
spatial basis it isd = cosfe; + sinfey, 8 = (XX, t) being the angle of rotation of
the particle with respect to the fixed basis. Physically, nterpretd as the kinematical
characterization of the grain and it is fully determined bg scalar functios (XK, t).

If we introduce the unit vectar = — sinfde; + cosfey, v - d = 1, the time and spatial
derivatives of the director are given by:

d=wxd=0v, dp=R,xd=0,v,
wherew = 1/2d x d, &, = 1/2d,,, xd. The kinetic energy density becomes
(4.1) T:%[pf-r'—l—ZJf-d—i—léz]
wherep = p(X") is the density in a reference configuratidn= | (X") the inertia

term of the grainJ a coupled inertia term that vanishes if we reddceo a diagonal
form, as always possible. The strain energy density becomes

4.2) W =W(x"k;6;0,;t)
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while it is convenient to split the potential of the body fesan two parts
(4.3) Wh = WM £) 4 WMCro, 1)

such that the total potential energy density is given by

(4.4) W = W + wpacro .y yymicre,

the total energy of the body by
(4.5) E= / (T — W) pdXtdx?
A

whereA is the domain ifR? occupied by the reference configuration.
The field equations now read

W gwMacro _ daT _ en

axh,; N axh Tt ax'h =P
(4.6) ,

W oW oW daT

3.) ; 00 3 dtas

In Eg. (4.6) we used the diagonal form for the kinetic energy
1 i 2

(4.7) T=§[p8ijx x) +164]

The power expended for any motion

-h AW . AW .
X k+—0+ —0,n

AW, W
axh i 20 90,h

4.8 P= X
(4.8) axn T
suggests us how to introduce the macro and micro stresses

AW AW AW
4.9 h_ oh= 2T 22T
(4.9) KT oaxk T T B0 30

and the macro and micro body forces

ath)\/Iacro 5 aWtr)nicro

4.10 B = , b=
(4.10) h =P R P
which we refer to intrinsically a&s, », t, B, b}. Hence the field equations read

pli = Divo + pB

(4.11) { 1§ = Divyp — 7 + pb
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5. The constitutive equations

The system in Eq. (4.6), or alternatively Egs. (4.11), mestbmpleted with proper
constitutive equations, which allow us to describe the biela of some real material.
If we want to model the behaviour of granular media, we must fato account the
friction among grains, which are described kinematicatig dynamically as Cosserat
microstructures. One way to describe this kind of frictisttd make use of the theory
of viscosity or, equally, to introduce some dissipatiorgttmeans we assume a de-
pendence of the constitutive functions on the velocity dbdweation also. Moreover,
from a phenomenological point of view we must consider thatrbtation of a single
grain makes the other neighbouring grains to rotate, nahénsame sense: usually,
because of friction, if a grain rotates clockwise, anothrairgin contact with it rotates
counter-clockwise. This problem has been faced by [7],quaidifferent approach.

The form of the total power expended, where we must take iotount both
the conservative and dissipative parts of the stressessuggest the choice of the
dissipation function. Hence, we assume again that thessiseme “split” in an additive
way, S0 we can write:

~

dw . .
(5.1) Pr = W+PD=E+UD'L+0D-G+‘L’D9

where L is the gradient of the macro velocify,the gradient of the micro velocity. In
Eq. (5.1)op, np, o are the dissipative parts of stress and forces (or, as saikab
the non-equilibrium stresses and forces). They must gdtisfdissipation inequality

(5.2) Po=op-L+5p-G+1pf >0

for any admissible motion.

The simplest meaningful assumption we can use on the digsiga thatop -
L +9p -G =0andrp = D, such thatPp = D6 andD = D(X', t).

Finally, the simpler form of the field equations for a gramydane body, with
friction among grains, is given by

IW
(2, o
L

BXh,i
(5.3)
. [OW W .
=YY Y pgiob
(ae,i )’i 30 T

Obviously, one can imagine more complicated situationsinfstance that the dissipa-
tion is given by non linear relations or by a functional in tledocities of deformation,
but this model, extremely simple, allows us to claim thasihot necessary to neglect
the couple stress, as assumed in [7].

The different equations of motions here obtained allow usttmly problems
of equilibrium, stability, wave propagation. With regamwave propagation, some
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results have been obtained in [2, 3, 4, 5, 10, 11, 12, 13], In&inone-dimensional
solids with scalar microstructure, with non linearity, mhssion and dissipation. The
possibility of propagation of solitary waves has been pdoes well as the possibility
of decay and/or amplification of the amplitude.
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