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LAUDAL TYPE THEOREMS FOR ALGEBRAIC CURVES

Abstract. Laudal’s Lemmastates that if C isan integral curvein P3 of degreed > s?+1
and Z isits general plane sedion, then C is contained in a surfaceof degrees provided that
Z is contained in a aurve of degrees. The am of this paper is to extend Lauda’s Lemma
to possbly reducible aurves proving that, under the unavoidable hypahesis that the Hilbert
function of the generic plane sedion is of deaeasing type, the bounds? + s (not s2 + 1)
holds. Moreover we prove that the boundis sharp providing various examples of reducible
curvesin P of degreed = s? + s. Last we give an exanplewhered = s2 +s— 1, thatisa
d-degree arve satisfying an intermediate bound

1. Introduction

Laudal’s Lemma (see[7]) gives an answer to the lifting problem for curves in P2,
Denating by C a reduced and irreducible aurve in P2 of degree d, the theorem in
Laudal’s original paper states that

if the general plane sedion o C is contained in a aurve of degrees, then
C itself is contained in a surfaceof degrees, provided that d > s + s.

In the last century, this theorem has been the objed of diff erent extensions, generali za-
tions and improvements.

First of all in 1981 (see[5] for details), Gruson and Peskine improved the boundin
Laudal’s Lemmafrom s? 4+ s to s? + 1, by proving the foll owing result:

in projedive 3-space if C isan irreducible dgebraic curve not contained
in any surfaceof degrees and if the general plane sedion o C liesona
curve of degrees, then deg C < s? + 1.

Few yeas later, in papers[16], [17], [18], Strano dightly changed the point of view of
Laudal’s paper andintroduced new techniques. More predsely, while Laudal’s Lemma
concernsthelifting of asinge aurve containingthe general plane sedion Z of a aurveC
inP3, Strano'sresults concern thelifting o all curves containing Z. In redity, he stud-
ied the surjedivity of the restriction map between the cmhamology goups HO 7 ¢ (t)
and HO 77 (t):

6h) 0 : HOJc(t) — HOTz (D).

In particular, Strano proved a theorem, from now on referred to as the Tor-Lemma,
which is drictly related to Laudal type theorems. Such atheorem puts into close mn-
nedion the surjedivity of the restriction map (1) and the presence, in suitable degrees,
of syzygies for the homogeneousided correspondng to the plane sedion Z.
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Laudal’sLemmahas aso been generaizedto PN, N > 4, by different authors (see[9],
(101, [11], [13], [14], [15]).

The fundamental principle behind the research onthe lifti ng theorems is the study of
the Hilbert function and the Castelnuovo function (the first diff erence of the Hilbert
function), and the so-cal ed Uniform Positi on Property (UPP for short) of paintsin P2,
with its consequences on the Hil bert function.

In al the known literature, the study focuses on reduced and irreducible aurves in IP3
(or varietiesin P").

The dm of the present paper is to extend the discusson to passbly reducible aurves.
First of al, we give ashort example in order to show that some assumptions are un-
avoidable. In particular, it isnot possbleto drop the hypahesis onthe Hil bert function
of being o deaeasing type. When nonintegral curves are considered, the plane sec
tion Z does not have the Uniform Position Property necessarily. Therefore Z is not
forced to be contained in a complete intersedion Cl (a1, ap). Nevertheless by using
the deaeasing type property, we ae &leto prove that, if a; and a, are the degrees of
thefirst two minimal generators of the homogeneousided of Z, thend < aj; -ap, under
the only asaumption that the Hilbert functionis of deaeasing type. As a mnsequence
abound onthe degreeof areducible aurvein terms of anonlifting level is shown.
The paper proves that in this case (posshbly reducible aurve), under the hypahesis that
the Hilbert function df the generic plane sedionis of deaeasing type, the boundis the
one proved by Laudal (d < s? + s) andit is sharp. Such aboundcanna be improved:
examples of reducible aurves with d = s? + s are given. Moreover, we give examples
of reducible aurves of degreed = s2 +s — 1.

2. Notation and preliminary results

From now on, we dencte by:

1. P2 the projedive spaceover an algebraicaly closed field k of charaderistic 0;

2. CaaurveinP3, i.e. al-dimensiona locdly C.M, equidimensional, non-degen-
erate dosed subscheme;

3. Z = C N H thegenera plane sedion o C;
4. a(lz) theinitial degreeof Z,i.e.

a(lz) = minft | h%Jz(t) # 0},

Now we list the results that represent essential todsin the foll owing.
First of al, we want to mention the so-cdled Tor-Lemma (see[16], [17] for detail s)
that allows to conred the vanishing o the Tor and the surjedivity of the restriction
map in cohamology. It guarantees the lifting o all the hypersurfaces containing the
general hyperplane sedion o avariety X in P". The ideas and techniques are intro-
duced in [16] andin[17] in the context of curvesin P3.
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REMARK 1. Consider a aurveC inP3, denoteby Z itsgeneral plane sedionand
by 17 the correspondng hanogeneous ided. In this particular case, the Tor-Lemma
(see[16], [17]) impliesthat if the map:

HOJc(s) — HOJz(s)

isnaot surjedive, i.e. there exists a aurve F of degrees in the plane mntaining Z that
does nat lift to a surfacein H%Jc(s), then there exists a syzygy of |7 in degreeless
than or equal to s + 2. Thisinformationwill be useful in order to evaluate the number
of generators of the homogeneousided 17 in degrees ands + 1, (seeCorollary 2 on
page 12in[16]). Theinteger siscdled anon-lifting level.

Ancther fundamental nation in the context of the Lifting Problem for curvesin
IP3 is the so-cdl ed Uniform Position Property of paintsin P2 with its consequences on
the behaviour of the Hilbert and Castelnuovofunctions.

DEFINITION 1. (see[6]) Aset Z c P? is said to have the Uniform Position
Property if for any subset Z' € Z consisting o n’ paints, the Hilbert function o Z’
satisfies the foll owing:

hz (i) = min{n’, hz(i)}.

Definition (1) is equivalent to the foll owing:

DEFINITION 2. Aset of paintsis said to havethe Uniform Position Property if
all subsets of Z having the same cardinality have the same Hil bert functions.

REMARK 2. Denating by Ahz thefirst diff erenceof the Hil bert function dof the
set of paints Z,i.e. Ahz(i) = hz(i) — hz(i — 1), it hdds:

Ahz(i) =i+ 1— Ah°77(i).

When H = {h;} isthe Hilbert function o aset of points Z ¢ P2, itish; < 3
andthere eist integersa; < ap < r such that:

i+1 fori=0,...,a1—1
a1 fori=a;,...,a0—1
Ahz(i)=1 <& fori =ap

nonincresing fori =ap,...,t
0 fori >t

where:
r i +2

2 a1=|nf[|eN|hi<(—;)]

w | o ithe < () -1
inf{i > a;| Ahz(i) <a} otherwise
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(3 r =inf{i e N|hj = hj41}

DEFINITION 3. We say that the Hilbert function hz is of decreasing type if
Ahz(i1)Ahz(ip)foraz <iy <iz <.

REMARK 3. In[8] itis proved that the Hilbert function o points with the UPP
is of deaeasingtype. In general the nwerseisfase. If the Castelnuovofunction o a
set Z of paintsis grictly deaeasing, it isnot awaystruethat Z hasthe UPP. The only
result in this diredion is Theorem 4 in [8]: there exists an irreducible smooth ACM
curve in P2 whose general plane sedion is a set of points Z’ with the same Hil bert
function as the one aorrespondngto Z. So the Castelnuovofunction o Z’ is drictly
deaeaing. By Harris' Uniform Position Lemma (see[6]), we can conclude that the
new set of points Z’ obtained as general plane sedion d this curve has the UPP.

PROPOSITION 1 (see[4] for aproof). Let Z be a set of paints in P2 with the
UPP. Denate by di = h%77(i) — h%7z(i — 1); thenit hods:

1Ld=0if i <a(ly);
2.d=i+1-a(lz)ifa(lz) <i <ay;

ddp>d+2ifa<ic<r.
The equdity hddsin (3) if and ory if 1z has no minimal generators in degree
i+1

4. di=i+1fori>r;

5. > +1-d)=>7g(+1-d)=d

3. A Laudal typetheorem in the case of reducible aurves

First of al, we prove atheorem that all ows us to establish a bound onthe degree of
a aurve C in IP3 in terms of the degrees of the first two curves containing its general
plane sedion.

THEOREM 1. Let C bea locally C.M. and equidimensiond curvein P2 of de-
greed, Z its general plane sedion. Suppae that the Hilbert function o Z is of de-
creasing type. Then:

d<a;-ap,

where a; and g are the degrees of the first two minimal generators of |z.

Proof. We give two different proadfs: the first one is based on dred computation, the
seoond oreis based onatheorem by Maggioni and Ragusa.
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Proof 1: Recdl that (seesedion 2):

i+1 fori =0,...,a1—1

a1 fori =ag,...,ap—1
Ahz(i) = <a fori =ap

grictly deaeasing fori =ap,...,7 —1

0 fori >t

By simple computations:

a;—1 a—1 T
d=320Ahz() < D (+D+ Da + D (a—a)
i=0 i=ay i=ap

=244 <a(@-a)  <@-D+@—2+-+1
<A+ ---+apta@-—a)+@-1+---+1
< al(a:2L+l) +ar(ap —a1) + (a1—21)a1

sa-a

Observe that this computation works also when a; = ap, in which case the deaeasing
startsat a;.

Proof 2: The secmnd podf is based on a theorem proved by Maggioni and
Ragusa ([8], Lemma 3). Inded, if Ahz(i) is of deaeasing type, then hz is aso the
Hilbert function o a set of points Z’ with the UPP, because Z’ is the plane sedion o
an integral curve; therefore Z’ is contained in a complete intersedion Cl (az, ap) and
sod <ap - ap.

O

REMARK 4. Theorem 1 in fac does not concern curvesin P2 but only sets of d
points with Hilbert function of deaeasingtype.

REMARK 5. Thetheoremisnot obviousas, in this case, the two curves of min-
imal degrees containing the generic plane sedion d the aurve C may have a @mmon
fador.

COROLLARY 1. Ifd > aj - ap, then hz isnot of deaeasing type.

EXAMPLE 1. A set Z withd > a3 - ap and Ahz not of deaeasing type. Con
sider a set Z of seven pants lying ona conic consisting o two lines and ona aibic
consisting o one of the two previous lines and a anic (seefigure (1)). In this case
da; - ap and the Hilbert function canna be of deaeasing type.

By simple computation, the Hilbert function o Z is: 1,3,5,6,7 V n > 4and
Ahz:122110-~>
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L1

Lo

Figure 1: conic=L; U Ly, cubic=L,UC.

Observe that the set Z can be redized as general plane sedion o a aurve Y, union o
fivelinesonaplane and o two skew lines away from the plane.

We aenow ableto prove Laudal’sLemmafor nat necessarily irreducible aurves.
In this case we canna improve the boundin the original version df Laudal’s Lemma.
Indedl it is posshle to construct sets of points, general plane sedions of reducible
curves, with Hilbert function of deaeasing type, in which the number of points itself
isexadly s? + s. In the proof we use the T or -Lemma (see[16] or [17]) or, better, its
consequences on syzygies. The difference with the cae of integral curves consists of
the fad that the general plane sedion Z of an integral curve is made of pointsin un-
form position while in our case we can orly prove threefads: d < a; - ap, the syzygy
property and the deaeasing type of the Hilbert function.

THEOREM 2. Let C bealocally C.M. andequidimensiond curvein P2 and Z
its general plane sedion. Assume that the Hilbert function of Z is of deaeasing type.

If sisa nonliftinglevd for C then:
1 ifh077(s)=1,d <s?+s;
2. ifhO72(s) > 2,d < s2

REMARK 6. We observethat d < s? when h%77(s) > 2 was proved by Valen-
zano ([19]) only for integral curves.

Prodf. Itisnat restrictive to suppase that s = ¢(C) isthe minimal nontlifting level:

s=¢(C) =min{t | HOJc(t) - HOJz(t) isnat surjedive).
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In this case we have: h0 77 (s) # Oanda(Z) < s. Let usanalyzetwo possble cases:

1. h%J%(s) = 1.

Inthiscasewe have: a; = a(Z) = s < a(C). Moreover sisanonliftinglevel,
hence the map:

HOJc(s) — HOTz(s)

isnat surjedive andthere existsasyzygy in degree< s+ 2, by the Tor -Lemma.
On the other hand, s is the minimal degree of a generator of the ided 1z and
so it is nat possble to have syzygies in degree < s + 1. Consider the seoond
generator of the homogeneous ided defining Z and denate by ay its degree
Suppae a; = s + 2. In this case the syzygy must have degrees + 2 andis of
the form p2Fs + Gsi2 = 0, where p2 isapadynomial of degree2. The second
generator is multiple of thefirst one andsoitisnaot a "new” generator.

In conclusionay; = s+ 1 (andthe syzygy has degrees + 2).
By applying Theorem 1:

d<a;-ap i.eed=<s(s+1).

2. 977 (s) > 2.
Asbefore:
a1 =a(2) <s.
We have threepaosshiliti es:
(@ If a(Z) = s = ay, consideringthat h 77 (s) > 2, we have & least asecond
generator in degrees, soay = sandd < 2.
(b) If a; < sanday = a;, wehavea, < sandd < s2.
(¢) If a3 < sanda, > s, then every padynomial Fs € H%77(s) must be a
linea combination of generators of lower degrees:

Fs=a1G1+ - +anGn, degGi <s, degai =s—degG;.

But sistheminimal nortliftinglevel, hence Gy, ..., G, dolift andso does
Fs, in contradiction with the fad that at least a nonliftable Fs must exist.
Thereforeay < s. Inthisevent d < s2.

Hence, it dways halds:

andsod < s2.
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Figure 2: no bound

EXAMPLE 2. No boundfor d can exist when Ahz is nat of deaeasing type.
Consider a aurve C c P2 given by the union o a plane aurve of degreed and two
skew lines apart. Denate by Z the general plane sedion o such a aurve: a posshle
configurationis represented in figure (2).

We have:
s=a(Z)=2<a(C)=3
but, onthe other hand, deg(C) = § 4+ 2 and 6 can be chosen as high as we want.
Therefore, it sufficesto consider a aurve of degreed > 4.
Let us observe that the Hil bert function o this st of pointsis nat of deaeasing type.

In fad, by smple computation, the Hilbert function o Z is: 1, 3,5,6,...,= 6 +
2.,¥ n> 0 — 1 Inconclusionthe Castelnuovofunctionis:

t: 012 3 45.. 6-15
Ahzt): 1 2 2 1 1 1 ... 1 0

%
—
anditisnot of deaeasing type.

REMARK 7. The fad that seans to be essentia in order to oktain the bound
s? + 1 onthe degreeof the aurve is that the general plane sedion Z is a set of points
with the UPP. In fag, this property yields two kinds of information:

1. firgt, onthe set Z itself: it is contained in the complete intersedion o the first
two generators of the correspondng hamogeneous ided;

2. semnd onthe Castelnuovofunction: it is grictly deaeasing.

If Property 1 does nat hold, then the UPP is missng and so s? + s replaces s + 1 in
the bound

4. Curvesand setsof pointswithd = £ + s

This ®dionisdedicated to the construction o sets of pointsin P2, which we can think
of as plane sedions of reducible aurvesin P3, such that:
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1. they have not the UPP and they are nat contained in the complete intersedion o
the first two generators of the correspondngided;

2. the Hilbert functionis of deaeasingtype;

3. the number of the paints d, that is the degree of the aurve they derive from, is
exadly s2 +s.

This shows that our boundis dharp.
Consider a aurve X in P2 given by the union o

2s linesonaplane z1,
2s — 2 linesonaplane wo,
2s — 4 linesonaplane x3,

4 linesonaplane 751
two skew lines nat contained in any of the precaling danes.

Obvioudly X isnat contained in any surfaceof degrees. The general plane sedion o
such a aurve isthe following configuration o points:

2s pointsonaline ry,
2s— 2 pantsonaline ro,
2s — 4 pantsonaline rs,

4 pdntsonaline rg_1
two pdnts not contained in any of the precaling lines.

Hence Z is contained in a aurve of degrees, which isanontlifting level.

In this case the Castelnuovofunction is easily computed by using the method intro-
duced in [1] (see Theorem 3.10), [2] (see Theorem 1.2) and [3] (see Lemma 1.3,
Lemma 2.3, Theorem 3.3), described in the following. For ead pant we evaluate
the minimal degreeof a aurve separating the point itself from all the precaling ores.
We begin with the first paint: the degreeof the separator in this case is zero. Then, in
order to separate the second pant (onthe first line) from the precaling ore, we need a
line, so the degreeof the separator is 1. We go on uril we read the last paint in the
first line (if we have 2s paints on the first line, the degree of the separator is exadly
2s —1). Let us consider the seoondline and proceed as before: in order to separate the
first point of the secondline from all the preceading ores, we need aline so the degree
of the separator is 1. We iterate this processuntil we read the last paint in the last line.
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We prefer to introduce the foll owing graphicd visuali zetion:

01 2 3 s—1 s s+1 ... 2s—-3 2—-2 2-1
1 2 3 s—-1 s s+1 ... 2s—3 25-2
2 3 s—1 s s+1 ... 2s—3
3
s—2 s—-1 s s+1
s—1 s
1 2 3 4 ... S s s—-1 s-2 3 2 1

On ead row, we have listed the minimal degreeof a aurve that separates ead of the
point from the precaling ores. The Castelnuovofunction is computed courting hov
many separators appea in eat degree

Of course this method works becaise ead line mntains fewer points then the
preceling ore.

In conclusion, we have nstructed a set of points stisfying:

ed=52+s;

e they do na have the UPP, sincethe Hilbert function of a subset of Z consisting
of threepoints depends onthe choice of the threepaints;

e with Hilbert function o deaeasingtype.

REMARK 8. The &owve examples concern sets of points not contained in
Cl (a1, a).

EXAMPLE 3. There ae sets of points nat in uniform position, with Hilbert
function of deaeaing type andwithd = s? + s — 1, i.e. satisfying an intermediate
bound etween s? 4 1 ands? + s.

For example, consider:

2s—1 pantsonaline rq,
2s — 2 pantsonaline ry,
2s— 4 pantsonaline rs,

4 pdntsonaline rg_1
two pantsonaline rs.



Laudal’s theorem for reducible curves 311

As before, we can compute the Castelnuovofunction:

01 2 3 s—1 s s+1 2s—3 25-2
1 2 3 s—1 s s+1 2s—3 25-2
2 3 s—1 s s+1 2s—3
3
s—2 s—-1 s s+1
s—1 s
1 2 3 4 ... S s s—1 s—2... 3 2

Itis grictly deaeasing.
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