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ON THE NULLI TY OF ISOMETR IC IMMER SIONSFROM

KÄHLER MA NIFOLDS

Abstract. In this article we study isometric immersions from Kähler manifolds into space
formswhich generalizeimmersed Riemann surfaces with parallel mean curvature (cmc iso-
metric immersions). In theKähler settingthe complexified secondfundamental form α splits
according to types. The (1, 1) part of the secondfundamental splitti ng plays the role of the
mean curvature for sufaces and will be called the plurimean curvature. Therefore isomet-
ric immersions with parallel plurimean curvature (ppmc isometric immersions) generalize
in a natural way the cmc immersions. For isometric immersions of Riemann surfaces into
spaceformsit is well known that the tracelesspart of the complexified secondfundamental
form constitutes a holomorphic quadratic differential. In the Kähler approach this differen-
tial corresponds to a operator Q which is the (2, 0) part of α. It turns out that for ppmc
immersions Q is also a holomorphic vector bundle valued quadratic differential. We study
ppmc immersions for which Q has big nullit y index. For immersions with identically zero
plurimean curvature, Dajczer and Rodrigues ([4]) have considered cases with big relative
index of nulity. We remark that in their situation, the nullit y indez of α correponds to the
nullit y index of Q.

1. Introduction

In thiswork westudythegeometry of Kähler submanifoldsof spaceforms. The almost
complex structure J of such a manifold M coupled with the secondfundamental form
α of the immersion giverise to two operatorswhich are crucial ingredients in thestudy
of the intrinsic and extrinsic geometry of M . Indeed the complexified α splits in a
natural way, according to types, giving rise to

α = α(1,1) + α(2,0) + α(0,2)

Maps with α(1,1) = 0 are called pluriharmonic maps. Holomorphic maps be-
tween Kähler manifolds are examples of pluriharmonic maps. Isometric immersions
with α(1,1) = 0 are called plur i min i mal immersions and have been extensively
studied (see, for instance, [4] [3], [5], [6]). When M is a Riemann surfacewe have
α(1,1) = 〈., .〉H , where H = tr ace α is the mean curvature vector field of the im-
mersion. In this case the pluriminimal immersions are precisely the minimal ones. In
general, the immersion is pluriminimal i f and only if its restriction to each holomor-
phic curve of M is a minimal immersion. The operator α(1,1) is naturally called the
plurimean curvatureof the immersion. When the ambient spaceis Rn, it i swell known
that α(1,1) = 0 if and only if H = 0 ([3]), so that the classof pluriminimal immer-
sions and the classof minimal immersions coincide for Kähler manifolds. It is also
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well known ([5]) that the classof pluriminimal immersions into aspaceform Qc, with
sectional curvature c 6= 0, restricts to the classof minimal surfaces into Qc.

In the present paper we are mainly interested in isometric immersions which
have α(1,1) parallel, otherwise named, isometric immersions with parallel plurimini-
mal curvatureoperator (ppmc isometric immersions). They constitute anatural gener-
alizationto higher dimensionsof theisometric immersionsfromRiemannsurfaceswith
parallel mean curvature. In fact ppmc isometric immersions into space-forms display
some special features of the parallel mean curvature surfaces, namely the existenceof
a 1−parameter deformation througha smooth family of ppmc isometric immersions
which, up to a parallel isomorphism, have the same normal bundle ([2]). Just as in the
caseof immersionswith parallel mean curvature, ppmc isometric immersionscan also
be characterized by thepluriharmonicity of itsGaussmap ([7]).

Studyingimmersed surfacesin R3, H. Hopf discovered in 1955that for surfaces
with constant mean curvature (cmc surfaces) the complexification of the tracelesspart
of α isaholomorphic quadratic differential Q. Thisholomorphic quadratic differential
has been an important ingredient in the investigation of geometric properties of cmc
surfaces([16], [12], [13]). Theoperator Q isnothing but the (2, 0) part of the complex
bili near extension of α. A straightforward computation shows that, for ppmc isomet-
ric immersions, Q is again a vector-bundle valued holomorphic quadratic differential.
Isometric immersions with α(2,0) = α(0,2) = 0 are called (2, 0) − geodesi c immer-
sions. Curiously that is a strong condition. Indeed, it can be deduced from Codazzi
equation that (2, 0)− geodesi c immersions into spaceformshaveparallel secondfun-
damental form. Ferus ([10], [9]), Takeuchi ([15]) and Strübing ([14]) classified the
(2, 0)−geodesic immersed immersions into spaceforms. It turns out that they are ex-
trinsically symmetric.

In this article we consider ppmc immersions with big nullit y of α(2,0). In ([4])
Dajczer andRodrigues proved the following result:

THEOREM 1. Let M be a Kähler manifold with complexdimension m andϕ :
M → Rn be a pluriminimal immersion such that, for every x ∈ M, the index of
relativenullit y of α at x is greater or equal than2m − 2. Then Mm = R2n−2 × M1

andϕ = i d × ϕ2, where M1 is a Riemannsurface.

Notice that that for pluriminimal immersions, the index of relative nullit y of
α and the index of relative nullit y of α(2,0) coincide. From now on Mm will denote
a connected complete Kähler manifold with complex dimension m, Sn

c (c > 0) the
n-dimensional euclidean sphere with sectional curvature c and Hn

c the n-dimensional
hyperbolic spacewith constant seccional curvature c (c < 0).

For ppmc immersions weget the following generalization:

THEOREM 2. Let ϕ : Mm → Rn be a ppmc immersion. If the indexof nullit y
of α(2,0) is everywhere greater or equal than2m − 2, one of the following conditions
holds:

1. ϕ is extrinsically symmetric
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2. Mm = Mm−1 × M1 andϕ = ϕ1 × ϕ2 : Mm−1 × M1 → Rn1 × Rn2, where ϕ2
has parallel meancurvature andϕ1 : Mm−1 → Rn1 is extrinsically symmetric.

COROLL ARY 1. Let ϕ : Mm → Sn be a ppmc immersion such that, for every
x ∈ Mm, the indexof nullit y of α(2,0) at x is greater or equal than2m − 2. Then one
of the followingconditions hold:

1. f isextrinsically symmetric

2. Mm = Mm−1 × M1 andϕ = ϕ1 × ϕ2 : Mm−1 × M1 → Sn1
a × Sn2

b (a−1/2 +
b−1/2 = 1), whereϕ2 M1 → Sn2

b hasparallel meancurvatureandϕ1 : Mm−1 →
Sn1

a is extrinsically symmetric.

COROLL ARY 2. Let ϕ : Mm → Hn be a ppmc immersion such that, for every
x ∈ Mm, the indexof nullit y of α(2,0) at x is greater or equal than2m − 2. Then one
of the followingconditions hold:

1. ϕ is extrinsically symmetric

2. Mm = Mm−1×M1 andϕ = ϕ1×ϕ2 : Mm−1×M1 → Sn1
a × Hn2

b (a−1+b−1 =
−1), whereϕ2 M1 → Hn2

b has parallel mean curvature andϕ1 : Mm−1 → Sn1
a

is extrinsically symmetric.

3. Mm = Mm−1×M1 andϕ = ϕ1×ϕ2 : Mm−1×M1 → Hn1
a ×Sn2

b (a−1+b−1 =
−1), whereϕ2 M1 → Sn2

b has parallel mean curvature andϕ1 : Mm−1 → Hn1
a

is extrinsically symmetric.

2. On thenulli ty distr ibution

Let J denote the almost complex structure of Mm andϕ : Mm → Qc be an isometric
immersion into a spaceform with seccional curvature c.. We let C(T M) denote the
spaceof smooth sectionsof T M . WeusethenotationT M andT⊥M for thethetangent
and normal bundlesof ϕ. The complexification of T M , denoted byTC M , decomposes
as

TC M = T ′M + T ′′M

where T ′M and T ′′M are the eigenbundles of J corresponding respectively to the
eigenvalues i and −i of J. The orthogonal projections of TC M onto T ′M and T ′′M
will be represented respectively by π ′ and π ′′. Of course, for any section X of T M ,
wehave X = π ′(X) + π ′′(X).

The complex bili near extension of the second fundamental form α splits in a
natural way according to types, giving rise to

α = α(1,1) + α(2,0) + α(0,2)

Wehave
α(1,1)(X, Y) = α(X′, Y′′) + α(X′′, Y′)
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where Z′ = π ′(Z) and Z′′ = π ′′(Z) for every Z ∈ C(TC M). We can also write
α(1,1)(X, Y) = C(X, Y), whereC(X, Y) = 1

2 {α(X, Y) + α(J X, JY)}
Similarly

α(2,0)(X, Y) = α(X′, Y′) =
1

2
Q(X, Y) − i

1

2
Q(X, JY)

where Q(X, Y) = 1
2 {α(X, Y) − α(J X, JY)}

We will use the same symbol ∇ to represent either the Levi-Civita connection

of T M or the induced connection onϕ−1T N and onT∗M ⊗ ϕ−1T N. The symbol
⊥
∇

will beused to represent either the induced connection on
⊥
T M or on T∗M ⊗

⊥
T M .

Let 1x = {X ∈ Tx M : Q(X, Y) = 0 ∀ Y ∈ Tx M} and1⊥
x be itsorthogonal

complement in Tx M .

1x and1⊥
x are Jx invariant.sinceQ(X, JY) = Q(J X, Y), for any X, Y ∈ Tx M

PROPOSITION 1. On an open set where the dimension of 1 is constant, 1 is a
smooth integrable distributionwhose leaves are totally geodesic in M.

Proof. Let U be an open set wheredim1 isconstant. Noticethat for x ∈ U , X ∈ 1x if
and only if α(X′, Y′) = 0 for every Y ∈ Tx M . It isenoughto prove that if X, Z ∈ 1x,
α(∇Z X′, Y′) = 0, for all Y ∈ Tx M . Indeed using Codazzi equation and the fact
that ϕ is ppmc, α(∇Z X′, Y′) = α(∇Z′ X′, Y′) + α(∇Z′′ X′, Y′) = (∇Z′α)(X′, Y′) =
(∇Y′α)(X′, Z′) = −α(∇Y′ X′, Z′) = 0, since Z′ ∈ 1 ⊗ C.

For the study of this nullit y foliation it is useful to consider the tensor CT :
1⊥ → 1⊥ defined by

CT (X) = −(∇XT)1
⊥
,

where T ∈ 1 and ( )1
⊥

denotes theorthogonal projection onto 1⊥.

PROPOSITION 2. The followingconditions holds

1. CT commutes with J, for all T ∈ 1.

2. Q(CT (Y), Z) = Q(Y, CT (Z)), for T ∈ 1 andY, Z ∈ 1⊥.

Proof. Let Y ∈ C(1⊥). Clearly ∇Y” T ′ ∈ C(1′) and ∇Y′ T ” ∈ C(1” ), for Y ∈
C(T M). Indeed if Z ∈ C(T M), α(∇Y” T ′, Z′) = (∇Y” α)(T ′, Z′) − ∇Y” α(T ′, Z′) −
α(T ′,∇Y” Z′) = (∇T ′α)(Y” , Z′) = 0. One proves analogously that ∇Y′ T ” ∈ C(1” ).

Hence(∇Y′ T ” )1
⊥ = (∇Y” T ′)1

⊥ = 0so that CT (Y′) = −(∇Y′ T)1
⊥ = −(∇Y′ T ′)1

⊥−
(∇Y′ T ” )1

⊥ = −(∇Y′ T ′)1
⊥ ∈ C((1⊥)′) and CT (Y” ) = −(∇Y′′ T ′′)1

⊥ ∈ C((1⊥)′′).
ThusCT (JY) = JCT (Y).

The assertion in 2 isconsequenceof the followingequality

(∇Tα)(Y, Z) = Q(CT (Y), Z)
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since the symmetry of (∇Tα)(Y, Z) implies that Q(CT (Y), Z) = Q(Y, CT (Z)). Let
usnow prove the last equality. From Codazzi equationand theparallelism of α(1,1) we
get

(∇Tα)(Y, Z) = (∇Yα)(T, Z)

= (∇Y′α)(T ′, Z′) + (∇Y′′α)(T ′′, Z′′)

= −α(∇Y′ T ′, Z′) − α(∇Y′′ T ′′, Z′′)

= α(CT ′(Y′), Z′) + α(CT ′′(Y′′), Z′′)

= Q(CT (Y), Z)

since, aswehave seen in theproof of assertion 1, CT ′′(Y′) = CT ′(Y′′) = 0.

When ξ ∈
⊥
Tx M let Aξ denote theWeingarten operator at x associated to α. We

represent by Nx(M) thefirst normal spaceof the immersionat x.

LEMM A 1. Aα(S,T)Y, Aα(S,Y)T ∈ 1⊥ whenever S, T ∈ 1 andY ∈ 1⊥

Proof. Let x ∈ M , dim1x = k andU be an open neighborhood of x, where dim1 is
k. Let M̃ be amaximal integral submanifold of 1 throughx and ϕ̃ = ϕ|M̃ : M̃ → Rp.

The second fundamental form α̃ of ϕ̃ is parallel, since α̃(2,0) = 0; hence N1(1) is
also parallel and we may reduce the codimension of ϕ̃. ϕ̃(M̃) is then contained in a
totally geodesic submanifold of Rp with dimension dim M̃ + dim N1(1). Therefore,
if L ∈ 1, 0 = 〈∇Lα(S, T), Y〉 = −〈Aα(S,T)Y, L〉. One proves analogously that
〈Aα(S,Y)T, L〉 = 0, hence Aα(S,Y)T ∈ 1⊥

LEMM A 2. RM (T, Y)S = Aα(T,Y)Sfor T, S ∈ 1 andY ∈ 1⊥

Proof. Gauss equation and lemma 1 tells that R(S, Y)T ∈ 1⊥ for S, T ∈ 1 and
Y ∈ 1⊥ Using the fact that ϕ is ppmc we get that ∇Y′′ X′ ∈ 1′′ for any X ∈ 1,
Y, W ∈ T M , sinceα(∇Y′′ X′, W′) = 0. This implies that R(S′, Y′′)T ′ ∈ 1′. Then we
get from Gaussequation that, for any Z ∈ 1⊥,

〈RM (T, Y)S, Z〉 = 〈RM (T ′, Y′′)S′′, Z′〉 + 〈RM (T ′′, Y′)S′, Z′′〉
= 〈α(T ′, S′′), α(Y′′, Z′)〉 + 〈α(T ′′, S′), α(Y′′, Z′′)〉
= 〈α(T ′, Y′′), α(S′′, Z′)〉 + 〈α(T ′′, Y′), α(S′, Z′′)〉
= 〈α(T, Y), α(S, Z)〉

since
0 = 〈R(S′′, Y′)T ′′, Z′〉 = 〈α(Y′, T ′′), α(Z′, S′′)〉.

PROPOSITION 3. The followingequality holds:

(1) (∇SCT )(Y) = CTCSY + C∇ST Y + RM (S, Y)T

where S, T ∈ 1 andY ∈ 1⊥
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Proof.

(∇SCT )(Y) =
⊥
∇SCT (Y) − CT (

⊥
∇SY)

= (−∇S(∇YT)1
⊥

+ ∇⊥
∇SY

T)1
⊥

= (−∇S∇YT − Aα(Y,T)S+ ∇⊥
∇SY

T)1
⊥

= (−∇S∇YT − Aα(Y,T)S+ ∇∇SYT)1
⊥

= (−∇Y∇ST − ∇[S,Y] + ∇Sα(T, Y) + ∇∇SY⊥ T)1
⊥

= C∇ST (Y) + CT (CS(Y)) + Aα(S,T)Y − Aα(T,Y)S

= CTCS(Y) + C∇ST Y + RM (S, Y)T,

wherewehaveused respectively thenotation (Z)1
⊥

and
⊥
∇X B to represent the images,

throughtheorthogonal projection onto 1⊥, of thevectors Z ∈ Rp and (∇X B).

3. Proof of themain results

Onehas the following version of asplitti ng theorem of Moore ([11]):

LEMM A 3. Let M = M1 × M2 bea product of Kähler manifoldsandϕ : M1 ×
M2 → Rn be an isometric immersion. Then 1√

2

∣∣α(1,1)(X, Y)
∣∣ =

∣∣α(2,0)(X, Y)
∣∣ =

∣∣α(0,2)(X, Y)
∣∣ for X ∈ T M1, Y ∈ T M2 . Furthermore, if ϕ is either minimal or

(2, 0)-geodesic, ϕ splitsas a product of immersions.

Proof. Theresult isadirect consequenceof Gaussequation. Indeed, if X ∈ T M1, Y ∈
T M2, we can write

0 = 〈RM (X′, Y′′)Y′, X′′〉
= 〈α(X′, Y′), α(X′′, Y′′)〉 − 〈α(X′, X′′), α(Y′, Y′′)〉

and

0 = 〈RM (X′, Y′)X′′, Y′′〉
= 〈α(X′, X′′), α(Y′, Y′′)〉 − 〈α(X′, Y′′), α(Y′, X′′)〉,

from whence

| α(2,0) |2=
1

2
| α(1,1) |2 .

Thereforeif ϕ isminimal, or ϕ is(2, 0)-geodesic, weimmediately infer that α(X, Y) =
0 for all X ∈ T M1 and Y ∈ T M2 andϕ splitsasaproduct of immersions ([11]).

From now on M is assumed to have codimension lessor equal than two.



Nullity of isommetric immersions 351

PROPOSITION 4. C2
T = 0, for all T ∈ 1

Proof. Let U betheopen densesubset of M whereζ = dim1 isminimal. Let x0 ∈ M
andtake Tx0 ∈ 1x0. Consider ageodesic γ onthemaximal leaf L of 1 throughx0 and
let T denote thevelocity field of γ .

Notice that, sinceCT commutes with J it has , at each t ∈ R, only one eigen-
valueλ(t) . Take aunitary eigenvector Y. From equation (1) we easily get:

λ′ = λ2 + 〈R(T, Y)T, Y〉

Now, from Lemma8 weknow that 〈R(T, Y)T, Y〉 = 〈α(T, Y), α(T, Y)〉 ≥ 0

We deduce now from this Ricatti type equation that, for each T ∈ 1, 0 is
the only eigenvalue of CT defined on R. Notice first that there exists S ∈ 1, such
that CS has a real eigenvalue. In fact if λ = µ + i υ, taking S = µT − υ JT one
gets CS(Y) = (µ2 + υ2)Y. Then µ2 + υ2 must be identically zero, otherwise, since
the leaves of 1 are complete ([8]), there would exist a solution of the above Ricatti
equation defined onthe real li newhich cannot happen.

Proof of Theorem 2. Suppose that ζ = 2m − 2. Since CT is a complex operator we
know that thedimensionsof ker CT and i mCT are even. Equality CTCT = 0 says that
i mCT ⊂ ker CT , henceCT = 0.

Since1 and1⊥ are invariant by the action of the holonomy group of M , from
the de Rham decomposition theorem we know that U is a product of two Kähler man-
ifolds U1 and U2. To prove that ϕ|U is a product of immersions we first notice that
α(S′, Y′) = 0 ∀ S ∈ 1 ∀ Y ∈ 1⊥. Using Lemma 3, ϕ|U = ϕ1 × ϕ2. An analiti city
argument allows the conclusion that M is theproduct of two Kahler manifoldsand the
immersion isaproduct of immersions.

Proof of Corollaries 3 and 4. When c > 0, observe that if ϕ : Mm → Sn
c ⊂ Rn+1 is

ppmc, i ◦ ϕ is also ppmc, where i : Qc → Rn+1 represents the inclusion map. The
resultsnow follows directly from Theorems 2.

As amodel for thehyperbolic spaceweuse thehyperbolic spacemodel. Again
if ϕ : Mm → Hn

c ⊂ Rn+1
1 is ppmc, i oϕ is also ppmc. All above arguments work for

ppmc maps from Mm into the Minkowski space. Using an adapted version of lemma
13 we know also that, when M = M1 × M2, i oϕ is a product immersion ϕ1 × ϕ2,
that is, there exists two two non-degenerate orthogonal affine subspaces E1 and E2
of the Minkoswski space Rn

1 such that ϕ1(M1) ⊂ E1 and ϕ2(M2) ⊂ E2. Consider
dim E1 = r1 and dim E2 = r2. Then ϕi (Mi ) is either contained in a hyperbolic space
H r1−1(ci ) or in an Euclidean sphere Sr1−1(ci ), giving rise to the following situations:
ϕ1 × ϕ2 : M1 × M2 → H r1−1

c1 × Sr2−1
c2 ( 1

c1
+ 1

c2
= 1

c), where ϕ1 is extrinsically

symmetric, or ϕ1 × ϕ2 : M1 × M2 → Sr1−1
c1 × H r2−1

c2 , where ϕ1 is the extrinsically
symmetric ([14]).
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