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ON THE NULLI TY OF ISOMETR IC IMMER SIONS FROM
KAHLER MANIFOLDS

Abstract. In this article we study isometric imme'sions from Kahler manifolds into space
formswhich generalizeimmersed Riemann surfaces with parallel mean curvature (cmc iso-
metricimmeasions). In the Kahler setting the complexified secondfundemental form a splits
acording to types. The (1, 1) part of the second fundamental splitti ng pays the role of the
mean curvature for sufaces and will be cdled the plurimean curvature. Therefore isomet-
ric immersions with paralel plurimean curvature (ppmc isometric immeasions) generalize
in a natural way the anc immersions. For isometric immesions of Riemann surfaces into
spaceformsit is well known that the tracdesspart of the complexified seaond fundamental
form constitutes a holomorphic quadratic differential. In the Kahler approach this diff eren-
tial corresponds to a operator Q which is the (2, 0) part of . It turns out that for ppmc
immesions Q is aso a hodomorphic vedor bunde valued guedratic differential. We study
ppmc immeasions for which Q has big nulity index. For immasions with identicaly zero
plurimean curvature, Dgjcze and Rodrigues ([4]) have considered cases with big relative
index of nulity. We remark that in their situation, the nullity indez of o correponds to the
nulity index of Q.

1. Introduction

In thiswork we study the geometry of Kéhler submanifolds of spaceforms. The dmost
complex structure J of such amanifold M couded with the secondfundamental form
o. of theimmersion gveriseto two operators which are aucial i ngredientsin the study
of the intrinsic and extrinsic geometry of M. Indeed the complexified o splitsin a
natural way, acording to types, givingriseto

a=a®D 4 420 L 02

Maps with oD = 0 are cdled pluriharmonic maps. Holomorphic maps be-
tween Kahler manifolds are examples of pluriharmonic maps. Isometric immersions
with a&D = 0 are cdled pluri minimal immersions and have been extensively
studied (see for instance [4] [3], [5], [6]). When M is a Riemann surfacewe have
a@®D = (., )H, where H = trace a is the mean curvature vedor field of the im-
mersion. In this case the pluriminimal immersions are predsely the minimal ones. In
genera, the immersion is pluriminimal if and orly if its restriction to ead hdomor-
phic curve of M is a minimal immersion. The operator o> is naturally cdled the
plurimean curvature of theimmersion. When the ambient spaceis R", it iswell known
that « > = 0if and orly if H = 0 ([3]), so that the dassof pluriminimal immer-
sions and the dassof minimal immersions coincide for Kéhler manifolds. It is also
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well known ([5]) that the dassof pluriminimal immersions into a spaceform Qc, with
sedional curvature ¢ # O, restricts to the dassof minimal surfacesinto Qc.

In the present paper we ae mainly interested in isometric immersions which
have « &V parallel, otherwise named, isometric immersions with parallel plurimini-
mal curvature operator (ppmc isometric immersions). They constitute anatural gener-
aizdionto higher dimensions of theisometricimmersions from Riemann surfaceswith
paralel mean curvature. In fad ppmc isometric immersions into spaceforms display
some spedal feaures of the parallel mean curvature surfaces, namely the existence of
a 1—parameter deformation througha smoath family of ppmc isometric immersions
which, up to a parall el i somorphism, have the same normal bunde ([2]). Just asin the
case of immersions with parall el mean curvature, ppmc isometricimmersions can also
be charaderized by the pluriharmonicity of its Gaussmap ([7]).

Studyingimmersed surfacesin R3, H. Hopf discovered in 1955that for surfaces
with constant mean curvature (cmc surfaces) the complexification o the tracdesspart
of a isahdomorphic quadratic differential Q. Thishdomorphic quadratic diff erential
has been an important ingredient in the investigation o geometric properties of cmc
surfaces ([16], [12], [13]). The operator Q isnothing bu the (2, 0) part of the complex
bili near extension o a. A straightforward computation shows that, for ppmc isomet-
ricimmersions, Q is again a vedor-bunde valued hdomorphic quadratic differential.
Isometric immersions with ¢ %9 = ¢©2 = 0 are cdled (2, 0) — geodesi ¢ immer-
sions. Curioudly that is a strong condtion. Indeed, it can be deduced from Codaza
equationthat (2, 0) — geodesi c immersions into spaceforms have parall el secondfun-
damental form. Ferus ([10], [9]), Takeuchi ([15]) and Stribing ([14]) classfied the
(2, 0)—geodesic immersed immersions into spaceforms. It turns out that they are ex-
trinsicdly symmetric.

In this article we consider ppmc immersions with big nulity of «29. In ([4])
Dajcze and Rodrigues proved the foll owing result:

THEOREM 1. Let M be a Kahler manifold with complexdimensionm andg :
M — R" be a pluriminimal immersion such that, for evey x € M, the index of
relativenullity of « at x is greater or equd than2m — 2. Then M™ = R?"-2 x M1
andg = id x ¢, where M! isa Riemannsurface

Notice that that for pluriminimal immersions, the index of relative nullity of
o and the index of relative nullity of «%9 coincide. From now on M™ will dencte
a onreded complete Kahler manifold with complex dimensionm, § (¢ > 0) the
n-dimensional euclidean sphere with sedional curvature ¢ and HY' the n-dimensional
hyperbadli c spacewith constant secdonal curvature c (¢ < 0).

For ppmc immersions we get the following generali zaion:

THEOREM 2. Letp : M™ — R" bea ppmc imnersion. If the indexof nullity
of a29 js evaywhere greater or equa than2m — 2, one of the following conditions
hads:

1. ¢ isextrinsically symnetric



Nullity of isommetric immersions 347

2. MM =M™ Mlandg = ¢1 x g2 : M™ 1 x M1 - R™ x R"2, where ¢,
has parallel mean curvatureande; : M™-1 — RM isexrinsically symmetric.

COROLLARY 1. Letp : M™ — S" bea ppmc imnersion such that, for evey
x € M™, theindexof nulity of %9 at x is greater or equa than2m — 2. Then ore
of the following condtions hold:

1. fisexrinsically symnetric

2. MM =M™t x Mlandgp = p1 x 92 : MM x ML — St x §2 (@ Y2 +
b~%/2 = 1), wherep, M — S hasparallel meancurvatureandgy : M™% —
S isextrinsically symnretric.

COROLLARY 2. Letp : M™ — H" bea ppmc imnersion such that, for evey
x € MM, theindexof nulity of «(>9 at x is greater or equa than2m — 2. Then ore
of the following condtions hold:

1. ¢ isextrinsically symmetric

2. MM = MM™1xMlandp = p1xpp: MM 1x M —» St x H2 @ t+b 1=
—1), where g, M1 — H/2 has parallel mean curvature andgy : M™% — St
isexrinsically symnetric.

3. MM =M™ 1xMlandp = p1xpp: MM Ix ML - H* x §? @ 1+b71 =
—1), where g, M1 — §? has parallel mean curvature andgs : MM-1 — Hg*
isexrinsically symmetric.

2. Onthenullity distribution

Let J denote the dmost complex structureof MM and g : M™ — Q. be an isometric
immersion into a spaceform with secdonal curvature c.. We let C(T M) dencte the
spaceof smooth sedionsof TM. We usethenotation TM and T+ M for the the tangent
and namal bundes of ¢. The mmplexificaion d TM, denated by T¢M, decomposes
as
TCM=T'M+T"M

where T'M and T”M are the d@genbundes of J correspondng respedively to the
eigenvaluesi and —i of J. The orthogoral projedions of T¢M onto T'M and T”M
will be represented respedively by #’ and z”. Of course, for any sedion X of TM,
we have X = z/(X) + 7" (X).

The complex bilinea extension o the second fundamental form o splitsin a
natural way acrding to types, givingriseto

o= o@D 4 @0 | 402

We have
aV(X,Y) = a(X, Y +a(X",Y)
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where Z/ = z/(Z) and 2" = z"(Z) for every Z € C(TSM). We can also write
a@V(X,Y) = C(X,Y),where C(X,Y) = 3 {a(X,Y) + a(IX, IY)}
Similarly

a(Z,O)(X’ Y) — a(x/’ Y/) — %‘Q(X’ Y) —i %Q(X, JY)

where Q(X, Y) = 3 {a(X,Y) — a(IX, IY)}
We will use the same symbad V to represent either the Levi-Civita mnnedion

1
of TM or the induced conredion ong TN and onT*M ® ¢ ~1TN. The symba V

will be used to represent either the induced conredion on+M oronT*M ®+M.
Let Ax ={XeTkM:Q(X,Y)=0 VY eTcM}andAj; beitsorthogora
complement in Ty M.
Ax and Ay are Jy invariant.since Q(X, JY) = Q(JX, Y),forany X, Y € TyM

PROPOSITION 1. On an open set where the dimension o A isconstart, A isa
smooth integrable distribution whose leaves are totally geodesic in M.

Proof. Let U be an open set wheredim A isconstant. Noticethatforx € U, X € Ay if
and orly if a(X’, Y") = Ofor every Y € TyM. Itisenoughto provethat if X, Z € Ay,
a(VzX',Y) = 0, foral Y € TxM. Indeda using CodazZ equation and the fad
that ¢ is ppmc, a(VzX',Y) = a(Vz X', Y) +a(Vz2 X', Y) = (Vza)(X,Y') =
(Vya)(X',Z") = —a(Vy' X', Z') =0,sinceZ’ € AQC. O

For the study o this nullity foliation it is useful to consider the tensor Cy
ALt — AL defined by
Cr(X) = —(VxT)*",

where T € A and ()2 denotesthe orthogoral projedion orto AL,
ProPOSITION 2. The foll owing condtions holds

1. Cy comnuteswith J, forall T € A.
2. Q(CT(Y),Z2) = Q(Y,C1(2)),for T € AandY, Z € AL.

Proof. Let Y € C(A1). Clealy VT’ € C(A’) and Vy'T € C(A), for Y €
C(TM). Indee if Z € C(TM), a(Vy'T', Z') = (Vy'a)(T', Z) = Vy a(T', Z') —
a(T',VyZ') = (Vra)(Y , Z’) = 0. One proves analogously that Vy' T € C(A ).
Hence(Vy T2 = (V¢ T)A" = 0sothat C(Y) = —(Vy T)A" = —(Vy THA =
(VyTHA = —(TyT)A e C((AY) and Cr(Y') = —(Fy THA e C((at)).
ThusCt(JY) = JCT(Y).

The assertionin 2is consequence of the following equality

(Vra)(Y, Z) = Q(Cr(Y), 2)
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since the symmetry of (Vra)(Y, Z) impliesthat Q(Ct(Y), Z) = Q(Y,Cr(2)). Let
us now prove the last equality. From Codaza equation and the parall elism of a D we
get
(Vra)(Y, Z) = (Vya)(T, 2)

= (Vya)(T', Z") + (Vyra)(T", Z")

= —OC(VY/T/, Z/) — a(VY//T”, Z”)

=a(Cr (Y, Z") 4+ a(Cyr(Y"), 2")

=Q(Cr(Y),2)

since, as we have seen in the proof of assertion 1, Cr(Y’) = Cr/(Y") = 0. O

1
When ¢ € TxM let As denote the Weingarten operator at X asociated to a. We
represent by Ny (M) the first normal spaceof the immersion at x.

LEMMA 1. AysT)Y, Ausy)T € AL wheneve S, T € A andY € A+

Prodf. Let x € M, dim Ay = kandU be an open neighbahood d x, wheredim A is
k. Let M be amaximal integral submanifold of A throughx andg = ¢ g : M — RP.
The secnd fundamental form & of ¢ is parale, since@?? = 0; hence N1(A) is
also parallel and we may reduce the codimension o ¢. gZ(M) is then contained in a
totally geodesic submanifold of RP with dimension dm M + dim N1(A). Therefore,
ifL e A 0= (VLa(§T),Y) = —(AysT)Y,L). One proves analogowsly that
(AgisyT, L) = 0, hence AuisyT € AL O

LEMMA 2. RM(T,Y)S= A,r.v)Sfor T, Se A andY € A+

Proof. Gauss equation and lemma 1 tells that R(S,Y)T € A+ for ST € A and
Y e At Using the fad that ¢ is ppmc we get that Vy» X' € A” for any X € A,
Y,W € TM, sincea(Vys X', W) = 0. Thisimpliesthat R(S, Y")T' € A’. Thenwe
get from Gaussequation that, for any Z € A+,
(RM(T, )8, 2) = (RM(T, ¥")S", Z') + (RM(T", ¥))S, Z")

= (a(T", 8", a(Y", Z')) + (a(T", S), a(Y", Z"))
= (a(T",Y"),a(S', Z)) + (a(T",Y"), a(S, Z"))

= (a(T,Y),a(S, Z))
since

0= (RS YNT", Z) = (a(Y,T"),a(Z',S")).

PropPosITION 3. The following equdity hads:
(1) (VsC1)(Y) = CTCsY + CyerY + RM(S V)T
whereS, T € A andY € A+



350 M.J. Ferreira- R. Tribuzy

Prodf.

L 1
(VsC1)(Y) = VsCr(Y) — Cr(VsY)
— (-Vs(WDA +v, TN
VsY

= (=VsWT - Ay, 1)S+V, )"

5%

= (—VsWT — Auv.1)S+ Voey T)A"

— (=W VsT = Visy] + Vsa(T,Y) + Vgt T)A
= Cygr(Y) + C1(Cs(Y) + AusT)Y — AuT,1)S
= C1Cs(Y) 4 CystY + RM(S, V)T,

1L
where we have used respedively the notation (Z)AL and V x B to represent the images,
throughthe orthogoral projedion orto A+, of the vedors Z € RP and (Vx B). O

3. Proof of the main results

One has the following version o a splitti ng theorem of Moore ([11]):

LEMMA 3. Let M = M1 x M3 be a product of Kéahler manifoldsande : My x
M2 — R" be an isometric immersion. Then % la@D(X,Y)| = [a@O(X,Y)| =
|a©2(X,Y)| for X € TM1, Y € TM, . Furthermore, if ¢ is either minimal or
(2, 0)-geodesic, ¢ splitsasa product of immersions.

Proof. Theresultisadired consequenceof Gaussequation. Indeed, if X € TM1,Y €
T My, we can write

0= (RM (X/, Y//)Y/, X//)
— (OC(X/, Y/), OC(X”, Y”)) _ <a(x/’ X”), a(Y’, Y”))

and
0= (RM (X/, Y/)X//, Y//>
= (a(xl’ X//)y a(Yli YH)) - (G(X/, Y//)9 a(Yli Xl/))s
from whence
1
| a(Z,O) |2_ E |0C(1’1) |2 )

Thereforeif ¢ isminimal, or ¢ is(2, 0)-geodesic, weimmediately infer that a (X, Y) =
Oforal X e TMpandY € TM3 and ¢ splitsasaproduct of immersions ([11]). O

From now on M is assumed to have cdimension lessor equal than two.
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PROPOSITION 4. C2 =0,forall T € A

Proof. LetU bethe open dense subset of M where = dim A isminimal. Letxg € M
andtake Ty, € Ay,. Consider ageodesic y onthe maximal led L of A throughxp and
let T denote the velocity field of y .

Noticethat, since Ct commutes with J it has, at eadt € R, only one dgen-
value A(t) . Take aunitary eigenvedor Y. From equation (1) we eaily get:

A =224 (R(T,V)T,Y)

Now, from Lemma 8 we knaw that (R(T, Y)T,Y) = («(T,Y), a(T,Y)) >0

We deduce now from this Ricdti type equation that, for eah T € A, Ois
the only eigenvalue of Ct defined on R. Notice first that there exists S € A, such
that Cs has ared eigenvalue. Infad if A = 4 +iv, taking S = 4T — »JT one
gets Cs(Y) = (4 + v?)Y. Then u? + v2 must be identicaly zero, otherwise, since
the leares of A are complete ([8]), there would exist a solution o the éowve Ricati
equation defined onthe red li ne which cannat happen. O

Proof of Theorem 2. Suppcse that ¢ = 2m — 2. Since Ct is a complex operator we
know that the dimensions of ker Ct andimCy are even. Equality CtCt = 0 saysthat
imCt C kerCt, henceCt = 0.

Since A and A areinvariant by the adion d the hadlonamy group d M, from
the de Rham decompasiti on theorem we know that U is a product of two Kéhler man-
ifolds Uy and U,. To prove that ¢y is a product of immersions we first notice that
a(S,Y)=0VSe AVY e AL UsingLemma3, pju = ¢1 x ¢2. An analiti city
argument all ows the conclusionthat M isthe product of two Kahler manifolds and the
immersionis aproduct of immersions. O

Proof of Corollaries3 and 4 When ¢ > 0, observe that if o : M™ — S ¢ R™1 s
ppme, i o ¢ isaso ppme, wherei : Q. — R™1 represents the inclusion map. The
results now foll ows direaly from Theorems 2.

Asamodel for the hyperbali c spacewe use the hyperbdlic spacemodel. Again
ifo: M™— Hf C er1+1 is ppmc, iop isaso ppmc. All above aguments work for
ppmc maps from M™ into the Minkowski space Using an adapted version o lemma
13 we know also that, when M = My x Ma, iogp is a product immersion g1 x ¢2,
that is, there eists two two nondegenerate orthogora affine subspaces E1 and E»
of the Minkoswski space R such that 91(M1) C Ez and p2(M2) C Ez. Consider
dimE; =rpand dmE, = ra. Then ¢j (M;) is either contained in a hyperbalic space
H"~1(¢) or in an Euclidean sphere S'1~1(¢;), giving rise to the following situations:

01 X 92 : M1 x My — HEt x 271 C—ll + C—12 = 1), where g3 is extrinsicdly
symmetric, or p1 X @2 : M1 x My — Q}_l X Hézz_l, where ¢1 is the extrinsicdly
symmetric ([14]). O
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