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R. Pinciroli

A “FELDMAN-MOORE” REPRESENTATION THEOREM FOR
COUNTABLE BOREL EQUIVALENCE RELATIONSON
QUOTIENT SPACES

Abstract. We consider courtable Borel equivalencerelations on qudient Borel spaces. We
prove agenerdizaion o the representation theorem of Feldman—-Moore, but provide some
examples showing that other very simple properties of courtable equivalence relations on
standard Borel spaces may fail i n the context of norsmooth qudients.

In this paper we try to analyze some very basic questions abou the structure of
guatients of Polish spaces and Borel equivalence relations moduo ancther courtable
equivalence relation; our considerations are motivated by recent work of B. Mill er
abou countable groupadions on qudients (which can be foundin [9] and [8]).

Given a standard Borel space X (seeSedion 1for the relevant definitions) and
an equivalencerdation E on X, the quatient set X/E is a measurable spacewith re-
sped to the qudient o-algebra induced by Bor (X), i.e. the largest one making the
projedionmap zg : X — X/E measurable. Unfortunately, this measurable structure
isgenerally not astandard Borel one, so thewell-known todsfrom classca descriptive
set theory canna be gpplied. In the case of countable Borel E’s, some of the difficul-
ties which arise when deding with subsets of X/E may be avoided by simply looking
at their liftings in the total space X: in Sedion 1 we define Borel subsets, functions
andrelations on qudient Borel spaces keegping thisideain mind, and we show that the
resulting caegory diff ers from the one of measurable (quatient) spaces and measurable
maps.

In Sedion 2we introducethe dassof courtable Borel equivalencerelations on
qudient spaces and isolate some interesting subclasses generalizing the usual defini-
tions from the theory of equivalencerelations on standard Borel spaces (finite equiva-
lencerelations, smooth ores, orbit equivalences asciated to groupadions); we arive
then at the main question o the paper, the problem of representing courtable Borel
equivalence relations as orbit equivalences of Borel adions of countable groups. The
well-known Feldman-Moore theorem says that every courntable Borel equivalencere-
lation ona standard Borel space amits such a representation, and we present a short
proof (by Louveau) which well ill ustrates the two principal ingredients involved: the
posshility of “enumerating” the equivalence relation in a definable way and the ex-
istence of a murtable generating family for the Borel o-algebra on the space The
seaond poperty is nolonger valid for qudient spaces, neverthelesswe can dispose of
it and prove the representation theorem 3, which is the main result of the paper.

Finaly, in Sedion 3we describe some examples showingthat a number of easy
properties of Borel equivalence relations on standard spaces ceae to be true in the
context of quaient spaces, and that the alditi onal enumerability hypahesisin theorem
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3isinded necessry.

Theresultsin this paper emerged from variousinteresting dscussons | had with
professor A. Louveal, to whom | expressmy sincere gratitude.

1. Quotient Borel spaces

Werecdl some basic definitions: astandad Borel spaceisameasurable space(X, Bor (X))
which is isomorphic to the Borel spaceof a complete separable metric space a Borel
equivalence relation on X is an equivalence relation E which is Borel as a subset of
X x X, and E is courtable (finite) if all it s equivalence dasses are murtable (finite).
Given two equivalencerelations E, F ontwo sets X, Y respedively, amorphism f of
EtoF (denatedas f : E < F)isamap f : X — Y sending E-equivalent paints
to F-equivalent points; f isareduction if moreover XEy <« f(X)Ff(y): in this
casewewrite f : E < F. If we consider Borel morphisms and reductions, we write
f:E <xg Fandf:E <g F;amonamorphismisan injedive morphism (denoted as
f : E € F) andan embeddingis an injedivereduction(f : E C F).

A Borel equivalence relation E on a standard Borel space X is smoath if it
is Borel reducible to the equality relation on some standard Borel spaceY. For a
courtable Borel eqg. relation, the foll owing properties are equivalent (see[5], [7]):

i. Eis snoacth;
ii. E admitsa murtable Borel separating family;
iii. thereisaBorel transversal T C X for E;

iv. thereisaBorel seledor ¢ : X — X for E;

more generally, for an arbitrary Borel E one hasi < ii andiii < iv, but the latter
ones are stronger than the others (see[4]; in order to restore the inverse implication,
one may replace ‘Borel” with “C-measurable” iniii andiv). Ancther charaderization
of smoathnessis given by the kind o Borel structure which a courtable ejuivalence
relationinduces onthe quaient set:

LEMMA 1. Let E be a courtable Borel equivalence relation on astandad
Borel space X. The foll owing statements are eqjuivalent:

i. Eisdgnoath;
ii. the qudient ¢-algebra Bor (X/E) is courtably generated;
iii. (X/E,Bor(X/E)) isastandad Borel space

Prodf. (iii — ii) By definition: just consider a curtable base for a separable metriz-
able topdogy indwing the Bordl structure of X/E. (ii — i) If the courtable family
{An : n e N} generates Bor(X/E) andz : X — X/E isthe qudient projedion,
the set of preimages {z “1[An]} is a courtable Borel separating family for E. (i —
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ii) Let f be areduction (X, E) <g (Y,=), where Y is -ome standard Borel space
since E iscountable, f isa counable-to-1 Borel function between Polish spaces, so it
maps Borel sets to Borel sets. It foll ows that the induced function f : X/E — Y isa
Borel isomorphism of X/E onto the Borel subset f[X] C Y, equipped by the relative
o-algebraBor (Y) | f[X], whichisastandard Borel space O

By the precealing lemma, one has to be very cautious when deding with quo
tients by norsmocth equivalencerelations, sincethe usual theorems abou standard (or
just separable metrizable) Borel spaces are likely to fail i n this more general context.
To kegp asmuch information as possble abou the original “nice” structure, our official
definition will be & foll ows:

DEFINITION 1 (Quatient Borel spacg. Aquadient Borel spaceisacougde (X, E),
where X isa standad Borel spaceand E isa countable Borel equivalencerelation on
X. The underlying set of (X, E) isjust the quatient set X/E.

A Borel subset of (X, E) is smply an element of the qudient o -algebraBor (£ );
in other words, lettingzg : X — X/E bethe qudient projedion, A C (X, E) isBorel
if and orly if zz'[A] isaBorel subset of X. Similarly, A C (X, E) is 21 iff 7 [A]
is Z% in X, and so onfor the other projedive dasss.

However, for n > 1, it turns out that the “right” nation o Borelnessfor (n + 1)-
ary relations and for n-ary functions between qudient Borel spacesisnaot the usual one
from the context of measurable spaces and maps: here again we want to exploit the
original standard Borel structures.

DEFINITION 2 (Produwcts). Let (X, E) and (Y, F) be qudient Borel spaces as
in definition 1 The product (X, E) x (Y, F) isthequaient Borel space (X x Y, E x F),
where

@) (X1, Y1) E x F (X2, ¥2) iff  (x¢t Ex2 and y1 F y»);

the underlying set of (X, E) x (Y, F) is naturally identified with the product of the
respediveunderlying sets, £ x .

This definition straightforwardly generalizes to that of product of any finite
number of quaient Borel spaces.

REMARK 1. Itiseasy to verify that the s -algebraBor (£2%) containsthe prod-

uct s -algebraBor (£) ® Bor (¥); in fad, we shall show (propasition 1) that, whenever
one of the two spaces (X, E) and (Y, F) is norsmocth and the other is uncountable,
theinclusionis aways strict.

DerFINITION 3 (Relationsandfunctions). A Borel n-aryrelation Ron(Xy, E1) ...
(Xn, En) isaBord subset R C (X1, E1) x ... x (Xp, En). A Bord n-ary function
f (X1, E1) x ... x (Xn, En) — (Y, F) isafunction £ x ... x £2 — L whichis
Borel asan (n + 1)-aryrelation f C (X1, E1) x ... x (Xp, Epn) x (Y, F).
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These definitions allow for some basic properties of Borel relations and func-
tions on standard Borel spaces to be preserved aso for quatient spaces (seelemmata 2
and 4); we dso have agenera “lifting” property which can be gplied to avoid deding
with qudients (lemma3). The proofs make esential use of the courtability assumption
onthe equivalencerelations.

LEMMA 2. Let R € (X, E) x (Y, F) beaBorel relation andf : (X, E) —
(Y, F) beaBorel function between qudient Borel spaces.

1. if R has courtable sedions (i.e. for all x € (X, E) the sedions Ry = {y :
(X, y) € R} are oourtable), then dom RisBorel in (X, E);

2. theinverseimage f ~1[B] of a Borel subset B < (Y, F) isBorel in (X, E);

3. if f iscountable-to-1, theimage f[A] of a Borel subset A C (X, E) isBorel in
(Y, F);

Proof. (1) Let R be the Borel subset 7z -[R] € X x Y and nde that domR =
zz[domR]; since F is courtable and R has courtable sedions, R has courtable
sedions too, hencedom R is Borel (seetheorem 1). By the definition of Borel subset
of the quatient space dom R is Borel.

(2) If BisBorein (Y, F) then é x BisBorein (X, E) x (Y, F); it follows
that (f N £ x B) isBorel and f~[B] = dom (f N £ x B) isBorel by (1) (here
ead sedion contains at most one point). The proof of (3.) is dmilar: just consider the
Borel relation with courtable sedions (f~1 N é x A) € (Y, F) x (X, E) and apply
(1) to f[Al =dom (f~1n ¥ x A). O

LeEmMA 3 (Existence of liftings). Let X, Y be standad Borel spaces, E, F
courtable Borel equivalencerelationson X andY respedivey. Afunction f : (X, E) —
(Y, F) isBorel if and ory if it hasa Bord lifting f : X — Y.

(X, B) ——= (. F)
Figure 1: Lifting of amap between qudient spaces

Proof. Suppase f : (X, E) — (Y, F) isBorel: by definition, theset P = nEiF[f] is
Borelin X x Y and has countable sedions, becaise f isafunctionand F is courtable.
Applying the Lusin-Novikov theorem 1, let f be aBorel uniformizaion o P: clealy
f isalifting o f.
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Conversely, asaiming that  isany lifting o f, zgl-[f]isjust the (E x F)-
saturation o f in X x Y. By the Feldman-Moore theorem 2, there exists a curtable
group /" ading in a Borel way on X x Y with orbit equivalence E x F, therefore
nEiF[f] = Uyefy - f isBorel (hence f isBordl) if f isBorel. O

LEMMA 4. The composition o two Borel functions between qudient Borel
spaces is Borel: the dasses of qudient Borel spaces and d Borel functions form
a concrete ategory. Given objeds (X1, E1), ..., (Xn, En), the prodwct (X, E) =
(X1, E1) x...x (Xn, En), alongwith the projedionmaps proj; : (X, E) — (Xi, Ei),
isin fact the categorical product: each projedionis Borel and, for evey space (Y, F)
and evey family of morphisms f; : (Y, F) — (Xj, Ej), then-uple f = (fq,..., fn)
isamorphism (Y, F) — (X, E).

Proof. These fads easily follow from the lifting lemma 3. As an example, we prove
Borelnessof composition: given Borel maps f : (X, E) — (Y,F)andg: (Y,F) —
(Z,G), pick Borel liftings f : X — Yand§:Y — Z; the mmposite§o f isthena
Borel functionliftingg o f, therefore the latter is Borel. O

ProPOSITION 1. Let X,Y be standad Borel spaces, E, F courtable Borel
equivalencerelations on X andY respedivey; assime moreover that F is norsmocth
and X (or equivalently X/E) isuncourtable. Then thereisa Borel subset of (X, E) x

(Y, F) which is nat measurahble as a subset of the product measurablespaceé X é

Prodf. By the Glimm-Effr osdichotomy (see[4]) thereisaBorel injediong : (“2, Eg) —

(Y, F), where Eg is the norsmocth equivalencerelation o eventual equality between
2-valued sequences,

%) (Xn) Eo (Yn) iff von (Xn = Yn)

(here V°°n means Ang Vn > ng); by the Silver dichotomy ([11], [10]), there exists also
aBorel injedion f : 2 — (X, E). Let 7o be the qudient map “2 — (“2, Ep); the
product f x gisaninjedive Borel morphism®2x (“2, Eg) — (X, E) x (Y, F) (lemma
4), so the image of the Borel relation 7 is a Borel subset of (X, E) x (Y, F) (lemma
2). We daimthat (f x g)[zo] isnot ameasurable subset of £ x £. Suppcse otherwise:
sinceboth f : “2 — é andg: ‘E—ﬁ — % are measurable functions, we would have that

o ismeasurablein 2 x ’E—i hence 7o would belongto some sub-o -algebra generated

by countably many “verticd stripes’ { A x E—ﬁ} and courtably many “horizontal” ones
{®2 x Bm}, with A; Borel in “2 and By, Borel in E—ﬁ forl,m € N. Let x, y be two
Eo-inequivalent points of ®2: since (X, [X]g,) € 7o but (X, [Ylg,) ¢ 7o, for some
index m we shoud have [x]g, € Bm <> [Ylg, ¢ Bm: in other words, {n()_l[Bm]} isa
courtable Borel separating family for Eg, a contradiction. O

There ae, however, important fads abou relations in standard Borel spaces
which ceae to be true for quatient Borel spaces; among these, one is of particular
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interest in connedion with countable eguivalencerelations (seethe discusson o enu
merable relations and the Feldman-Moore theorem in Sedion 2):

THEOREM 1. The Lusin-Novikov uniformization Theorem, see[6], [18.10] Let
X, Y be standard Borel spacesand P € X x Y be Borel with countable sedions.
Then P has a Borel uniformization pp and dangp = dom P = proj x[P] is Bordl.
Moreover P can bewritten asa courtable union o Borel grapls.

This uniformization property doesn’t hold anymore in the context of qudatient
Borel spaces.

ExAMPLE 1. Let E be any norsmooth courtable Borel equivalencerelation on
astandard Borel spaceX andzg : X — (X, E) bethequdient projecion. Theinverse
relation o the graph o g isaBord subset of (X, E) x X with countable sedions
(they are exadly the E-equivalence dassesin X); noretheless for every uniformizaion
o : (X, E) = X, the composition ¢ o g isaseledor for E, so ¢ cannd be Borel.

2. Countable Borel equivalence rdations

Webegin our study d courtable &. relationson qudient spacesisolating some particu-
lar subclasses, ac@rding to the cadinality of the equivalence dasses, to the generation
or representability properties and, finally, to the regularity.

DEFINITION 4. We say that an equivalence relation E on aset X has index
< nif all its equivalence dasss have ardinality lessthan a equd to n; E isfinite
(or hasindex < Rp) if its equivalence dasss arefinite.

DEFINITION 5. An equivalence relation F on a qudient Borel space (X, E)
is (Borel) countably generated (Borel Rg-generated) if there is a courtable family
{fn : n e N} of Borel endamorphisms of (X, E) such that F is the smallest sub-
set of (X, E)2 = (X2, E?) being anequivalencerelation andcontaining evey f,. F
is (Borel) enumerable if there is a courtable family {f, : n € N} of Borel endo
morphisms of (X, E) such that F = |J, fn; {fn} is then called an enumeration of
F.

A (Borel) enumerable eguivalence relation is clealy (Borel) Ro-generated; if
the family {f, : n € N} is an enumeration d F, then ead f, is a courtable-to-
1 function and, for al points x, { f,(x)} is an enumeration o the equivalence dass
[x]g of x. We remark that, even ona standard Borel space an equivalencerelation F
which is generated by countably many Borel functions may well be uncourtable and
that, in this case, F might be a @mplete Z% set (example 3); however, if F isdrealy
courtable, then every function f C F iscourtable-to-1, and lemma5 below applies.

EXAMPLE 2. Given aBord endamorphism f : X — X, the equivalencerela
tion generated by f is Smply the tail equivalencerelationof f, whose dasses are the
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grandorbits of f:
©) E(f) = E(f) = {(x,y) : 3m,ne N (f"(x) = f(y))}.

Inthiscase E(f) isclealy Borel, and E( f) iscourtable exadly when f is courtable-
to-1.

EXAMPLE 3. Fix a omplete £ subset A € “o, aBorel function fo : “w —
“e withrng fo = Aandapoint xo € A. Pick X = “w x 2 and define two Borel
endamorphisms f, g of X asfollows:

[0 ifi=o, (e ifi=o0,
i) = [(x,l) ifi =1 9.1 = [(x,l) ifi=1

Let E = E(f, g) be the equivalence relation generated by f and g on X; its equiva
lence dasses are just the singletons {(x, 1)} for x ¢ A and the whole remaining subset
(“w x {0}) U (A x {1}). E isclealy an analytic subset of X x X; since the Borel
function

p % — Xx X x ((x,1), (X0, 1))

reduces Ato E, E isa complete X7 set.

LEMMA 5. Let (X, E) bea qudient Borel spaceand{ f, : n € N} acourtable
family of Borel endamorphisms of (X, E). The equivalence relation F generated by
{fn}is ):%; if evey f, iscountable-to-1, then F is courtable Borel.

Proof. Forear € N, consider the following subset F; of (X, E)' 1

Fr = {(XO,...,Xr) . Vk<r3j eN

(Xk+1 =Xk OF X1 = Fj(Xx) or xx = fj(Xk+1))};

by definition, eat F isBorel. Moreover, if every f, iscourtable-to-1, for eat choice
of apaint x = xg € X there ae only courtably many passhiliti es for x1, and then
for xo and so on, in order for (Xg, ..., X% ) to bein F, hence eab sedion (F; )y is
courtable. It is graightforward to chedk that the (analytic) sets

Fry = (X, y) : 320, ....z) e i (o=xandz =y)} € (X,E) x (X, E)

are symmetric andreflexive binary relationson (X, E) andthat their unionistransitive,
so the equivalence relation F generated by { fn} coincides with |J, F() andsois £1.
When the f,’s are murtable-to-1, by the ebove remarks every set F) isthe projedion
of a Borel set with courtable sedions, and its sdions (F))x are courtable too; it
follows from lemma 2 that every F( ), andthusaso F, are ourtable Borel. O

DEFINITION 6. Let I" be a courtable group acting on a qudient Borel space
(X, E). We say that the actionis Bordl if, for evey y € I', theinduced permutation
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(y+) of X/E is a Borel automorphism of (X, E); in this case (X, E) isa Borel -
space The orhit equivalencerelation E(FX’E) induwced onthe (Borel) I'-space (X, E) is
just the eguivalence whose dasses are the orbits of the action:

xEXEly ifand odyif Iy € ' (y=7y - X).

DEFINITION 7. A countable Borel equivalencerelation F on a qudient Borel
space (X, E) issmoath if it admitsa Borel transversal T C (X, E).*

Aswhen the space(X, E) is dandard, F is snocth if and orly if it has aBorel
seledor: given aBorel transversal T, the set

9 = {(X,y) : xFyandy e T}

is a Borel sdledor and, conversely, if ¢’ is a Borel sdedor for F, the set T’ =
{x : x=¢'(x)} iseaily aBorel transversal. Note that the usual definition of smooth-
ness which requires the existence of a curtable Borel separating family (or, equiva
lently, reducibility to equality on some standard Borel spacé, is nolonger suitable for
equivalencerelations on arbitrary quatient Borel spaces. by lemma 1, the very identity
relation on(X, E) fail sto satisfy these properties unlessE itself is snoacth.

When the underlying space(X, E) is amoath, the previous classes are very sim-
ply arranged asin figure 2.

it~ it e Al bttin
(Courtable) Orbit equivalence
:—Courtable Ro-generated Enumerable of a ourtable grouE:

(Courtable) smooth

Finite
Figure 2: Classs of courtable aj. rel. on standard Borel spaces

First of al, the entire alledion d countable Borel equivalence relations gets
collapsed to the dass of orbit equivalences induced by Borel adions of courntable
groups:. thisisjust the main statement of the dasscd Feldman-Moore theorem, whose
proof foll ows.

THEOREM 2 (The Feldman-Moore representation theorem (see dso [7]). Let
E be a courtable Borel equivalencerelation on astandad Borel space X. Then there

*In[9, 8l1.5], B. Mill er propcses a more restricted definition of smoothness which coincides with our
“smooth+enumerable”.
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is a courtable (discrete) group I” acting in a Borel way on X with orbit equivalence
EX = E. Thegroup " andthe action can be dhasen so that

XEy < 3Fy eF(yzzl Ay - X=Y).
Proof. (Louveau) Thetwo key ingredients of the dasdcd proof arethefoll owingfads:

1. any courtable Borel equivalencerelation E onastandard Borel spaceX isBorel
enumerable, by the Lusin—-Novikov uriformizationtheorem 1: we canwrite E =
Um<e fm, with f, Borel endomorphisms of X;

2. the g-algebraBor (X) of the Borel subsets of X iscourtably generated: let A =
[A\/ : J < w} be a @urtable generating subalgebra of Bor (X).

For eadh triple (m, n, p) € »° define

fnpX) = 1 fa(x)  ifx ¢ Ap, fa(X) € Ap, fmo fa(X) =X,
X otherwise;

itisclea that every fm n pisaBorel involutioncontained in E. Moreover, given apair
of distinct E-equivalent elementsx, y € X, we canfindm, n < o suchthat fn(x) =y
and fn(y) = x (sincethe fy’scover E), andap < wsuchthat x € Ap, y ¢ Ap (since
Bor (X) separates points and A is a generating subalgebra), hence fmn p(X) = V.
The ourtable subgoup I < Aut(X) generated by { fmn.p : m,n, p < w} hasthe
desired properties. O

Ancther nicefad isthat al finite Borel equivalencerelations on standard Borel
spaces are smoath: by the Isomorphism Theorem, there is no lossof generality if we
just work with afinite Borel equivalencerelation F onaBorel subset X of R: in this
case the set of minima of al the F-classes,

T={xeX:VWelXlp(x<y)} = {xeX:Vyel X<y X},

where I' is a muntable group ading on X with F = E1>5, as provided by the Feld-
man-Moore theorem, is easily seen to be aBorel transversal for F.

For general quadient Borel spaces, the previous fads are no longer valid and
the overall picture is quite more complicaed (seefigure 3). We just make a mude
of simple observations: every smooth equivalence relation is Borel courtably gener-
ated (in fad, 1-generated, since one only needs a Borel seledor to produce the entire
equivalence), and ead Borel eg. rel. F of index <2 isinduced by a single Borel
involution,

Fx) = y ifx#yand(x,y) eF,
- | x ifx ¢ dom(F < id);
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in particular, every index-(<2) equivalencerelationis an orbit equivalence Ez o7, for
some Borel adion of Z/27. The situation changes drasticdly already for index-3 re-
lations (see examples 6 and 7): it may happen that it is imposdble to associate, in a
“simply definable” and uriform way, to eat pant x an element in the same ejuiva-
lence dassdifferent from x.

Courtable
Finite/(courtable)
courtably generated
CH
C T Erroranie <] (Courtable)
Index < 3 : Enumerabl : (ext8_> 6 smocth
| | A
| [
" Orbit equivalence '
| [
/of a cnurtablegrouriI
INAEX < 2 oo T P I g

Figure 3: Classs of courtable aj. rel. on qudient Borel spaces

Since the Lusin-Novikov theorem 1 fail s for qudient spaces, one caana hope
to prove arepresentation theorem like 2 for all courtable equivalencerelations:. for in-
stance, example 6 provides a courtable (1-generated) Borel equivalencerelation which
is not enumerable. Moreover, the usual proof of theorem 2 makes use of the fad that
the o-algebra Bor (X) is courtably generated when X is gandard, but this becomes
false for norsmoath qudients. Nevertheless we now proceal to show the interesting
result that the representation theorem is still valid, for Borel enumerable relations, even
withou the assumption o the existence of a amurtable generating family for the Borel
o-agebra

THEOREM 3 (“Feldman—Moore” representation theorem for enumerable equiv-
alencerelations on qudient Borel spaces). Let F be a Borel enumerable equivalence
relation on a qutient Borel space (X, E). Thenthereisa countable group I” actingin
a Borel fashion on(X, E) with orbit equivalence E(FX’E) =F.

We shall use the following common ndation: given an equivalence relation F
onaBord spaceX, wewrite [F] for the full groupof F, that isthe subgoup d Aut X
containing those automorphisms whase graphis a subset of F, and [[F]] for the set of
Borel injedive graphs contained in F.



Feldman-Moore representation on qudient spaces 389

By the enumerability hypathesis, we can write F asa courtableunionJ,, -, #m
of Borel functions g, € End(X, E). Fix abijedionw — «? : n — ((n)o, (n)1) and
let, for ead natural number n, yn = Pm), N go(_ni, where ¢! denctes the inverse

relation o pm < (X/E)2: by construction, every yy, isaBore partial injedion and

(4) F={Jwn vn < o (yn € [[F1)).

n<w

The following lemmais the key to the proof:

LEMMA 6. Any Borel partial injedion gy € [[F]] can be covered with two
Borel automorphismsg’, g” € [F].

Prodf. Starting with go, we build an increasing sequence of partial injedions g, by
successvely adjoining peces of the various ywy,: predsely, define by reaurrence

(5) On+1 = Gn U (wn ~ (domgn x (X/E)) \ ((X/E) x rng &),
that is, we dtach to g, as much of y, aspossblein order for gn41 to be egain apartial
injedion. Put g = Up.,, 9n: gisadsoin[[F]].

CLaiM 1. If y,ze X/E andyFzthen either y e domgorzerngg.

Suppaee nat: by (4) we can find an index n such that (y, z) € wn, thus
(Y,2) € yn~ (domg x (X, E)) ~ (X, E) xrngg <
C yn~ (domgn x (X, E)) N (X, E) xrngh) € gn+1 € G,

soy e domgandz € rng g, which isa cntradiction.

Consider now the following family of Borel subsets of X, indexed by integers
neZz:

X1 = domg~rngg,  Xnr1 = 9[Xnl;
X_1 = rngg~domg, X_(ny1 = g X nl;

Xo = X~ U Xn.
n#0

(6)

We plan to buld g’ and g” out of g and g~ by means of a “Schroder—Bernstein” type
argument, and the first step to accomplish this goal i s the foll owing

CLAIM 2. (Xn : n e Z)isaBord partition o (X, E).

By the definition o Xg, one needs only ched that Xx and X are digoint for
distinct norzero k, | € Z; if k and| have the same sign, thisis an easy consequence of
the injedivity of g andg—1. Suppeethenk < 0 < | andx € Xx N X;: by (6),

z =g DX = g*(x) e Xy, s0z¢rngg,
y = (@H MDx) = g*l(x) e X.1, soy¢domg;
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however we have yFxFz (since g, g~ € [[F]]) and therefore yFz by transitivity,
which contradicts claim 1.

We procedl to construct the two desired bijedions ¢g’, g” € [F] asfollows,

g =9g/X U [JalXena U |J g [ Xeni2U

n<w n<w
U Jo ™t Xeana U [ gl Xoana,
n<w n<w
" -1 H -1
= Xo U id U X U X U
0" =g XU id U JglXenz U U g7 I Xanss
n<w n<w
U o X2 U [ J gl Xoan-s.
n<w n<w

(naticethat g and g~ are bijedive on Xg) and we obtain
UG < gugt cgug”
O

Proof of theorem 3. By lemma 6, every partial injedion y, in (4) is covered by two
automorphisms w,, v/ € [F1, so the subgoup I" < [F] generated by al ,, and all
w{, works. O

REMARK 2. The auitomorphisms ¢’, g’ given by lemma 6 may nat be invo-
lutions of the space (X, E), so we canna deduce the last statement of the dasscd
Feldman—-Moore theorem 2, that F is covered by countably many involutions (induced
by elements of I” of order 2): in fad, thisisfalse in general, see ekample 8. 9. How-
ever, if both gg and al the partia injedions y, in (4) wereinvalutions, then clealy the
g built i n lemma 6 would be too; sincedomg equalsrng gin thiscase, by clam 1 g
would alrealy be an automorphism of (X, E). Hence the proof of theorem 3 can be
adapted to give anew proof of theorem 2.

Let us conclude this =dion with a simple, weg uniformization lemma: here
again the hypahesis of courtability, which is aifficient for relations in standard Borel
spaces, hasto be strengthened (example 1):

LEMMA 7 (Wed uniformizaion). Let R C (X, E) x (Y, F) beaBorel binary
relation between qudient Borel spaces. If R is contained in anenumerable relation S
(i.e. Riscovered by courtably many Borel functions (X, E) — (Y, F)), then Rhasa
Borel uniformization.

Prodf. |s graightforward: let { f, : n € N} be a ountable family of Borel functions,
fn: (X, E) = (Y, F),suchthat R € | J,, fn. Put

Pr = {(x,n) e (X,E) xN : (x, fa(x)) € RandVk < n ((x, fk(x)) ¢ R)},
or = {X,y) € R: IneN((x,n) € Prandy = fh(x))};
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clealy both #r and pr are Borel functions, dom®r = dompr = domR and gR is
auniformizaion o R. O

3. Some examples; 2-valued measures and free actions

We begin this sdion with a simple genera criterion (propasition 2) which is useful
to buld examples of nhorsmooth and norrcourtably generated Borel equivalencerela
tions.

LEMMA 8 ([5]). Let F = E(FX’E) be the orbit equivalence of some Borel free
action d a courtable group I” on a qudient Borel space (X, E). Then the action
admits a Borel cocyde, i.e. a Borel functiond : F — I satisfying the following

properties:
1 foral (x,y) e F,y=0(x,y) - X;
2. for al triples of F-equivalent elements xFyFz, 6(x, z) = 6(y, 2)0(X, y).

Prodf. Foreahy e I',put A, = {(X,y) : y=1y -x}: sinceF = E, andthe adion
is Borel and freg (Ay 1y € F) isaBorel partition o F, so the required cocycle is
simply

ox,y) = vy iff (X, y) € A,.

O

PROPOSITION 2. Let (X, E) be a norsmocth qudient Borel space u a 2-
valued nondgomic Borel measure on (X, E), I" a courtable group acting in a Bord,
freeand u-preservingway on (X, E), 4 asubgoup d I".

1. If I"isnat thetrivial group, E}X’E) isnorsmocth;

2. ifF C E(FX’E) is a courtably generated equivalence relation over E(AX’E), then

F is u-almost contained in Effr’a), where Ny (4) isthenormalizer of 4in I".

In the last assertion, the meaning o “ -almost contained” is that the set

dom (F \ ENrE)) = [x e (X, E) & [XIF & [XIgxe) ]

N (4)

(which isBorel by lemma 2) is u-null.

REMARK 3. The eistenceof a2-valued noretomic Borel measure ¢ on (X, E)
isin fad equivalent to E being norsmoath: for one diredion, if E were smooth then
Bor (X/E) would be courtably generated (lemma 1), so 4 would take value 1 onsome
atom of Bor (X/E), contradicting nonatomicity of u; for the other, recdl that when-
ever E is norsmocth there is a Borel E-ergodc E-noratomic measure i on X, o it
is aufficient to let u = (7g)4 i, Where zg denates the quaient map X — X/E. This
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isjust the courtable cae of the Harrington-Kedris-Louveau dichotomy for arbitrary
Borel equivalence relations (see [4]), which was first proved by Effros [2], [3] and
Weiss[12].

Proof. (1.) Letd : F — I be aBorel cocycle sssciated to the adion o " on (X, E)
(lemma 8). Suppase that E(FX’E) is anooth over E andlet ¢ : (X, E) — (X, E) be a
Borel seledor; the function

(7 o (X,BE)=> I : x> 0(X,p(X))
isBorel andsatisfies, for all x € (X, E), p(X) = ¢(X) - X. Asy variesover I, the sets
Z, = 570) = xe(XE) : () =7}

form a Borel partition d (X, E) into courtably many pieces. If 6 € " is not the
identity element (we're essauming I” nortrivia, hencesuch ad exists), forevery y € I
the subsets o - Z, and Z, aredigjoint: otherwise there aex,y € Z, withy = J - X,
and we have

(o) x =y -y =09 =9X =7y-X

which is absurd sincethe adionisfreebut y o # y. Now recdl that the measure u is
2-valued and I"-invariant: it follows that ead pieceZ, , which has the same measure
aso- Z, butisdigoint fromit, is necessarily a u-null set. We have thusthat (X, E) is
covered by courntably many nulsets, a contradiction.

(2.) Let f be an endamorphism of (X, E;X’E)), whaose graphis contained in the
qgudient relation F/E;X’E) - E}X’E)/EZX’E). By the we& uniformization lemma 7,
f has a Borel lifting to an endamorphism ¢ € End(X, E); let g and Z,,fory € I',
be defined as in the proaf of (1.): we will show that the unique y suchthat u(Z,) =1
must belongto Ny (4). For every element ¢ of 4, the intersedion o the two full-
measure subsets Z, and d - Z, is norempty, so there aex,y € Z, withy = ¢ - X.
Sincex andy are E;X’E)—equivalent, their images by ¢ have to be E;X’E)—equivalent
too, so, for some d’ € 4,

po-x =y-y =9y =0 9x =dy-x

sincethe adion o I" isfreg necessarily yd = o'y . It followsthat y 4y =1 € 4, so
y € Np(4), asdesired. O

We now ill ustrate some eay applications of the precaling propasition, which
arerelevant for understanding the relationship of the various classes of courtable equiv-
alencerelations discussed in Sedion 2 (seefigure 3).

EXAMPLE 4 (A norsmocth equivalence relation o index 2). Let Eg be the
equivalence relation (2) of eventual equality on the Cantor space®2; it is well-known
(see[4], [1]) that Eg is norsmooth and that Haa measure p (), which is just the
w-th pover of the (3, 3)-measure on 2, is Eg-noretomic and ergodc (0-1 law): let
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u = u2/Eog be the quaient measure. Consider the comporentwise adion o the
symmetric group on 2elements, G2 = Z /27, on®2:

(8) 625 x®2— %2 : o6-(Xn) = (6Xp);

this adion preserves Eg-equivalence, so it induces an adion o &2 on the qudtient
Borel space(“2, Ep), whichis easily seen to be Borel, free and u-preserving; its orbit
equivalenceis Ep(&2)/Eo, Where Eg(G&2) isthe equivalencerelation generated by Eg
and E‘ézz By propasition 2, Eq(&2)/ Ep is norsmoath.

EXAMPLE 5 (The tail equivalence relation E; over Ep). Recdl that the tail
equivalencerelation onthe Cantor spaceis defined by

9) (Xn) Et¢ (Yn) iff 3, MVYN (Xi4n = Ymin);

in other words, E; isthe equivalencegenerated bythe shift endamorphisme € End(“2),
o (Xn) = (Xn+1): Et = E(o) (compare with (3)). Note that the shift o preserves bath
Ep-equivalence and Haar measure u «2), so it induces aBorel y-preserving endamor-
phism ¢’ € End(“2, Ep).

We daim that E;/Eg is norsmocth. Let “2, be the E¢-invariant set of the
aperiodic binary sequences,

“2={xe®2:¥YmneN(@E"(x)=0¢"(X) > m=n)}:

®2. is a cocourtable 1'[8 subset of ®2, so it is wfficient to study the restrictions of
Ep and E; to “2,. Observe now that the restriction o ¢’ to (®2,, Ep) isan aperiodic
automorphism, so E¢/Ep is the orbit equivalence of the Borel, freg u-preserving Z-
adioninduced by ¢’: by propasition 2, E;/Eg is norsmoath.

EXAMPLE 6 (A smocth equivalence relation of index 3 which is nat enumer-
able). Same natations asin example 4. Consider the standard Borel spaceX = “2 x 2
and the foll owing two courtable Borel equivalences onit:

) R i=j=0 l=j=1
E — Eo(%)@EO o (XGDEY, ) « i XEo(S2)y r[ XEoy

F = Eo(GZS) x1(2) : XDFy,]) < XEo(EZS)y.
By construction, F hasindex 3 over E; moreover F/E is anocth, sincethe set (®2 x
{0})/E isaBord transversal or, equivaently, the function
(10 @ X—=> X : (Xi)— (x,0

induwes aBorel seledor ¢ € End(X, E) for F/E (seefigure 4).
Suppacse F/E is enumerable. Consider the canoricd projedion = : E—ﬁ —

w2 o ]
) and the two Borel injedions

jo : (“2,E0(&)) — (X, E) induced by Jo : X (X,0),
2
i1 : (“2, Eo) — (X, E) induced by X (X 1)
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r—i;A—T I‘_AT_:_T F—Af ;A__‘ @2 x {0}, Eo(&2)
I T I I L | I . |
L

— ] —— = = —] “2x {1}, Eo

Figure 4: Equivalencerelations in example 6: every F-class(dashed redangle) splits
into three E-classes (lines). The dotted arrows represent the seledor ¢.

their product jo x j1 isaBorel embedding o (“2, Eo(&2)) x (2, Eg) into (X, E)?,
which mapstheinverserelation z 1 onto asubset R of F/E. By theweek uniformiza
tion lemma 7, the enumerability assumption on F/E insures the existence of a Borel
uniformizaion yr of R: however, this meansthat w = (jo x jl)—l[y/R] is a Borel
right inverse of =, hence y o 7 isaBorel seledor for Eq(&2) over Eg, contradicting
the fad that Eq(&2)/ Eo isnorsmocth (example 4).

REMARK 4. By the representation theorem 3, a Borel equivalence relation is
enumerable if and orly if it is generated by courtably many Borel automorphisms.
Generation byRg courtable-to-1 endamorphisms, onthe other hand, is a much weeker
condtionfor equivalences on qudient spaces, sinceLusin—-Novikov uriformizaion no
longer halds: the equivalence relation F in example 6 is generated by a single Borel
3-to-1 function ¢ (a seledor for F), and there is Smply no courtable family of Borel
maps which can bring ead pant badk in a uniform way to al its posshble preimages

by ¢.

ExXAMPLE 7 (An index-3 equivalence relation which is not courtably gener-
ated). (Louveau) Consider the space®3 of infinite ternary sequences; following the
discusson in example 4 we define the equivalence relation Eg of eventual equality
and, for ead subgoup A < &3 of the symmetric group on 3elements, we consider
the comporentwise adion o A on ®3, giving rise to the equivalence Eq(A) over Ep.
The quaient equivalence relation Eq(A)/Eg is smply the orbit equivalence Egu3’ Eo)
of the induced Borel adion o A on (“3, Eg). Let @3 be Haa measure, i.e. the
w-th power of the (3, 3, )-measureon 3 and let i = y(v3)/Eo be the quatient mea
sure; u is 2-valued and Gs-invariant. In order to apply propasition 2we consider the
restrictions of the previous equivalence relations to the mcourntable Eg(&3)-invariant
1'18 subset 3, C “3 of aperiodic sequences: in fad, the adion o &3 on (“3,, Ep)
isnow free Let G2 beidentified by the subgoup d &3 generated by a transpasition:
[63: 2] = 3andthe normalizer Ng, (62) of G2 is &2 itsalf. It followsthat Eq(&3)
has index 3 over Eg(&2), but any Borel countably generated subequivalence relation
of Eo(63)/Eo(&2) hasto be dmost equal to the identity (propasition 2), so Eg(S3) is
not courtably generated over Eo(S2).
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ExAMPLE 8 (An index-3 equivalence relation which canna be generated by
courtably many involutions). Same notations as in example 7. Consider the qudient
relation Eq(Z/37Z)/Eq = Eg?ﬁEw, where 737 isidentified with the subgoup d &3
generated by an element of order 3 (a rotation); observe that the adion o Z/3Z on
(“3, Ep) isfree so pick the asciated Borel cocycle § (lemma 8). We will show that
every invalution f € Aut(“3, Eg) with f € Eo(Z/3Z)/Ep has u-nul suppat, i.e.
f(x) = x for u-amost every x: thisclealy impliesthat Eq(Z/37)/Eg canna be gen-
erated by courtably many invalutions. We foll ow the same reasoning used in the proof
of propasition 2 given an endamorphism f € End(X, Eo) with f € Eq(Z/3Z)/Eo,
let f(x) = O(x, f(x)) and, fori € Z/3Z, let Z; = {x € (“3,Eo) : f(x) = i}; then

u(Zi) = Lfor exadly orei and x(Zj) = O for the other | # i. Suppce f2 =id:
then f[Zo] = Zo, f[Z1] = Zz and f[Z2] = Z3; since by construction, f[Zj] =i - Z;
and u isZ/3Z-invariant, the only posshility isthat u (Zg) = 1: thislealsto thedesired
conclusion, since f isthe identity on Zo.

EXAMPLE 9 (A finite orbit equivalence relation which canna be generated by
courtably many automorphisms of finite order).
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