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A “ FELDMA N–MOORE” REPRESENTATI ON THEOREM FOR

COUNTABLE BOREL EQUIVALENCE RELATI ONS ON

QUOTI ENT SPACES

Abstract. We consider countable Borel equivalencerelations on quotient Borel spaces. We
prove ageneralization of the representation theorem of Feldman–Moore, but provide some
examples showing that other very simple properties of countable equivalence relations on
standard Borel spaces may fail i n the context of nonsmooth quotients.

In this paper we try to analyzesome very basic questions about the structure of
quotients of Polish spaces and Borel equivalence relations modulo another countable
equivalence relation; our considerations are motivated by recent work of B. Mill er
about countable groupactions on quotients (which can be foundin [9] and [8]).

Given a standard Borel spaceX (seeSection 1for the relevant definitions) and
an equivalence relation E on X, the quotient set X/E is a measurable spacewith re-
spect to the quotient σ -algebra induced by Bor(X), i.e. the largest one making the
projection map πE : X → X/E measurable. Unfortunately, this measurable structure
isgenerally not astandard Borel one, so thewell -known toolsfrom classical descriptive
set theory cannot be applied. In the case of countable Borel E’s, some of the difficul-
ties which arise when dealing with subsets of X/E may be avoided by simply looking
at their li ftings in the total spaceX: in Section 1 we define Borel subsets, functions
and relationson quotient Borel spaceskeeping this ideain mind, andweshow that the
resultingcategory differs from theoneof measurable(quotient) spacesandmeasurable
maps.

In Section 2we introducethe classof countable Borel equivalencerelations on
quotient spaces and isolate some interesting subclasses generalizing the usual defini-
tions from the theory of equivalencerelations on standard Borel spaces (finite equiva-
lencerelations, smooth ones, orbit equivalencesassociated to groupactions); we arrive
then at the main question of the paper, the problem of representing countable Borel
equivalencerelations as orbit equivalences of Borel actions of countable groups. The
well -known Feldman–Moore theorem says that every countable Borel equivalencere-
lation ona standard Borel space admits such a representation, and we present a short
proof (by Louveau) which well ill ustrates the two principal ingredients involved: the
possibilit y of “enumerating” the equivalence relation in a definable way and the ex-
istence of a countable generating family for the Borel σ -algebra on the space. The
second property is no longer valid for quotient spaces, neverthelesswe can dispose of
it and prove the representation theorem 3, which is themain result of thepaper.

Finally, in Section 3wedescribesome examples showing that anumber of easy
properties of Borel equivalence relations on standard spaces cease to be true in the
context of quotient spaces, andthat the additional enumerabilit y hypothesis in theorem
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3 is indeed necessary.

Theresultsin thispaper emerged from variousinteresting discussionsI had with
professor A. Louveau, to whom I expressmy sinceregratitude.

1. Quotient Borel spaces

Werecall somebasicdefinitions: astandardBorel spaceisameasurablespace(X,Bor (X))
which is isomorphic to the Borel spaceof a complete separable metric space; a Borel
equivalence relation on X is an equivalence relation E which is Borel as a subset of
X × X, and E is countable (finite) if all it s equivalence classes are countable (finite).
Given two equivalencerelations E, F on two sets X,Y respectively, a morphism f of
E to F (denoted as f : E � F) is a map f : X → Y sending E-equivalent points
to F-equivalent points; f is a reduction if moreover xEy ↔ f (x)F f (y): in this
case we write f : E ≤ F . If we consider Borel morphisms and reductions, we write
f : E �B F and f : E ≤B F ; a monomorphism is an injective morphism (denoted as
f : E ⊆ F) andan embedding is an injective reduction ( f : E ⊑ F).

A Borel equivalence relation E on a standard Borel space X is smooth if it
is Borel reducible to the equality relation on some standard Borel spaceY. For a
countable Borel eq. relation, the following properties are equivalent (see[5], [7]):

i. E is smooth;

ii . E admits a countable Borel separating family;

iii . there isaBorel transversal T ⊆ X for E;

iv. there isaBorel selector ϕ : X → X for E;

more generally, for an arbitrary Borel E one has i ↔ ii and iii ↔ iv, but the latter
ones are stronger than the others (see[4]; in order to restore the inverse implication,
one may replace “Borel” with “C-measurable” in iii and iv). Another characterization
of smoothnessis given by the kind of Borel structure which a countable equivalence
relation induces on thequotient set:

LEMM A 1. Let E be a countable Borel equivalence relation on astandard
Borel space X. The followingstatements are equivalent:

i. E is smooth;

ii . thequotient σ -algebra Bor(X/E) is countably generated;

iii . (X/E,Bor (X/E)) is a standard Borel space.

Proof. (iii → ii ) By definition: just consider a countable base for a separable metriz-
able topology inducing the Borel structure of X/E. (ii → i) If the countable family
{An : n ∈ N} generates Bor(X/E) and π : X → X/E is the quotient projection,
the set of preimages {π−1[An]} is a countable Borel separating family for E. (i →
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iii ) Let f be areduction (X, E) ≤B (Y,=), where Y is some standard Borel space;
since E is countable, f is a countable-to-1 Borel function between Polish spaces, so it
maps Borel sets to Borel sets. It follows that the induced function f̃ : X/E → Y is a
Borel isomorphism of X/E onto the Borel subset f [X] ⊆ Y, equipped by the relative
σ -algebra Bor(Y)↾ f [X], which isastandard Borel space.

By the preceding lemma, one has to be very cautious when dealing with quo-
tientsby nonsmooth equivalencerelations, sincetheusual theoremsabout standard (or
just separable metrizable) Borel spaces are likely to fail i n this more general context.
To keep asmuch informationaspossible about theoriginal “nice” structure, our official
definition will be as follows:

DEFINITION 1 (Quotient Borel space). Aquotient Borel spaceisacouple(X, E),
where X isa standard Borel spaceand E isa countableBorel equivalencerelation on
X. Theunderlying set of (X, E) is just thequotient set X/E.

A Borel subset of (X, E) is simply anelement of thequotient σ -algebraBor
( X

E

)

;
in other words, lettingπE : X → X/E bethequotient projection, A ⊆ (X, E) isBorel
if and only if π−1

E [A] is a Borel subset of X. Similarly, A ⊆ (X, E) is 6
1
1 iff π−1

E [A]

is6
1
1 in X, andso onfor theother projective classes.

However, for n ≥ 1, it turnsout that the “right” notion of Borelnessfor (n+ 1)-
ary relationsandfor n-ary functionsbetween quotient Borel spaces isnot theusual one
from the context of measurable spaces and maps: here again we want to exploit the
original standard Borel structures.

DEFINITION 2 (Products). Let (X, E) and (Y, F) be quotient Borel spaces as
in definition 1. Theproduct (X, E)×(Y, F) is thequotient Borel space(X×Y, E×F),
where

(1) (x1, y1) E × F (x2, y2) iff (x1 E x2 and y1 F y2);

the underlying set of (X, E) × (Y, F) is naturally identified with the product of the
respectiveunderlying sets, X

E × Y
F .

This definition straightforwardly generalizes to that of product of any finite
number of quotient Borel spaces.

REMARK 1. It iseasy to verify that theσ -algebraBor
( X×Y

E×F

)

containstheprod-

uct σ -algebraBor
( X

E

)

⊗Bor
( Y

F

)

; in fact, weshall show (proposition 1) that, whenever
one of the two spaces (X, E) and (Y, F) is nonsmooth and the other is uncountable,
the inclusion isalways strict.

DEFINITION 3 (Relationsandfunctions). A Borel n-ary relation Ron(X1, E1) . . .
(Xn, En) is a Borel subset R ⊆ (X1, E1) × . . . × (Xn, En). A Borel n-ary function
f : (X1, E1) × . . . × (Xn, En) → (Y, F) is a function X1

E1
× . . . × Xn

En
→ Y

F which is
Borel as an (n + 1)-ary relation f ⊆ (X1, E1)× . . .× (Xn, En)× (Y, F).
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These definitions allow for some basic properties of Borel relations and func-
tions on standard Borel spaces to be preserved also for quotient spaces (seelemmata 2
and 4); we also have ageneral “ li fting” property which can be applied to avoid dealing
with quotients(lemma3). Theproofsmake essential useof the countabilit y assumption
on the equivalencerelations.

LEMM A 2. Let R ⊆ (X, E) × (Y, F) be a Borel relation and f : (X, E) →

(Y, F) bea Borel function between quotient Borel spaces.

1. if R has countable sections (i.e. for all x ∈ (X, E) the sections Rx = {y :

(x, y) ∈ R} are countable), then dom R isBorel in (X, E);

2. the inverse image f −1[B] of a Borel subset B ⊆ (Y, F) is Borel in (X, E);

3. if f is countable-to-1, the image f [A] of a Borel subset A ⊆ (X, E) is Borel in
(Y, F);

Proof. (1.) Let R̃ be the Borel subset π−1
E×F [R] ⊆ X × Y and note that dom R̃ =

π−1
E [dom R]; since F is countable and R has countable sections, R̃ has countable

sections too, hencedom R̃ is Borel (seetheorem 1). By the definition of Borel subset
of thequotient space, dom R isBorel.

(2.) If B is Borel in (Y, F) then X
E × B is Borel in (X, E) × (Y, F); it follows

that
(

f ∩ X
E × B

)

is Borel and f −1[B] = dom
(

f ∩ X
E × B

)

is Borel by (1.) (here
each section contains at most one point). The proof of (3.) is similar: just consider the
Borel relation with countable sections

(

f −1 ∩ Y
F × A

)

⊆ (Y, F) × (X, E) and apply
(1.) to f [A] = dom

(

f −1 ∩ Y
F × A

)

.

LEMM A 3 (Existence of li ftings). Let X,Y be standard Borel spaces, E, F
countableBorel equivalencerelationson X andY respectively. A function f : (X, E) →

(Y, F) isBorel if and only if it has a Borel lifti ng f̃ : X → Y.

X

πE

��

f̃ //_____ Y

πF

��
(X, E)

f
// (Y, F)

Figure1: Lifting of amap between quotient spaces

Proof. Suppose f : (X, E) → (Y, F) is Borel: by definition, the set P = π−1
E×F [ f ] is

Borel in X ×Y and hascountablesections, because f isa functionand F iscountable.
Applying the Lusin–Novikov theorem 1, let f̃ be aBorel uniformization of P: clearly
f̃ is a li fting of f .
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Conversely, assuming that f̃ is any li fting of f , π−1
E×F [ f ] is just the (E × F)-

saturation of f̃ in X × Y. By the Feldman–Moore theorem 2, there exists a countable
group Γ acting in a Borel way on X × Y with orbit equivalence E × F , therefore
π−1

E×F [ f ] =
⋃

γ∈Γ γ · f̃ isBorel (hence f isBorel) if f̃ isBorel.

LEMM A 4. The composition of two Borel functions between quotient Borel
spaces is Borel: the classes of quotient Borel spaces and of Borel functions form
a concrete category. Given objects (X1, E1), . . . , (Xn, En), the product (X, E) =

(X1, E1)×. . .×(Xn, En), alongwith theprojectionmaps pr oj i : (X, E) → (Xi , Ei ),
is in fact the categorical product: each projection is Borel and, for every space(Y, F)
andevery family of morphisms fi : (Y, F) → (Xi , Ei ), the n-uple f = ( f1, . . . , fn)
is a morphism (Y, F) → (X, E).

Proof. These facts easily follow from the li fting lemma 3. As an example, we prove
Borelnessof composition: given Borel maps f : (X, E) → (Y, F) and g : (Y, F) →

(Z,G), pick Borel li ftings f̃ : X → Y and g̃ : Y → Z; the composite g̃ ◦ f̃ is then a
Borel function li fting g ◦ f , therefore the latter isBorel.

PROPOSITION 1. Let X,Y be standard Borel spaces, E, F countable Borel
equivalencerelations on X andY respectively; assume moreover that F is nonsmooth
and X (or equivalently X/E) isuncountable. Then there isa Borel subset of (X, E)×
(Y, F) which isnot measurable as a subset of theproduct measurable space X

E × Y
F .

Proof. By theGlimm–Effrosdichotomy (see[4]) thereisaBorel injectiong : (ω2, E0) →

(Y, F), where E0 is the nonsmooth equivalencerelation of eventual equality between
2-valued sequences,

(2) (xn) E0 (yn) iff ∀∞n (xn = yn)

(here∀∞n means∃n0 ∀n ≥ n0); by theSilver dichotomy ([11], [10]), there existsalso
a Borel injection f : ω2 → (X, E). Let π0 be the quotient map ω2 → (ω2, E0); the
product f ×g isan injectiveBorel morphism ω2×(ω2, E0) → (X, E)×(Y, F) (lemma
4), so the image of the Borel relationπ0 is a Borel subset of (X, E) × (Y, F) (lemma
2). We claim that ( f ×g)[π0] isnot ameasurablesubset of X

E × Y
F . Supposeotherwise:

sinceboth f : ω2 → X
E andg :

ω2
E0

→ Y
F aremeasurablefunctions, wewould havethat

π0 ismeasurable in ω2×
ω2
E0

, henceπ0 would belongto somesub-σ -algebragenerated

by countably many “vertical stripes” {Al ×
ω2
E0

} andcountably many “horizontal” ones

{ω2 × Bm}, with Al Borel in ω2 and Bm Borel in
ω2
E0

for l ,m ∈ N. Let x, y be two
E0-inequivalent points of ω2: since (x, [x]E0) ∈ π0 but (x, [y]E0) /∈ π0, for some
index m we should have [x]E0 ∈ Bm ↔ [y]E0 /∈ Bm: in other words, {π−1

0 [Bm]} is a
countable Borel separating family for E0, a contradiction.

There are, however, important facts about relations in standard Borel spaces
which cease to be true for quotient Borel spaces; among these, one is of particular
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interest in connection with countable equivalencerelations (seethe discussion of enu-
merable relations and theFeldman–Moore theorem in Section 2):

THEOREM 1. TheLusin–Novikov uniformizationTheorem, see[6] , [18.10] Let
X,Y be standard Borel spaces and P ⊆ X × Y be Borel with countable sections.
Then P has a Borel uniformization ϕP and domϕP = dom P = pr oj X[P] is Borel.
Moreover P can bewritten as a countable union of Borel graphs.

This uniformization property doesn’t hold anymore in the context of quotient
Borel spaces.

EXA MPLE 1. Let E be any nonsmooth countableBorel equivalencerelation on
astandard Borel spaceX andπE : X → (X, E) bethequotient projection. Theinverse
relation of the graph of πE is a Borel subset of (X, E) × X with countable sections
(they are exactly the E-equivalence classesin X); nonetheless, for every uniformization
ϕ : (X, E) → X, the compositionϕ ◦ πE is aselector for E, so ϕ cannot beBorel.

2. Countable Borel equivalence relations

Webegin our study of countable eq. relationson quotient spacesisolatingsomeparticu-
lar subclasses, according to the cardinality of the equivalence classes, to thegeneration
or representabilit y properties and, finally, to the regularity.

DEFINITION 4. We say that an equivalence relation E on a set X has index
≤ n if all it s equivalence classes have cardinality lessthan or equal to n; E is finite
(or has index< ℵ0) if itsequivalence classes arefinite.

DEFINITION 5. An equivalence relation F on a quotient Borel space (X, E)
is (Borel) countably generated (Borel ℵ0-generated) if there is a countable family
{ fn : n ∈ N} of Borel endomorphisms of (X, E) such that F is the smallest sub-
set of (X, E)2 = (X2, E2) being anequivalencerelation andcontaining every fn. F
is (Borel) enumerable if there is a countable family { fn : n ∈ N} of Borel endo-
morphisms of (X, E) such that F =

⋃

n fn; { fn} is then called an enumeration of
F.

A (Borel) enumerable equivalence relation is clearly (Borel) ℵ0-generated; if
the family { fn : n ∈ N} is an enumeration of F , then each fn is a countable-to-
1 function and, for all points x, { fn(x)} is an enumeration of the equivalence class
[x]F of x. We remark that, even ona standard Borel space, an equivalencerelation F
which is generated by countably many Borel functions may well be uncountable and
that, in this case, F might be a complete 6

1
1 set (example 3); however, if F is already

countable, then every function f ⊆ F is countable-to-1, and lemma5 below applies.

EXA MPLE 2. Given a Borel endomorphism f : X → X, the equivalencerela-
tion generated by f is simply the tail equivalencerelation of f , whose classes are the
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grand-orbits of f :

(3) E( f ) = Et ( f ) = {(x, y) : ∃m,n ∈ N
(

f m(x) = f n(y)
)

}.

In thiscase E( f ) isclearly Borel, and E( f ) iscountable exactly when f iscountable-
to-1.

EXA MPLE 3. Fix a complete 6
1
1 subset A ⊆ ωω, a Borel function f0 : ωω →

ωω with r ng f0 = A and a point x0 ∈ A. Pick X = ωω × 2 and define two Borel
endomorphisms f, g of X as follows:

f (x, i ) =

{

( f0(x),1) if i = 0,

(x,1) if i = 1;
g(x, i ) =

{

(x0,1) if i = 0,

(x,1) if i = 1.

Let E = E( f, g) be the equivalence relation generated by f and g on X; its equiva-
lence classes are just the singletons {(x,1)} for x /∈ A and the whole remaining subset
(ωω × {0}) ∪ (A × {1}). E is clearly an analytic subset of X × X; since the Borel
function

ρ : ωω → X × X : x 7→
(

(x,1), (x0,1)
)

reduces A to E, E is a complete6
1
1 set.

LEMM A 5. Let (X, E) bea quotient Borel spaceand{ fn : n ∈ N} a countable
family of Borel endomorphisms of (X, E). The equivalence relation F generated by
{ fn} is6

1
1; if every fn is countable-to-1, then F iscountable Borel.

Proof. For each r ∈ N, consider the followingsubset Fr of (X, E)r +1:

Fr = {(x0, . . . , xr ) : ∀k < r ∃ j ∈ N
(

xk+1 = xk or xk+1 = f j (xk) or xk = f j (xk+1)
)

};

by definition, each Fr isBorel. Moreover, if every fn iscountable-to-1, for each choice
of a point x = x0 ∈ X there are only countably many possibiliti es for x1, and then
for x2 and so on, in order for (x0, . . . , xr ) to be in Fr , hence each section (Fr )x is
countable. It is straightforward to check that the (analytic) sets

F(r ) = {(x, y) : ∃(z0, . . . , zr ) ∈ Fr (z0 = x and zr = y)} ⊆ (X, E)× (X, E)

aresymmetric andreflexivebinary relationson(X, E) andthat their unionistransitive,
so the equivalencerelation F generated by { fn} coincides with

⋃

r F(r ) and so is 6
1
1.

When the fn’sare countable-to-1, by the aboveremarksevery set F(r ) is theprojection
of a Borel set with countable sections, and its sections (F(r ))x are countable too; it
follows from lemma2 that every F(r ), and thus also F , are countable Borel.

DEFINITION 6. Let Γ be a countable group acting on a quotient Borel space
(X, E). We say that the action is Borel if , for every γ ∈ Γ , the induced permutation
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(γ ·) of X/E is a Borel automorphism of (X, E); in this case (X, E) is a Borel Γ -
space. Theorbit equivalencerelation E(X,E)Γ induced onthe (Borel) Γ -space(X, E) is
just the equivalencewhose classesare theorbits of theaction:

xE(X,E)Γ y if and only if ∃γ ∈ Γ (y = γ · x).

DEFINITION 7. A countable Borel equivalencerelation F on a quotient Borel
space(X, E) issmooth if it admits a Borel transversal T ⊆ (X, E).∗

As when the space(X, E) is standard, F is smooth if and only if it has a Borel
selector: given aBorel transversal T , theset

ϕ = {(x, y) : xFy and y ∈ T}

is a Borel selector and, conversely, if ϕ′ is a Borel selector for F , the set T ′ =
{

x : x = ϕ′(x)
}

iseasily aBorel transversal. Notethat theusual definition of smooth-
ness, which requires the existenceof a countable Borel separating family (or, equiva-
lently, reducibilit y to equality on some standard Borel space), is no longer suitable for
equivalencerelationsonarbitrary quotient Borel spaces: by lemma1, thevery identity
relation on(X, E) fails to satisfy theseproperties unlessE itself is smooth.

When theunderlyingspace(X, E) is smooth, thepreviousclassesarevery sim-
ply arranged as in figure 2.

Countable

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _�

�

�

�

�

�

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

oo // (Countable)
ℵ0-generated

oo // Enumerable oo // Orbit equivalence
of a countable group

(Countable) smooth

OO

Finite

OO

Figure2: Classesof countable eq. rel. onstandard Borel spaces

First of all , the entire collection of countable Borel equivalence relations gets
collapsed to the class of orbit equivalences induced by Borel actions of countable
groups: this is just themain statement of the classical Feldman–Mooretheorem, whose
proof follows.

THEOREM 2 (The Feldman–Moore representation theorem (see also [7]). Let
E be a countable Borel equivalencerelation on astandard Borel space X. Then there

∗In [9, §II .5], B. Mill er proposes a more restricted definition of smoothness, which coincides with our
“smooth+enumerable”.
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is a countable (discrete) groupΓ acting in a Borel way on X with orbit equivalence
EX
Γ = E. The groupΓ andtheactioncan be chosen so that

xEy ↔ ∃γ ∈ Γ (γ 2 = 1 ∧ γ · x = y).

Proof. (Louveau) Thetwo key ingredientsof the classical proof arethefollowingfacts:

1. any countableBorel equivalencerelation E onastandard Borel spaceX isBorel
enumerable, by theLusin–Novikov uniformizationtheorem 1: we can write E =
⋃

m<ω fm, with fm Borel endomorphisms of X;

2. theσ -algebraBor (X) of theBorel subsetsof X is countably generated: let A =
{

A
√

: √ < ω

}

be a countable generating subalgebra of Bor(X).

For each triple (m,n, p) ∈ ω3 define

fm,n,p(x) =











fm(x) if x ∈ Ap, fm(x) /∈ Ap, fn ◦ fm(x) = x,

fn(x) if x /∈ Ap, fn(x) ∈ Ap, fm ◦ fn(x) = x,

x otherwise;

it i sclear that every fm,n,p isaBorel involutioncontained in E. Moreover, given apair
of distinct E-equivalent elements x, y ∈ X, we can findm,n < ω such that fm(x) = y
and fn(y) = x (sincethe fm’scover E), anda p < ω such that x ∈ Ap, y /∈ Ap (since
Bor (X) separates points and A is a generating subalgebra), hence fm,n,p(x) = y.
The countable subgroupΓ ≤ Aut(X) generated by

{

fm,n,p : m,n, p < ω
}

has the
desired properties.

Another nicefact is that all finiteBorel equivalencerelationsonstandard Borel
spaces are smooth: by the Isomorphism Theorem, there is no lossof generality if we
just work with a finite Borel equivalencerelation F on a Borel subset X of R: in this
case theset of minimaof all the F-classes,

T = {x ∈ X : ∀y ∈ [x]F (x ≤ y)} = {x ∈ X : ∀γ ∈ Γ (x ≤ γ · x)} ,

where Γ is a countable group acting on X with F = EX
Γ , as provided by the Feld-

man–Moore theorem, iseasily seen to be aBorel transversal for F .

For general quotient Borel spaces, the previous facts are no longer valid and
the overall picture is quite more complicated (seefigure 3). We just make a couple
of simple observations: every smooth equivalence relation is Borel countably gener-
ated (in fact, 1-generated, sinceone only needs a Borel selector to produce the entire
equivalence), and each Borel eq. rel. F of index ≤ 2 is induced by a single Borel
involution,

f (x) =

{

y if x 6= y and (x, y) ∈ F,

x if x /∈ dom(F r i d);
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in particular, every index-(≤2) equivalencerelation is an orbit equivalence EZ/2Z for
some Borel action of Z/2Z. The situation changes drastically already for index-3 re-
lations (see examples 6 and 7): it may happen that it is impossible to associate, in a
“simply definable” and uniform way, to each point x an element in the same equiva-
lence classdifferent from x.

Countable

Finite

55jjjjjjjjjjjjjjjjjjjj (Countable)
countably generated

OO

Index ≤ 3

OO

(ex. 7)
⊗

55

Enumerable

OO

(Countable)
smooth

iiSSSSSSSSSSSSSSS

(ex. 6)

⊗oo

Orbit equivalence
of a countable group

��

OO
_ _ _ _ _ _ _ _ _�

�

�

�

�

�

�

�

�

�

�

�

�

�

_ _ _ _ _ _ _ _ _

Index ≤ 2

OO

55jjjjjjjjjjjjjjj


�

(ex. 4)

⊗

OO

Figure3: Classesof countable eq. rel. on quotient Borel spaces

Sincethe Lusin–Novikov theorem 1 fails for quotient spaces, one cannot hope
to prove arepresentation theorem like2 for all countable equivalencerelations: for in-
stance, example6 providesa countable(1-generated) Borel equivalencerelationwhich
is not enumerable. Moreover, the usual proof of theorem 2 makes use of the fact that
the σ -algebra Bor (X) is countably generated when X is standard, but this becomes
false for nonsmooth quotients. Nevertheless, we now proceed to show the interesting
result that therepresentationtheorem isstill valid, for Borel enumerablerelations, even
without the assumption of the existenceof a countable generating family for the Borel
σ -algebra:

THEOREM 3 (“Feldman–Moore” representation theorem for enumerable equiv-
alencerelations on quotient Borel spaces). Let F be a Borel enumerable equivalence
relation on a quotient Borel space(X, E). Then there isa countablegroupΓ acting in
a Borel fashion on(X, E) with orbit equivalence E(X,E)Γ = F.

We shall use the following common notation: given an equivalencerelation F
onaBorel spaceX, wewrite [F] for the full groupof F , that is thesubgroup of Aut X
containing those automorphisms whose graph is a subset of F , and [[F]] for the set of
Borel injective graphs contained in F .



Feldman–Moore representation on quotient spaces 389

By the enumerabilit y hypothesis, we canwrite F asa countableunion
⋃

m<ω ϕm

of Borel functionsϕm ∈ End(X, E). Fix a bijectionω → ω2 : n 7→ ((n)0, (n)1) and
let, for each natural number n, ψn = ϕ(n)0 ∩ ϕ−1

(n)1
, where ϕ−1

m denotes the inverse

relation of ϕm ⊆ (X/E)2: by construction, every ψn is aBorel partial injectionand

(4) F =
⋃

n<ω

ψn, ∀n < ω
(

ψn ∈ [[F]]
)

.

The following lemma is thekey to theproof:

LEMM A 6. Any Borel partial injection g0 ∈ [[F]] can be covered with two
Borel automorphisms g′, g′′ ∈ [F].

Proof. Starting with g0, we build an increasing sequence of partial injections gn by
successively adjoining pieces of thevariousψn: precisely, define by recurrence

(5) gn+1 = gn ∪
(

ψn r (domgn × (X/E))r ((X/E)× r ng gn)
)

,

that is, we attach to gn asmuch of ψn aspossible in order for gn+1 to be again apartial
injection. Put g =

⋃

n<ω gn: g is also in [[F]].

CLAIM 1. If y, z ∈ X/E and yFz then either y ∈ domg or z ∈ r ng g.

Suppose not: by (4) we can findan index n such that (y, z) ∈ ψn, thus

(y, z) ∈ ψn r (domg × (X, E))r ((X, E)× r ng g) ⊆

⊆ ψn r (domgn × (X, E))r ((X, E)× r ng gn) ⊆ gn+1 ⊆ g,

so y ∈ domg and z ∈ r ng g, which isa contradiction.

Consider now the following family of Borel subsets of X, indexed by integers
n ∈ Z:

(6)

X1 = domg r r ng g, Xn+1 = g[Xn];

X−1 = r ng gr domg, X−(n+1) = g−1[X−n];

X0 = X r
⋃

n6=0

Xn.

We plan to build g′ and g′′ out of g and g−1 by means of a “Schröder–Bernstein” type
argument, and thefirst step to accomplish thisgoal is the following

CLAIM 2. (Xn : n ∈ Z) is aBorel partition of (X, E).

By the definition of X0, one needs only check that Xk and Xl are disjoint for
distinct nonzero k, l ∈ Z; if k and l have the same sign, this is an easy consequenceof
the injectivity of g and g−1. Suppose then k < 0< l and x ∈ Xk ∩ Xl : by (6),

z = g−(l−1)(x) = g−l+1(x) ∈ X1, so z /∈ r ng g,
y = (g−1)−(|k|−1)(x) = g−k−1(x) ∈ X−1, so y /∈ domg;
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however we have yFxFz (since g, g−1 ∈ [[F]]) and therefore yFz by transitivity,
which contradicts claim 1.

Weproceed to construct the two desired bijections g′, g′′ ∈ [F] as follows,

g′ = g↾ X0 ∪
⋃

n<ω

g↾ X2n+1 ∪
⋃

n<ω

g−1↾ X2n+2 ∪

∪
⋃

n<ω

g−1↾ X−2n−1 ∪
⋃

n<ω

g↾ X−2n−2,

g′′ = g−1↾ X0 ∪ i d
X1∪X−1

∪
⋃

n<ω

g↾ X2n+2 ∪
⋃

n<ω

g−1↾ X2n+3 ∪

∪
⋃

n<ω

g−1↾ X−2n−2 ∪
⋃

n<ω

g↾ X−2n−3,

(noticethat g and g−1 arebijective on X0) and weobtain

g0 ∪ g−1
0 ⊆ g ∪ g−1 ⊆ g′ ∪ g′′.

Proof of theorem 3. By lemma 6, every partial injection ψn in (4) is covered by two
automorphismsψ ′

n, ψ
′′
n ∈ [F], so the subgroupΓ ≤ [F] generated by all ψ ′

n and all
ψ ′′

n works.

REMARK 2. The automorphisms g′, g′′ given by lemma 6 may not be invo-
lutions of the space(X, E), so we cannot deduce the last statement of the classical
Feldman–Moore theorem 2, that F iscovered bycountably many involutions (induced
by elements of Γ of order 2): in fact, this is false in general, see example 8. 9. How-
ever, if both g0 andall thepartial injectionsψn in (4) were involutions, then clearly the
g built i n lemma 6 would be too; sincedomg equals r ng g in this case, by claim 1 g
would already be an automorphism of (X, E). Hence the proof of theorem 3 can be
adapted to give anew proof of theorem 2.

Let us conclude this section with a simple, weak uniformization lemma: here
again the hypothesis of countabilit y, which is sufficient for relations in standard Borel
spaces, has to bestrengthened (example 1):

LEMM A 7 (Weak uniformization). Let R ⊆ (X, E)× (Y, F) bea Borel binary
relation between quotient Borel spaces. If R is contained in anenumerable relation S
(i.e. R is covered by countably many Borel functions (X, E) → (Y, F)), then R has a
Borel uniformization.

Proof. Is straightforward: let { fn : n ∈ N} be a countable family of Borel functions,
fn : (X, E) → (Y, F), such that R ⊆

⋃

n fn. Put

ΦR =
{

(x,n) ∈ (X, E)× N : (x, fn(x)) ∈ R and∀k < n
(

(x, fk(x)) /∈ R
)}

,

ϕR =
{

(x, y) ∈ R : ∃n ∈ N
(

(x,n) ∈ ΦR and y = fn(x)
)}

;
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clearly bothΦR andϕR are Borel functions, domΦR = domϕR = dom R andϕR is
auniformization of R.

3. Some examples; 2-valued measures and freeactions

We begin this section with a simple general criterion (proposition 2) which is useful
to build examples of nonsmooth and non-countably generated Borel equivalencerela-
tions.

LEMM A 8 ([5]). Let F = E(X,E)Γ be the orbit equivalenceof some Borel free
action of a countable group Γ on a quotient Borel space (X, E). Then the action
admits a Borel cocycle, i.e. a Borel function θ : F → Γ satisfying the following
properties:

1. for all (x, y) ∈ F, y = θ(x, y) · x;

2. for all t riplesof F-equivalent elements xFyFz, θ(x, z) = θ(y, z)θ(x, y).

Proof. For each γ ∈ Γ , put Aγ = {(x, y) : y = γ · x}: since F = EΓ and the action
is Borel and free,

(

Aγ : γ ∈ Γ
)

is a Borel partition of F , so the required cocycle is
simply

θ(x, y) = γ iff (x, y) ∈ Aγ .

PROPOSITION 2. Let (X, E) be a nonsmooth quotient Borel space, µ a 2-
valued nonatomic Borel measure on (X, E), Γ a countable group acting in a Borel,
freeandµ-preservingway on (X, E),∆ a subgroup of Γ .

1. If Γ is not the trivial group, E(X,E)Γ is nonsmooth;

2. if F ⊆ E(X,E)Γ is a countably generated equivalencerelation over E(X,E)∆ , then

F isµ-almost contained in E(X,E)NΓ (∆)
, where NΓ (∆) is thenormalizer of ∆ in Γ .

In the last assertion, themeaning of “µ-almost contained” is that theset

dom
(

F r E(X,E)NΓ (∆)

)

=

{

x ∈ (X, E) : [x]F * [x]
E(X,E)NΓ (∆)

}

(which isBorel by lemma2) isµ-null .

REMARK 3. The existenceof a2-valued nonatomic Borel measureµ on(X, E)
is in fact equivalent to E being nonsmooth: for one direction, if E were smooth then
Bor (X/E) would be countably generated (lemma1), soµ would takevalue1 onsome
atom of Bor (X/E), contradicting non-atomicity of µ; for the other, recall that when-
ever E is nonsmooth there is a Borel E-ergodic E-nonatomic measure µ̃ on X, so it
is sufficient to let µ = (πE)∗µ̃, whereπE denotes the quotient map X → X/E. This
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is just the countable case of the Harrington–Kechris–Louveau dichotomy for arbitrary
Borel equivalence relations (see [4]), which was first proved by Effros [2], [3] and
Weiss[12].

Proof. (1.) Let θ : F → Γ be aBorel cocycle associated to the action of Γ on (X, E)
(lemma 8). Suppose that E(X,E)Γ is smooth over E and let ϕ : (X, E) → (X, E) be a
Borel selector; the function

(7) ϕ̃ : (X, E) → Γ : x 7→ θ(x, ϕ(x))

isBorel andsatisfies, for all x ∈ (X, E), ϕ(x) = ϕ̃(x) · x. Asγ variesover Γ , thesets

Zγ = ϕ̃−1(γ ) = {x ∈ (X, E) : ϕ̃(x) = γ }

form a Borel partition of (X, E) into countably many pieces. If δ ∈ Γ is not the
identity element (we’re assumingΓ nontrivial, hencesuch aδ exists), for every γ ∈ Γ

the subsets δ · Zγ and Zγ are disjoint: otherwise there are x, y ∈ Zγ with y = δ · x,
and wehave

(γ δ) · x = γ · y = ϕ(y) = ϕ(x) = γ · x,

which is absurd sincethe action is freebut γ δ 6= γ . Now recall that the measureµ is
2-valued andΓ -invariant: it follows that each pieceZγ , which has the same measure
as δ · Zγ but is disjoint from it, is necessarily aµ-nullset. We have thus that (X, E) is
covered bycountably many nullsets, a contradiction.

(2.) Let f be an endomorphism of (X, E(X,E)∆ ), whosegraph iscontained in the

quotient relation F/E(X,E)∆ ⊆ E(X,E)Γ /E(X,E)∆ . By the weak uniformization lemma 7,
f has a Borel li fting to an endomorphism ϕ ∈ End(X, E); let ϕ̃ and Zγ , for γ ∈ Γ ,
be defined as in theproof of (1.): wewill show that theuniqueγ such that µ(Zγ ) = 1
must belong to NΓ (∆). For every element δ of ∆, the intersection of the two full -
measure subsets Zγ and δ · Zγ is nonempty, so there are x, y ∈ Zγ with y = δ · x.

Since x and y are E(X,E)∆ -equivalent, their images by ϕ have to be E(X,E)∆ -equivalent
too, so, for some δ′ ∈ ∆,

γ δ · x = γ · y = ϕ(y) = δ′ · ϕ(x) = δ′γ · x;

since the action of Γ is free, necessarily γ δ = δ′γ . It follows that γ∆γ−1 ⊆ ∆, so
γ ∈ NΓ (∆), asdesired.

We now ill ustrate some easy applications of the preceding proposition, which
arerelevant for understandingtherelationship of thevariousclassesof countable equiv-
alencerelations discussed in Section 2(seefigure3).

EXA MPLE 4 (A nonsmooth equivalence relation of index 2). Let E0 be the
equivalencerelation (2) of eventual equality on the Cantor spaceω2; it is well -known
(see [4], [1]) that E0 is nonsmooth and that Haar measure µ(ω2), which is just the
ω-th power of the

(1
2,

1
2

)

-measure on 2, is E0-nonatomic and ergodic (0-1 law): let
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µ = µ(ω2)/E0 be the quotient measure. Consider the componentwise action of the
symmetric group on 2elements, S2 ∼= Z/2Z, onω2:

(8) S
2

×ω2 → ω2 : σ · (xn) = (σ xn);

this action preserves E0-equivalence, so it induces an action of S2 on the quotient
Borel space(ω2, E0), which is easily seen to be Borel, free andµ-preserving; its orbit
equivalenceis E0(S2)/E0, where E0(S2) is the equivalencerelation generated by E0
and E

ω2
S2

. By proposition 2, E0(S2)/E0 is nonsmooth.

EXA MPLE 5 (The tail equivalence relation Et over E0). Recall that the tail
equivalencerelation ontheCantor spaceisdefined by

(9) (xn) Et (yn) iff ∃l ,m ∀n (xl+n = ym+n);

in other words, Et isthe equivalencegenerated bytheshift endomorphismσ ∈ End(ω2),
σ(xn) = (xn+1): Et = E(σ ) (compare with (3)). Note that the shift σ preserves both
E0-equivalence and Haar measureµ(ω2), so it induces a Borel µ-preserving endomor-
phism σ ′ ∈ End(ω2, E0).

We claim that Et/E0 is nonsmooth. Let ω2∗ be the Et -invariant set of the
aperiodic binary sequences,

ω2∗ =
{

x ∈ ω2 : ∀m,n ∈ N (σm(x) = σ n(x) → m = n)
}

:

ω2∗ is a cocountable 5
0
2 subset of ω2, so it is sufficient to study the restrictions of

E0 and Et to ω2∗. Observe now that the restriction of σ ′ to (ω2∗, E0) is an aperiodic
automorphism, so Et/E0 is the orbit equivalence of the Borel, free, µ-preserving Z-
action induced byσ ′: by proposition 2, Et/E0 is nonsmooth.

EXA MPLE 6 (A smooth equivalence relation of index 3 which is not enumer-
able). Samenotationsas in example4. Consider thestandard Borel spaceX = ω2× 2
and the following two countable Borel equivalences on it:

E = E0(S
2
)⊕ E0 : (x, i )E(y, j ) ↔

{

i = j = 0
xE0(S2)y

or

{

i = j = 1
xE0y

F = E0(S
2
)× I (2) : (x, i )F(y, j ) ↔ xE0(S

2
)y.

By construction, F has index 3 over E; moreover F/E is smooth, sincethe set (ω2 ×

{0})/E is aBorel transversal or, equivalently, the function

(10) ϕ̃ : X → X : (x, i ) 7→ (x,0)

induces aBorel selector ϕ ∈ End(X, E) for F/E (seefigure4).

Suppose F/E is enumerable. Consider the canonical projection π :
ω2
E0

→
ω2

E0(S2)
and the two Borel injections

j0 : (ω2, E0(S
2
)) → (X, E) induced by ̃0 : x 7→ (x,0),

j1 : (ω2, E0) → (X, E) induced by ̃1 : x 7→ (x,1) :
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Figure 4: Equivalencerelations in example 6: every F-class(dashed rectangle) splits
into threeE-classes (lines). Thedotted arrows represent theselector ϕ.

their product j0 × j1 is a Borel embedding of (ω2, E0(S2)) × (ω2, E0) into (X, E)2,
which mapstheinverserelationπ−1 onto asubset R of F/E. By theweak uniformiza-
tion lemma 7, the enumerabilit y assumption on F/E insures the existenceof a Borel
uniformization ψR of R: however, this means that ψ = ( j0 × j1)−1[ψR] is a Borel
right inverse of π , henceψ ◦ π is a Borel selector for E0(S2) over E0, contradicting
the fact that E0(S2)/E0 is nonsmooth (example 4).

REMARK 4. By the representation theorem 3, a Borel equivalence relation is
enumerable if and only if it i s generated by countably many Borel automorphisms.
Generation byℵ0 countable-to-1 endomorphisms, on theother hand, isamuch weaker
condition for equivalenceson quotient spaces, sinceLusin–Novikov uniformization no
longer holds: the equivalence relation F in example 6 is generated by a single Borel
3-to-1 function ϕ (a selector for F), and there is simply no countable family of Borel
maps which can bring each point back in a uniform way to all it s possible preimages
by ϕ.

EXA MPLE 7 (An index-3 equivalence relation which is not countably gener-
ated). (Louveau) Consider the spaceω3 of infinite ternary sequences; following the
discussion in example 4 we define the equivalence relation E0 of eventual equality
and, for each subgroup1 ≤ S3 of the symmetric group on 3elements, we consider
the componentwise action of 1 on ω3, giving rise to the equivalence E0(1) over E0.
The quotient equivalence relation E0(1)/E0 is simply the orbit equivalence E(

ω3,E0)
1

of the induced Borel action of 1 on (ω3, E0). Let µ(ω3) be Haar measure, i.e. the
ω-th power of the

(1
3,

1
3,

1
3

)

-measure on 3, and let µ = µ(ω3)/E0 be the quotient mea-
sure; µ is 2-valued and S3-invariant. In order to apply proposition 2we consider the
restrictions of the previous equivalencerelations to the cocountable E0(S3)-invariant
5

0
2 subset ω3∗ ⊆ ω3 of aperiodic sequences: in fact, the action of S3 on (ω3∗, E0)

is now free. Let S2 be identified by the subgroup of S3 generated by a transposition:
[S3 : S2] = 3 and thenormalizer NS3(S2) of S2 isS2 itself. It follows that E0(S3)

has index 3 over E0(S2), but any Borel countably generated subequivalence relation
of E0(S3)/E0(S2) has to be almost equal to the identity (proposition 2), so E0(S3) is
not countably generated over E0(S2).
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EXA MPLE 8 (An index-3 equivalence relation which cannot be generated by
countably many involutions). Same notations as in example 7. Consider the quotient
relation E0(Z/3Z)/E0 = E(

ω3,E0)
Z/3Z

, where Z/3Z is identified with the subgroup of S3

generated by an element of order 3 (a rotation); observe that the action of Z/3Z on
(ω3, E0) is free, so pick the associated Borel cocycle θ (lemma 8). We will show that
every involution f ∈ Aut(ω3, E0) with f ⊆ E0(Z/3Z)/E0 has µ-null support, i.e.
f (x) = x for µ-almost every x: thisclearly implies that E0(Z/3Z)/E0 cannot begen-
erated bycountably many involutions. Wefollow thesamereasoning used in theproof
of proposition 2: given an endomorphism f ∈ End(X, E0) with f ⊆ E0(Z/3Z)/E0,

let f̃ (x) = θ(x, f (x)) and, for i ∈ Z/3Z, let Zi =
{

x ∈ (ω3, E0) : f̃ (x) = i
}

; then

µ(Zi ) = 1 for exactly one i andµ(Z j ) = 0 for the other j 6= i . Suppose f 2 = i d:
then f [Z0] = Z0, f [Z1] = Z2 and f [Z2] = Z1; since, by construction, f [Zi ] = i · Zi

andµ isZ/3Z-invariant, theonly possibilit y isthatµ(Z0) = 1: thisleadsto thedesired
conclusion, since f is the identity on Z0.

EXA MPLE 9 (A finite orbit equivalencerelation which cannot be generated by
countably many automorphisms of finiteorder).
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