Rend. Sem. Mat. Univ. Pol. Torino - Vol. 65, 4 (2007)

G. Beson*
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1. Introduction

This is the text of a Lagrange Ledure given in the mathematics department of the
University of Torino. It aims at describing qute briefly the main milestones in the
proof of the Geometrizaion conjedure due to G. Perelman using R. Hamilton's Rica
Flow. It ishy nomeans exhaustive and intendsto be arough gudeto the reading o the
detail ed literature on the subjed. Extended naes have been pubished by H.-D. Cao
and X.-P. Zhu ([5]), B. Kleiner and J. Lott ([16]) and J. Morgan and G. Tian ([17]).
The reader may also look at the foll owing survey papers[1, 3, 21] and the forthcoming

monogaphy|[2].

2. The dassdfication of surfaces

It isknown since the end d the 19th century that any closed orientable surfaceis the
boundxry of a "bretzd”.

Andto the question: how is the sphere charaderized, amongclosed orientable
surfaces? We can give avery simple answer. It isthe only simply-conneded surface
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Thismeansthat any continuowsloopcan be continuosly deformed to a constant
loop(to apaint).

3. The 3-manifolds case

We may ask the same question, that is, let M be a dosed, conreded and arientable 3-
manifold. How can we distinguish the sphere? The answer is the content of the famous
Poincaré monjedure.

CONJECTURE 1 (Poincaré [22], 1904). If M3 is smply conreded then M is
homeomorphic (diff o) to the 3-sphere S°.

The question was pulished in an issue of the Rendiconti del Circolo Matem-
aticadi Palermo ([22]). Let usrecdl that in dimension 3the homeomorphism classes
and the diff eomorphism classes are the same. The next conjecure played an important
rolein the understanding o the situation.

CONJECTURE 2 (Thurston [24], 1982. M3 can be aut open into geometric
pieces.

The predse meaning o this datement can be dhedked in [3]. It means that
M can be aut open aonga finite family of incompressble tori so that ead pieceleft
caries one of the dght geometries in dimension 3 (see[23]). These geometries are
charaderized by their group d isometries. Amongthem are the three @nstant curva-
ture geometries. sphericd, flat and hyperbalic. Onefinds also five othersamongwhich
the one given by the Heisenberg groupand the Sol group (chedk the detailsin [23]).

Thurston's conjecture has put the Poincaré conjedure in a geometric setting,
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namely the purely topdogicd statement of Poincaréisunderstoodin geometricd terms:
asimply conreded 3-manifold shoud carry a sphericad geometry. Letting the geome-
try enter the picture opens the Pandarabox; the analysis comes with the geometry.

4. Some basic differential geometry

Theideadeveloped by R. Hamiltonisto deform continuowsly the "shape” of amanifold
in order to let the various pieces, in Thurston's snse, appea. What do we mean by
!1§.‘apen?

4.1. Shape of a differentiable manifold: the secional curvature

By "shape” we mean a Riemannian metric denoted by g. Let usrecdl that it isaEu-
clidean scdar product onead tangent space Tm(M), for me M. Althoughthe situation
isinfinitesmally Euclidean (i.e. onead tangent space it is not locdly. The defed to
being locdly Euclidean is given by the aurvature. Giving the predse definitions, ex-
planations and examples would be beyondthe scope of thistext. Thereader isreferred
to the standard textbooks auch as [6] or [9]. The paradigm is the 2-dimensional Gauf3
curvature. Let ustake, for me M, a2-plane P C Ty(M).

7

Let us consider the pieceof surfaceobtained by the family of geodesics dart-
ing from m and tangent to a vedor in P, then the sedional curvature esssociated to P,
denated by K(P) isthe Gaul3 curvature & m (and orly at m) of this surface

4.2. TheRicd curvature

The most important objed is the Ricd curvature which is an average of the sedional
curvature. Let u e T(M) be aunit vedor and (u,ez,e3) and arthonamal basis of
Tm(M). Then,

Ricd(u,u) = K(u,e2) + K(u,e3).

This definitionis however not enlightening. Let uslook at the picture below,
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distance=r

the volume dement at distancer from min the diredion o a unit vedor u has
an asymptotic expansion gven by;,

2
re_. .
dvol = (1— = Ricdim(u,u) + 0(r?))d voley
where d volg,q isthe Euclidean volume dement writtenin narmal coordinates (see[9]).
Fromthisitisclea that Ricd isabilinea form onTy(M) that is an oljed of the same
nature than the Riemannian metric.

4.3. Thescalar curvature

Finally, the simplest curvature dthoughthe weakest isthe scdar curvature which s, at
ead pant, the traceof the bilinea form Ricd with resped to the Euclidean structure
g. Itisasmoocth red valued function onM.

5. Hamilton’sRicad flow

Thisis an evolution equation onthe Riemannian metric g whose expeded effed isto
make the aurvature look like one in the list of the geometriesin 3 dmensions. This
expedation is however far too ogimistic and na yet proved to be atieved by this
technique. Nevertheless this ”flow” turns out to be sufficiently efficient to prove bath
Poincaré and Thurston'sconjedures. Theinspirationfor thisbeautiful i deais explained
in[10] and[4]. let (M,go) be aRiemannian manifold, we ae looking for a family of
Riemannian metrics depending ona parameter t € R, such that g(0) = go and,

?Ttg = —ZRiCCig<t) .

The mefficient 2 is completely irrelevant whereasthe minus sgnis crucial. Thiscould
be considered as adiff erential equation onthe spaceof Riemannian metrics (see[4]), it
is however difficult to use this point of view for pradicd purposes. It is more dficient
to look at it in locd coordinates in order to uncerstand the structure of this equation
([10Q]). Thisturnsout to be anontlinea hea equation, which is schematicdly like

9
ot
Here A isthe Lapladan associated to the evoluting Riemannian metric g(t). The minus

sign in the definition o the Ricd flow ensures that this hea equation is not badk-
ward and thus have solutions, at least for small time. The expressonencoded in Q is

= Ag(t) +Q.
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quadratic in the aurvatures. Such equations are cdled reaction-diffusion equations.
The diffusion term is A; indedl if Q is equal to zero then it is an horest (time de-
pendent) hea equation whose dfed is to spread the initial temperature density. The
readion term is Q; if A were nat in this equation then the prototype would be the
ordinary differential equetion,

f'=f2,

for ared valued function f. It is well-known that it blows up for a finite value of t.
These two effeds are oppasite and the main questionis: who will win?

5.1. Dimension 2
Itis hownin [12] (see &so[7]) that in 2-dimensions the diffusion wins, that is, start-
ing from any (smooth) Riemannian metric on a compad and arientable surface the

flow converges, after rescding, towards a constant curvature metric (even in the same
conformal clasg. Full detailsare givenin[7].

5.2. Examplesin dimension 3

Thefoll owing examples can be eaily computed.
1. Flattori, g(t) = go; (it is said to be an eternal solution).

2. Roundsphereg(t) = (1 — 4t)go; (ancient solution).
& e -
t=1/4

3. Hyperbdlic spaceg(t) = (14 4t)go; (immortal solution).

~

t=-1/4

4, CyImderg(t (1—2t)gg ® OR.

G (o

t=1/2



402 G. Beson

Two feaures deserve to be stressed. For the roundsphere the flow stopsiin finite posi-
tivetime but hasan infinite past. For the hyperbadlic manifolds, onthe contrary, the flow
has a finite past but an infinite future. We find these aspeds in the core of the proofs
of the two conjedures. Indeed, for the Poincaré mnjedure oneis led to (althoughit
is not strictly necessary) show that starting from any Riemannian metric on a simply-
conreded 3-manifold the flow stops in finite time whereas for Thurston's conjedure
one ougkt to study the longterm behaviour of the evolution.

6. Theseminal result

On a mmpad, conneded and simply-conneded 3 manifold M the ideais now to start
with a "shape” and deform it. We hope that, as for the example, the manifold M will

contrad to apoint andthat after rescdingthe metric will beame more and moreround
(i.e. constantly curved).

Thisisindeal the case when one alds sme asumption onthe metric.

THEOREM 3 ([10], R. Hamilton, 1982. This sheme works if we start with a
metric go which has positiveRicd curvature.

Thisisthe seminal theorem of the theory. Clealy it is a step towards the proof
of the Poincaré conjecure. The only restriction is important since it is not known
whether a simply-conneded manifold carries a metric of pasitive Ricd curvature. The
proof is dore dongthe lines mentioned abowve, the manifold becomes more and more
roundwhile contradingto a point.

7. Theidea of surgery

The questionis now what happensif we start with arandam metric go? It turnsout that
there ae examples showing that the manifold may become singuar, i.e. that the scdar
curvature may becmeinfinite ona subset of M. Thisisthe case for the nedkpinch:

which is ametric on a gylinder which develops a singdarity in finite time (see
[7]). But it could also be worse,
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ooz

Carntor

it could bethat the singuarities appea in a ¢ylinder spread ona cantor subset of
transversal spheres. Noticehowever that there ae, at the moment, no expli cit examples
of such a behaviour. The ideaintroduced by R. Hamilton in [11] isto dosurgery in
the nedks and restart the flow with a new metric on a (posshbly) new manifold. It is
schematicaly summarized by the picture below,

P D

The picture on the left represents a so-cdled han. The predse definitions are
quiteinvolved andthereader isreferred to the original papersby G. Perelman ([18, 20])
or the monogaphieswritten onthiswork ([16, 17, 5]).

8. Animportant breakthrough

One of the technicd achievements obtained by G. Perelman is the so-cdled canoricd
neighbouhoodtheorem (see[18], 12.1). Roughly, it showsthat there exists auniversal
number ro such that if we start with a suitably normali sed metric go then the points of
scdar curvature larger than ry 2 have aneighbouhoodin which the geometry is close
to amodel. Thereisafinitelist of such model geometries and hence avery restricted
list of topdogies. The neighbouhoodis either a ¢ylinder, cdled aned, with ametric
close to a standard roundcylinder, aso-cdled cagp which isametric onaball or onthe
complement of a ball i n the projedive spacewhich lookslike a ¢/linder out of a small
set, or the manifold M isaqudient of the 3-sphere by a subgouprl™ of O(3).
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B3 ouP3(R)\ B®

9. The scheme of the proof

Let us now start with a Riemannian manifold (M, go), where go is an arbitrary metric.
We start the flow and let it go upto the first singuar time, that is up to the first time
when the scdar curvature reades +o. TWo cases may occur:

i) the aurvature beaomes big everywhere

Just before the singuar time the aurvature may be big everywhere and the man-
ifold may be entirely covered by canonicd neighbouhoods. In that case we say that
the manifold becomes extinct. Pasting together these neighbouhoodswhose topdogy
isknown, leads to the foll owing result

THEOREM 4 (Perelman, [20]). If the manifold becomes extinct thenitis,
i) ST, (I c SO(4)),
i) Stx S or (St x §)/2? = PP(R#P3(R).

In that case we can stop the process $nce we have understoodthe topdogy o
M. Thisiswhy it is said that the manifold becomes extinct (the aurvatureis high hence
the manifold is gmall!).

il) The manifold does not completely disappear

An open subset Q isleft. Thisisthe subset of M wherethe scdar curvatureisfi-
nite & thesinguar time. Just beforethe singuar time, the manifold splitsin athick part
where the scdar curvature is snaller than the scde of the canonicd neighbouhoods
andathin part. So it looks like the drawing below.
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\Q thick part

thick part

T >

At the singuar time, applying surgery in the horns as shown below,

\Q thick part

thick part

T >

leadsto anew manifold M1, possbly not conreded.
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\Q thick part

thick part

T >

From this new Riemannian manifold ore startsthe Ricd flow upto the next sin-
gular time. To eat conreded comporent we gply the same dichatomy. The question
isnow to know whether this can be dore for all time.

10. Themain results

In [20Q] sedion 5it is shown that this procedure leals to the Ricd flow with surgery,
which is a noncontinuous version d the smocth Ricd flow (the manifold is not even
fixed) defined for all time. Stating predsely the result would be too technicd and
beyondthe scope of this note; the reader is referred to the text mentioned above. The
key step isto show that the surgeriesdo nd acaimulate, that is, onagiven finiteinterval
of time there ae only finitely many of them. Globally, there may be infinitely many
surgeries to perform. The question whether on an infinite interval of time we reath
some spedal geometry will be discussed |ater.

The proof of this result is quite involved. The poaint is that if we start with
a normalised metric (see the references for a predse definition) then after the first
surgery it is not any more. Thus the surgery parameter ro has changed. It changesin
fad after ead surgery and it may be that it goes to zero in finite time which will stop
the procedure and corresponds to an acaimulation o surgeries. Showingthat it is not
the caseis atour de forcewhich is a masterpieceof Riemannian geometry.

Let us sy that the solution becomes extinct if al conreded comporent are
covered by canoricd neighbourhoodsat sometime. Then ore has the

THEOREM 5 ([19], [8]). If M is smply conneded, the solution extinct in finite
time.
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The proof givenin [19] relies on an ideathat was developed by R. Hamiltonin
[13] and the details are in [5]. The proof given in [8] relies on the use of harmonic
maps. In bah cases theideais that a cettain Riemannian invariant deaeases alongthe
flow at a cetain speed whereasit is never zero, thisleals to a cntradictionif the flow
with surgery can be dorefor all ti me withou extinction.

The conclusionis that if the manifold is smply conreded the Rica flow with
surgery behaveslikein the previous example. Thelist of such manifoldsisthen knovn
andthis provesthe Poincaré conjedure. It also provesthe so-cdled spaceform conjec
ture since the aowve theorem also applies to manifolds with finite fundamental group.
Thelist of such manifoldsis

M= # S/ # Stx&.
finite finite

which showsthat if M is smply conneded then M ~ S,

11. Manifoldswith infinite fundamental group

Inthis case, asis shown in the example of the hyperbalic manifolds, we have to all ow
the flow with surgery to live for an infinite time. The main result is siImmarized in the
followingroughclaim.

CLAIM 6 (Perelman [20Q], sedions 6-8). For larget, (M, g(t)) decompasesinto
thick and thin pieces (passbly empty).

Thefollowing picture gives a hint of what may happen,

Incompressible tori
Thin piece
/ \ (graph manifold)

Hyperbolic pieces
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hyperboalic pieces emerge from the thick part and are bounded by incompress
ible tori, that is tori whose fundamental groupinjeds in the one of the manifold. The
thin pieces are mllapsing, that is the volume of ball s goes to zero while the sedional
curvatureis bounded below. The reader shoud chedk the predse definition o coll aps-
ingsinceit differs from the famili ar one.

[tisinfad the rescded metric 4—1tg(t) which becomesthick or thin asin the cease
of the hyperboali c metric which behaveslike (1+4t)go(t). The ssertionisthat thethin
part is agraph manifold.

What isa graph manifold?

RougHy spe&kingit is abunch of Seifert bundes glued alongtheir boundaries
(which are tori) and a Seifert bunde is a drcle bunde over a 2-orbifold with some
exceptional fibers. For more predse definitionsthe reader is referred to [15].

The proof of the fad that the thin part is graphed is not completely clarified at
the moment. An alternative proof can befoundin [2].
12. Sometednical aspeds

We shall give below some hints about few technicd i saues.

12.1. Singularities

As for ordinary differential equations a smooth solution exists on a maximal interval
[0,T[, forsomeT > 0. If T isfinite one can show that

lim sup|Riem(g(t))| = e,
t—=T- M

where |Riem| = largest sedional curvature & apoint (in absolute value).

In order to describe what happens at a point where the aurvature blows up, one
uses the zoom technique which is familiar to al analysts. Let us assuimethat (x,t) is
a sequenceof spacetime points auch that

Qi = |[Riem(x;,t)| I:; +o0.

We can zoom aroundead x; slowing davn the time, which is trandated in mathemat-
icd terms by changing the metric to

gi(t) = Qig(ti +t/Qi).

Thisiscdled aparabalic dilation. The metrics g;(t) are dso solutions of the Rica flow
equation.
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Zoom

The solutions (M, gi(t)) are defined on a badkward interval getting larger with
i. A compadnesstheorem for flows proved by R. Hamilton (see[14]) then shows that
a sub-sequence mnvergestowards a Rica flow (New,gw(t)), defined on] — 0, 0]. Such
asolutionis cdled an ancient solution. Now, the dassfication o singuaritiesrely on
the dasdficaion d ancient solutions (with extra properties). They are infinitesimal
modelsfor singuarities.

12.2. Ancient solutions

An important tod is a by-product of the maximal principle for parabalic systems (see
[11]), which is cdled the Hamilton-1vey pinching property. It could be summarized by
the inequality below. If gp is normalised then, for any x € M and any 2-plane tangent
toM at x, one has

RO +20(R(x 1)) = K(Rt) > —@(R(x 1)),

where R(x,t) is the scdar curvature of the metric g(t) at x and K(P,t) is the sedional
curvature of the 2-plane P tangent at x for the metric g(t). Here @istheinversefunction
of X — XInx—x. Thisinequality says that the scdar curvature cntrolsall curvatures
whichisnot surprisingin dimension 3 bu makesthis fad quantitative.

One particular fedureis that @(y)/y v 0. In particular one can apply thisto
the metrics g;, for which, in roughterms one obtains,

KPH)  @ROH) o

Q Q  i—e
for any 2-plane P tangent at x. This shows that the aurvature operator of the limit space
(N, Je) IS NONNegative. Thisis one property of the ancient solutions which appeas
as limit of blow-ups. Itisalso posshble to show that (Nw,Je(t)) has bounded sediond
curvatures for al t (the boundmay depend ont) and that they are not collapsed. In
dimension 3thislealsto a amplete dassficaion, which yieldsthe list below:

Ki(Pti) =

e S*/T where S® isthe roundsphere
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o diffeomorphicto S° or P3(R)
e RxZor (Rx)/Z,=P3R)\ B® with canoricd metric,

¢ B2 with pasitive aurvature.

This clasdficationisgivenin sedion 11 d [18] andisfinished in [2(].

13. Conclusion

This dhort note is a very brief acount of the main ideas underlying the proofs of the
Poincaré and Geometrizaion conjedures. Althoughthere are still some issuesto clar-
ify, at this moment it i s accepted that both are proved. We skipped the technicd detail s
and definitions sncethey areredly invalved andthe reader is referred to the references
mentioned. This masterpieceof Riemannian geometry isnow at the stage where people
are trying to simplify some of the aguments and there ae several diredionin which
this could beimproved. For example one could try to provethat the metric does evolve
towards ome kind o canonica one on ead piece At the moment the only situation
in which we know that is when the limit is (after rescding) hyperbdic. A probable
by-product of that isthat there could always be finitely many surgerieswhich would be
agrea simplification. Beyonda proof without surgeriesat al i s adrean that could be
adhieved if onefinds away to construct a new and more eficient flow.

Study o the Ricd flow for higher dimensionsandin particular for Kahler man-
ifolds is the most promising dredion o research at the moment as well as improve-
ments of the Hamilton-lvey pinching inequality which lea to rigidity theorems such
as the sphere theorem. Thereis no douh that more isto come.

Acknowledgment
The author wishes to thank the M athematics department of the University of Torinofor
its kind invitation.

References

[1] L. BESSERES. Conjedure de Poincaré : lapreuve de R. Hamilton and G. Perelman. La gazette des
mathématiciens, 106, 2005

[2] L.BESSERES,G. BESSON, M. BOILEAU, S. MAILLOT, and J. PORTI. Géométrisation ces variétés de
dimension 3 Monogaphie en préparation.

[3] G. BESSON. Preuve de la mnjedure de Poincaré en déformant la métrique par la courbure de Ricd
(d"aprés Perelman). In Seminaire Bourbaki 20042005 volume 307 d Astérisque, pages 309-348
Société mathématiques de France, Paris, France, 2006

[4] J.-P. BOURGUIGNON. L'equation dela chaleur asciéeala curbure de Ricd. In Seminaire Bourbaki
198586, Astérisque, pages 45—61 Société Mathématique de France, 1987,

[5] H.-D.CaA0 and X.-P. ZHU. A Complete Proof of the Poincaré and Geometrizaion Conjedures - appli-
caion d the Hamilton-Perelman theory of the Ricd flow. Asian Journal of Mathematics, 10(2):165—
492, 2006

[6] J. CHEEGERandD. EBIN. Comparison theoremsin Riemannian geometry. North-Holland Publishing
Co., Amsterdam-Oxford, 1975



The Geometrizaion Conjedure 411

i
(8]
(9]
[10]
[1y
[12
13
[14
[15]

(16
(17

(18
(19

(29
(21
(22
(23
(24

B. CHow and D. KNOPF. The Ricd flow : anintroduction, volume 110 d Mathematical surveys and
monogaphs. A.M.S., 2004

T. CoLDING and W. MINICOzzI. Estimates for the extinction time for the Ricd flow on certain three
manifolds and aquestion o Perelman. Journd of the A.M.S, 18(3):561-569 2005

S. GALLOT, D. HULIN, and J. LAFONTAINE. Riemannian geomertry. Universitext. Springer-Verlag,
2004

R. HAMILTON. Threemanifolds with pasitive Ricd curvature. J. Differential Geometry, 17:255-306
1982

R. HAMILTON. Four-manifolds with pasitive aurvature operator. J. Differential Geometry, 24:153-179
1986

R. HAMILTON. The Ricd flow onsurfaces. In Mathematics and general relativity (Sarta Cruz 1986),
volume 71 o Contemp. Math., pages 237-262 Amer. Math. Soc., Providence RI, 1988

R. HAMILTON. Nonsinguar solutions of the Ricd flow on threemanifolds. Comm Ana. Geom.,,
7(4):695-729 1999

R. S. Hamilton. A compadness property for solutions of the Rica flow. Amer. J. Math., 1173):545—
572, 1995

J. HEMPEL. 3-manifolds, volume 086 d Annds of mathematics gudies. Princeton University Press
Princeton, 1976

B. KLEINER and J. LOTT. Notes on Perelman’s papers. ArXiv: math.DG/0605667 25 mai 2006

J. MORGAN and G. TIAN. Ricd Flow andthe Poincaré Conjedure, volume 3 of Clay mathematics
monogaphs. American Mathematica Society, 2007,

G. PERELMAN. The entropy formula for the Ricd flow and its geometric gpplicaions. ArXiv :
math.DG/0211159 november 2002

G. PERELMAN. Finite etinction time for the solutions to the Ricd flow on catain threemanifolds.
ArXiv : math.DG/0307245 juill et 2003

G. PERELMAN. Ricd flow with surgery onthreemanifolds. ArXiv : math.DG/0303109 mars 2003
V. POENARU. Poincaré and |’ hypersphére. Pour la Science, Dosser hors-série n. 41:52-57 2003

H. POINCARE. Cinquiéme complément al’analysis stus. Rend. Circ. Mat. Palermo, 18:45-11Q 1904
P. ScoTT. The geometries of 3-manifolds. Bull. LondonMath. Scc., 15:401-487 1983

W. P. THURSTON. Threedimensional manifolds, Kleinian groups and hygerbalic geometry. Bulletin
of the Amer. Math. Scc., 6(3):357-381 1982

AMS Suljed Classfication: 53C44, 53C21, 57M 40.

Gérard BESSON, Ingtitut Fourier and C.N.R.S., Université de Grenole |, B.P. 74, 38402Saint Martin
d'Heres Cédex, France
email: g.besson@ujf-grenoble.fr



