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C. Boiti - L. Zanghirati

GLOBAL ANALYTIC AND GEVREY REGULARITY FOR

NON-LINEAR OPERATORSON THE TORUS

Abstract. We prove aresult of global Gevrey and analytic regularity on the torus for non-
linear operators constructed from rigid vector fields, with coefficients depending onthesolu-
tion u and onits first derivatives. Weuse the method of majorant series.

1. Introduction and main notation

Let T
N be the N-dimensional torus and split T

N
z ≃ T

m
t ×T

n
x. Let us then consider, for

u∈C∞(TN) and for some integer n′ ≥ n, theoperator

P = Pu = P(t,x,u,D) =
n′

∑
i, j=1

ai j (t,x,u,X1u, . . . ,Xn′u)XiXj(1)

+
n′

∑
j=1

b j(t,x,u,X1u, . . . ,Xn′u)Xj +Xo+c(t,x,u,X1u, . . . ,Xn′u)

defined for z= (t,x) ∈ T
m×T

n, where the real analytic coefficients ai j , b j and c are
complex valued, but the real analytic rigid vector fields

Xj =
n

∑
k=1

d jk(x)
∂

∂xk
+

m

∑
k=1

ejk(x)
∂

∂tk
, j = 0, . . . ,n′(2)

are real valued (rigid meansthat the coefficientsd jk,ejk do not depend ont).

We shall also assumethat, for every x∈ T
n, thefields

X′
j =

n

∑
k=1

d jk(x)
∂

∂xk
, j = 1, . . . ,n′

span the tangent spaceTx(T
n).

We shall prove aresult of Gevrey and analytic regularity for the operator (1),
under a suitable a-priori estimate.

We already proved in [3] a result of analytic regularity for theoperator

P = Pu =
n′

∑
i, j=1

ai j (t,x,u(t,x))XiXj +
n′

∑
j=1

b j(t,x,u(t,x))Xj(3)

+X0+c(t,x,u(t,x)).

This operator is in particular of the form (1). Moreover, if for a fixed u∈C∞(TN) we
define the transposed operator tPu of Pu by the relation

〈tPuv,w〉 = 〈v,Puw〉 ∀v,w∈C∞(TN),
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where 〈·, ·〉 denotesthescalar product in L2(TN), then we can easily compute that also
the transposed operator tPu of Pu is of the form (1). We thusgivehere ageneralization
of the resultsof [3].

In §4we apply our main result (Theorem 1) to theoperator

Pu = ∂2
x + ∂2

y +sin2x(1+a2(u(t,x)))∂2
t ,

for areal analytic functiona(u), andto itstransposed operator tPu, showingitsdifferent
behaviour in R3 and onthe torus T

3. This enlightens the interest of considering such
operatorson the torus.

Let usremark that, for Pu defined by(1), we can obtainaresult of C∞-hypoelli pti-
city, following [10] by the use of para-differential operators. We shall therefore as-
sume, in the following, that u∈C∞(TN) isafixed solution of the equationPuu = f , for
f ∈ Gs(TN). We shall also assume that the following a-priori estimate is satisfied for
some0 < δ ≤ δ′ and for all v∈C∞(TN):

|||v|||µ :=
n′

∑
i, j=1

‖XiXjv‖µ+
n′

∑
j=1

‖Xjv‖µ+δ +‖v‖µ+δ′(4)

≤Cu(‖Puv‖µ+‖v‖µ),

where Cu = Cu(u,X1u, . . . ,Xn′u) ≤ C is a positive bounded function and µ is a fixed
integer with µ> N/2, so that the Sobolev spaceHµ(TN) is an algebra and

‖ f g‖µ ≤ Λ‖ f‖µ · ‖g‖µ ∀ f ,g∈ Hµ(TN),(5)

for someΛ > 0.

Under these assumptions we shall obtain a global result of regurality on the
torusfor Pu of the form (1) in theGevrey classesGs(TN) for s≥ 1, identifyingG1(TN)
with the real analytic classA (TN). We shall use the method of majorant series, as we
did in [3] for provingthehypoelli pticity of P of theform(3) in the analytic case(s= 1).
To this aim we need to modify here the majorant formal power series imployed in the
analytic case.

2. Gevrey formal power series

Let s≥ 1 and choose c > 0 such that if we define, for every multii ndex α ∈ NN, the
sequencem|α| = c|α|!s/(|α|+1)2, then

∑
0≤β≤α

(

α
β

)

m|β|m|α−β| ≤ m|α| ∀α ∈ NN.(6)

Let us then define, for ε > 0 andq≥ 1, Mq = ε1−qmq. From (6) it followsthat

∑
0<β<α

(

α
β

)

M|β|M|α−β| ≤ εM|α|,(7)
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and hence, if we consider the formal power series

θ(Y) = ∑
α>0

M|α|

α!
Yα,

for Y = (t,x) ∈ RN, weobtain that

θq(Y) ≪ εq−1θ(Y) ∀q≥ 1, Y ∈ RN,(8)

meaningthat each coefficient of theformal power seriesontheleft is lessthan or equal
to the correspondingcoefficient of the formal power serieson the right hand-side.

Let us now consider A,R > 0 such that the coefficients of Pu defined by (1),
which are real analytic functionsof thevariables t,x,u0,u1, . . . ,un′ ∈ Rn′+3, satisfy

n′

∑
i, j=1

‖∂qt
t ∂q0

u0
· · ·∂qn′

un′
ai j‖Hµ(TN,u(TN),X1u(TN),...,Xn′u(TN)) +

+
n′

∑
j=1

‖∂qt
t ∂q0

u0
· · ·∂qn′

un′
b j‖Hµ(TN,u(TN),X1u(TN),...,Xn′u(TN)) +

+‖∂qt
t ∂q0

u0
· · ·∂qn′

un′
c‖Hµ(TN,u(TN),X1u(TN),...,Xn′u(TN)) ≤ ARqq!

for all q,qt ,q0, . . . ,qn′ ≥ 0 with qt +q0+ . . .+qn′ = q. Definethen, asin [3], theformal
power series

φ(w) =
+∞

∑
q=1

ARqwq, for w∈ R.(9)

Then for every ρ > 0:

φ(ρθ(Y)) ≪
A
ε

θ(Y)
+∞

∑
q=1

(ρRε)q =
ARρ

1− ερR
θ(Y)(10)

for all ε > 0 such that ερR< 1.

Let usnow fix an index k∈ {1, . . . ,m} and denote, for simplicity, t = tk. In order
to computetheT p = ∂p

t = ∂p
tk-derivativeof φ(ρθ(Y)), for someinteger p≥ 1, werecall

thefollowingformula(which can be easily proved byinduction onp) for thederivative
of a composite function:

T p(φ◦w) = ∑
ri∈N\{0}

r1+...+rq=p

Cq,rφ(q)(w)∂r1
t w· · ·∂rq

t w

for someCq,r > 0 (thesenumbersare explicitly given in the formulaof FaàDi Bruno).
Then

T p(φ(ρθ)) = ∑
r1+...+rq=p

ri >0

Cq,rφ(q)(ρθ)ρq∂r1
t θ · · ·∂rq

t θ

= φ′(ρθ)ρ∂p
t θ+ ∑

r1+...+rq=p
0<ri<p

Cq,rφ(q)(ρθ)ρq∂r1
t θ · · ·∂rq

t θ,
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andsince∂r
t θ(0) = Mr andφ(q)(0) = ARqq!:

T p(φ(ρθ(Y)))|Y=0 = ∑
r1+...+rq=p

ri>0

Cq,rARqq!ρq∂r1
t θ(0) · · ·∂rq

t θ(0)

= ARρMp+ ∑
r1+...+rq=p

0<ri<p

Cq,rARqq!ρq∂r1
t θ(0) · · ·∂rq

t θ(0).(11)

Moreover, from (10) wehave that, for ερR< 1,

T pφ(ρθ(Y)) ≪
ARρ

1− ερR
T pθ(Y)

and hence

T pφ(ρθ(Y))|Y=0 ≤
ARρ

1− ερR
Mp.(12)

3. Gevrey and analytic hypoelli pticity

We have now all the instruments to prove some hypoelli pticity results. Let us first
consider the caseof coefficientsnot depending ont andx:

THEOREM 1. Let P be an operator of the form

P =
n′

∑
i, j=1

ai j (u,X1u, . . . ,Xn′u)XiXj +
n′

∑
j=1

b j(u,X1u, . . . ,Xn′u)Xj

+Xo+c(u,X1u, . . . ,Xn′u),

defined for z= (t,x) ∈T
m×T

n, whereall the coefficientsai j , b j andc arereal analytic
andthe rigid vector fields{Xj} j=0,...,n′ are defined by (2). Assume that, for every fixed
x∈ T

n, the{X′
j} j=1,...,n′ spanTx(T

n).

Assume moreover that u ∈ C∞(TN) is a solution of the equation Pu = f , for
some f ∈ Gs(TN), with s≥ 1, andthat the a-priori estimate (4) is satisfied. Then also
u∈ Gs(TN).

Proof. From the given assumptionson the vector fields Xj , it is sufficient to prove the
Gevrey estimate for ‖∂b

tk
u‖µ for k = 1, . . . ,m andfor every b≥ 1.

We fix k and denote, for simplicity, t = tk andT = ∂t = ∂tk . Then wedefine

[u]t,r = sup
0<q≤r

|||Tqu|||µ
Mq

,

and proveby induction onr ≥ 1 that there exist ε,M > 0 such that for all r ≥ 1:

[u]t,r ≤ M.(13)
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SinceM1 = c/4 andM2,M3 ≥ M1 for ε small enough, we can take

M = max{1,
4
c

max
1≤q≤3

|||Tqu|||µ},(14)

and find 0< ε′ < 1 such that for 0 < ε < ε′ the required estimate (13) is satisfied for
r = 1,2,3.

Let us now assume that (13) is satisfied for all i ntegers r < b, with b≥ 3, and
let usproveit for r = b (the aboverequest b≥ 3 will beunderstoodin the following).

We follow the same ideas of [3] to estimate |||Tbu|||µ. By the a-priori estimate
(4) wehave that

|||Tbu|||µ =
n′

∑
j ,k=1

‖XjXkT
bu‖µ+

n′

∑
j=1

‖XjT
bu‖µ+δ +‖Tbu‖µ+δ′(15)

≤Cu(‖PTbu‖µ+‖Tbu‖µ).

For every ε1 > 0 we can finda positive constant Cε1 > 0 such that:

‖Tb(X)u‖µ ≤ ε1‖Tb(X)u‖µ+δ +Cε1‖Tb(X)u‖µ−1(16)

‖PTbu‖µ ≤ ‖[P,Tb]u‖µ+‖TbPu‖µ,(17)

where (X) denotes the generic term of the form 1 or Xj . In the following, the term
ε1‖Tb(X)u‖µ+δ will be absorbed in the left hand-side, while ‖TbPu‖µ will not give
any problemsbecausePu = f ∈ Gs(TN). Moreover

‖(X)Tbu‖µ−1 ≤ ‖(X)Tb−1u‖µ+δ ≤ |||Tb−1u|||µ(18)

≤ [u]t,b−1Mb−1 ≤ MMb−1 ≤ εMMb,

sinceMb−1 ≤ εMb for b≥ 3 (hereweneed b≥ 3).

Let usnow estimate‖[P,Tb]u‖µ. To thisaim we compute

[Tb,P] = TbP−PTb =
n′

∑
i, j=1

b

∑
b′=1

(

b
b′

)

Tb′ai j (u,X1u, . . . ,Xn′u)XiXjT
b−b′

+
n′

∑
j=1

b

∑
b′=1

(

b
b′

)

Tb′b j(u,X1u, . . . ,Xn′u)XjT
b−b′

+
b

∑
b′=1

(

b
b′

)

Tb′c(u,X1u, . . . ,Xn′u)Tb−b′

sincetheXj ’s do not depend onthevariable t.

Denoting by a◦ (X)u the generic coefficient ai j (u,X1u, . . . ,Xn′u) or b j(u,X1u,
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. . . ,Xn′u) or c(u,X1u, . . . , Xn′u), we thushave to estimate termsof the form
∥

∥

∥

∥

∥

b

∑
b′=1

(

b
b′

)

Tb′(a◦ (X)u)(X2)Tb−b′u

∥

∥

∥

∥

∥

µ

≤ Λ‖Tb(a◦ (X)u)‖µ · ‖(X
2)u‖µ

+Λ
b−1

∑
b′=1

(

b
b′

)

‖Tb′(a◦ (X)u)‖µ · ‖(X
2)Tb−b′u‖µ,(19)

where (X2) denotes thegeneric term of the form 1, or Xj or XjXk.

To thisaim we first write the followingformula for T p(a◦ (X)u), which can be
easily proved by induction onp≥ 1:

T p(a◦ (X)u) = ∂p
t a(u,X1u, . . . ,Xn′u)

= ∑
r1+...rq=p

q0+...+qn′=q
ri >0

Cq,r(∂q0
u0
· · ·∂qn′

un′
a)(u,X1u, . . . ,Xn′u)∂r1

t (X)u· · ·∂rq
t (X)u.

From the choiceof A,R made in Section 2, denoting bya(p)((X)u) the generic
derivative (∂q0

u0 · · ·∂
qn′
un′

a)(u, X1u, . . . , Xn′u) with q0 + . . .+qn′ = p, we thushave:

‖Tb(a◦ (X)u)‖µ≤ Λ‖a′((X)u)‖µ · ‖Tb(X)u‖µ

+ ∑
r1+...rq=b

0<ri<b

Cq,r‖a(q)((X)u)‖µΛq‖∂r1
t (X)u‖µ · · ·‖∂rq

t (X)u‖µ

≤ ΛAR‖Tb(X)u‖µ+ ∑
r1+...rq=b

0<ri<b

Cq,rA(RΛ[u]t,b−1)
qq!∂r1

t θ(0) · · ·∂rq
t θ(0)

= ΛAR‖Tb(X)u‖µ+Tbφ(Λ[u]t,b−1θ(Y))|Y=0−ARΛ[u]t,b−1Mb

≤ ΛAR‖Tb(X)u‖µ+

(

ARΛ[u]t,b−1

1− εRΛ[u]t,b−1
−ARΛ[u]t,b−1

)

Mb

≤ ΛAR(ε1‖Tb(X)u‖µ+δ +Cε1‖Tb(X)u‖µ−1)

+ARΛ[u]t,b−1

(

1
1− εo

−1

)

Mb

≤ ε1ΛAR‖Tb(X)u‖µ+δ + εΛARCε1MMb +
εo

1− εo
ARΛMMb(20)

for ε1 > 0 and ε = εo/(MRΛ) with 0< εo < 1 to be chosen in the following, because
of (11), (12), the inductive assumption on[u]t,b−1, (16) and (18).

Analogously, for 1≤ b′ ≤ b−1:

‖Tb′(a◦ (X)u)‖µ ≤ ∑
r1+...+rq=b′≤b−1

ri>0

Cq,rARqq!(Λ[u]t,b−1)
q∂r1

t θ(0) · · ·∂rq
t θ(0)

= Tb′ (φ(Λ[u]t,b−1θ(Y)))
∣

∣

Y=0

≤
ΛAR
1− εo

[u]t,b−1Mb′ ≤
ΛAR
1− εo

MMb′(21)
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and

‖(X2)Tb−b′u‖µ ≤ |||Tb−b′u|||µ ≤ [u]t,b−1Mb−b′ ≤ MMb−b′ .(22)

Substituting(20), (21) and(22) in (19), andsettingm= |||u|||µ, wefinally have:
∥

∥

∥

∥

∥

b

∑
b′=1

(

b
b′

)

Tb′(a◦ (X)u)(X2)Tb−b′u

∥

∥

∥

∥

∥

µ

≤ Λm

(

ε1ΛAR‖Tb(X)u‖µ+δ + εΛARCε1MMb +
εo

1− εo
ARΛMMb

)

+Λ
b−1

∑
b′=1

(

b
b′

)

ΛAR
1− εo

MMb′MMb−b′

≤ ε1Λ2ARm‖Tb(X)u‖µ+δ +
εo

1− εo
ARΛ2mMMb

+εΛ2ARM

(

mCε1 +
M

1− εo

)

Mb

≤ ε1Λ2ARm‖Tb(X)u‖µ+δ + εoΛA

(

ΛRMm
1− εo

+mCε1 +
M

1− εo

)

Mb

Therefore, substituting in (17) and(15):

|||Tbu|||µ ≤C(u)(n′2 +n′+1)

[

ε1Λ2ARm‖Tb(X)u‖µ+δ

+εoΛA

(

ΛRMm
1− εo

+mCε1 +
M

1− εo

)

Mb

]

+C(u)

(

Bb+1
f

b!s

(b+1)2 + ε1‖Tbu‖µ+δ +Cε1εMMb

)

≤ ε1C[Λ2ARm(n′2 +n′+1)+1]‖(X)Tbu‖µ+δ

+εoCM

[

ΛA(n′2 +n′+1)

(

ΛRm
1− εo

+
mCε1

M
+

1
1− εo

)

+
Cε1

MRΛ

]

Mb

+CBb+1
f

b!s

(b+1)2M.

whereBf > 0 isgiven by theGs-estimateof f = Pu.

We now choose0 < ε1 < 1 sufficiently small so that

Aε1 = ε1C[Λ2ARm(n′2 +n′+1)+1] < 1.

Then wetake 0 < ε0 < 1 sufficiently small so that, for b≥ 3,

εoC
1−Aε1

[

ΛA(n′2 +n′+1)

(

ΛRm
1− εo

+
mCε1

M
+

1
1− εo

)

+
Cε1

MRΛ

]

≤
1
2

C
Bb+1

f

1−Aε1

b!s

(b+1)2 ≤
1
2

Mb =
c
2

ε1−b
o

(MRΛ)1−b

b!s

(b+1)2 .
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With such choiceswefinally havethat |||Tbu|||µ≤MMb for all b≥ 3, and hence,
by the inductive assumption:

[u]t,b = sup
0<q≤b

|||Tqu|||µ
Mq

= max

{

sup
0<q<b

|||Tqu|||µ
Mq

,
|||Tbu|||µ

Mb

}

≤ M.

The theorem is thereforeproved.

Let usnow consider thegeneric case:

THEOREM 2. Let P bean operator of the form (1), with all the coefficientsai j ,
b j andc real analytic. Assumethat the vector fields{Xj} j=0,...,n′ are rigid andthat for
every fixed x∈ T

n the{X′
j} j=1,...,n′ spanTx(T

n).

Assume moreover that u ∈ C∞(TN) is a solution of the equation Pu = f , for
some f ∈ Gs(TN), with s≥ 1, andthat the a-priori estimate (4) is satisfied. Then also
u∈ Gs(TN).

Proof. As in [3], theproof of hypoelli pticity in the case of coefficientsdependingalso
ont andx isaslight modification of that in the caseof coefficientswhich do not depend
on t andx. Therefore, wegivehereonly a sketch of it.

Themain point is to estimate theHµ-norm of a term of the form

∂p
t a(t,x,u,X1u, . . . ,Xn′u)

=
p

∑
s=1

(

p
s

)

∑
r1+...rq=s

qo+...+qn′=q
ri>0

Cq,r(∂p−s
t ∂qo

uo
· · ·∂qn′

un′
a)(t,x,u,X1u, . . . ,Xn′u) ·

· ∂r1
t (X)u· · ·∂rq

t (X)u

for 1≤ p≤ b. For p = b≥ 3 we can write

∂b
t a(t,x,u,X1u, . . . ,Xn′u) = (∂b

t a)(t,x,u,X1u, . . . ,Xn′u)

+∂b
t a(τ,x,u,X1u, . . . ,Xn′u)|τ=t

+
b−1

∑
s=1

(

b
s

)

∑
r1+...rq=s

qo+...+qn′=q
ri >0

Cq,r(∂b−s
t ∂qo

uo
· · ·∂qn′

un′
a)(t,x,u,X1u, . . . ,Xn′u) ·(23)

· ∂r1
t (X)u· · ·∂rq

t (X)u.

The Hµ-norm of the first term on the right hand-side of (23) can be esality
estimated, if we takeM = max{1, 4

c max1≤q≤3 |||Tqu|||µ,2A} instead of (14), by

‖∂b
t a◦ (X)u‖µ ≤ ARbb! ≤

M
2

Mb
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for ε small enough, because of the analyticity of the coefficients of the operator and
becauseof

Rpp! ≤ (2R)pp! ≤ Mp ∀p≥ 2.(24)

TheHµ-norm of thesecondterm ontheright hand-sideof (23) hasalready been
estimated in theproof of Theorem 1 by (20).

Finally, recalli ng that (k+ j)! ≤ 2k+ jk! j!, and defining the formal power series
φ(w) as in (9) with R̄= 2R instead of R, we can give also the estimate of the Hµ-norm
of the third term on the right hand-sideof (23):

∥

∥

∥

∥

∥

b−1

∑
s=1

(

b
s

)

∑
r1+...rq=s

qo+...qn′=q
ri >0

Cq,r(∂b−s
t ∂qo

uo
· · ·∂qn′

un′
a)(t,x,uX1u, . . . ,Xn′u)·

· ∂r1
t (X)u· · ·∂rq

t (X)u

∥

∥

∥

∥

∥

µ

≤
b−1

∑
s=1

(

b
s

)

R̄b−s(b−s)! ∑
r1+...rq=s

ri>0

Cq,rAR̄qq!(Λ[u]t,b−1)
q∂r1

t θ(0) · · ·∂rq
t θ(0)

≤ R̄bTb−1φ(Λ[u]t,b−1θ(Y))|Y=0 +
b−2

∑
s=1

(

b
s

)

Mb−sT
sφ(Λ[u]t,b−1θ(Y))|Y=0

≤
AR̄Λ[u]t,b−1

1− εR̄Λ[u]t,b−1

[

R̄bMb−1+
b−2

∑
s=1

(

b
s

)

Mb−sMs

]

≤ ε
(

3AR̄(R̄+1)ΛM
1− εMΛR̄

)

Mb.

becauseof (24), (12), (7) andbMb−1 ≤ 2εMb for b≥ 3.

The same argumentshold to estimate ‖Tb′(a◦ (X)u)‖µ for 1≤ b′ ≤ b−1. We
can thusconclude analogously as in theproof of Theorem 1.

4. An example

of Hörmander (cf. [7]) shows that the operator of Grus̆in type P = ∂2
x + x2∂2

t is C∞-
hypoelli ptic locally in R2. Moreover, it is also Gs-hypoelli ptic, for all s≥ 1, locally in
R2 (cf. [6]).

Thesame argumentshold for

P = ∂2
x +sin2x∂2

t .(25)

These results imply that (25) is globally hypoelli ptic on T
2 in the C∞, analytic and

Gevrey classes.



422 C. Boiti - L. Zanghirati

We proved in [3] that thenon-linear operator

P = ∂2
x +sin2x(1+a2(u(t,x)))∂2

t ,

for a real analytic functiona(u), isglobally analytic hypoelli ptic on the torusT
2.

Thingsradically changeif we introduce athird variable andconsider theopera-
tor

P = ∂2
x + ∂2

y +sin2x∂2
t(26)

in R3. It is C∞ hypoelli ptic locally in R3 (cf. [7]), but it is not analytic hypoelli ptic
locally in R3 (cf. [2]). Moreover, Bove and Tartakoff obtained in [4] a sharp result of
non-isotropic Gevrey hypoelli pticity for the operator (26), proving that it is G3/2,1,2-
hypoelli ptic locally in Rx×Ry×Rt . Finally, (26) is analytic hypoelli ptic globally on
T

3 (cf. [5], [9]).

Let usnow consider thenon-linear operator

P = ∂2
x + ∂2

y +sin2x(1+a2(u(t,x)))∂2
t(27)

for a real analytic functiona(u).

We want to apply Theorem 1 and prove that, for Pu given by (27), both Pu and
tPu areGs-hypoelli ptic globally onT

3, for all s≥ 1.

To thisaim, let usfirst remark that (27) isof the form (1) with

X0 = 0, X1 = ∂x, X2 = ∂y, X3 = sinx∂t

a11 = 1, a22 = 1, a33 = 1+a2(u)

ai j = 0 for i, j = 1,2,3 with i 6= j

b j = 0 for all j = 1,2,3 andc = 0.

(28)

Let usnow compute, for a fixed u∈C∞(T3), the transposed operator tPu of Pu. For all
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v,w∈ Gs(T3):

〈w, tPuv〉 = 〈Puw,v〉 = 〈∂2
xw,v〉+ 〈∂2

yw,v〉+ 〈sin2x(1+a2(u))∂2
t w,v〉

= 〈w,∂2
xv〉+ 〈w,∂2

yv〉−
Z

T3
∂tw ·∂t [sin2x(1+a2(u))v]dtdxdy

= 〈w,(∂2
x + ∂2

y)v〉

−

Z

T3
∂tw ·sin2x[2a(u)a′(u)∂tu ·v+(1+a2(u))∂tv]dtdxdy

= 〈w,(∂2
x + ∂2

y)v〉

+

Z

T3
wsin2x∂t [2a(u)a′(u)∂tu ·v+(1+a2(u))∂tv]dtdxdy

= 〈w,(∂2
x + ∂2

y)v〉

+
Z

T3
wsin2x[2a′(u)2(∂tu)2v+2a(u)a′′(u)(∂tu)2v]dtdxdy

+

Z

T3
wsin2x[2a(u)a′(u)∂2

t u ·v+2a(u)a′(u)∂tu ·∂tv]dtdxdy

+

Z

T3
wsin2x[2a(u)a′(u)∂tu ·∂tv+(1+a2(u))∂2

t v]dtdxdy

= 〈w, [∂2
x + ∂2

y +sin2x(1+a2(u))∂2
t ]v〉+ 〈w,4sin2xa(u)a′(u)∂tu ·∂tv〉

+ 〈w,2sin2x[a′(u)2(∂2
t u)2 +a(u)a′′(u)(∂tu)2 +a(u)a′(u)∂2

t u]v〉.

Therefore

tPuu = ∂2
xu+ ∂2

yu+sin2 x(1+a2(u))∂2
t u+4sin2xa(u)a′(u)(∂tu)(∂tu)

+2sin2x[a′(u)2(∂tu)2u+a(u)a′′(u)(∂tu)2u+a(u)a′(u)∂2
t u ·u]

= ∂2
xu+ ∂2

yu+[1+a2(u)+2a(u)a′(u)u]sin2x∂2
t u

+[4sinxa(u)a′(u)(∂tu)+2sinxa′(u)2(∂tu)u

+2sinxa(u)a′′(u)(∂tu)u]sinx∂tu

is of the form Puu with Pu given by(1), for X0,X1,X2,X3 as in (28) and

a11 = 1, a22 = 1

a33 = 1+a2(u)+2a(u)a′(u)u

ai j = 0 for i, j = 1,2,3 with i 6= j

b1 = b2 = 0, b3 = 4sinxa(u)a′(u)∂tu

c = 2sin2x[a′(u)2(∂tu)2 +a(u)a′′(u)(∂tu)2].

We want to prove that both Pu and tPu satisfy the a-priori estimate (4). From [8] it
follows that

‖v‖2
µ+ 1

2
≤ c

(

3

∑
j=1

‖Xjv‖
2
µ+‖v‖2

µ

)

∀v∈C∞(T3)
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for somec > 0.

This implies, by standard arguments, the followinga-priori estimate for theop-
erator P̃ = ∂2

x + ∂2
y +sin2x∂2

t :

(29)
3

∑
i, j=1

‖XiXjv‖
2
µ+

3

∑
j=1

‖Xjv‖
2
µ+ 1

2
+‖v‖µ+1 ≤ c′|〈P̃v,v〉µ|+‖v‖2

µ

for somec′ > 0 and for all v∈C∞(T3).

SincePu defined by (27) can bewritten asPu = P̃+a2(u)X2
3 , we havethat

|〈P̃v,v〉µ| ≤ |〈Puv,v〉µ|+ |〈a2(u)X2
3v,v〉µ|

≤
1
2
‖Pv‖2

µ+
1
2
‖v‖2

µ+ ε‖a2(u)X2
3v‖2

µ+
1
4ε

‖v‖2
µ

≤
1
2
‖Pv‖2

µ+
2ε+1

4ε
‖v‖2

µ+ εK‖X2
3v‖2

µ

for some constant K = K(Dµu) > 0 and for all ε > 0. Substituting in (29) we obtain,
for ε sufficiently small , thedesired a-priori estimate (4) for Pu.

Analogously,

tPu = P̃+(a2(u)+2a(u)a′(u)u)X2
3 +4a(u)a′(u)(X3u)X3

+2(a′(u)2 +a(u)a′′(u))(X3u)2

and hence

|〈P̃v,v〉µ| ≤ |〈tPuv,v〉µ|+ |〈(a2(u)+2a(u)a′(u)u)X2
3v,v〉µ|

+4|〈a(u)a′(u)(X3u)X3v,v〉µ|+2|〈(a′(u)2 +a(u)a′′(u))(X3u)2v,v〉µ|

≤
1
2
‖tPuv‖2

µ+
1
2
‖v‖2

µ+ ε‖(a2(u)+2a(u)a′(u)u)X2
3v‖2

µ

+
1
4ε

‖v‖2
µ+4ε‖a(u)a′(u)(X3u)X3v‖2

µ+
1
4ε

‖v‖2
µ

+‖(a′(u)2 +a(u)a′′(u)))(X3u)2v‖2
µ+‖v‖2

µ

≤
1
2
‖tPuv‖2

µ+

(

3
2

+
1
2ε

)

‖v‖2
µ+ εK‖X2

3v‖2
µ+ εK‖X3v‖2

µ+K‖v‖2
µ

for some constant K = K(Dµ+1u) > 0 andfor all ε > 0.

Substituting thisestimate in (29) we obtain, for ε sufficiently small , the desired
a-priori estimate (4) for tPu.

Thus both Pu and tPu satisfy all the hypothesis of Theorem 1 and henceif u∈
C∞(TN) is a solution of Puu = f or of tPuu = f for f ∈ Gs(TN), with s≥ 1, then also
u∈ Gs(TN).
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