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C. Baiti - L. Zanghirati

GLOBAL ANALYTIC AND GEVREY REGULARITY FOR
NON-LINEAR OPERATORSON THE TORUS

Abstract. We prove aresult of global Gevrey and analytic regularity on the torus for non
linea operators constructed from rigid vedor fields, with coefficients depending onthe solu-
tion u and onits first derivatives. We use the method d majorant series.

1. Introduction and main notation

Let TN be the N-dimensional torus and split T ~ T x T%. Let us then consider, for
ue C*(TN) andfor someinteger n’ > n, the operator

n/

(1) P = PLI = P(t7X: U, D) = Z a"J (t,X, U,X]_U, e 7Xn/U)Xin
i,J=1

n/

+ Z bj (t, %, u, XqU, ..., Xy U)Xj + Xo + C(t, X, u, XqU, ..., Xy U)
=1

defined for z= (t,x) € T™ x T", where the red analytic coefficients &, bj and c are
complex valued, but the red analytic rigid vedor fields

n 0 i 0 . ,
2 X :kzldjk(x)a +kzlejk(x)a—tk, j=0,....n
arered valued (rigid meansthat the cefficientsdjy, ejx do nd depend ont).
We shall also assumethat, for every x € T", thefields

I < 0
Xj = z djk(X)—
k=1

j=1,....,n
axk7 J ) )

span the tangent spaceTy(T").
We shall prove aresult of Gevrey and analytic regularity for the operator (1),
under a suitable apriori estimate.
We drealy proved in [3] aresult of analytic regularity for the operator
n n
(3) P=R,= Z aj (t,X, U(t,X))Xij + Z bJ (t,X, U(t,X))Xj
i,]=1 =1

+Xo+ c(t, %, u(t,x)).

This operator isin particular of the form (1). Moreover, if for afixed u € C*(TN) we
define the transposed operator 'P, of P, by the relation

(Pv,w) = (vRw)  Yvwe C®(TV),
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where (-, ) denatesthe scdar product in L2(TN), then we can easily compute that also
the transposed operator P, of P is of the form (1). We thus give here ageneralizaion
of the results of [3].

In 84we gply our main result (Theorem 1) to the operator
Py = 02 + 02+ sin?X(1+a%(u(t,x)))dZ,

for ared analytic functiona(u), andto itstransposed operator Py, showingits diff erent
behaviour in R® and onthe torus T2. This enlightens the interest of considering such
operatorsonthetorus.

Let usremark that, for P, defined by (1), we can oktain aresult of C*-hypoelli pti-
city, following [10] by the use of para-differential operators. We shall therefore &
sume, in the foll owing, that u € C*(TN) isafixed solution o the equation Pyu = f, for
f € G3(TN). We shall also assuume that the following a-priori estimate is stisfied for
some0 < & < & andfor al ve C*(TN):

/ /

n n

@ V= Y X+ Y Xivihot Vs
i,]=1 =1

< Cu(lIPuvilu+ [IVIlw),

where C;, = Cy(u, Xau, ..., Xyu) < C is a positive bounded function and p is a fixed
integer with u > N/2, so that the Sobdev spaceH*(TN) is an algebra and

(5) Ifglu<Alflu-llgly  vF,ge HYTY),

for some A > 0.

Under these ssaumptions we shall obtain a global result of regurality on the
torusfor P, of the form (1) in the Gevrey classes GS(TN) for s> 1, identifying G(TN)
with the red analytic dassa (TN). We shall use the method d majorant series, aswe
didin[3] for provingthe hypadlli pticity of P of theform (3) inthe analytic case (s=1).
To this aim we need to modify here the majorant formal power series imployed in the
analytic cese.

2. Gevrey formal power series

Let s> 1 and choose ¢ > 0 such that if we define, for every multiindex a € NN, the
sequencemyy = cla|!s/(|al+1)2, then

(6) z (g) Mg Miq—p| < Mig| va e NN,

0<B<a

Let usthen define, for € > 0 andq > 1, Mq = €1-9my. From (6) it foll ows that

@ > (g)'\"m'\”a—s < &My,

0<B<a
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and hence, if we consider the formal power series

M
oY) =y —ve,
(XZO al
for Y = (t,x) € RN, we obtain that
(8) e9(Y) < et to(Y) vg>1 YeRN,

meaningthat ead coefficient of the formal power seriesontheleft islessthan or equal
to the correspondng coefficient of the formal power series onthe right hand-side.

Let us now consider A;R > 0 such that the coefficients of R, defined by (1),
which arered analyticfunctions of thevariablest, X, up, us, ..., Uy € RM+3, satisfy

Gy
Z ||aqta =+ 0y &4 || (TN u(TN) Xu(TN) . X u(TN))
i,]=1

.....

foral g,qt,do,-..,0v > Owithq[ +go+...+0qv =0Q. Deflnethen, asin[3], theformal
power series

(9) o(w) = +zm ARMWA, forweR.
g=1
Then for every p > 0:
+0o0 A
a0 @pB(Y)) < 26(Y) 3 (Rt =1 )

for all € > 0 such that epR < 1.

Letusnow fix anindexk € {1,...,m} and denote, for smplicity, t =tx. In order
to computethe TP =0; = a{;-derivaiiveof @(pB(Y)), for someinteger p > 1, werecdl
thefoll owingformula(which can be eaily proved by induction onp) for the derivative
of a compasite function:

TP(Qow) = Z Car (a) (W)oFtw- - .atrqw
rieN\{0}
f1+...+rqg=p
for someCqr > O (these numbers are explicitly givenin the formulaof Faa Di Bruna).
Then

TP(@(p8) = 5 Cqr¥(pB)pi*6---0{"0

r1+..Frg=p
ri>0

= ¢(PB)pIO+ 3 CorgV(pB)p%r168- -0,

r1+..+rq=p
0<rj<p
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andsinced{08(0) = M, and ¢¥(0) = ARIq!:

TP(@PB(Y)))v=o= 5  CqrARqp}?6(0)---3{6(0)

r1+..Frg=p
ri>0

(12) —ARMp+ 5 CqrARQ!p0{16(0)---0;76(0).

r1+..Frg=p
o<ri<p

Moreover, from (10) we have that, for epR < 1,

TPQ(PB(Y)) < :F:;RTPe(Y)

and hence

(12 TP@(PB(Y))[y=0 <

Mp.
1—epR "
3. Gevrey and analytic hypoelli pticity

We have now all the instruments to prove some hypcelli pticity results. Let us first
consider the case of coefficients not depending ont and x:

THEOREM 1. Let P be an operator of the form

n/ /

n
P= Z ajj(U,X]_U,...,xn/U)Xij+Z bj(u, Xau, ..., Xyu)X;
i,j=1 =1

+Xo+ c(u, XqU, ..., XyU),

defined for z= (t,x) € T™ x T", where all the coefficientsaj, bj andc arereal andytic

x € T, the {X/} 1. spanTy(T").

Assume moreover that u € C*(TN) is a solution o the equation Pu = f, for
some f € G3(TN), with s > 1, andthat the a-priori estimate (4) is satisfied. Then aso
ue GS(TN).

Proof. From the given assumptions on the vedor fields X, it is aufficient to prove the
Gevrey estimate for ||agu||u fork=1,....,mandfor every b> 1.

We fix k and denote, for simplicity, t =t and T = 0; = dy,. Then we define

I T9ull,
Ujtr = SUp
[ ] ' 0<q<r Mq '

and prove by induction onr > 1 that there exist €, M > 0 such that for al r > 1:

(13) [U]L,r < M.
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SinceM; = ¢/4 and M2, M3 > M1 for € small enough we can take
(14 M = max{1 4 max_||| T9ul||,}
B ' C1<q<3 W

andfind 0< € < 1 suchthat for 0 < € < €' the required estimate (13) is sttisfied for
r=123.

Let us now asaume that (13) is satisfied for all integersr < b, with b > 3, and
let us proveit for r = b (the aoverequest b > 3 will be understoodin the following).

We foll ow the same ideas of [3] to estimate ||\Tbu|\|u. By the apriori estimate
(4) we have that

/ /

n n
(15 IITPulfl, = Z X XTPulla 31X TPull g5+ [ TPuls
jk=1 =1
< Cu(lIPT ullu+ [ T°ul).
For every g1 > 0 we can find a positive constant Ce; > 0 such that:

(16) ITPX)ully < €| TP(X)ull 5+ Cey [I T (XUl -1
(17) IPTully < I[P, TPJullu+ || T°Pul,

where (X) denotes the generic term of the form 1 or X;. In the following, the term
&1 TP(X)ul,.15 Will be absorbed in the Ieft hand-side, while | TPPul|, will not give
any problemsbecaise Pu = f € G3(TV). Moreover

(19 10T Ul )T ullyys < 1T ulll,

<|
< Ut p—1Mp-1 < MMp_1 < EMMy,

sinceMp_1 < eMy, for b > 3 (herewe neaed b > 3).
Let us now estimate || [P, T?Ju||.. To this aim we cmpute

n

/b

b\ v :

[TP,P] =TPP—PT" = Z <b/>Tb aij (U, XqU, ..., Xy U)X X TP P
i,]=1b'=1

" b
b o', bt
+Z Zl (b,>T bj (U, XaU, ..., Xyu)X;T

+ (b)Tb/c(u,Xlu, e ,Xn/u)Tb‘b/
-1 b’

sincethe Xj’s do nd depend onthe variablet.
Denating by ao (X)u the generic coefficient a;j (u, X1u, ..., Xyu) or bj(u, Xyu,
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.oy Xyu) or c(u, Xau, ..., Xyu), we thus have to estimate terms of the form

< AITP@0 (X)u) - [|(X?)ully
u

b—1 b , ,
@ A3 () 1T @e 000l 0T
=1

> b b o 2\h-b
bzl<b/>T (a0 (X)u)(X3)T> Py

where (X?) denotes the generic term of the form 1, or X; or X;X.
To this aim we first write the following formulafor TP(ao (X)u), which can be
easily proved byinduwction onp > 1
TP(ao (X)u) = dPa(u, Xy, ..., Xyu)
= Y Cor(0f---0lya)(uXau, .. Xyw)d (X)u--- 3 (X)u.
r1+..Tq=p

dg+...+dy=a
ri>0

From the choiceof A,R madein Sedion 2, denating bya(P) ((X)u) the generic
derivative (633 . -aﬂgj a)(u, Xau, ..., Xyu) withgo + ... + gy = p, we thus have:

IT°(@e (X)u) < All (X)) - [ TPX)ull
+ Y Corlla@ (OO [pAYIOF (X)ull-- 108 (X)ull

r{+..rq=b
0<ri<b
<AARIT*X)ulu+ S CarARA[Ultb-1)%!916(0)- - 6°6(0)
r{+..rq=b
0<ri<b

= AAR|TP(X)ullu+ TPO(A U]t b-18(Y)) lv—0 — ARA[Ult p-1Mp

ARA[UJt b1
1—-eRA[Ultb-1
< AAR(EL | TP (X) U5+ Cey [ TP (X) Ul i-1)

1
ARA - —-1|M
+ARA[UJt b1 (l— e ) b

< AAR| TP (X)ul| + ( —AR/\[u]t,H) Mp

€o

ARAMMp
—&o

(20) < &1 AAR| TP (X)ul|,,; 5+ EAARCe, MM, + T

fore; > 0ande = g,/(MRA) with 0< & < 1 to be chasen in the following, because
of (11), (12), the inductive essumption on[u]; p—1, (16) and (18).
Analogowly, for1<b' <b-1:

IT@o(u)llus F  CorARIGHA[Up-1)7026(0) --3{"6(0)
r1+...+r.q>:0b/§b*1
=T ((A[U]ep-16(Y))) lv—o
o . MR AAR

Ut p—1Mp <
1—&,”“’ =1,

MMy
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and
@2 AT Pl < 1T P ufl, < [Ue-1Mp -y < MMy
Substituting (20), (21) and (22) in (19), and settingm = ||| u[| ,, we finally have:

> b b’ ° 2\1h-b
b;(U)T (a0 (X)u)(X3)T> Py

u

<Am (elAARHT (XUt 5+ ENARCe, MMy,

+A Z ( ) AARMMUMMb ”

< &1A’ARM|| TP(X)

mMMy

M
+eA?ARM <WQ1 80) Mp

ARMmM M
gsl/\ZAFm||Tb(X)uu+5+so/\A< 1= +an )Mb
Therefore, substitutingin (17) and (15):

1T, < C(u) (1 1) [slAzAm||Tb<x>u||u+a

ARMmMm M
+eoNA <— +mCe, + ) Mb}

1-¢& 1-¢&

b!
+C(u) (Btf’+l(b+ T +&|T U||u+5+C81€MMb>

< e1CIAPAR(N® 41/ + 1) + 1| (X) Tl 5

ARM  mCe 1 C
M [AAN? 41 +1 1 LM
+€,C { (n“4n"+ )<1_80+ Vi +1_80>+MRA} b
+CBb*t bt® M.
" (b+1)2

where B > 0 isgiven by the GS-estimate of f = Pu.
We now chocse 0 < €1 < 1 sufficiently small so that

Ae, = e1C[A2ARM(N 4+ + 1)+ 1] < 1.

Thenwetake 0 < gp < 1 sufficiently small so that, for b > 3,

€,C 2 ARMm  mCy, 1 Ce, 1
AA 1 <z
1—A51[ (=4 + )<1—so+ M 1-e) MRA| T2
Bbel IS 1-b 1S
cf b! <}M [ b!
1 A, (br12 =27 2(MRA)ID (b 1)2
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With such choiceswefinally havethat || TPu Il < MMy for all b> 3, and hence,
by the inductive assumption:

1T ulll, Tl (T ulll,
Uip= sup =max{ sup , <M.
[ } : 0<g<h Mq 0<g<b Mq Mp

The theoremis therefore proved. O

Let usnow consider the generic case:

THEOREM 2. Let P bean operator of the form (1), with all the cefficients ajj,
bj andcreal andytic. Assume that the vedor fields {X| }j_o . arerigid andthat for
evey fixed x € T" the {X{} -1,

Assume moreover that u € C*(TN) is a solution o the equation Pu = f, for
some f € G3(TN), with s> 1, andthat the a-priori estimate (4) is satisfied. Then also
ue GS(TN).

Proof. Asin[3], the proof of hypcelli pticity in the case of coefficients depending aso
ont andxisadlight modificaion o that in the case of coefficientswhich do nd depend
ont andx. Therefore, we give here only a sketch of it.

The main pant is to estimate the H*-norm of aterm of the form
aPa(t,x,u,Xu, ..., Xyu)

p
- Z <Z> S Car(8P0%---auTa)(t,x u,Xau, .. Xyu)
[ ry+oTq=s

Go+.-+0y =9
ri>0

SO (X)u--- 09 (X)u
for1 < p<h. For p=b>3we cawrite

aPa(t,x,u,X1u, ..., Xyu) = (8Pa)(t,x, u,X1u, . .., Xy u)
+0Pa(T, X, U, X1U, ..., Xy U)|r—t

b—1
b ,
(23) +y <S> S Car(@0 %080y a)(t, X, u,Xau, .., Xyu) -
s=1 ri+.rq=s

o't + 0y =0
ri>0

SO (X)u- -3 (X)u.

The HH-norm of the first term on the right hand-side of (23) can be esdity

estimated, if we take M = max{1, £ max;<q<3 I T9ull|,, 2A} instead of (14), by

|aPac (X)ull, < ARb! < %Mb
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for € small enough because of the analyticity of the coefficients of the operator and
because of

(24) RPpI < (2R)PpI <M,  Vp>2.

The HH-norm of the secondterm onthe right hand-side of (23) has already been
estimated in the proof of Theorem 1 by (20).

Finaly, recdlingthat (k+ j)! < 2<tIk!j!, and defining the formal power series
@(w) asin (9) with R=2Rinstea of R, we can give dso the estimate of the H*-norm
of the third term onthe right hand-side of (23):

b—-1
b V
Z<s> S Car(0 0O a) (L WU, ... XyU)-
= r1+.Tq=s

Go+--Gy =4
ri>0

AL (X)u--- 0% (X)u

SZ() R TED) Car ARYG! (A[U]ep1)99[26(0) - - - 3,°6(0)

I'1+.,.rq=S
ri>0

ROT L (AUt 10(Y))lv—0+ Zl< >MbsTS(P(/\[U]t,b19(Y))|Y_0
ARA[Ulp 1

< ——F— ﬁbM,+7 <>MM
1—eRA[Ultp 1 b-1 SZ\ g) oste

<3A§(§+ 1)/\M>

<eg

1-eMAR

because of (24), (12), (7) andbMp_; < 2eMp forb > 3.

The same aguments hold to estimate || T (a0 (X)u)||, for 1< b’ <b—1. We
can thus conclude analogously asin the proof of Theorem 1. O

4. An example

of Hérmander (cf. [7]) shows that the operator of Grudin type P = 02 + x207 is C*-
hypoelli ptic localy in R2. Moreover, it is also GS-hypoelli ptic, for all s> 1, locdly in
R? (cf. [6]).

The same agumentshold for

(25) P =02 +sin’xd?.

These results imply that (25) is globally hypcelliptic on T2 in the C°, analytic and
Gevrey classs.
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We proved in [3] that the non-linea operator

P =02 +sin’x(1+a%(u(t,x)))d?,

for ared analytic functiona(u), is globally analytic hypoelli ptic on the torus T?.

Thingsradicdly changeif weintroduce athird variable and consider the opera-
tor

(26) P =03+ 05 +sin’xdf

in R3. 1t isC™ hypadliptic locdly in R3 (cf. [7]), but it is not analytic hypoelli ptic
locdly in R® (cf. [2]). Moreover, Bove and Tartakoff obtained in [4] a sharp result of
nonvisotropic Gevrey hypoelli pticity for the operator (26), proving that it is G212
hypcelliptic localy in Ry x Ry x R;. Finally, (26) is analytic hypcelli ptic globally on
T3 (cf. [5], [9]).

Let us now consider the non-linea operator

@7) P =02+ 02 +sin’x(1+a%(u(t,x)))d?

for ared analytic functiona(u).

We want to apply Theorem 1 and prove that, for P, given by (27), both P, and
tp, are G>-hypodlli ptic globally on T3, for all s> 1.
To thisaim, let usfirst remark that (27) is of the form (1) with

ain=1, app =1, ags=1+a*(u)
ajj =0 fori,j=1,23withi# ]
bj=0 fordl j=1,23andc=0.

(29

Let us now compute, for afixed u € C*(T3), the transposed operator 'P, of P,. For all
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v,w € G5(T3):
(W'PV) = (Pow,V) = (93W,V) + (05w, V) + (Sin® x(1+ a2(u))9gw, v)
= (W,02V) + (W, 03v) — /?1‘3 AW - d;[sin?x(1 + a?(u))v]dtdxdy
= (W, (95 +0)V)
f/Tsatw-sinzx[Za(u)a’(u)atu-v+(1+a2(u))atv]dtdxdy
= (W, (0 +05)V)
+/T3wsjn2xat [2a(u)a (u)dru- v+ (1+ a?(u))a;v]dtdxdy
= (W, (05 +09)V)
+/Tawsin2x[2a’(u)2(atu)2v+ 2a(u)a’ (u)(du)?v]dtdxdy
+/T3wsin2x[2a(u)a/(u)6t2u-v+ 2a(u)a(u)d;u- d;v]dtdxdy

+ /Swsinzx[Za(u)a’(u)atu-6tv+ (1+ a(u))d?v]dtdxdy
T
= (W,[0% + 07 + sin®X(1+ a%(u))07]V) + (w,4sin®xa(u)a’ (u)dru - 6;V)
+ (w, 2sin?x[a’ (u)?(0%u)2 4 a(u)a” (u) (d;u)2 + a(u)a (u)d2u]v).
Therefore
'Puu = 03U+ 03u-+ S’ x(1+ a?(u))dfu + 4sinxa(u)a’ (u) (0 u) (0 u)
+ 2sin?x[a’ (u)?(Ayu)?u + a(u)a’ (u) (3 u)?u+ a(u)a’(u)d?u- u|
= 03U+ 05u+ [1+a’(u) + 2a(u)a (u)u] in®xdfu
+ [4sinxa(u)a (u)(d;u) + 2sinxa (u)?(d;u)u
+ 2sinxa(u)a”(u)(0;u)u] Sinxdyu
is of the form Pyu with R, given by (1), for Xo, X1, X2, X3 asin (28) and

al] = l, a»n=1

agz = 1+ a%(u) + 2a(u)d(u)u

ajj =0fori,j=1,2,3withi # |

by = by =0, bz = 4sinxa(u)a’(u)d;u

¢ = 2sin®x[@ (u)?(d;u)? + a(u)a” (u) (du)?).

We want to prove that both P, and 'P, satisfy the apriori estimate (4). From [8] it
foll ows that

3
IIE 3 SC(jzlllxivllﬁHVIIﬁ) v e C(T°)
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for somec > 0.

Thisimplies, by standard arguments, the foll owing a-priori estimate for the op-
erator P = 0% + 07 + sin? xo%:

3 3
(29 > XGRS IV, 3 + IVlluea < [PVl + IVIIE
i,1=1 =1

for some ¢’ > 0 andfor al ve C*(T®).
Since P, defined by (27) can be written as P, = P+ az(u)Xg, we have that
[PVl < [(Puv, )yl + (@ (U)XEW V)l
1 1 1
< SIIPVIIE+ §HVIIﬁ+€Ha2(U)X§VIIﬁ+ 4—8|\Vllﬁ
2e+1
4e

for some mnstant K = K(DHu) > 0 and for al € > 0. Substitutingin (29) we obtain,
for € sufficiently small, the desired a-priori estimate (4) for P,.

Analogously,
'R, = P+ (&%(u) + 2a(u)a (u)u) X2 + 4a(u)a’(u) (Xau) Xa
+2(al (u)? + a(u)a’ (u)) (Xau)?

1 2 2 2\,12
< SIIPVIfi+ (VI + eKIIX3 V]

and hence
[(Pv,vu| < [(Puv, V)| +[{(@2(u) + 2a(u)a (u)u) X3V, V)
+4) (@(u)a (u) (Xau)Xav, V)y| + 2/((&(u)* +a(u)a’ (u)) (Xau) >V, v)y|

1 1
< SIPVIE+ S IV + €]l (a(u) + 2a(u)al (wu) X3V §

+ 2 VI + dellaual () (X XevlE+ 22 VI
a0+ a(u)a(w)) (ke + V2

1 3 1
< IR+ (5 5 ) IR+ eKIDGVIE-+ ekXolF -+ K

for some constant K = K(D*"1u) > 0 andfor all € > 0.

Substituting this estimate in (29) we obtain, for € sufficiently small, the desired
a-priori estimate (4) for 'R,

Thus both P, and 'P, satisfy al the hypathesis of Theorem 1 and henceif u €
C>(TN) isasolution of Pyu = f or of ‘P,u= f for f € GS(TV), with s > 1, then also
ue GS(TN).
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