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M. Artale*

ON ASSOCIATIVITY OF GRADED ALGEBRAS

Abstract. Necessary and sufficient condtions are given to guarantee asociativity of algebras
and co-algebras. As main application, it is discussed the asciativity of the tensor algebra
T(V) of afreemodueV over any commutative ring R.

1. Review of basic definitions

Recdl that avedor spaceA, or moregeneraly a(fre€ modueover a cmmutativering
Risan R-algebra if amultiplicaionmap my : AQ A— Aandaunt mapna:R— A
are defined with the foll owing properties:

(@) ma,Na are R-linea;
(2) mA(id/_\ ®mA) = mA(mA® IdA) (aSS)CiaIiVity);
3 ma(ida®@na) = Ma(Na®ida) =ida  (unit).
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where we dencte by A : R® A = A and byp : A® R = A the natural isomorphisms
cdled left unit constraintand respedively right unit constraint. Throughou this paper
® means ®R. Note that (2) expresses the asciativity of m:

(a-b)-c=a-(b-c) <= ma(ma(a®@b)®@c)=m(a®@ma(b®c))
<= mo(M®ida)((a®b)®c)=

=mao(ida®@ma)(a® (b®c)) Vab,ceA
<~ Ma(MA®ida) = Ma(ida®@ma).

(3) saysthat A hasaunit element 14 = na(1) =identity element:
a-la=a-na(l)=ma(ida®na)(a®l) =1la®a=
=mA(nA®idA)(1®a)§a§a VaeA.

*Partialy suppated by MURST.
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We write A= (A,ma,Na) to denote an asociative dgebra over a commutative ring R.
Also recdl that dually a modue over a commutative ring R is an R-co-algebra if a
co-multiplicationmap As : A — A® Aanda co-unit map €a : A — R are defined with
the following properties:

4 Ap,ea areR-linea;
(5) (ida ®@Ap)Ap = (Aa®ida)AA (co-associativity);
(6) (ida®ea)Aa = (ea®ida)Aa (co-unit).

We write A = (A,Aa,€a) to denote a @-asciative dgebra A over a commutativering
R.Let (A;ma,Na), (B,mg,ng) be two R-algebras;then the tensor product A® B over R
of the R-algebras A and B is defined in the austomary manner by taking the underlying
R-modueto be the R-modue A® B and setting mass to be the composition:

idA®TB>A®idB
—

7 A®B2A®B A®A®BRB™® A0 B

whereTga: B®A— A®BistheR-map defined by tg a(b®@a) =a®bforac A be B
(t isthe twisting morphism). The unit map nags is given by

(8) na®ne: R R®R— A®B.

In particular 1o ® 1g = 1lagp is the identity element for the dgebra A® B.Similarly
if (A,Aa,€n), (B,Ap,€g) are two R-co-algebras, then the tensor product over R of the
R-co-algebras A and B is again a a-algebrawith co-multiplicaion Aass given by the
composition:

AYNaY 1a®TaAB®1p
—-—

) A®B A2A®B2B 28 P AcBo AR B

and the ao-unit map eaxp isgiven by:
(10) na®ns:A®B—-R®R-R

Inwhat followswewill i dentify any R-algebraA with thetensor produwctsA®@ R= R® A
via p and A respedively. We will also use ida for the identity map of A. From the
customary definitions (7), (9) it is clea that in order to ensure the R-modue A® B
with an algebra (resp. co-algebra) structure we neal the morphism 1 which makes
possble to define tensor products of algebras (resp. co-algebras). In what foll ows we
give a citerion which alows any R-linea map 3 to play the same role as 1. We start
with some known classcd notation and identities for braiding (see[6, 7]) which here
instead are used as definitions.

2. The asxciativity and co-asciativity conditionson 3
DEFINITION 2. Let X,Y be R-algebrasandlet B € Homgr(X®Y,Y @ X) beany
R-linear map. Let by definition

Bxexy = (B®idx)(idx®B) : X@X®Y =Y @X® X,
Bxyey = (Idy @B)(BRidy) : XRYRQY - YRY® X.
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LEMME 4. Thefollowingrelations are satisfied:

(4.1) (idy ®Bxexy)(BRidxay) = (Bx,yay ®idx)(idxey ®B),

(42) (my@mx)(ny@Benx)=p.

Proof. These ae dired applicaions of the definitions. O
PROPOSITION 1. Let (A,ma,na) and (B,mg,ng) two asciative R-algebras

with identity dements 15 and 1g respedivey. Let f € Homg(B® A,A® B) be any
R-linear map such that:

(1.1) (ida®@me)BezeA=PB(Ms®ida),
(12) (ma®ids)Beaza=B(ids@ma),
then the morphism Mage = (MA@ M) (ida®PB ® idg) determines * an asciative R-

algebra structure on A® B. Corversely assume that Mag g defines an asociative mul-
tiplication onA® B. If B satisfies the following addtiond condtions ™

(1.3) B(ids®@na) = 1(ids ®na),
(1.4) B(ns®ida) =T1(Ne®@ida),
then 3 satisfies condtions (1.1) and(1.2).

Proof. We need to provefirst that
(11),(1.2) = Mase(Mage ®idasB) = Maxe(idase @Mass)-

Calculation of Magzp(Mace @ idass):

(o) Mace(Maze ®idage) = (MA@ Mg)(ida®@PB®ids)

(M@ mg)(ida®PBRids) ®idagB] =

= (MA@ mg)(ida®B®ids) [(Ma®@ Mg ®@idasB)
(iIda®B®ids®idags)] =

— (MA@ mg) [(ida®P @ idg) [Ma® (Me ®ida) @ ids]]

(idA®B®id3®idA§QB) =

= (Ma®mg) [idaoma ® B(Mg®ida) ®idgoidg]
(ida®B®idgzasB) =
= (M © mg)MeB(Ms®ida)®ids](ida®B @ idBeacs).

*Just before submitting this article the author discovered that part of Propaosition 1was dated without
proof in[4].
TIn aletter to the authord. A. Green offered helpful remarks concerning these conditions.
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Calculation of Maxe(idass @Mace):

(e0) Maga(idaze ®@Maze) = (MA@ Me)(ida®@PRids)
[i[daze @ (MA@ mg)(ida®@B®ids)] =
= (mMa®@mg)(ida®B®ids) [(idass @Ma® Mg)].
[(idasBeA®B®ids)] =
= (M@ mg)(ida®B®idg) [ida®(idg ®@Ma) © Mg]
(idaeBoa®B®ids) =
= (m ©® me)lida®P(ide@ma)®@me](idacBza®B ©® idp).
Assume now that ma, mg are asociative and (1.1),(1.2) hald. Then:

(o) = (My@mMg) [MA®B(MeRida) @idg] (ida®B ® idssaxs) =
= (Ma®@mg) [MA® (ida ®Mg)PeeeA®idg]
(ida®B®idspags) =
— (Ma®me) [Mao (ida®ida) @ (ida©Me)Bassa®idsoids]
(ida®B®idspags) =
=(Ma®@mg)[[Ma® (ida®@mg) ®idg] o (idasa @PeeBA® idB)
(ida®B®idspass)] =
— (Ma® me) [(Ma® ida) (Mg @ ids)] [ida ©(ida ©Paep.a) @ ids)]
[[da®(B®idgea) ®idg] =
= [MA(Ma®ida) ® me(mg ®idg)] [ida @ (ida @PasB.A)
(B®idgga) ®ids)].
Also

(e0) = (MA@ mg) [ida @P(idg @Ma) ® Me] (IdagBeA@B®idR) =
(Ma®@mg) [ida®(MaA®idg)Pr AzA R Mp]

(idaeBA®B®idR) =
=(Ma®@mg)[idacida®@(Ma®idg)Beasa@Mgo (idg®ids)]
(idasBzA®B®idg) =
=(mMa®@mg)[ida®(MA®idg) ® Mg o (ida®PBe.AA® idBsB)
(idasBea®B®idg) =
= (Ma®@mg) [(ida®@ma)(ids @mg)] o [ida ® (BeAza®ids)
(idsea®P) @idg] =
= [ma(ida®@ma) ® me(idg @mg)] [ida ®(Be AsA @ idB)
(idsea®PB) @ids)] -

Now asociativity of ma and mg gives:

mMa(ida®@ma) = ma(Ma ® idA), rTB(idB ®@mg) = mB(mB® idg).
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Also (4.1) gives:
(ida®Pe2BA) (B®ideza) = (BB AzA®ide)(idBA®B).

This provesthat:

“(1.1), (1.2), asociativity of ma and of mg
— ascidtivity of Mage.”

Now assume that fas* is asociative and consider (ee) above restricted to the sub-R-
adgebraR® B@ R®B® A® R~ B® B® A. Then we have

M(idage @M)(NA® Idg ANAR Idg®ida®NE) =
= M[idaze @ (MA@ Mg) (ida @B ®idg)]
(NA®idg®NaA®idg®ida®ng) =
M{(idaze ®Ma ® M) (idassea @B ©ids)]
NA®ids@Na® (idg®ida) @ Ng) =
= M(idaze @Ma ® Mg) [NARidg@NAR PB(idg®ida) @ NB| =

=Midace @(Ma®@Me)] [NA®idg@(NA® BRNB)| =

=MNa®idg@(Ma®mg)(Na®B@Ns)] 42 MNa®ids®B) =

=(ma@mg)fida®(B®ids)] [Na® (ids @PB)] =
=(ma@mg) Na® (B®ide)(ids ®P)] =

© (ma @ me)(NA @ Besp.a) = (ida®Me) (Besp.A).

Similarly consider (e) restricted to R B@ R® B A® R~ B®B® A. Then we have:

MM®idagB)(NA®idg@NaA®idg®ida®ng) = M[(MaA® Mg)
(ida®@B®idg) ®idase] (NA®idg®@NA®idg®ida®Ng) =
=MMa®@Mg®idasp)(ida®PB @ idgzasB)
NA®idg@NaA®idg®ida®Ng) =
M(Ma ® Mg ®idaze) NA® B(ids ®NA) ®idsza®@NB)] =

3) . . . .
) M(Ma ® Mg ® idage) [NA® B(ids ®NA) ® idBua®NB] =

—
[N

Ma ® Mg ®idagzp) [NA® T(iIdg ®NA) ® idBya®NB] =

m(
M(Na ® Mg ®ida®Ng) =

=(ma@mg)(ida®@B®idg)(Na®@Me®ida®NB) =
= (Ma®@mMg)[Na®B(Meg®ida) ®Ne] = B(Mg ®idp).

*For short we will often write fif no confusion ocaurs.
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This provesthat:
“Asciativity of mand (1.3) = (1.1)”

In asimilar fashion ore proves that:

“Assciativity of Mmand (1.4) = (1.2)”

O

ABABAB MW ppppap [TeIId, AABAR muichse,
lidA(idBAB)idB (1) lidA(idABBB_A)idB lidAABidB 2
ABAABR APeAEE pppppp daidas) e, AAABB Maichen.
lidA(idB My idg lidA(mAidB) "

ABABB PR AnBBRB @

J}dABAnB (3) J}dAABnB

ABAB P AABB mamg

Figure 1. The commutative diagram expressngthe asciativity of M. Theregions(1),
(2), (3) and (4) in the diagram represent always commutative sub-diagrams. (For short
we omit the ® symboalsin the above diagram.)

COROLLAIRE 1. Let A, B be R-algebrasandlet 3 € Homgr(B® A,A® B) such
that for all a< Aand dl b € B the following relations:

B(lg®a) =a® 1g, B(b®1a) =1a®b
are satisfied. Then:
“ Magp isasociativeif and ony if (1.1), (1.2) hold”

Dual to Propasition 1we have the following:

PROPOSITION 2. Let (A,Aa,€a), (B,Ag,€g) be two R-co-algebrasandlet €
Homgr(A® B,B® A) be any R-linear map such that:

(2.1) Bapze(ida®@Ag) = (Ag®ida)p,
(2.2) Basap(Ba®idg) = (idg ©A)B,

then the morphism AA®B = (iIda®B ®ide)(Aa ® Ag) determines a co-asciative m-
multiplication onA® B. Cornversely assume that Aasp defines a co-associative -
multi plication onA® B. If B satisfies the following addtiond condtions:

ABAB
J{idABidB
AABB

lmAn'B

AB
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(2.3) (ids®ea)P = (ids ®eA)T,
(2.4) (eg®ida)B = (ea®ida)T,
then 3 satisfies condtions (2.1) and(2.2).

Proof. The proof isdual to 1. O

3. Themain example

Recdl that an R-algebra A = (A,ma,Ng) isagraded R-algebra if the R-modueAisa
dired sum of submoduesA; (i > 0) such that:

(11) MA(A @A) CA4j and na(R) = Ao

Dually, an R-co-algebra A = (A, Ap,€a) is a graded R-co-algebra if A= 5 oA as
R-modues auch that

(12 DA(A) S Y A®A] and ea(Ao) =R
i+]=k

In this s=dion we will discussthe following situation. A= 3;-oAi be agraded R-
agebraandlet F : A® A— A® A be any R-linea map such that:

13) FIA®A) CA @A,
(149 F(lr®a)=a®lg,F(a®lg) =1g®a fordl acA.

Statement of the problem:

PROBLEM 15. Studythe graded R-algebras (resp. R-co-algebras) for which the
map Maga (resp. Aasa) defined in propasition 1is asociative (resp. co-asociative).

DESCRIPTION OF THE MAIN EXAMPLE 16. Let V be afree R-modue and
let A=T(V) = 3,50 Tr(V)be the tensor algebraonV. Ais a graded R-algebra with
A =Ti(V) =V®, withmultiplicationma : A ® Aj — Ai1j given byma(x®y) = x®y
andwith untna: R— Agiven byna(r) =r € Ap=To(V) =Rforal re R

Consider the foll owing standard definition o B, see[5].

DEFINITIONS 17. Let B € Endr(V ®V) and B; given by
(18 Bi=id) tepwidi" ! e Endk (V).

For anyi, j withi, j > 0, we can define now B; ; € Homg(Ai ® Aj,Aj ® A)) asfollows:

(19 Bij = (BiBj+1--Bi+j-1)(Bj-1Bj - Bi+j—2) -~ (BaP2---Bi)-
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For example:

Bss = (BsBsB7) (B4BsBe) (B3BaBs) (B2B3Pa) (B1B2B3),
Bs.3 = (B3B4BsBsB7)(B2B3BaPsPs) (B1B2B3B4Ps)-

We have:
ProPosITION 3. If Bj, Bj areasin (18), then the foll owing relations hold:

(i) [i—jl = 2= BiBj = BjBi;

(i) ifi =i1+iz; i1,i2 > 1= Bij = (Bi,j @ida, ) (idy, @B, j);

(iii) if j = ja+j2; j1,J2 2 1= Bi;j = (ida;, ®Bi,j,) (Bi,j, ®iday,).
Prodf. (i) istrivial. Infad assume for examplei < j then

Bipj = (idj' *opeid)™ Y (idy epaid)"
—idy Tepaid) tepaid)" Tt = Bjpi.

Similarly fori > j.(ii) By definition:

(Bip,j @ida,) = [(BiBj+1-Bj+is—1) (Bj—1Bj - - Bj+is—2)
~ (B1B2- - Biy)] ®idn,
(ida, ®Biyj) = ida, @[(BiBj+1-"Bj+i—1) (Bj-1Bj -+ Bj+ip—2)
- (B1B2--Bi,)] =
= (Bj+iyBjtig+1 - Bjtig+ip—1) (Bj+ig—1Bj+iy -+ Bj+iy+ip—2)
o (BigraBig+2- - Big+in)
Fork=1,2,...,jlet

bk = Bjki1Bj-ki2 - Bj—kriys Ok = Bj-kriz+1Bjktigr2- - Bjksigti

then
(Biy,j @ida;, ) (ida, ®Biy,j) = b1by---bjbyb)---bf.

Noticethat the “words’ by havelengthi, > 1,whilethe “words’ bj havelengthis > 1.
Notice dso that by definition:

Bi.j = bibybabbbsby - - - byl
So in order to prove (ii) we need to prove that the relation:
(20 (biby---bj) (b5 - -bj) = bibjbyb; - - bjbj
istruefor al j > 1.Now for j = 1 (20) istrivial sinceit reducesjust to

biby = Bix = (BaBz2 - Biy) (Biyr1- - Biy+iy)
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which hdds by definition o (i 1. Assume now that j > 2, then the first fador of b}
whichis Bj,andthe last fador of bj whichis 3, commutesince|j+iy—i|=j > 2.
It follows that:

(buby---by)(Bibh - -b}) = (baby--- by _1biby) (Bbi --b).

If j =2, we aedore. If j >3 we can bringb) upto the position o bj_; andso on up
to the position o by. Morepredsely |j+i1— (j+i1—2)|=2—=

(b1bz)bg - bj (by)b) - b = (b1biby)bg - bbb,
l(j+i1—1)—(j+i1—-3)|=2—=
(b1babs )by - bjbh (by)bs - b} = (bybjboby)bsby - bjbs- b,

etc.In general the first fadtor B, k41 oOf b, and the last fador Bji, k2 of bx 1 are
suchthat |j+i1—k—(j+i1—k+2)|=2. Thisimpliesthat:

bt 1(bicr2+ -~ bj) bl = Db 1 (b2 by),

hence
(b1b2"‘bj)(b€|_b/2"‘b/j) = bybibobs - - b; ’J =Bij-
Weill ustrate the ebove agument with the following example. Let j =4,i =5, i1 = 2,
i2 = 3. Then
Bs.4 & (BaBsBoB7Bs) (BaBaRsBeB7) (B2BaBaBsBs) (B1B2BsBaPs) =
= [(BaBs) (BeB7Bs)][(B3B4) (BsBeB7)][(B2Bs) (BaBsPs)[(B1B2) (BsBaPs)]
e e

i.e. we ssciate eat fador with i-term in the dbove expresson,into sub-fadors with
i1 andip terms. In ou casei; = 2 andi> = 3. From the proof given before we have
that:

él. commutes with by, bz, by = blb&bzblzbgb%bzlbl = blbzb&blzb3b/3b4b:1

,2 commutes with bz, bs = blbzbllblzb3b/3b4bil = b1b2b’1b3b/2b/3b4b21

,3 commutes with by = blbzbllbgblzbétub/ = b1b2b,1b3b/2b4b%b£1

b bg = bgb), = byb,b) babhbabsh, = bybobsb)bhbabisb,
bbs = bab) = bybsbgb)bhbabh), = bybobsb) babsbib,
by by = bab; = bybobgbl,babbbh, = bybobsbabl,bobh,.

(iii) Let j = j1+ jo, then we want to prove that

Bi.j = (idaj, ®Bi,j) (Bi,j; @ida;, ).
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But

(idAjl ®@Bi,jp) = ida;, ®[(BjoBjptt- - Bjpri—1) (Bjo=1Bjs - - - Bjotis—2)
([31[32[3')] —
= (BiBj+1--Bj+i-1) (Bj-1Bj - Bj+i-2) -+ (Bjs+2Bjy+2-- - Bjs+i)
(Bijy ®@ida;,) = (BjBj+1- - Bja+i-1) (Bj1-1Bjy - Bjy+i—2)
L. (B]-BZ' .. Bl)
Then
(ida;, ®Bij,) (Bi.jy @ida;,) = [(Bj - Bj+i-1) - (Bjr+1-+ Bjy+i)]
[(Bjy - Bjyri-1) -+ (B1B2---Bi)] = Bij
O
REMARQUE 1. Notethat B22 = Bajeas.a = BajA@A,-

Now we aerealy to describethe cae A=T (V).

THEOREM 1. Let 3 € Endr(V ®@V) be any R-linear map. Consider the graded
R-algebraA=T(V) andlet F : A@ A— A® A bedefined oneach A ® A;j by

Bi tARA — A @A
ifi,j > 0. For the remaining cases define:
Boj:Ac®@A] —Aj®Ar and Bio:A®A)— A @A
respedivey by
Boj(lwa)=a®l and Bipola®l)=1za

Then, for F = 3 j~oBi j the condtions (13) and (14) hold. Moreover Maga = (MaA®
ma)(ida®F ®ida) definesa new asociativealgebra structure on A® A.

Proof. From 1 weknow that Maga isasciativeif and orly if thefoll owing condtions
hald:

(21 (ida®@ma)Fagas = F(Ma®ida)
(22 (Ma®ida)Faaga = F(ida®@ma)
where

Facaa= (F®ida)(ida®F),  Faaca= (ida®F)(F ®ida).
But by definition Fagaa on (A ® Aj) @ A, is the foll owing composition:

ida @Bk ida;
—_—

Bik®
(A @A) @ A A @A & A s A (A D A).
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Similarly Fa aoa ONA @ (Aj ® Ay) is the foll owing compoasition:

Bi,j @ida, ida; @ik
ARARA) —SARA A——— (A @A) ®A.
Hencefor eadi, j,k > 1, (21) and (22) become

(23 (ida, @Ma) (Bik ®idaj)(idy ®Bj k) = Bisjk(Ma®ida,)
(24 (Ma®@idy)(idaj @Bi k) (Bi,j @ida, = Bi j+k(ida @Ma).

But, by definition ma : A; ® As — Arys is “esentialy”the identity map. So (23) and
(24) become

(Bik@ida;)(idy @Bj k) = Bi+jk
(ida; ®Bik) (Bi,j @ida,) = Bi j 1k

which hdd for 3 (ii), (iii ). O

In what follows we want to annource that the results developed above, ex-
pedaly in 3 and 1leal to the consideration o the group Bk generated by elements
{bi|1 <i <k} with fundemental relationsjust bib; = bjbi(ji — j| > 2). Clealy there
isan adion Py : B — Endr(Ax) given by:

bi — Bi € Encr(Ax).

If pk : Bk — Endr(Ax) denotes the usual adion o the braid group By generated by
elements { b |1 <i <k}, also given by

bi — Bi € Endr(Ax),

then Py fadors throughthe representation pyi.e. px o Tk = Pk, Where T : %k —» By IS
the canonicd projedion. We remark that it is well known, see[3], that there is awell
defined map

Wk 1 S — Bk,
where S denotes the symmetric group d degreek. Thisresultsisdueto Iwahoriin the
Coxeter groupcase and Y is defined asa “lift” of 0 € S in 3By.

Acknowledgments. The author wants to thank D. Flores and J. A. Green for having
brought this problem to her attention.
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