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M. Artale∗

ON ASSOCIATIVITY OF GRADED ALGEBRAS

Abstract. Necessary andsufficient conditionsaregiven to guarantee associativity of algebras
and co-algebras. As main application, it is discussed the associativity of the tensor algebra
T(V) of a freemoduleV over any commutative ring R.

1. Review of basic definitions

Recall that avector spaceA, or moregenerally a(free) moduleover a commutativering
R is an R-algebra if a multiplication map mA : A⊗A→ A and a unit map ηA : R→ A
aredefined with the following properties:

mA,ηA areR-linear;(1)

mA(idA⊗mA) = mA(mA⊗ idA) (associativity);(2)

mA(idA⊗ηA) = mA(ηA⊗ idA)∼= idA (unit).(3)

(2)

A⊗A⊗A
mA⊗id
−→ A⊗A



yidA⊗mA



ymA

A⊗A
mA−→ A

(3)

R⊗A
ηA⊗idA−→ A⊗A

idA⊗ηA←− A⊗R

λց


ymA ւρ

A

where we denote by λ : R⊗A
∼
−→ A and by ρ : A⊗R

∼
−→ A the natural isomorphisms

called left unit constraintand respectively right unit constraint. Throughout this paper
⊗ means⊗R. Note that (2) expresses the associativity of m:

(a ·b) ·c= a · (b ·c) ⇐⇒ mA(mA(a⊗b)⊗c) = mA(a⊗mA(b⊗c))

⇐⇒ mA◦ (mA⊗ idA)((a⊗b)⊗c) =

= mA◦ (idA⊗mA)(a⊗ (b⊗c)) ∀a,b,c∈ A

⇐⇒ mA(mA⊗ idA) = mA(idA⊗mA).

(3) says that A hasaunit element 1A = ηA(1) =identity element:

a ·1A = a ·ηA(1) = mA(idA⊗ηA)(a⊗1) = 1A⊗a =

= mA(ηA⊗ idA)(1⊗a)
λ
= a

ρ
= a ∀a∈ A.

∗Partially supported by MURST.
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We write A = (A,mA,ηA) to denote an associative algebra over a commutative ring R.
Also recall that dually a module over a commutative ring R is an R-co-algebra if a
co-multiplication map ∆A : A→ A⊗A and a co-unit map εA : A→ R are defined with
the following properties:

∆A,εA areR-linear;(4)

(idA⊗∆A)∆A = (∆A⊗ idA)∆A (co-associativity);(5)

(idA⊗εA)∆A = (εA⊗ idA)∆A (co-unit).(6)

We writeA = (A,∆A,εA) to denote a co-associative algebraA over a commutativering
R.Let (A,mA,ηA), (B,mB,ηB) be two R-algebras;then the tensor product A⊗B over R
of theR-algebrasA andB is defined in the customary manner by taking theunderlying
R-module to be theR-moduleA⊗B andsettingmA⊗B to be the composition:

(7) A⊗B⊗A⊗B
idA⊗τB,A⊗idB
−→ A⊗A⊗B⊗B

mA⊗mB−→ A⊗B

whereτB,A : B⊗A→ A⊗B is theR-map defined byτB,A(b⊗a) = a⊗b for a∈ A, b∈B
(τ is the twistingmorphism). Theunit map ηA⊗B is given by:

(8) ηA⊗ηB : R
∼
−→R⊗R→ A⊗B.

In particular 1A⊗ 1B = 1A⊗B is the identity element for the algebra A⊗B.Similarly
if (A,∆A,εA), (B,∆B,εB) are two R-co-algebras, then the tensor product over R of the
R-co-algebrasA and B is again a co-algebrawith co-multiplication ∆A⊗B given by the
composition:

(9) A⊗B
∆A⊗∆B−→ A⊗A⊗B⊗B

1A⊗τA,B⊗1B
−→ A⊗B⊗A⊗B

and the co-unit map εA⊗B is given by:

(10) ηA⊗ηB : A⊗B→ R⊗R
∼
−→R.

In what followswewill i dentify anyR-algebraA with thetensor productsA⊗R∼= R⊗A
via ρ and λ respectively. We will also use idA for the identity map of A. From the
customary definitions (7), (9) it is clear that in order to ensure the R-module A⊗B
with an algebra (resp. co-algebra) structure we need the morphism τ which makes
possible to define tensor products of algebras (resp. co-algebras). In what follows we
give a criterion which allows any R-linear map β to play the same role as τ. We start
with some known classical notation and identities for braiding (see[6, 7]) which here
instead areused asdefinitions.

2. The associativity and co-associativity conditionson β

DÉFINITION 2. Let X,Y beR-algebrasandlet β∈HomR(X⊗Y,Y⊗X) beany
R-linear map. Let by definition

βX⊗X,Y = (β⊗ idX)(idX⊗β) : X⊗X⊗Y→Y⊗X⊗X,

βX,Y⊗Y = (idY⊗β)(β⊗ idY) : X⊗Y⊗Y→Y⊗Y⊗X.
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LEMM E 4. The following relationsare satisfied:

(4.1) (idY⊗βX⊗X,Y)(β⊗ idX⊗Y) = (βX,Y⊗Y⊗ idX)(idX⊗Y⊗β),

(4.2) (mY⊗mX)(ηY⊗β⊗ηX) = β.

Proof. These aredirect applicationsof thedefinitions.

PROPOSITION 1. Let (A,mA,ηA) and (B,mB,ηB) two associative R-algebras
with identity elements 1A and 1B respectively. Let β ∈ HomR(B⊗A,A⊗B) be any
R-linear mapsuch that:

(1.1) (idA⊗mB)βB⊗B,A = β(mB⊗ idA),

(1.2) (mA⊗ idB)βB,A⊗A = β(idB⊗mA),

then the morphism m̃A⊗B = (mA⊗mB)(idA⊗β⊗ idB) determines ∗ an associative R-
algebra structure on A⊗B. Conversely assume that m̃A⊗B definesan associativemul-
tiplication onA⊗B. If β satisfies the following additional conditions†:

(1.3) β(idB⊗ηA) = τ(idB⊗ηA),

(1.4) β(ηB⊗ idA) = τ(ηB⊗ idA),

then β satisfiesconditions(1.1) and(1.2).

Proof. We need to provefirst that

(1.1),(1.2) =⇒ m̃A⊗B(m̃A⊗B⊗ idA⊗B) = m̃A⊗B(idA⊗B⊗m̃A⊗B).

Calculation of m̃A⊗B(m̃A⊗B⊗ idA⊗B):

(•) m̃A⊗B(m̃A⊗B⊗ idA⊗B) = (mA⊗mB)(idA⊗β⊗ idB)

[(mA⊗mB)(idA⊗β⊗ idB)⊗ idA⊗B] =

= (mA⊗mB)(idA⊗β⊗ idB) [(mA⊗mB⊗ idA⊗B)

(idA⊗β⊗ idB⊗ idA⊗B)] =

= (mA⊗mB) [(idA⊗β⊗ idB) [mA⊗ (mB⊗ idA)⊗ idB]]

(idA⊗β⊗ idB⊗ idA⊗B) =

= (mA⊗mB) [idA◦mA⊗β(mB⊗ idA)⊗ idB◦ idB]

(idA⊗β⊗ idB⊗A⊗B) =

= (mA ⊗ mB) [mA⊗β(mB⊗ idA)⊗ idB] (idA⊗β ⊗ idB⊗A⊗B).

∗Just before submitting this article the author discovered that part of Proposition 1was stated without
proof in[4].

†In a letter to the authorJ. A. Green offered helpful remarks concerning these conditions.
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Calculation of m̃A⊗B(idA⊗B⊗m̃A⊗B):

(••) m̃A⊗B(idA⊗B⊗m̃A⊗B) = (mA⊗mB)(idA⊗β⊗ idB)

[idA⊗B⊗(mA⊗mB)(idA⊗β⊗ idB)] =

= (mA⊗mB)(idA⊗β⊗ idB) [(idA⊗B⊗mA⊗mB)] .

[(idA⊗B⊗A⊗β⊗ idB)] =

= (mA⊗mB)(idA⊗β⊗ idB) [idA⊗(idB⊗mA)⊗mB]

(idA⊗B⊗A⊗β⊗ idB) =

= (mA ⊗ mB) [idA⊗β(idB⊗mA)⊗mB] (idA⊗B⊗A⊗β ⊗ idB).

Assume now that mA, mB are associative and (1.1),(1.2) hold. Then:

(•) = (mA⊗mB) [mA⊗β(mB⊗ idA)⊗ idB] (idA⊗β⊗ idB⊗A⊗B) =

= (mA⊗mB) [mA⊗ (idA⊗mB)βB⊗B,A⊗ idB]

(idA⊗β⊗ idB⊗A⊗B) =

= (mA⊗mB) [mA◦ (idA⊗ idA)⊗ (idA⊗mB)βB⊗B,A⊗ idB◦ idB]

(idA⊗β⊗ idB⊗A⊗B) =

= (mA⊗mB) [[mA⊗ (idA⊗mB)⊗ idB]◦ (idA⊗A⊗βB⊗B,A⊗ idB)

(idA⊗β⊗ idB⊗A⊗B)] =

= (mA⊗mB) [(mA⊗ idA)(mB⊗ idB)] [idA⊗(idA⊗βB⊗B,A)⊗ idB)]

[idA⊗(β⊗ idB⊗A)⊗ idB] =

= [mA(mA⊗ idA)⊗mB(mB⊗ idB)] [idA⊗(idA⊗βB⊗B,A)

(β⊗ idB⊗A)⊗ idB)] .

Also

(••) = (mA⊗mB) [idA⊗β(idB⊗mA)⊗mB] (idA⊗B⊗A⊗β⊗ idB) =

= (mA⊗mB) [idA⊗(mA⊗ idB)βB,A⊗A⊗mB]

(idA⊗B⊗A⊗β⊗ idB) =

= (mA⊗mB) [idA◦ idA⊗(mA⊗ idB)βB,A⊗A⊗mB◦ (idB⊗ idB)]

(idA⊗B⊗A⊗β⊗ idB) =

= (mA⊗mB) [idA⊗(mA⊗ idB)⊗mB]◦ (idA⊗βB,A⊗A⊗ idB⊗B)

(idA⊗B⊗A⊗β⊗ idB) =

= (mA⊗mB) [(idA⊗mA)(idB⊗mB)]◦ [idA⊗ (βB,A⊗A⊗ idB)

(idB⊗A⊗β)⊗ idB] =

= [mA(idA⊗mA)⊗mB(idB⊗mB)] [idA⊗(βB,A⊗A⊗ idB)

(idB⊗A⊗β)⊗ idB)] .

Now associativity of mA andmB gives:

mA(idA⊗mA) = mA(mA⊗ idA), mB(idB⊗mB) = mB(mB⊗ idB).
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Also (4.1) gives:

(idA⊗βB⊗B,A)(β⊗ idB⊗A) = (βB,A⊗A⊗ idB)(idB⊗A⊗β).

Thisprovesthat:

“ (1.1), (1.2), associativity of mA and of mB

=⇒ associativity of m̃A⊗B.”

Now assumethat m̃A⊗B
‡ isassociative andconsider (••) aboverestricted to thesub-R-

algebraR⊗B⊗R⊗B⊗A⊗R∼= B⊗B⊗A. Then we have

m̃(idA⊗B⊗m̃)(ηA⊗ idB⊗ηA⊗ idB⊗ idA⊗ηB) =

= m̃[idA⊗B⊗(mA⊗mB)(idA⊗β⊗ idB)]

(ηA⊗ idB⊗ηA⊗ idB⊗ idA⊗ηB) =

= m̃[(idA⊗B⊗mA⊗mB)(idA⊗B⊗A⊗β⊗ idB)]

[ηA⊗ idB⊗ηA⊗ (idB⊗ idA)⊗ηB] =

= m̃(idA⊗B⊗mA⊗mB) [ηA⊗ idB⊗ηA⊗β(idB⊗ idA)⊗ηB] =

= m̃[idA⊗B⊗(mA⊗mB)] [ηA⊗ idB⊗(ηA⊗β⊗ηB)] =

= m̃[ηA⊗ idB⊗(mA⊗mB)(ηA⊗β⊗ηB)]
(4.2)
= m̃(ηA⊗ idB⊗β) =

= (mA⊗mB) [idA⊗(β⊗ idB)] [ηA⊗ (idB⊗β)] =

= (mA⊗mB) [ηA⊗ (β⊗ idB)(idB⊗β)] =

def
= (mA⊗mB)(ηA⊗βB⊗B,A) = (idA⊗mB)(βB⊗B,A).

Similarly consider (•) restricted to R⊗B⊗R⊗B⊗A⊗R∼= B⊗B⊗A. Then wehave:

m̃(m̃⊗ idA⊗B)(ηA⊗ idB⊗ηA⊗ idB⊗ idA⊗ηB) = m̃[(mA⊗mB)

( idA⊗β⊗ idB)⊗ idA⊗B] (ηA⊗ idB⊗ηA⊗ idB⊗ idA⊗ηB) =

= m̃(mA⊗mB⊗ idA⊗B)(idA⊗β⊗ idB⊗A⊗B)

(ηA⊗ idB⊗ηA⊗ idB⊗ idA⊗ηB) =

= m̃(mA⊗mB⊗ idA⊗B) [ηA⊗β(idB⊗ηA)⊗ idB⊗A⊗ηB)] =

(1.3)
= m̃(mA⊗mB⊗ idA⊗B) [ηA⊗β(idB⊗ηA)⊗ idB⊗A⊗ηB] =

= m̃(mA⊗mB⊗ idA⊗B) [ηA⊗ τ(idB⊗ηA)⊗ idB⊗A⊗ηB] =

= m̃(ηA⊗mB⊗ idA⊗ηB) =

= (mA⊗mB)(idA⊗β⊗ idB)(ηA⊗mB⊗ idA⊗ηB) =

= (mA⊗mB)[ηA⊗β(mB⊗ idA)⊗ηB] = β(mB⊗ idA).

‡For short wewill often write m̃ if no confusion occurs.
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Thisprovesthat:
“Associativity of m̃ and (1.3) =⇒ (1.1).”

In a similar fashion oneprovesthat:

“Associativity of m̃ and (1.4) =⇒ (1.2).”

ABABAB
idA(β idBA) idB
−−−−−−−−→ AABBAB

idAA(mB idA) idB
−−−−−−−−−→ AABAB

mA idBAB−−−−−→ ABAB


yidA(idBAβ) idB (1)



yidA(idA βBB,A) idB



yidAAβ idB (2)



yidA β idB

ABAABB
idA(βB,AA) idBB
−−−−−−−−→ AAABBB

idAA(idA mB) idB
−−−−−−−−−→ AAABB

mA idABB−−−−−→ AABB


yidA(idB mA) idB



yidA(mA idB) idBB

ABABB
idA(β) idBB
−−−−−−→ AABBB (4)



ymAmB



yidABAηB (3)



yidAABmB

ABAB
idA β idB
−−−−→ AABB

mAmB−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ AB

Figure1: The commutativediagram expressingthe associativity of m̃. Theregions(1),
(2), (3) and (4) in the diagram represent alwayscommutativesub-diagrams. (For short
we omit the⊗ symbols in the abovediagram.)

COROLL AIRE 1. Let A, B be R-algebrasandlet β ∈ HomR(B⊗A,A⊗B) such
that for all a∈ A and all b∈ B the followingrelations:

β(1B⊗a) = a⊗1B, β(b⊗1A) = 1A⊗b

are satisfied. Then:

“ m̃A⊗B is associativeif and only if (1.1), (1.2) hold.”

Dual to Proposition 1we havethe following:

PROPOSITION 2. Let (A,∆A,εA), (B,∆B,εB) be two R-co-algebrasandlet β ∈
HomR(A⊗B,B⊗A) beany R-linear mapsuch that:

(2.1) βA,B⊗B(idA⊗∆B) = (∆B⊗ idA)β,

(2.2) βA⊗A,B(∆A⊗ idB) = (idB⊗∆A)β,

then the morphism ∆̃A⊗B = (idA⊗β⊗ idB)(∆A⊗∆B) determines a co-associative co-
multiplication onA⊗B. Conversely assume that ∆A⊗B defines a co-associative co-
multiplication onA⊗B. If β satisfies the following additional conditions:
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(2.3) (idB⊗εA)β = (idB⊗εA)τ,

(2.4) (εB⊗ idA)β = (εB⊗ idA)τ,

then β satisfiesconditions(2.1) and(2.2).

Proof. Theproof is dual to 1.

3. The main example

Recall that an R-algebraA = (A,mA,ηB) is a graded R-algebra if the R-moduleA is a
direct sum of submodulesAi (i ≥ 0) such that:

(11) mA(Ai⊗A j)⊆ Ai+ j and ηA(R)∼= A0.

Dually, an R-co-algebra A = (A,∆A,εA) is a graded R-co-algebra if A = ∑i≥0Ai as
R-modules such that

(12) ∆A(Ak)⊆ ∑
i+ j=k

Ai⊗A j and εA(A0)∼= R.

In this section we will discuss the following situation. A = ∑i≥0Ai be a graded R-
algebra and let F : A⊗A→ A⊗A be any R-linear map such that:

F(Ai⊗A j)⊆ A j ⊗Ai,(13)

F(1R⊗a) = a⊗1R,F(a⊗1R) = 1R⊗a for all a∈ A.(14)

Statement of theproblem:

PROBLEM 15. Studythegraded R-algebras(resp. R-co-algebras) for which the
map m̃A⊗A (resp. ∆̃A⊗A) defined in proposition 1isassociative (resp. co-associative).

DESCRIPTION OF THE MAIN EXA MPLE 16. Let V be a free R-module and
let A = T(V) = ∑r≥0Tr(V)be the tensor algebra on V. A is a graded R-algebra with
Ai = Ti(V) = V⊗i , with multiplicationmA : Ai⊗A j → Ai+ j given bymA(x⊗y) = x⊗y
andwith unit ηA : R→ A given by ηA(r) = r ∈ A0 = T0(V) = R for all r ∈ R.

Consider the followingstandard definition of βi , see[5].

DEFINITIONS 17. Let β ∈ EndR(V⊗V) andβi given by

(18) βi = id⊗i−1
V ⊗β⊗ id⊗n−i−1

V ∈ EndK(V⊗n).

For any i, j with i, j > 0, we can definenow βi, j ∈ HomR(Ai⊗A j ,A j ⊗Ai) as follows:

(19) βi, j = (β jβ j+1 · · ·βi+ j−1)(β j−1β j · · ·βi+ j−2) · · · (β1β2 · · ·βi).
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For example:

β3,5 = (β5β6β7)(β4β5β6)(β3β4β5)(β2β3β4)(β1β2β3),

β5,3 = (β3β4β5β6β7)(β2β3β4β5β6)(β1β2β3β4β5).

We have:

PROPOSITION 3. If βi , β j areas in (18), then the followingrelationshold:

(i) |i− j| ≥ 2 =⇒ βiβ j = β jβi ;

(ii ) if i = i1 + i2; i1, i2 ≥ 1 =⇒ βi, j = (βi1, j ⊗ idAi2
)(idAi1

⊗βi2, j);

(iii ) if j = j1 + j2; j1, j2 ≥ 1 =⇒ βi, j = (idA j1
⊗βi, j2)(βi, j1⊗ idA j2

).

Proof. (i) is trivial. In fact assumefor example i < j then

βiβ j = (id⊗i−1
V ⊗β⊗ id⊗n−i−1

V )(id⊗ j−1
V ⊗β⊗ id⊗n− j−1

V )

= id⊗i−1
V ⊗β⊗ id⊗ j−1

V ⊗β⊗ id⊗n− j−1
V = β jβi.

Similarly for i > j.(ii ) By definition:

(βi1, j ⊗ idAi2
) = [(β jβ j+1 · · ·β j+i1−1)(β j−1β j · · ·β j+i1−2)

· · · (β1β2 · · ·βi1)]⊗ idAi2

(idAi1
⊗βi2, j) = idAi1

⊗[(β jβ j+1 · · ·β j+i2−1)(β j−1β j · · ·β j+i2−2)

· · · (β1β2 · · ·βi2)] =

= (β j+i1β j+i1+1 · · ·β j+i1+i2−1)(β j+i1−1β j+i1 · · ·β j+i1+i2−2)

· · · (βi1+1βi1+2 · · ·βi1+i2)

For k = 1,2, . . . , j let

bk = β j−k+1β j−k+2 · · ·β j−k+i1, b′k = β j−k+i1+1β j−k+i1+2 · · ·β j−k+i1+i2

then
(βi1, j ⊗ idAi2

)(idAi1
⊗βi2, j) = b1b2 · · ·b jb

′
1b′2 · · ·b

′
j .

Noticethat the “words” bk have length i1≥ 1,while the “words” b′k have length i2 ≥ 1.
Notice also that by definition:

βi, j = b1b′1b2b′2b3b′3 · · ·b jb
′
j .

So in order to prove(ii ) weneed to provethat the relation:

(20) (b1b2 · · ·b j)(b
′
1b′2 · · ·b

′
j) = b1b′1b2b′2 · · ·b jb

′
j

is true for all j ≥ 1.Now for j = 1 (20) is trivial sinceit reduces just to

b1b′1 = βi,1 = (β1β2 · · ·βi1)(βi1+1 · · ·βi1+i2)
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which holds by definition of βi,1. Assume now that j ≥ 2, then the first factor of b′1
which isβ j+i1andthe last factor of b j which isβi1 commutesince| j + i1− i1|= j ≥ 2.
It follows that:

(b1b2 · · ·b j)(b
′
1b′2 · · ·b

′
j) = (b1b2 · · ·b j−1b′1b j)(b

′
2b′3 · · ·b

′
j).

If j = 2, we aredone. If j ≥ 3 we can bringb′1 up to the position of b j−1 andso on up
to theposition of b2. Moreprecisely | j + i1− ( j + i1−2)|= 2 =⇒

(b1b2)b3 · · ·b j(b
′
1)b
′
2 · · ·b

′
j = (b1b′1b2)b3 · · ·b jb

′
2 · · ·b

′
j ,

|( j + i1−1)− ( j + i1−3)|= 2 =⇒

(b1b2b3)b4 · · ·b jb
′
1(b
′
2)b
′
3 · · ·b

′
j = (b1b′1b2b′2)b3b4 · · ·b jb

′
3 · · ·b

′
j ,

etc.In general the first factor β j+i1−k+1 of b′k and the last factor β j+i1−k+2 of bk+1 are
such that | j + i1−k− ( j + i1−k+2)|= 2. This implies that:

bk+1(bk+2 · · ·b j)b
′
k = b′kbk+1(bk+2 · · ·b j),

hence
(b1b2 · · ·b j)(b

′
1b′2 · · ·b

′
j) = b1b′1b2b′2 · · ·b jb

′
j = βi, j .

We ill ustrate the above argument with the followingexample. Let j = 4, i = 5, i1 = 2,
i2 = 3. Then

β5,4
def
= (β4β5β6β7β8)(β3β4β5β6β7)(β2β3β4β5β6)(β1β2β3β4β5) =

= [(β4β5
︸︷︷︸

b1

)(β6β7β8
︸ ︷︷ ︸

b′1

)][(β3β4
︸︷︷︸

b2

)(β5β6β7
︸ ︷︷ ︸

b′2

)][(β2β3
︸︷︷︸

b3

)(β4β5β6
︸ ︷︷ ︸

b′3

)][(β1β2
︸︷︷︸

b4

)(β3β4β5
︸ ︷︷ ︸

b′4

)]

i.e. we associate each factor with i-term in the above expression,into sub-factors with
i1 and i2 terms. In our case i1 = 2 and i2 = 3. From the proof given before we have
that:

b′1 commuteswith b2,b3,b4⇒ b1b′1b2b′2b3b′3b4b′4 = b1b2b′1b′2b3b′3b4b′4

b′2 commuteswith b3,b4⇒ b1b2b′1b′2b3b′3b4b′4 = b1b2b′1b3b′2b′3b4b′4

b′3 commuteswith b4⇒ b1b2b′1b3b′2b′3b4b′4 = b1b2b′1b3b′2b4b′3b′4

b′1b3 = b3b′1⇒ b1b2b′1b3b′2b4b′3b′4 = b1b2b3b′1b′2b4b′3b′4

b′2b4 = b4b′2⇒ b1b2b3b′1b′2b4b′3b′4 = b1b2b3b′1b4b′2b′3b′4

b′1b4 = b4b′1⇒ b1b2b3b′1b4b′2b′3b′4 = b1b2b3b4b′1b′2b′3b′4.

(iii ) Let j = j1 + j2, then wewant to provethat

βi, j = (idA j1
⊗βi, j2)(βi, j1⊗ idA j2

).
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But

(idA j1
⊗βi, j2) = idA j1

⊗[(β j2β j2+1 · · ·β j2+i−1)(β j2−1β j2 · · ·β j2+i1−2)

· · · (β1β2 · · ·βi)] =

= (β jβ j+1 · · ·β j+i−1)(β j−1β j · · ·β j+i−2) · · · (β j1+1β j1+2 · · ·β j1+i)

(βi, j1⊗ idA j2
) = (β j1β j1+1 · · ·β j1+i−1)(β j1−1β j1 · · ·β j1+i−2)

· · · (β1β2 · · ·βi).

Then

(idA j1
⊗βi, j2)(βi, j1⊗ idA j2

) = [(β j · · ·β j+i−1) · · · (β j1+1 · · ·β j1+i)]

[(β j1 · · ·β j1+i−1) · · · (β1β2 · · ·βi)] = βi, j

REMARQUE 1. Note that β2,2 = βA1⊗A2,A1 = βA1,A1⊗A2.

Now we are ready to describe the case A = T(V).

THEOREM 1. Let β ∈ EndR(V⊗V) beany R-linear map. Consider the graded
R-algebra A = T(V) andlet F : A⊗A→ A⊗A bedefined oneach Ai⊗A j by

βi j : Ai⊗A j → A j ⊗Ai

if i , j > 0. For the remainingcasesdefine:

β0, j : A0⊗A j → A j ⊗A0 and βi,0 : Ai⊗A0→ A0⊗Ai

respectively by

β0, j(1⊗a) = a⊗1 and βi,0(a⊗1) = 1⊗a.

Then, for F = ∑i, j≥0βi, j the conditions (13) and (14) hold. Moreover m̃A⊗A = (mA⊗
mA)(idA⊗F⊗ idA) definesa new associativealgebra structure onA⊗A.

Proof. From 1 weknow that m̃A⊗A isassociativeif and only if thefollowingconditions
hold:

(idA⊗mA)FA⊗A,A = F(mA⊗ idA)(21)

(mA⊗ idA)FA,A⊗A = F(idA⊗mA)(22)

where
FA⊗A,A = (F⊗ idA)(idA⊗F), FA,A⊗A = (idA⊗F)(F⊗ idA).

But by definitionFA⊗A,A on (Ai⊗A j)⊗Ak is the followingcomposition:

(Ai⊗A j)⊗Ak
idAi ⊗β j,k
−−−−−→ Ai⊗A j ⊗Ak

βi,k⊗idAj
−−−−−→ Ak⊗ (Ai⊗A j).
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Similarly FA,A⊗A onAi⊗ (A j ⊗Ak) is the followingcomposition:

Ai⊗ (A j ⊗Ak)
βi, j⊗idAk−−−−−→ Ai⊗A j⊗Ak

idAj ⊗βi,k
−−−−−→ (A j ⊗Ak)⊗Ai.

Hencefor each i, j,k≥ 1, (21) and (22) become

(idAk⊗mA)(βi,k⊗ idA, j)(idAi ⊗β j ,k) = βi+ j ,k(mA⊗ idAk)(23)

(mA⊗ idAi )(idA, j⊗βi,k)(βi, j ⊗ idAk = βi, j+k(idAi⊗mA).(24)

But, by definition mA : Ar ⊗As→ Ar+s is “essentially” the identity map. So (23) and
(24) become

(βi,k⊗ idA j )(idAi ⊗β j ,k) = βi+ j ,k

(idA j ⊗βi,k)(βi, j ⊗ idAk) = βi, j+k

which hold for 3 (ii ), (iii ).

In what follows we want to announce that the results developed above, ex-
pecially in 3 and 1,lead to the consideration of the group B̃ k generated by elements
{ b̃i |1≤ i < k} with fundamental relations just b̃ib̃ j = b̃ j b̃i(|i− j| ≥ 2). Clearly there
isan action ρ̃k : B̃ k→ EndR(Ak) given by:

b̃i → βi ∈ EndR(Ak).

If ρk : B k → EndR(Ak) denotes the usual action of the braid group B k generated by
elements{ b̄i |1≤ i < k}, also given by

b̄i → βi ∈ EndR(Ak),

then ρ̃k factors throughthe representation ρki.e. ρk ◦ πk = ρ̃k, where πk : B̃ k ։ B k is
the canonical projection. We remark that it is well known, see[3], that there is a well
defined map

ψk : Sk→ B k,

whereSk denotesthesymmetric group of degreek. Thisresults isdueto Iwahori in the
Coxeter groupcase andψk is defined asa “li ft” of σ ∈ Sk in B k.

Acknowledgments. The author wants to thank D. Flores and J. A. Green for having
brought thisproblem to her attention.
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