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CALABI-YAU MANIFOLDSWITH B-FIELDS

Abstract. Inrecent work N. Hitchin introduced the concept of “generalised geometry”. The
key feaure of generali sed structuresisthat that they can be ated on by bah diffeomorphisms
and 2-forms, the so—cdled B-fields. In this ledure, we give abasic introduction and explain
some of the fundamental i deas. Further, we discuss ®me examples of generalised geometries
starting from the usual notion o a Calabi—Yau manifold, as well as applicaions to string
theory.

1. Introduction

Thistext tries to motivate and to explain a new type of geometry, the so—cdled gener-
alised geometry, which was developed in Hitchin’s foundational article [14] and taken
further by his gudents[2], [13], [26].

In differential geometry, one is famili ar with deforming a geometric structure
by a diffeomorphism. For instance, if (M,g) is a Riemannian manifold, then so is
(M, f*g) for any f € Diff(M). Enlarging the nation of a Riemannian structure to a
generalised Riemannian structure consists in alowing deformations by a 2—form, or,
following standard physicists' jargon, by a B—field. This concept makes also sense
for other geometries. The most speda classwe will consider in this note is that of
a generalised U (m)—structure which comprises classcd Calabi—Yau manifolds and
their B—field deformations. Non-metric geometries auch as ympledic structures can
also be generalised, and we will encournter examples hereof in the sequel.

The motivation for looking at B—fields originated from physics. Not surpris-
ingly then, the most striking appli cations of generalised geometry so far arose in string
theory, where generali sed structures acmurted for the geometry imposed by supersym-
metry. Despite the resulting nea formulationand new insight gained, one might ques-
tion the use of general geometry in mathematics. The answer is, as often, generality:
Generalised geometry unifies diff erent concepts and combines dructures as diff erent
such as gpeda complex and sympledic manifolds within one geometric framework.
Further, as arealy emphasised in [13], generalised geometry is naturally described in
terms of Courant algebroidswhich linkstheseto other areas such asfoliated or Poison
geometry.

The plan of this note is as follows. We start by summing upsome key results
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of the structures we will generalisein the sequel such as complex, Kahler and Calabi—
Yau manifolds. We then explain the basic ideabehind the concept of supersymmetry
and how this involves the spedal geometric structures we discussed at the beginning.
This also leals to investigate B—field adions which are cnsidered in Sedion 4 Sec
tion 5 contains the ore part where we describe explicitly the generalisations of the
geometric structures discussed in Sedion 2 More detail s and proofs can be mainly
foundin [13], [14] and [26] uponwhich thistext is based. It is not intended to give a
complete overview, and severa interesting topics had to be glossd over amongwhich
there are, for instance, modui spaces of generalised K3-surfaces and their relation to
A = (2,2) super conformal field theory [17], topdogicd strings and the generali sed
A—andB—model [3],[20] [ 23], generali sed versionsof the d0-1{emma[2] or generali sed
cdibrations[11], [12] to mention orly afew articles and reseachers who contributed
tothefield. At any rate, | hope to convincethe realer of the usefulnessof the concepts
to be presented below.

2. Clasdcal geometries

Let M™ be asmoath, orientable manifold of dimensionn. If niseven, wewrite n = 2m.
By a clasgcal geometry or structure, we understand a olledion o tensors over the
tangent bunde TM enjoying spedal algebraic properties. Further, these tensors are
possbly subjed to integrability condtions. An dternative viewpoint is provided by
G-structure theory (cf. the dasscd text [21] or [24]), where geometric structures are
described in terms of reductions of the principal GL(n)—framebundeto aprincipal G-
fibre bunde. One dso saysthat TM isassciated with a G—structure andrefersto G as
the structure group o TM. Locally, after choasingsome trividisationU x R" = TM
of the tangent bunde, we can think of a G—structure & a smooth family of Lie group
representationsry : G — GL(TxM) parametrised by pdntsx € U, which iswell behaved
under transitions of two diff erent triviali sations.

Riemannian structures. A Riemannanmanifold (M, g) is Pedfied by asymmetric
(2,0)—tensor field g whose spedal agebraic property is to be pasitive definite, i.e.
g(X,X) > 0 for X € TM other than 0. This endows every tangent spaceTxM with
the structure of an oriented Euclidean vedor space The symmetry group, that is, the
stabili ser of this datum under the adion o GL(TxM), is SO(TxM, gx). Locdly, we thus
obtain afamily of representationsry : SO(n) = SO(TxM,gx) C GL(TxM), and sinceg
isaglobaly defined ohed, these famili es come from a principal SO(n)—fibre bunde.
Therefore, aRiemannian structure amourtsto sayingthat TM isassociated with SO(n).

Sympledic structures. An almost sympledic manifold (M?™ w) is gedfied by a
skew—symmetric 2-form w whose spedal algebraic property isto be non—dgenerate,
that is, w™ # 0. The symmetry groupis Spm,R), so locdly we obtain famili es of
representations ry : SPM,R) = SPTM,w) C GL(TxM). As for Riemannian struc-
tures, we seethat an amost sympledic structure is nothing else than an Spim,R)—
structure. This dructureis cdled integrable or simply sympledic if dw=0, i.e. wis
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closed. Darbouxs theorem asserts that this is equivalent to finding locd coordinates
pl,...,p™ah,...,q"onU C M suchthat wy = ydp/ Adg.

Complex structures. An almost complexmanifold (M2™,J) is gpedfied bya(1,1)—
tensor field J, that is, a bunde morphism J : TM — TM. Its edal algebraic prop-
erty is to square to minus the identity, J> = —Id. This endows every tangent space
with the structure of a complex vedor space and locdly, we have representations
rx: GL(m,C) = GL(TxM, ) C GL(TxM), givingriseto a GL(m, C)—structure. Equiv-
alently, we have adecmpoasition o the complexification TM @ C = T20 ¢ T%L into
complex vedor bundes which are mnjugate to ead other, TL0 = T%1 namely the
+i—eigenbundesof J. One spe&s of an integrable almost complexstructure or simply
acomplexstructure, if the assciated Nijenhuis tensor

N (Xo, X1) = [Xo, Xa] — [IX0, IX4a] + I([IX0, Xa] 4 [Xo, IXa])

vanishes. Equivalently, T30 (or T%1) is preserved uncer the extension o the Lie
bracket to TM @ C. The dua versionis this: Let T*M ® C = T1%* @ T%* pe the de-
compoasitionindwced by the dual map J* : T*M — T*M. Put AP9 = APT 10+ @ AGT 01+
whence AKT*M ® C = @ q—1/AP9. We define differential operators

0: AP APTLA g AP, APGTL

by compoundng the exterior differential with the correspondng projedion ogerator.
As this can be computed in terms of vedor field derivations and the Lie bradet, it
follows that a complex structure is integrable if and orly if d = 0+ 0. Integrability is
also equivalent to the existenceof complex coordinatesz = xX +iyt, ..., 2" = x"+iy™,
that is, J(d,i) = d,; and J(dyj) = —0,;. The bundes T1? and T%! are spanned by
0, = 0y —i0,; andd,) = d,; +1id,; respedtively, whil ethe differentialsdz! = dx! +idy!
anddz = dx} —idy} span T1% and TO1*,

An important subclass of complex structures is provided by spedal complex
manifolds (MM, Q), where Q € QM(M) ® C satisfies the following properties: (1)
QAQ#0, (2) locdly Q = 6L A ... A6™ for complex 1-forms 01, i.e. Q is locdly
demmposable, and (3) dQ = 0. By (1) and (2), we obtain a splitting T"M @ C =
TL0* @ TO1* where the (1,0)—forms T3 are locdly spanned by the 8. Hence
QAB=0forany (1,0)—form 6, so that (3) implies Q AdB = 0. Consequently, d6 has
no (0,2)—part, which implies integrability via the exterior derivative charaderisation.
In particular, 8Q = 0, that is, Q defines a holomorphic trivialisation of the canorical
line bunde k = A™0 = A™MT10¢ Note that T10 isisomorphic with the tangent space
TM asa complex vedor bunde. Since T20 comes equipped with the complex volume
form Qyx whose stabili ser under the adion o GL@(TXLO) is SLC(TXLO, Qy), the structure
groupis SL(m, C) (whencethe name of spedal complex).

Kahler structures. An almost Kahler manifold (M, J,g) is an almost complex mani-
fold which carriesahermitian metric g, that is, J adsasan isometry for g. Thestructure
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groupisthusU (m). The structureisintegrable or simply Kahler, if J isintegrable and
the Kahler form defined by

@ (X0, X1) = g(IXo, X1)

is ympledic, i.edw= 0. Note that conversely, if (M, w) definesa sympledic structure
onthe complex manifold (M, J) such that w(JIXp,JX1) = w(Xo, X1) and

2 w(X,JX) >0

for X # 0, then (1) defines a Kéhler metric. Hence a Kahler manifold is equally
spedfied by thetriple (M, J, w).

Calabi-Yau structures.  Analmost Calabi—Yaumarifold (M2™, w, Q) ismade up out
of an almost sympledic structure w and an almost spedal complex structure Q subjed
to the compatibility conditions

(1) QAQ = (—1)™™D/2MyM and (2) QA w=0.

Further, if J denotes the induced complex structure, then w has to verify the positivity
condtion (2). The aswciated structure groupis U (m). In particular, the inclusion
U (m) C U(m) induces an almost Kahler metric g. The structure is integrable or
Calabi—Yau for short, if w and Q are dosed. For M compad, the Calabi—Yau theo-
rem asserts the following converse: If M is Kahler with vanishingfirst Chern classand
Kahler form w, there exists a (unique) metric ¢’ induced by an uncerlying Calabi—Yau
structure with [of] = [w] € H?(M,R).

A different charaderisation of Calabi—Yau manifolds can be given in terms of
spinor fields. As this concept will be of much use later on, we briefly outline the
general setting; goodreferences are [1] and [22]. Let V be an oriented red vedor
bunde of rank k with abunde metric (-,-) of signature (p,q). A Clifford bunde for V
is a complex vedor bunde S(V) — M with a hermitian metric h and aC”(M)-linea
adionp: A*V x S(V) — S(V), the so—cdl ed Cliff ord multi pli cation, such that

H(X, (Y, p)) + H(Y, H(X,p)) = —(X,Y)p,
and
h(u(X,p),T) +h(p,u(X,T)) =0,
where X andY are sedions of V. This definition extends to the exterior algebra by
HXAY,p) = H(X, K(Y.p))

for X, Y € V orthogord etc. If 0 isametric conredion onV, then a hermitian con-
nedion S on S(V) isaClifford conredionif

O%u(X, p) = W(OX, p) + (X, 0%).

If rk(S(V)) = 2IV)/2], then S(V) is caled a (Dirac) spinor bunde. It is associated
with with a spin structure, which locadly givesrise to a family of representations ry :
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San(p,q) — U (S(V)x,hx) € GL(S(V)x). Here Sin(p,q) isthe so—caled spin group
of signature (p,q), the doulde cover of SO(p,q). Sedions of S(V) are cdled spinor
fields. If the rank of V is even, then there exists a natural decomposition S(V) =
S(V)+ @ S(V)_ into spinor bundes of pasitive and negative dirality, where the fibres
S(V)1x are irreducible representations of Spn(p,q). Sedions of these ae referred to
as positive and negative respedively, or as chiral in general. The dirdity is reversed
under Clifford multi pli cation with A%V,

There ae genera existence and classfication results for spin structures. In the
cases we shall consider here, we can construct the spinor bunde explicitly in a canont
icd way. For instance if V = TM is endowed with an amost Calabi—Yau metric g,
we find S(TM) . = A%V and S(TM)_ = A%°d. The hermitian structure comes from
the hermitian metric on T%'* indwed by g. Further, Clifford multiplicaion is given
by (X, W) = —X W+ g(X,-) AW, where we identified TM with T%! via the dmost
complex structure J. We will aso write X- W for u(X,¥). In particular, ¥ = 1 and
® = Q are two globally defined spinor fields of constant norm. They are related by
the so—cdled charge conjugaion operator 4, a mnjugate linea operator which on
ead fibre commutes with the adion o Sgn(2m). Further, W and ® are pure, i.e.
Wy ={ZeTM®C|Z-¥ =0} isa complex subbunde of maximal rank m (W being
isotropic, therankisat most m), andsimilarly for We. A purespinor field isnecessarily
chiral. The Levi—Civita conredionJ9 on TM inducesa canoricd Clifford connedion
on S(TM) which preserves the splitting S(TM).. and which we denote, by an abus de
notation, also by [09. If the metric comes actually from an (integrable) Calabi—Yau,
then 09 = 0 and 09¢ = 0 (natethat thisis not the usual covariant derivative on A%,
so W= 1isapriori not covariant constant). Conversely, assume that TM caries a
Riemannian metric g for which a spinor bunde S(TM) exists. The stabili ser of any
pure spinor Wy € S(TM) ..y isisomorphic to U (m) (cf. [22]). Hence any pure spinor
field of unit norm induces an almost Calabi—Yau structure which is integrable if and
only if 9% = 0. Since 2 commutes with (09, the pure spinor 2 (W) is also paralel.
To make mntad between the spinor and the form point of view, we recdl that thereis
a canoricd bundeisomorphism S(TM) ® S(TM) =2 A*T*M ® C under which

©) Yow=0, aW)ow=¢€®

(cf.[25]). Further, thisisomorphism commuteswith (19, so that 19W =0and %94 (W) =
0 are equivalent to 0% = 0 and 09Q = 0. In turn, thisis equivalent (althoughthisis
not entirely obvious) to dQ = 0anddw= 0.

REMARK 1. All the “almost”—structures considered here were defined in terms
of tensors. Therefore, they transform naturally under vedor bunde isomorphisms of
TM (coveringabijedive smoath map M — M), asthese preserve any spedal algebraic
property of atensor field. Further, if such an isomorphism isinduced by a diffeomor-
phism, it commutes with the natural diff erential operators coming from the underlying
differential structure such as the Lie bradet or exterior differentiation. In this case,
integrability conditions are preserved, too. For instance, if (M, w) is an amost sym-
pledic manifold, its f—transform (M, f*w) for some vedor bunde isomorphism f of
TM also defines an amost sympledic structure. If f comes from a diff eomorphism,
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thenin additiondf*w= f*dw, so the f—transformisintegrable, i.e. sympledic, if and
only if the original structure is integrable. Extending the diff eomorphism group will
eventually leal to so—cdled generalised geometries. Before explaining this, we shall
make adetour into physicsfirst.

3. Supersymmetry

To motivate the subsequent devel opment, we briefly look at supersymmetric c—models
and supergravity compadifications. For amoredetail ed acourt seefor instance[8], [9]
or[16].

The key notion we shall discusshere isthe concept of supersymnetry. To see
where this originates from, recadl the basic setup of quantum mechanics. We ae given
a (complex) Hilbert space # (whose projedivisation corresponds to the “physica”
states), and a set of self—adjoint linea operators, the observables (correspondng to
classcd “measureale” quantities auch as position, momentum, energy etc). In par-
ticular, the observable correspondng to energy is the Hamiltonian of the system. It
turns out that % comes equipped with a natural Z,—grading which refleds the exis-
tenceof two types of particles. Namely, there are basons (particles that transmit forces
such as phaons), and fermions (particles that make up matter such as eledrons). More
generally, fields are a@ther bosonic andfermionic. This Z,—grading shoud be dso dis-
played bythe symmetries of the physicd system, that is, there ae even transformations
which send bosons to basons and fermions to fermions, and odd transformations, the
so—cdled supersymnetries, which send basonsto fermions and vice versa. Mathemat-
icdly spe&king, implementing supersymmetry consists in passng from ordinary, un-
graded algebraic structures auch as vedor spaces, Lie dgebras etc, to their Z,—graded
super courterparts, that is, to super vedor spaces, super Lie algebras, etc. To seehow
this works concretely, we discuss sipersymmetric c—models next.

3.1. Supersymmetric c—models.

Let = be aRiemann surface(the “string worldshee”). A o—model is a field theory
whase bosonic fields consist of maps Z — (M, g), where M is a Riemannian manifold
(the target space of the o—-model) — for apredse and general definition of c—models,
seefor instance the dorementioned [16]. For simplicity we assume M to be compad,
thoughthis is not strictly necessary from a physicd point of view. Depending onthe
amourt of supersymmetry A’ one imposes (i.e. the labeled number of generators for
the oddsymmetry transformations), one spesksof an Al = (1,1), AL = (2,2) etc super-
symnetric c—model or target space as A refleds the geometric structure of M. Thisis
best ill ustrated by some examples.

A = (1,1) supersymmetry. Let g be aRiemannian metric, and consider the Hil bert
spaces{ given by completion o Q*(M) ® C with resped to the canoricd Hermitian
structure induced by g. We have anatural Z,—grading on# coming from the decom-
position into even and oddforms. The spaceof graded operators naturaly carries a
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super Lie dgebra structure whose bracket satisfies [A, B] = (—1)99AdB+1[B A The
exterior differential d : Q®%4(M) ® C — Q°%Y(M) ® C extends to a supersymmetry
transformation. Further, the metric g gives rise to a seand supersymmetry transfor-
mation, namely the formal adjoint d*. TheresultingLapladan A = dd* +d*d adsasa
Hamilt onian which preservesthe Z,—grading. SettingQ_ = d+d* andQgr=i(d —d*)
asin[29], Q. and Qg satisfy satisfy Q7 = Q& = A. Further, Q| and Qg generate avec
tor spaceg®?d which we take asthe odd part of a super vedor spaceg. The even part is
spanned by A. Sinced? = d*2 = 0, the only non-trivial supercommutator relations are

[QL,QL] = [Qr,Qr] = 2A.

Hence, the supercommutator closeson g = g®'a g°¢ andtherefore defines a subal gebra.
In physicist’slanguage, g isa A = (1,1)—supersymnetry algebra*.

A = (2,2) supersymmetry. Asweremarked above, onaKahler manifold (M2™, w, J)
the complexified exterior algebra can be decompased into (p,q)—forms QP4(M), and
the derivative splitsinto d = 8+ 0. Takingformal adjoints, we end upwith four super-
symmetry transformations Gy = d, G} = 8%, G = id and Gj = —id. They satisfy

[Ga7 Gb] = [va GE] = 07 [Ga, Gm = 6abA0>

where Ay = 30* + 0%0 is the holomorphic Lapladan which coincides with the anti—
holomorphic Lapladan Az because of Kahlerness In order to oltain aso—cdled AL =
(2,2) supersymmetry agebra, we have to enlarge this by the even Lefschetz operator
L= rw:Q*(M)®C — Q*(M)® C which is wedging with the K&hler form o, its
formal adjoint L*, and the cournting operator I ading onk—forms by (k— m)ld. For
these, the supercommutator relations are given by

[na L} = 2L7 [n7L*] = _ZL*a [L7L*] =T

that is, L, L* and N span an s[(2)—subalgebra. Further, we have the Kahler identities

[rl ) Gl} = Gla [rl ) GZ] = 7G27
L,G)] = 0, L,G] = Gy,
L*,Gi] = Gy, L*,Gy] = O

In particular, G, and G; transform as spinors under the s((2)—-algebra adion’. Mutatis
mutands, the same relations hald for Gj ,.

REMARK 2. The operators of the AL = (2,2) supersymmetry algebra can a-
ways be defined on a hermitian manifold, that is, a Riemannian manifold with com-
patible dmost complex structure. However, the ladk of integrability materialises in
more complicated supercommutator relations. In particular, the super vedor space

*The notation (1,1) refers to two fermionic fields on %, the so—dled left— and right-mover, which
makes that one can distinguish the supersymmetry generators Q. and Qg acrdingly.
TUnder the identification SL(2,C) = Spn(3,C)
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g=g%®g®isnolonger closed uncer the supercommutator. On the other hand, Kahler
manifolds are by no means the only geometric structures giving rise to AL = (2,2)—
supersymmetry algebras. In [10], it was hown that the most general structure is a
bihermitian manifold (M,g,J;,J_,H), where J. are two almost complex structures
preserving the metric g. Further, H isa dosed 3-form which induces the twisted con-
nedions 0* = (09 + H /2. Theintegrability condtionis

DiJi — 0, H — Hl,Zi EB H].,Zi7

where the latter condtion means that H is the sum of a (1,2) and a (2,1)—form with
resped to both almost complex structures J; and J_. A K&hler manifold arises by the
spedal caseJ. =J=J_andH = 0. If H = dB, then we can interpret this edal case
as a B—transform of a Kahler structure, and more generally, bihermitian geometry as a
(twisted) generali sed Kahler—geometry (cf. Sedions4 and 5).

In view of the previous remark, it i s enlightening to consider the case of asym-
pledic manifold.

ExAMPLE 1. Onasympledic manifold (M, w) we can alwaysdefinethe court-
ing operator I, the Lefschetz operator L andits dual which we denote by A in order to
distingush it from its formal adjoint L* (requiring a metric) considered ealier. Apart
from the exterior diff erential d, we dso have

d*=[A,d]=Aod—doA.

This operator squares to zero and spans, together with d, the 2—dmensional spin rep-
resentation of the Lie dgebras((2) generated by, L and A, for

Md = d, nd|] = —d
Ld = o Ld] = d,
Ad = d, [Ad] = O

However, in absenceof a Riemannian metric we do nd dispose of any natural norm on
Q*(M)®C in order to obtain a Hil bert spaceby completion. On the other hand, a das-
sicd result asserts that we can always choose a @mpatible dmost—complex structure
which by (1) induces a Riemannian metric. In particular, we then have A = L*. The
metric dso enables us to introduce aseand s((2)—spin representation defined by the
formal adjoints d* and d = (d*)*. But by lack of integrability, i.e. by the non-Kzhler-
nessof the underlying almost Kahler structure, {d,d} fails to commute ({d,d} = 0
isin fad equivalent to Kahlernessg, so that the super vedor spacespanned by these
operatorsis not closed uncer the supercommutator.

3.2. Compactified type Il supergravity

For the moment being, we know five aonsistent supersymmetric string theories, namely
type |, heterotic and type Il string theory, where the latter two arise in two different
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flavours. Their low energy limit gives the aorrespondng supergravity theory, for in-
stancetypell supergravity onwhich we focusin this sdion.

We first consider aten dimensional space-time M1, i.e. aLorentzian manifold
of dimension 10 The bosonic fields come in two flavours; they are dther NS-NS
(NS=Neveu-Schwarz) or R-R (R=Ramond). To the former classbelong

e the space-time metric g.
e thedilatonfield g € C*(M).
e the H-fluxH, a dosed 3-form.

The R-R sedor consists of a dosed differential form F of either even (type IlA) or
odd degree(type 11 B). The homogeneous comporentsof F arereferred to as Ramond—
Ramond fields. For sake of brevity, we shall only consider the case F = O, cf. [19] for
the general case. Out of this datum one can buld a Lagrangian £y, (g,¢,H), and the
criticd points of the adion functional s = f, £ determined by the Euler—Lagrange
equations give the equations of motion*. Further, one mnsiders the adion of a super
Lie dgebrawhose adion preservesthe adionfunctional andis generated by two super-
symnetry parameters W, and W_ (whence “type 11”), which are unit spinors of equal
(type lIB) or oppaite (type I1A) chirality. The model also contains fermionic fields,
andthese are suppased to beinvariant under the supersymmetry transformations. This
requirement is equivalent to the vanishing o the supersymnetry variations given by

0

1
OxWiL+ Z(XLH) o

0.

1
(d(PiEH)'qu

Thefirst pair of equationsis referred to as the gravitino equationin the physics litera-
ture, whil e the latter is cdled dilatino equation.

In order to find a solution, one usualy makes a compactification ansatz, that
is, one mnsiders a space-time of the form (M1°, g1®) = (RY3 go) x (M®,g), where
(R13,go) isflat Minkowski space ad (M®, g) a 6—dmensional spinnable Riemannian
manifold. Thisis not only a convenient mathematicd ansatz, it also refleds the em-
piric fad that the phenomendlogicadly tangible world is confined to three spatial di-
mensions plustime. Then, one tries to solve the ebove ejuations with fields living on
M6, trivially extended to the entire space-time. In esence, we ae looking for a set
(9,0.H, W, W_), that satisfies the gravitino and the dil atino equation onM®. Simpli-
fying further and setting@g=0,H =0 and W, =¥ = W_ (type I B), we ae left with
the equation

9% =0,

which predsely charaderises Calabi—Yau metrics on M®. In the general case, the
spinor fieldsW,. andW_ define eat an underlyingalmost topdogicd Calabi—structure

*As usud in physics, one asaumes all quantities to be deaeasing fast enoughat infinity so that the
integral i's well—defined.
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(M, Q. , w.) whose induced metrics coincide. Thisis reminiscent of the situation en-
courtered in the discusgon o the Al = (2,2) supersymmetric o—model charaderised
by a bihermitian geometry. In fad, we ae again in territory of generalised geometry,
andwe will i dentify the geometry of type |l supergravity compadifications as a gener-
alised J (m)—geometry. Again, anon-trivial H refleds the ladk of integrability of the
underlying almost Calabi—Yau structure. More predsely,

O5W. + %(XLH)-wi =0

boilsdownto dw.. # 0, the right—hand side being determined by H, while we still have
dQ. = 0 so that the underlyingmetric is gill hermitian [4].

4. TheB-field action

In light of the previous sdion, we wish to give geometric meaning to triples such as
(M,g,H) and (M,w,H) etc. Here we enter the redm of twisted generalised geometry
(cf. Sedion 7in[14]). In this article, we consider a (mildly) simplified setup, where
H = dB, which leals to the nation o a B-field, that is a 2-form B € Q?(M), and
subseguently to the B-transform of a dassca geometry.

The first problem which arises is that we caana simply encode the alditional
datum of aB—field in a G—structure asin Sedion 2 asB isan arbitrary 2-form, andin
particular, might have zeos. However, to induce aG-structure requires the tensors to
enjoy spedal global algebraic properties. Rather, one assciates a transformationwith
B which ads as the identity on the zeo locus of B. Concretely, consider B as a map
TM — T*M. Then extend thisto an endamorphism of TM & T*M which we write as a

block matrix
00
B~ < B 0 )

Taking the usual matrix exporential yields the isomorphism
ld O
eB_< B Id )
that is, X®& € TM@®T*M is ®ntto X & (B(X) +&) € TM@® T*M. In thisway, B
does not only induce an isomorphism, but in fadt an orientation—geserving isometry

of TM @& T*M. Indedd, it preserves the natural orientation onTM @ T*M andthe inner
product of signature (n,n) given by

(XBEXDE) =E(X).

In particular, TM & T*M is asciated with an SO(n, n)—structure which can be further
reduced to SO(n, n)o if, aswe dways suppae, M is orientable®.

8Here and in the sequel, Go denates the identity comporent of aLie group G.
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Further, B also ads on forms of mixed degreep € Q®¥°4(M), namely by
1
Enp=(1+ B+35BAB+..)ApE Qeved(Mm).

If Bisaclosed Bfield, then it commutes with the natural diff erential operators defined
onQ*(M) and TM @ T*M, namely the exterior differential d : Q€¥°4(M) — QO4eY(M)
and the Courarnt bracket [6]

[X@EY @] = [X.Y) + £xn - £vE — 2d(Xcn VL)

(£ denating Lie derivative). This bradet is kew—symmetric, but does not satisfy the
Jambi i dentity.

Theinterpretation of a “classcd geometry” with a B—field consists in thinking
of the resulting structure as being oldained by a Bfield adion onthe original setup,
much in the vein of the remark at the end of Sedion 2 where we considered the f—
transform of a(n) (almost) sympledic manifold. In this picture, closed B—fields corre-
spondto diff eomorphisms. Consequently, we neead to rephrase dasscd geometriesin
terms of even or odd forms or additional algebraic datum on the bunde TM & T*M,
together with an integrability condtioninvalvingd or [-,-]. Defining the resulting B—
transformsin an invariant way givesriseto so—cdl ed generali sed geometries, wherewe
have df edively enhanced the transformation groupto Diff(M) Qa (M). We discuss
examples next.

5. Generalised geometry

Generalised Riemannian metrics[13], [26]. Let (M,g) be aRiemannian manifold.
Viewing g asanisomorphism TM— T*M, itislifted to TM & T*M by

_ (0 gt

_ _ —lB -1
Gg,B:eBGQG b= ( 97%9—18 ng—l >

So, symbadlicdly, a Riemannian manifold with B—field is pictured by

A B-field adsvia

(Mg) —— (M.Gg) S (M,g,B) — (M, Ggp = G4e®).

As invariant definitionwe adopt the foll owing.

DEFINITION 1. An endamorphism g of TM & T*M is said to be a generali sed
Riemannian metricif g2 =1d and(g(Z),Z) > Oforall 0#£Z € TM@® T*M.
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The endamorphisms g4 and G4 are spedal cases of this. To seewhat a gen-
eralised Riemannian metric meansin terms of structure groups, we remark that defin-
ing G is equivalent to decomposing TM @ T*M =V* @V~ into a maximally posi-
tive and negative definite subbunde, correspondngto the +1-eigenbundesof ¢. Let
g+ = (-,-)y+ denote the resulting bunde metriconV*. Atapaint x € M, this litting
ispreserved uncer the adion of SO(n,n) by the subgroupSO(Vy", gx) X SO(Vy ,9—x)-
Locdly, thisyields the family of representations

rx: (A,B) € SO(n) x SO(n) — ( '8‘ g > € OV, ,g:x) x SOV ,0-x)

C SO(TM & T;M)o,

where the block matrix is written with resped to the decompositionV," &V, . Hence
agenerali sed Riemannian metric is asociated with an SO(n) x SO(n)—structure. Since
the isotropic subbundes TM and T*M intersed the positive and regative subbundes
V* andV~ trivialy, the projedions . : TM ¢ TM @ T*M — V* are isomorphisms.
Further, one can show that there exists a unique Riemannian metric g and a2-form B
such that

4) T (X) = X & (+9+ B)(X).

Then, the generalised Riemannian metric correspondngto V™ @V~ isjust Ggg, and
T (T,£9) — (VF,9+) are promoted to isometries. In particular, any g isof theform
Gg,B, SO that moduo arbitrary Bfield transformations, we have only one generalised
Riemannian metric for every usual Riemannian metric. However, transforming with a
non-closed B—field modifiesthe L evi—Civita connedion (¢ which gets replacal by the
two conredions 0F = 09+ dB/2 (cf. also Theorems 1 and 2).

Generalised complex structures[13],[14]. Next consider a complex manifold (M, J).
We lift thisto TM & T*M by

© n=(3 3 )

Its B—field transform is

-J 0
—eBs.eB_
Jiyp=€"1€ "= ( _BI_JB J >7

so aalmost complexmanifold with B—field is described by

M,J) «— (M, 73) < (M,J,B) «— (M, 735 = 87,67 B).

The invariant definitionis this.
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DEFINITION 2. An almost generalised complex structure (M, 7) is given by
7 € End(TM @ T*M) such that 72 = —Id and7 isanisometry for (-,-).

The stabili ser group d an almost complex structure compatible with an inner
product of split signatureinside SO(2m, 2m) isU (m,m), so (M, 7) isasociated with an
U (m,m)—structure. Asin the dasgcd case, an ailmost generalised complex manifold
M must be even—dmensional. This nation comprises 7; and J;g as Pedal instances,
but isfar richer.

EXAMPLES 1.

(i) Sympledic manifolds. An example which isnat of the form 7; g is provided
by a sympledic manifold (M, w). It induces an amost generalised complex structure
by

1
© w=(g % )

(i) Produwcts. Two almost generalised complex manifolds (M1 2, 712) induce
a natural almost generali sed complex structure 71 & J2 on the product T(My x Mg) &
TM1 & TMa.

An amost generali sed complex structure is also equivalent to a decompasition
(TMaT*"M)®C =W, W, into isotropic complex subbundes. For example, we find
W = TO o T for 75 and W, = {X @iw(X,)} | X € [(TM®C)} for 4.

DEFINITION 3. We speak of an integrable or simply a generalised complex
structure (M, 7), if the generali sed Nijenhu's tensor

N7 (20,21) = [Z0,Za] — [1 20,5 Z4] + 7 ([ 20, 5 Za] + [ 9 20, Z1])
vanishesfor all Zg, Z; € T(TM @& T*M).

Alternatively, we can require W, to be dosed under the Courant bradcket. In
particular, an integrable structure naturally transforms under closed B—fields. In the
case of 73 and J, integrability is equivalent to the integrability of the underlying
clasgcd structure, i.e. (M,J) is a complex manifold and (M, w) is ympledic. The
correspondng form picture is lessobvious, as forms of homogeneous degree ae not
aded on byB-fields — here is where Q®%°4(M) comes in. We first define an adtion
o (TM@T*M) x Q8¥d(M) — Q°4eY(M) by

(7) (X®&ep=—Xp+EAP.

This guaresto —(X $ &, X @ &)Id and returally extendsto A*(TM @ T*M). In particu-
lar, the annihilator W, = {Z € (TM @ T*M) ® C|Z e p = 0} of an even or oddcomplex
form p € Q®°4(M) @ C is totally isotropic. We cdl p pure if W, is a subbunde of
maximal rank, in analogy with pure spinor fields. A pure form is necessarily even
or odd Further, there is a 1-1—correspondence between line bundes in A*T*M ® C
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whose locd triviali sations consist of pure spinors, and maximally isotropic subbundes
of (TMa@T*M)®C. Thelinebunde mrrespondngto W, isreferred to asthe canori-
cal bundeof 7 (thetermindogywill bejustified below) andiswritten x,. Thisyields
adecompaosition

Q*(M) = @ff_oUx, whereUp = &, Ux = A"W;" e Ug.

As d changesthe parity of aform, we can defined = 1§_g0d : I'(Ux) — IN'(Uk-1) and
0 =Tk 10d:(Ux) — M(Uk1). Then 7 isintegrableif and orly if d = 4 9. Fur-
ther, there ae dso speda coordinates for generalised complex structures, athough
this requires me cae. We define t(x), the type of s at x, to be the dimension o
(W, x) C TxM @ C, the projedion o W, to TyM. If it is locdly constant aroundx
(which does not dways hold), then some neighbouhood d x is equivalent, moduo
diffeomorphism and closed B—field transformation, to an open neighbowrhoodU; x U,
in C! x R24™Y with induced generali sed complex structure coming from the standard
t—dimensional complex manifold C! timesthe standard 2(m—t)—dimensional red sym-
pledic manifold (RZ™Y) wy).

Generalised Kahler structures [13]. Next we generalise the notion of a dasscd
Kahler manifold.

DEFINITION 4. A generalised Kahler structure on M is defined by a par of
comnmuting generali sed complexstructures (4o, 71) suchthat ¢ = — 701 definesa gen-
eralised Riemannian structure.

EXAMPLES 2.
(i) Consider a dasdcd Kahler manifold (M, w,J). The generalised complex
structures 73 and J, in (5) and (6) commute indeed. Further,

(0 gt _
13 I = g 0 _g07

whereg: TM — T*M isthe Kahler metric given by (1). Therefore, a Kahler manifold
with B—field is

&
(M,J,(k)) — (M7]J7](,0) > (M,J,(h), B) A (MJJ,BJ(»,B)-

(i) In [15], compad examples which are nat a dosed B—transform of a Kéhler
structure asin (i) were constructed onCP? and CP! x CP?.

In terms of bundes, a generalised Kahler manifold can be charaderised as fol-
lows. Since 5o and 73 commute, the decomposition(TM & T*M) @ C =W & Wp, where
Wo = W,,, is dable under 1. Thisimplies a further decompasition o W into the +i—

eigenspaces W~ of 71. Hence (TM @ T*M) @ C =W, © W, @VTJ@WO’. Moreover,
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since g = —JoJ1,
(8) VEQC =W oW
Indeed, 7071w = Fw for w € Wj" etc. One can then prove:

ProPosSITION 1. An amost generali sed Kahler structure (Mzm,]o,jl) isequiv-
alent to spedfying two complexrank m s,lbbundleswoi of (TM@T*M)® C satisfying

e W~ isisotropic
o W, LW, W,
o Wy isdefinitein the sensethat £(Z,Z) > 0 for all Z € Wy" unlessZ = 0.

Inthis picture, integrability is equivalent to each of the subbundesW;", W~ andW;" &
W, being closed uncer the Courant bracke.

Thestructuregroup pant of view givesyet ancther way of analysing generali sed
Kahler structures. The decompasition (8) defines almost complex structures 7. onV™*
andV . Further, this gructure is compatible with the paositive and negative metric g+
onV¥*. HenceV*' andV~ are ssciated with a U (m)—structure, and the structure
groupis therefore U (m) x U (m). Further, these K&hler structures can be pulled bad
to TM viathe isomorphisms i, of (4), giving rise to two Kahler structures (w.,Js)
on M which share the same Kahler metric. Therefore, these Kahler structures can be
charaderised by (M, g,J.).

THEOREM 1. An amost generalised Kahler structure (4o, 1) corresponds to
the datum (g, B,J;,J_), where J. are two (and in general not commnuting) almost
complex structures on M, g a Riemanrian metric which is hermitian with resped to
both J; andJ_, andB € Q?(M), coming from theinclusions

Um xU(m) < SO(2m)x SO(2m) < SO(2m,2m)q.
(J+7‘J—) (ng)

Inthispicture, the almost Kahler structureisintegrable, if and orly if J. areintegrable
complexstructures, andthe correspondng Kahler forms satisfy

d°w_ =dB=—dSw,,
where d$ =i(d+ — d.). Thiscan berephrased in terms of conredions by saying that
0%J* =0, dBeQ"*(M)®Q*'(M),
where 0F = 09+ dB/2.

REMARK 3. Inthe more general case of atwisted generalised Kahler structure,
dB gets replaced by an arbitrary closed 3-form H in Theorem 1. This gives predsely
the condtionsfound onan A = (2, 2)—supersymmetric target spacedescribed in Sec
tion 3
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Generalised Calabi—Yau structures[14]. A generalised Calabi—Yau structure [14]
mimics the dasscd relation between complex and speda complex manifoldsin the
generali sed setting, rather than generalising classcd Calabi—Yau manifolds (which ef-
fedively leads to the notion o a generalised SU (m)—structure, cf. next paragraph)T.
Asonthe dasdcd level, thisinvolves diff erential forms, of mixed even or odd degree
with spedal algebraic properties.

Let usintroduceon Q*(M) the QM(M)—valued bili nea form

© (p,1) = [PATP™

Here, [-]*™ denates projedion onthe top degree and * ads on hanogeneous compo-
nents of degree p by multiplicationwith (—1)P(P+1/2_ |t is symmetric for m even and
skew for modd

DEFINITION 5. An amost generali sed Calabi—Yau structure on M?™ is defined
by an even or odd pue form p € Q®°4(M) ® C with (p,p) # 0. The structure (M, p)
is referred to as integrable or simply as generali sed Calabi—Yau if dp = 0.

Purity implies that the annihilator W, is of maximal dimension. The second
condtionis equivalent to W, N"Ws = {0} ([5], p.143). SinceWs =W, an almost gen-
eralised Calabi—Yau structure induces a decompoasition (TM & T'M) ® C = W, & W,
hence an amost generalised complex structure. It isintegrableif dp = 0. Put differ-
ently, an aimost generalised Calabi—Yau manifold is an almost generalised complex
manifold whose canoricd line bunde x; is triviaised by a global sedion p whichis
“generalised hdomorphic” in the sense that dp = 0.

EXAMPLES 3.

(i) A sympledic manifold gives rise to the even closed form p = €%. Then
(p,p) = cw™ for some non-zero constant. Furthermore, W, =W, so p is pure. The
induced generalised complex structure is J,. A sympledic manifold with B—field is
thus

<5
~s

(M,,B) «— (M,€*"8).

(i) A speda complex manifold (M, Q) inducesagenerali sed Calabi—Yau struc-
tureby p = Q. Here, (Q,Q) = +Q A Q # 0 bythe very definition o Q. Furthermore, if
J denates the induced complex structure, W, = T%1 @ T2, In particular, the induced
generalised complex structureis 7. A spedal complex manifold with B—field is then
simply

£ (M,Q,B) — (M,E1Q).

flusing our jargon corsistently, we would rather refer to this dructure a a generalised spedal complex
structure, but we prefer to stick to Hitchin's original terminology to avoid all too certain confusion.
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(iii) A classcd Calabi—Yau manifold (M, w, Q) gives rise to the generalised
Calabi—Yau structures defined by exp(iw) and Q.

(iv) The B—field can be thougtt of as interpalating between these two extreme
cases: Consider the case of aholomorphic sympledic manifold (M2, @ = wy + i)
of complex dimension dmg M = 2k. Then wy > are red sympledic forms and Q& =
wk /Kl makes M* (now seen as ared manifold) spedal complex. Consider fort 0
the family of generalised Calabi—Yau structures

; 1
pr =th. e/t = e/t (1K d2/t) =tk 4 E(o'é.

Then p; isthe B-field transformof (M, tk-exp(iw,/t)) which convergesto (M, Q%)
fort — 0.

In terms of structure groups, a pure form p triviali ses the canoricd line bunde
%K, of the dmost generalised complex structure it induces. It remains to see that it
also trivialises /\Z”WF;‘ to conclude that an almost generalised Calabi—Yau manifold
has gructure group U (m,m). For this, we need to to make contad with TM & T*M—
spinor fields. Here,

STM®TM)x = (AT"M e VATM) ©C,

where Clifford multiplicaion is given by e as in (7) ading onthe form part. AsM
is orientable, we can chocse atrividisation o A"TM and identify TM & T*M-spinor
fields with complex differential forms. Any scde-invariant property such as purity is
not aff eded by this choice and makes therefore sense on bah sides. Asfor TM—spinor
fields, thereis an isomorphism

(10) STMOTM)@S(TMaTM) XA (TMaTM) @ C

which by 11 .3.2[5] implies (%, ® VAZTTM)? 22 A2™\p,. As «;, istrivial, soisA2™W,
and thus /\Z”'W,;‘. Conseguently, the structure groupis SU(m,m), which can be dso
thought of as the stabili ser of px under the ation o the spin group Sn(2m,2m) on
S(TM&T*M) 1y

Generalised SJ (m)—structures [11], [18], [19], [28]. Next we wish to implement
the counterpart of a dasscd Calabi—Yau manifold in the generali sed setting.

DEFINITION 6. An almost generalised SU (m)—structure (M, po, p1) isgiven by
a par of forms auch that

e po and p; induce each a generalised Calabi—Yau structure such that (po, Po)
= ¢(p1,p1) for some constant c.

e theinduced generali sed complexstructures (M, 7p,, 9o, ) define an dmost gener-
alised Kahler structure.
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We speak of anintegrable or simply of a generali sed SU (m)—structureif both pg andps
are dosed|.

EXAMPLE 2. Take a dasdcd Caabi—Yau manifold (M,w, Q) and let po =
exp(iw), p1 = Q. From the definition o a Calabi—Yau,

QAQ = (—1)™m=1)/2jmeym,

Further, as we have seen abowe, (Jp, = Jw, Jp, = Ja) isgeneralised Kahler. Hence, any
clasgcd Calabi—Yau manifold inducesa canoricd generalised

U (m)—structure (but two diff erent generali sed Calabi—Yau structures). A Calabi—Yau
manifold with B—field is thus

(M,Q,0) — (M,0,6%) £ (M,Q,0,B) — (M,EAQ,&9B),

Whether or nat (po,p1) induces a generaised Kahler structure can be read off
diredly from the forms. If Wp and W4 are the aanihilators of pg and p1 in (TM &
T*M) ® C, then Wy =WoNWy and W, = Wp NW; satisfy the first two properties
of Propasition 1 A necessary and sufficient criterion for WJE to be of complex rank
m is given by Propasition Il1.4.4 in [5]: Regarding po and p1 as inors and using
the identification (10), thisis equivaent for the forms p1 ® p2 and p1 ® p2 to have no
homogeneous comporentsof degreestrictly lessthan m (thiscondtionisclealy scde-
invariant). It remains to verify the paositivity condtion. By choasing the orientation
acordingly, we may assume that (po,po) > 0**. Using (Zep,T) = (p,ZeT) (dimM
being even) and the universal property of Clifford multiplicaion, we seethat for any
ZeWy', (Zepo,Zepo) = —2(Z,Z)(po,Po). From this we deducethe

PROPOSITION 2. A pair (po,p1) of pure forms defines a generalised SJ (m)—
structure if and only if the following condtions hald:

e (Po,Pg) = ¢(p1,P;) > O for some constant c.

e theformspo® p1, po®P1 € A*(TM @ T*M) ® C haveno hanogeneous compo-
nents of degreestrictly lessthanm.

e for all Z eWO+ =WpNWy, we have (Zepo,Zepg) < 0. Further, for all Z ¢
W, =WoNWi, we have (Z e pg,Z e pg) < 0.

To derive the structure group pant of view, we start with the decomposition
VE®C =W ®W". The canoricd line bundes of the U (m)-structures on V* are

lin [13], this type of structure was referred to as a generalised Calabi-Yau metric. In the light of
Theorem 2, we prefer the term generalised SU (m)—structure which isin line with the nation o a generali sed
Go—structure [27].
**If misodd, this quantity is purely imaginary and the inequality applies to itsimaginary part.
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therefore k. = A™\5™. On the other hand,
Ko = NP™Wg = ATT(WET W) 2 A™ @ A™W, = Ky @K
Sinces1 = G Jo ads onW,'" @VT(; asi-|d, we deducethat
K1 = N2y = APM(W e W )* 2Ky @K

Since pg and p; trividlise xp and K1 respedively, k. = K- = K_, hencek, andk_
are trivial. Consequently, V* andV~ are asciated with SU (m)—structures, and the
structure groupis therefore U (m) x SJ (m). Following the generalised Kahler case,
we pull these badk to the tangent bunde and oliain two SU (m)—structureson TM given
by (Q,w. ). Theseinducethe same metric and can be thus equivalently charaderised
by (g,W+) with two pue TM-spinor fields W, and W_ (cf. Sedion 2). Conversely,
given (g,B,W.,W_), we can definepp = BN a2 (W, ) @W_andp =AW, W_.
One can show that (po, p1) definesindeed an amost generali sed Calabi—Yau structure.
Further, so daes (e~ % po,e?-p1) for any functionge C* (M), as purity isnat affeded
by rescding.

THEOREM 2. For any almost generalised SJ (m)—structure given by
(M, po,p1), there exsts a metric g, a 2-form B, a function ¢ andtwo pure TM—spinor
fields W, andW_ such that

pp=e?EraW) oW, pp=e?®ErY, v .
This datum corresponds to the inclusions
V(M xJ(m) C Sgn(2m)x Sgn(2m) C  Sgn(2m,2m).
Wy, W) (9,B)

and
Sgn(2m,2m) C R.ox SAn(2m,2m).

o
Further, the structureisintegrable, that is, dpg = 0 and dp; = O, if and ony if

OyW. + %(deB) ‘YL =0, (do+ %dB) Y. =0.

REMARK 4. Again, thereisatwisted naion of ageneralised SU (m)—structure
which gives the general case for closed, but not exad H, for which Theorem 2 hdds
with H in placeof dB. As aresult, we have identified the geometric structure under-
lying the type Il supergravity compatifications discussed in Sedion 3 as generalised
U (3)-structures.

ExAMPLE 3. ForW, =W_ =Y B=0and@=0, werewver theusua Calabi—
Yau manifold as given by (3).
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This formulation yields easily the Ricd and scdar curvature RicY and & of a
generalised U (m)—metricg [19).

COROLLARY 1. Letg bethemetric of anintegrablegenerali sed SJ (m)—structure.
Then 1
Ric%(X,Y) = —2H®(X,Y) + Eg(X\_dB,Yl_dB)

and 3
S =20+ E\dB|2,

where HO(X,Y) = X.Y.@— O} Y.@isthe Hessan o @.

A further consequence ae two striking no—gotheorems, refleding the fad that
the gquationsdpp = 0 and dp1 = 0 are heavily overdetermined.

COROLLARY 2.

(i) If M is compact, then dB = 0.

(i) If @= congt, then dB = 0.

In either case, a generalised SJ (m)—structureis equivalent to a usua Calabi—
Yau manifold via a closed B—field transformation.

REMARK 5. Thisisin line with similar statements for generalised G,— and
Spn(7)—structures [27] which admit TM—spinorial charaderisations in the vein of
Theorem 2, but standsin sharp contrast to generali sed Kéhler structureswhere compad
non-classca examples do exists, as pointed ou above. Note that these no—gotheo-
remsonly hold for the dosed case dp = 0, dpy = 0. For the non-€losed case, compad
examples with dB # 0 might well exist (cf. for instance[7] for a compad generali sed
Gy—example). Thiskind df inhamogeneous condtions arise naturally when consider-
ing constrained variational problems or type Il compadificaions with R-R fields (cf.
Sedion 3.
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