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F. Witt∗

CALABI–YAU MANIFOLDSWITH B–FIELDS

Abstract. In recent work N. Hitchin introduced the concept of “generalised geometry” . The
key featureof generalised structures isthat that they can be acted on by both diffeomorphisms
and 2–forms, theso–called B–fields. In this lecture, wegive abasic introduction and explain
someof thefundamental ideas. Further, wediscuss some examplesof generalised geometries
starting from the usual notion of a Calabi–Yau manifold, as well as applications to string
theory.

1. Introduction

This text tries to motivate and to explain a new type of geometry, the so–called gener-
alised geometry, which wasdeveloped in Hitchin’s foundational article [14] and taken
further by his students [2], [13], [26].

In differential geometry, one is famili ar with deforming a geometric structure
by a diffeomorphism. For instance, if (M,g) is a Riemannian manifold, then so is
(M, f ∗g) for any f ∈ Diff(M). Enlarging the notion of a Riemannian structure to a
generalised Riemannian structure consists in allowing deformations by a 2–form, or,
following standard physicists’ jargon, by a B–field. This concept makes also sense
for other geometries. The most special classwe will consider in this note is that of
a generalised SU(m)–structure which comprises classical Calabi–Yau manifolds and
their B–field deformations. Non–metric geometries such as symplectic structures can
also begeneralised, andwe will encounter exampleshereof in thesequel.

The motivation for looking at B–fields originated from physics. Not surpris-
ingly then, themost strikingapplicationsof generalised geometry so far arose in string
theory, wheregeneralised structuresaccounted for thegeometry imposed bysupersym-
metry. Despite the resulting neat formulationand new insight gained, onemight ques-
tion the use of general geometry in mathematics. The answer is, as often, generality:
Generalised geometry unifies different concepts and combines structures as different
such as special complex and symplectic manifolds within one geometric framework.
Further, as already emphasised in [13], generalised geometry is naturally described in
termsof Courant algebroidswhich linkstheseto other areas such asfoliated or Poisson
geometry.

The plan of this note is as follows. We start by summing upsome key results

∗The present article is an extended version of a talk given at the Università di Torino and the Erwin–
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of the structureswe will generalise in the sequel such as complex, Kähler andCalabi–
Yau manifolds. We then explain the basic ideabehind the concept of supersymmetry
and how this involves the special geometric structures we discussed at the beginning.
This also leads to investigate B–field actions which are considered in Section 4. Sec-
tion 5 contains the core part where we describe explicitly the generalisations of the
geometric structures discussed in Section 2. More details and proofs can be mainly
foundin [13], [14] and [26] uponwhich this text is based. It is not intended to give a
completeoverview, andseveral interesting topicshad to beglossed over amongwhich
there are, for instance, moduli spaces of generalised K3–surfaces and their relation to
N = (2,2) super conformal field theory [17], topological strings and the generalised
A– andB–model [3], [20] [23], generalised versionsof the∂∂–lemma[2] or generalised
calibrations [11], [12] to mention only a few articles and researchers who contributed
to thefield. At any rate, I hopeto convincethereader of theusefulnessof the concepts
to bepresented below.

2. Classical geometr ies

Let Mn be asmooth, orientablemanifold of dimensionn. If n iseven, wewriten= 2m.
By a classical geometry or structure, we understand a collection of tensors over the
tangent bundle TM enjoying special algebraic properties. Further, these tensors are
possibly subject to integrabilit y conditions. An alternative viewpoint is provided by
G–structure theory (cf. the classical text [21] or [24]), where geometric structures are
described in termsof reductionsof theprincipal GL(n)–framebundleto aprincipal G–
fibrebundle. One also saysthat TM isassociated with aG–structure andrefersto G as
thestructuregroup of TM. Locally, after choosingsometrivialisationU×Rn∼= TM|U
of the tangent bundle, we can think of a G–structure as a smooth family of Lie group
representationsrx : G→GL(TxM) parametrised by pointsx∈U , which iswell behaved
under transitionsof two different trivialisations.

Riemannian structures. A Riemannianmanifold (M,g) is specified byasymmetric
(2,0)–tensor field g whose special algebraic property is to be positive definite, i.e.
g(X,X) > 0 for X ∈ TM other than 0. This endows every tangent spaceTxM with
the structure of an oriented Euclidean vector space. The symmetry group, that is, the
stabili ser of thisdatum under the action of GL(TxM), isSO(TxM,gx). Locally, we thus
obtain a family of representations rx : SO(n)

∼→ SO(TxM,gx) ⊂ GL(TxM), and sinceg
is a globally defined object, these famili es come from a principal SO(n)–fibre bundle.
Therefore, aRiemannianstructure amountsto sayingthat TM isassociated with SO(n).

Symplectic structures. An almost symplectic manifold (M2m,ω) is specified by a
skew–symmetric 2–form ω whose special algebraic property is to be non–degenerate,
that is, ωm 6= 0. The symmetry group is Sp(m,R), so locally we obtain famili es of
representations rx : Sp(m,R)

∼→ Sp(TxM,ω) ⊂ GL(TxM). As for Riemannian struc-
tures, we see that an almost symplectic structure is nothing else than an Sp(m,R)–
structure. This structure is called integrable or simply symplectic if dω = 0, i.e. ω is
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closed. Darboux’s theorem asserts that this is equivalent to finding local coordinates
p1, . . . , pm,q1, . . . ,qm onU ⊂M such that ω|U = ∑dpj ∧dqj .

Complex structures. An almost complexmanifold (M2m,J) is specified by a (1,1)–
tensor field J, that is, a bundle morphism J : TM→ TM. Its special algebraic prop-
erty is to square to minus the identity, J2 = −Id. This endows every tangent space
with the structure of a complex vector space, and locally, we have representations
rx : GL(m,C)

∼→GL(TxM,Jx)⊂GL(TxM), givingrise to aGL(m,C)–structure. Equiv-
alently, we have adecomposition of the complexification TM⊗C = T1,0⊕T0,1 into
complex vector bundles which are conjugate to each other, T1,0 = T0,1, namely the
±i–eigenbundlesof J. Onespeaksof an integrablealmost complexstructureor simply
a complexstructure, if the associated Nijenhuis tensor

NJ(X0,X1) = [X0,X1]− [JX0,JX1]+J([JX0,X1]+ [X0,JX1])

vanishes. Equivalently, T1,0 (or T0,1) is preserved under the extension of the Lie
bracket to TM⊗C. The dual version is this: Let T∗M⊗C = T1,0∗⊕T0,1∗ be the de-
compositioninduced bythedual map J∗ : T∗M→ T∗M. Put Λp,q = ΛpT1,0∗⊗ΛqT0,1∗,
whenceΛkT∗M⊗C =⊕p+q=kΛp,q. We definedifferential operators

∂ : Λp,q→ Λp+1,q, ∂ : Λp,q→ Λp,q+1

by compounding the exterior differential with the corresponding projection operator.
As this can be computed in terms of vector field derivations and the Lie bracket, it
follows that a complex structure is integrable if and only if d = ∂ + ∂. Integrabilit y is
also equivalent to the existenceof complex coordinatesz1 = x1+ iy1, . . . ,zm = xm+ iym,
that is, J(∂xj ) = ∂yj and J(∂yj ) = −∂xj . The bundles T1,0 and T0,1 are spanned by
∂zj = ∂xj − i∂yj and∂zj = ∂xj + i∂yj respectively, whilethedifferentialsdzj = dx j + idy j

anddzj = dx j − idy j span T1,0∗ andT0,1∗.

An important subclass of complex structures is provided by special complex
manifolds (M2m,Ω), where Ω ∈ Ωm(M)⊗C satisfies the following properties: (1)
Ω∧Ω 6= 0, (2) locally Ω = θ1∧ . . .∧ θm for complex 1–forms θ j , i.e. Ω is locally
decomposable, and (3) dΩ = 0. By (1) and (2), we obtain a splitti ng T∗M⊗C =
T1,0∗ ⊕ T0,1∗, where the (1,0)–forms T1,0∗ are locally spanned by the θ j . Hence
Ω∧θ = 0 for any (1,0)–form θ, so that (3) implies Ω∧dθ = 0. Consequently, dθ has
no (0,2)–part, which implies integrabilit y via the exterior derivative characterisation.
In particular, ∂Ω = 0, that is, Ω defines a holomorphic trivialisation of the canonical
line bundle κ = Λm,0 = ΛmT1,0∗. Note that T1,0 is isomorphic with the tangent space
TM asa complex vector bundle. SinceT1,0

x comesequipped with the complex volume
form Ωx whosestabili ser under the action of GLC(T1,0

x ) isSLC(T1,0
x ,Ωx), thestructure

groupisSL(m,C) (whencethenameof special complex).

Kähler structures. An almost Kähler manifold (M,J,g) isan almost complex mani-
fold whichcarriesahermitianmetricg, that is, J actsasan isometry for g. Thestructure
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groupis thusU(m). Thestructure is integrableor simply Kähler, if J is integrable and
the Kähler form defined by

(1) ω(X0,X1) = g(JX0,X1)

is symplectic, i.edω = 0. Notethat conversely, if (M,ω) definesasymplectic structure
on the complex manifold (M,J) such that ω(JX0,JX1) = ω(X0,X1) and

(2) ω(X,JX) > 0

for X 6= 0, then (1) defines a Kähler metric. Hence, a Kähler manifold is equally
specified by the triple (M,J,ω).

Calabi–Yau structures. An almost Calabi–Yaumanifold (M2m,ω,Ω) ismadeup out
of an almost symplectic structureω andan almost special complex structureΩ subject
to the compatibilit y conditions

(1) Ω∧Ω = (−1)m(m−1)/2imωm and (2) Ω∧ω = 0.

Further, if J denotes the induced complex structure, then ω has to verify the positivity
condition (2). The associated structure group is SU(m). In particular, the inclusion
SU(m) ⊂ U(m) induces an almost Kähler metric g. The structure is integrable or
Calabi–Yau for short, if ω and Ω are closed. For M compact, the Calabi–Yau theo-
rem asserts the followingconverse: If M isKähler with vanishingfirst Chern classand
Kähler form ω, there existsa (unique) metric g′ induced byan underlyingCalabi–Yau
structurewith [ω′] = [ω] ∈H2(M,R).

A different characterisation of Calabi–Yau manifolds can be given in terms of
spinor fields. As this concept will be of much use later on, we briefly outline the
general setting; goodreferences are [1] and [22]. Let V be an oriented real vector
bundleof rank k with a bundlemetric (· , ·) of signature (p,q). A Clifford bundle for V
is a complex vector bundle S(V)→M with a hermitian metric h and aC∞(M)–linear
actionµ : Λ∗V×S(V)→ S(V), theso–called Clifford multiplication, such that

µ
(
X,µ(Y,ρ)

)
+µ

(
Y,µ(X,ρ)

)
=−(X,Y)ρ,

and
h
(
µ(X,ρ),τ

)
+h

(
ρ,µ(X,τ)

)
= 0,

whereX andY aresectionsof V. Thisdefinitionextends to the exterior algebraby

µ(X∧Y,ρ) = µ
(
X,µ(Y,ρ)

)

for X, Y ∈ V orthogonal etc. If ∇ is a metric connection onV, then a hermitian con-
nection ∇S onS(V) is a Clifford connection if

∇Sµ(X,ρ) = µ(∇X,ρ)+µ(X,∇Sρ).

If rk
(
S(V)

)
= 2[rk(V)/2], then S(V) is called a (Dirac) spinor bundle. It is associated

with with a spin structure, which locally gives rise to a family of representations rx :
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Spin(p,q)→U
(
S(V)x,hx

)
⊂GL

(
S(V)x

)
. HereSpin(p,q) is theso–called spin group

of signature (p,q), the double cover of SO(p,q). Sections of S(V) are called spinor
fields. If the rank of V is even, then there exists a natural decomposition S(V) =
S(V)+⊕S(V)− into spinor bundlesof positiveandnegative chirality, where thefibres
S(V)±x are irreducible representationsof Spin(p,q). Sections of these are referred to
as positiveand negativerespectively, or as chiral in general. The chirality is reversed
under Cli fford multiplicationwith ΛodV.

There are general existence and classification results for spin structures. In the
cases we shall consider here, we can construct thespinor bundle explicitly in a canon-
ical way. For instance, if V = TM is endowed with an almost Calabi–Yau metric g,
we find S(TM)+ = Λ0,ev and S(TM)− = Λ0,od. The hermitian structure comes from
the hermitian metric on T0,1∗ induced by g. Further, Cli fford multiplication is given
by µ(X,Ψ) = −XxΨ + g(X, ·)∧Ψ, where we identified TM with T0,1 via the almost
complex structure J. We will also write X ·Ψ for µ(X,Ψ). In particular, Ψ = 1 and
Φ = Ω are two globally defined spinor fields of constant norm. They are related by
the so–called charge conjugation operator A , a conjugate linear operator which on
each fibre commutes with the action of Spin(2m). Further, Ψ and Φ are pure, i.e.
WΨ = {Z∈ TM⊗C |Z ·Ψ = 0} isa complex subbundleof maximal rank m (WΨ being
isotropic, therank isat most m), andsimilarly for WΦ. A purespinor field isnecessarily
chiral. TheLevi–Civita connection∇g onTM inducesa canonical Cli fford connection
on S(TM) which preserves the splitti ng S(TM)± andwhich we denote, by an abusde
notation, also by ∇g. If the metric comes actually from an (integrable) Calabi–Yau,
then ∇gΨ = 0 and∇gΦ = 0 (notethat this isnot theusual covariant derivativeonΛ0,∗,
so Ψ = 1 is a priori not covariant constant). Conversely, assume that TM carries a
Riemannian metric g for which a spinor bundle S(TM) exists. The stabili ser of any
purespinor Ψx ∈ S(TM)±x is isomorphic to SU(m) (cf. [22]). Hence, any purespinor
field of unit norm induces an almost Calabi–Yau structure which is integrable if and
only if ∇gΨ = 0. SinceA commutes with ∇g, the pure spinor A (Ψ) is also parallel.
To make contact between the spinor and the form point of view, we recall that there is
a canonical bundle isomorphism S(TM)⊗S(TM)∼= Λ∗T∗M⊗C under which

(3) Ψ⊗Ψ = Ω, A (Ψ)⊗Ψ = eiω

(cf. [25]). Further, thisisomorphismcommuteswith∇g, so that ∇gΨ = 0and∇gA (Ψ)=
0 are equivalent to ∇gω = 0 and ∇gΩ = 0. In turn, this is equivalent (althoughthis is
not entirely obvious) to dΩ = 0 anddω = 0.

REMARK 1. All the “almost”–structuresconsidered hereweredefined in terms
of tensors. Therefore, they transform naturally under vector bundle isomorphisms of
TM (coveringabijectivesmooth map M→M), as thesepreserve any special algebraic
property of a tensor field. Further, if such an isomorphism is induced by a diffeomor-
phism, it commuteswith thenatural differential operatorscoming from theunderlying
differential structure such as the Lie bracket or exterior differentiation. In this case,
integrabilit y conditions are preserved, too. For instance, if (M,ω) is an almost sym-
plectic manifold, its f –transform (M, f ∗ω) for some vector bundle isomorphism f of
TM also defines an almost symplectic structure. If f comes from a diffeomorphism,
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then in additiond f ∗ω = f ∗dω, so the f –transform is integrable, i.e. symplectic, if and
only if the original structure is integrable. Extending the diffeomorphism groupwill
eventually lead to so–called generalised geometries. Before explaining this, we shall
make adetour into physicsfirst.

3. Supersymmetry

To motivatethesubsequent development, webriefly lookat supersymmetric σ–models
andsupergravity compactifications. For amoredetailedaccount seefor instance[8], [9]
or [16].

The key notion we shall discusshere is the concept of supersymmetry. To see
where thisoriginatesfrom, recall the basic setup of quantum mechanics: We aregiven
a (complex) Hilbert spaceH (whose projectivisation corresponds to the “physical”
states), and a set of self–adjoint linear operators, the observables (corresponding to
classical “measureable” quantities such as position, momentum, energy etc). In par-
ticular, the observable corresponding to energy is the Hamiltonian of the system. It
turns out that H comes equipped with a natural Z2–grading which reflects the exis-
tenceof two typesof particles. Namely, there arebosons (particles that transmit forces
such asphotons), and fermions (particles that makeupmatter such aselectrons). More
generally, fieldsare either bosonic and fermionic. ThisZ2–gradingshould be also dis-
played bythesymmetriesof thephysical system, that is, there areeven transformations
which send bosons to bosons and fermions to fermions, and odd transformations, the
so–called supersymmetries, which send bosonsto fermionsand viceversa. Mathemat-
ically speaking, implementing supersymmetry consists in passing from ordinary, un-
graded algebraic structures such as vector spaces, Lie algebrasetc, to their Z2–graded
super counterparts, that is, to super vector spaces, super Lie algebras, etc. To seehow
thisworksconcretely, wediscuss supersymmetric σ–modelsnext.

3.1. Supersymmetr ic σ–models.

Let Σ be aRiemann surface(the “string worldsheet” ). A σ–model is a field theory
whose bosonic fields consist of maps Σ→ (M,g), where M is a Riemannian manifold
(the target spaceof the σ–model) — for a precise and general definition of σ–models,
seefor instancethe aforementioned [16]. For simplicity we assume M to be compact,
thoughthis is not strictly necessary from a physical point of view. Depending onthe
amount of supersymmetry N one imposes (i.e. the labeled number of generators for
theoddsymmetry transformations), onespeaksof anN = (1,1),N = (2,2) etc super-
symmetric σ–model or target space, asN reflects thegeometric structureof M. This is
best ill ustrated bysome examples.

N = (1,1) supersymmetry. Let g be aRiemannian metric, andconsider theHilbert
spaceH given by completion of Ω∗(M)⊗C with respect to the canonical Hermitian
structure induced by g. We have anatural Z2–grading onH coming from the decom-
position into even and oddforms. The spaceof graded operators naturally carries a
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super Lie algebrastructurewhose bracket satisfies [A,B] = (−1)degA·degB+1[B,A]. The
exterior differential d : Ωev,od(M)⊗C→ Ωod,ev(M)⊗C extends to a supersymmetry
transformation. Further, the metric g gives rise to a secondsupersymmetry transfor-
mation, namely the formal adjoint d∗. The resultingLaplacian ∆ = dd∗+d∗d actsasa
Hamiltonian which preservestheZ2–grading. SettingQL = d+d∗ andQR = i(d−d∗)
as in [29], QL andQR satisfy satisfy Q2

L = Q2
R = ∆. Further, QL andQR generate avec-

tor spacegodd which wetake as theodd part of asuper vector spaceg. The even part is
spanned by ∆. Sinced2 = d∗2 = 0, the only non–trivial supercommutator relationsare

[QL,QL] = [QR,QR] = 2∆.

Hence, thesupercommutator closesong = gev⊕god andthereforedefinesasubalgebra.
In physicist’s language, g is aN = (1,1)–supersymmetry algebra∗.

N = (2,2) supersymmetry. Asweremarkedabove, onaKähler manifold(M2m,ω,J)
the complexified exterior algebra can be decomposed into (p,q)–forms Ωp,q(M), and
thederivativesplits into d = ∂+∂. Taking formal adjoints, we end upwith four super-
symmetry transformationsG1 = ∂, G∗1 = ∂∗, G2 = i∂

∗
andG∗2 =−i∂. They satisfy

[Ga,Gb] = [G∗a,G
∗
b] = 0, [Ga,G

∗
b] = δab∆∂,

where ∆∂ = ∂∂∗+ ∂∗∂ is the holomorphic Laplacian which coincides with the anti–
holomorphic Laplacian ∆∂ because of Kählerness. In order to obtain a so–called N =
(2,2) supersymmetry algebra, we have to enlarge this by the even Lefschetz operator
L = ∧ω : Ω∗(M)⊗C→ Ω∗(M)⊗C which is wedging with the Kähler form ω, its
formal adjoint L∗, and the counting operator Π acting onk–forms by (k−m)Id. For
these, the supercommutator relationsaregiven by

[Π,L] = 2L, [Π,L∗] =−2L∗, [L,L∗] = Π

that is, L, L∗ and Π span an sl(2)–subalgebra. Further, wehave theKähler identities

[Π,G1] = G1, [Π,G2] = −G2,
[L,G1] = 0, [L,G2] = G1,
[L∗,G1] = G2, [L∗,G2] = 0.

In particular, G1 and G2 transform as spinors under thesl(2)–algebra action†. Mutatis
mutandis, thesame relationshold for G∗1,2.

REMARK 2. The operators of the N = (2,2) supersymmetry algebra can al-
ways be defined on a hermitian manifold, that is, a Riemannian manifold with com-
patible almost complex structure. However, the lack of integrabilit y materialises in
more complicated supercommutator relations. In particular, the super vector space

∗The notation (1,1) refers to two fermionic fields on Σ, the so–called left– and right–mover, which
makes that one can distinguish thesupersymmetry generators QL and QR accordingly.

†Under the identification SL(2,C)∼= Spin(3,C)
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g = gev⊕gev isnolonger closed under thesupercommutator. On theother hand, Kähler
manifolds are by no means the only geometric structures giving rise to N = (2,2)–
supersymmetry algebras. In [10], it was shown that the most general structure is a
bihermitian manifold (M,g,J+,J−,H), where J± are two almost complex structures
preserving the metric g. Further, H is a closed 3–form which induces the twisted con-
nections∇± = ∇g±H/2. The integrabilit y condition is

∇±J± = 0, H = H1,2±⊕H1,2±,

where the latter condition means that H is the sum of a (1,2) and a (2,1)–form with
respect to both almost complex structuresJ+ and J−. A Kähler manifold arises by the
special caseJ+ = J = J− andH = 0. If H = dB, then we can interpret this special case
as a B–transformof a Kähler structure, and moregenerally, bihermitian geometry as a
(twisted) generalised Kähler–geometry (cf. Sections4 and 5).

In view of thepreviousremark, it isenlighteningto consider the caseof a sym-
plectic manifold.

EXA MPLE 1. On asymplecticmanifold (M,ω) we can alwaysdefinethe count-
ing operator Π, theLefschetz operator L and itsdual which wedenoteby Λ in order to
distinguish it from its formal adjoint L∗ (requiringa metric) considered earlier. Apart
from the exterior differential d, we also have

d̃∗ = [Λ,d] = Λ◦d−d◦Λ.

This operator squares to zero and spans, together with d, the 2–dimensional spin rep-
resentation of the Lie algebrasl(2) generated by Π, L and Λ, for

[Π,d] = d, [Π, d̃∗] = −d̃∗

[L,d] = 0, [L, d̃∗] = d,

[Λ,d] = d̃∗, [Λ, d̃∗] = 0.

However, in absenceof aRiemannian metric wedo not disposeof any natural norm on
Ω∗(M)⊗C in order to obtain aHilbert spaceby completion. On theother hand, a clas-
sical result asserts that we can always choose a compatible almost–complex structure
which by (1) induces a Riemannian metric. In particular, we then have Λ = L∗. The
metric also enables us to introduce asecondsl(2)–spin representation defined by the
formal adjointsd∗ and d̃ = (d̃∗)∗. But by lack of integrabilit y, i.e. by the non–Kähler-
nessof the underlying almost Kähler structure, {d, d̃} fails to commute ({d, d̃} = 0
is in fact equivalent to Kählerness), so that the super vector spacespanned by these
operators isnot closed under thesupercommutator.

3.2. Compactified type II supergravity

For themoment being, weknow five consistent supersymmetricstringtheories, namely
type I, heterotic and type II string theory, where the latter two arise in two different
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flavours. Their low energy limit gives the corresponding supergravity theory, for in-
stancetypeII supergravity onwhich we focus in this section.

Wefirst consider a ten dimensional space–timeM1,9, i.e. aLorentzian manifold
of dimension 10. The bosonic fields come in two flavours; they are either NS-NS
(NS=Neveu-Schwarz) or R-R (R=Ramond). To the former classbelong

• thespace–timemetric g.

• thedilatonfield φ ∈C∞(M).

• theH–flux H, a closed 3–form.

The R-R sector consists of a closed differential form F of either even (type IIA) or
odd degree(typeIIB). Thehomogeneouscomponentsof F arereferred to asRamond–
Ramond fields. For sake of brevity, we shall only consider the case F = 0, cf. [19] for
the general case. Out of this datum one can build a Lagrangian L II (g,φ,H), and the
critical points of the action functional S =

R

M L II determined by the Euler–Lagrange
equations give the equations of motion‡. Further, one considers the action of a super
Lie algebrawhose action preservesthe actionfunctional andisgenerated bytwo super-
symmetry parameters Ψ+ and Ψ− (whence “type II ” ), which are unit spinorsof equal
(type IIB) or opposite (type IIA) chirality. The model also contains fermionic fields,
and these are supposed to be invariant under the supersymmetry transformations. This
requirement isequivalent to thevanishing of thesupersymmetry variationsgiven by

∇XΨ±±
1
4
(XxH) ·Ψ± = 0

(dφ± 1
2

H) ·Ψ± = 0.

The first pair of equations is referred to as the gravitinoequation in the physics litera-
ture, while the latter is called dilatinoequation.

In order to find a solution, one usually makes a compactification ansatz, that
is, one considers a space–time of the form (M1,9,g1,9) = (R1,3,g0)× (M6,g), where
(R1,3,g0) is flat Minkowski space and (M6,g) a 6–dimensional spinnableRiemannian
manifold. This is not only a convenient mathematical ansatz, it also reflects the em-
piric fact that the phenomenologically tangible world is confined to threespatial di-
mensions plus time. Then, one tries to solve the above equationswith fields living on
M6, trivially extended to the entire space–time. In essence, we are looking for a set
(g,φ,H,Ψ+,Ψ−), that satisfies the gravitino and the dilatino equation onM6. Simpli -
fying further and setting φ = 0, H = 0 and Ψ+ = Ψ = Ψ− (type IIB), we are left with
the equation

∇gΨ = 0,

which precisely characterises Calabi–Yau metrics on M6. In the general case, the
spinor fieldsΨ+ andΨ− define each an underlyingalmost topological Calabi–structure

‡As usual in physics, one assumes all quantities to be decreasing fast enoughat infinity so that the
integral is well–defined.
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(M,Ω±,ω±) whose induced metrics coincide. This is reminiscent of the situation en-
countered in the discussion of theN = (2,2) supersymmetric σ–model characterised
by a bihermitian geometry. In fact, we are again in territory of generalised geometry,
andwe will i dentify thegeometry of typeII supergravity compactificationsasagener-
alised SU(m)–geometry. Again, a non–trivial H reflects the lack of integrabilit y of the
underlyingalmost Calabi–Yau structure. Moreprecisely,

∇g
XΨ±±

1
4
(XxH) ·Ψ± = 0

boilsdown to dω± 6= 0, theright–handsidebeing determined byH, whilewestill have
dΩ± = 0 so that the underlyingmetric is still hermitian [4].

4. The B–field action

In light of the previous section, we wish to give geometric meaning to triples such as
(M,g,H) and (M,ω,H) etc. Here we enter the realm of twisted generalised geometry
(cf. Section 7 in [14]). In this article, we consider a (mildly) simplified setup, where
H = dB, which leads to the notion of a B–field, that is a 2–form B ∈ Ω2(M), and
subsequently to theB–transformof a classical geometry.

The first problem which arises is that we cannot simply encode the additional
datum of a B–field in a G–structure as in Section 2, as B is an arbitrary 2–form, and in
particular, might have zeros. However, to induce aG–structure requires the tensors to
enjoy special global algebraic properties. Rather, one associatesa transformationwith
B which acts as the identity on the zero locus of B. Concretely, consider B as a map
TM→ T∗M. Then extend this to an endomorphism of TM⊕T∗M which wewrite asa
block matrix

B ;

(
0 0
B 0

)
.

Taking theusual matrix exponential yields the isomorphism

eB =

(
Id 0
B Id

)
,

that is, X⊕ ξ ∈ TM⊕T∗M is sent to X⊕
(
B(X)+ ξ

)
∈ TM⊕T∗M. In this way, B

does not only induce an isomorphism, but in fact an orientation–preserving isometry
of TM⊕T∗M. Indeed, it preservesthe natural orientation onTM⊕T∗M and the inner
product of signature (n,n) given by

(X⊕ ξ,X⊕ ξ) = ξ(X).

In particular, TM⊕T∗M is associated with an SO(n,n)–structurewhich can be further
reduced to SO(n,n)0 if, aswe always suppose, M is orientable§.

§Here and in the sequel, G0 denotes the identity component of aLiegroupG.
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Further, B also actson formsof mixed degreeρ ∈Ωev,od(M), namely by

eB∧ρ = (1+B+
1
2

B∧B+ . . .)∧ρ ∈Ωev,od(M).

If B isaclosed B–field, then it commuteswith thenatural differential operatorsdefined
on Ω∗(M) andTM⊕T∗M, namely the exterior differential d : Ωev,od(M)→Ωod,ev(M)
and theCourant bracket [6]

JX⊕ ξ,Y⊕ηK = [X,Y]+LXη−LYξ− 1
2

d(Xxη−Yxξ)

(L denoting Lie derivative). This bracket is skew–symmetric, but does not satisfy the
Jacobi identity.

The interpretation of a “classical geometry” with a B–field consists in thinking
of the resulting structure as being obtained by a B–field action onthe original setup,
much in the vein of the remark at the end of Section 2, where we considered the f –
transform of a(n) (almost) symplectic manifold. In this picture, closed B–fieldscorre-
spondto diffeomorphisms. Consequently, we need to rephrase classical geometries in
terms of even or odd forms or additional algebraic datum on the bundle TM⊕T∗M,
together with an integrabilit y condition involvingd or J· , ·K. Defining the resultingB–
transformsin an invariant way givesriseto so–calledgeneralised geometries, wherewe
have effectively enhanced the transformation groupto Diff(M)⋉ Ω2

cl (M). We discuss
examplesnext.

5. Generalised geometry

Generalised Riemannian metr ics [13], [26]. Let (M,g) be aRiemannian manifold.
Viewingg asan isomorphism TM→T∗M, it is li fted to TM⊕T∗M by

Gg =

(
0 g−1

g 0

)
.

A B–field actsvia

Gg,B = eBGge−B =

(
−g−1B g−1

g−Bg−1B Bg−1

)
.

So, symbolically, aRiemannianmanifold with B–field is pictured by

(M,g)←→ (M,Gg)
eB

; (M,g,B)←→ (M,Gg,B = eBGge−B).

As invariant definitionwe adopt the following.

DEFINITION 1. An endomorphismG of TM⊕T∗M is said to be a generalised
Riemannian metric if G 2 = Id and

(
G (Z),Z

)
> 0 for all 0 6= Z ∈ TM⊕T∗M.
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The endomorphismsGg andGg,B are special cases of this. To seewhat a gen-
eralised Riemannian metric means in terms of structure groups, we remark that defin-
ing G is equivalent to decomposing TM⊕T∗M = V+⊕V− into a maximally posi-
tive and negativedefinite subbundle, correspondingto the±1–eigenbundlesof G . Let
g± = (· , ·)V± denote theresulting bundlemetric onV±. At apoint x∈M, this splitti ng
ispreserved under the action of SO(n,n) by thesubgroupSO(V+

x ,g+x)×SO(V−x ,g−x).
Locally, this yields the family of representations

rx : (A,B) ∈ SO(n)×SO(n) 7→
(

A 0
0 B

)
∈ SO(V+

x ,g+x)×SO(V−x ,g−x)

⊂ SO(TxM⊕T∗x M)0,

where the block matrix is written with respect to the decompositionV+
x ⊕V−x . Hence,

ageneralised Riemannian metric isassociated with an SO(n)×SO(n)–structure. Since
the isotropic subbundles TM and T∗M intersect the positive and negative subbundles
V+ andV− trivially, the projections π± : TM ⊂ TM⊕T∗M→V± are isomorphisms.
Further, one can show that there exists a unique Riemannian metric g and a 2–form B
such that

(4) π±(X) = X⊕ (±g+B)(X).

Then, the generalised Riemannian metric corresponding to V+⊕V− is just Gg,B, and
π± : (T,±g)→ (V±,g±) arepromoted to isometries. In particular, anyG isof theform
Gg,B, so that modulo arbitrary B–field transformations, we have only one generalised
Riemannian metric for every usual Riemannian metric. However, transformingwith a
non–closed B–field modifiestheLevi–Civita connection∇g which getsreplaced bythe
two connections∇± = ∇g±dB/2 (cf. also Theorems1 and 2).

Generalised complex structures[13], [14]. Next consider a complex manifold (M,J).
We li ft this to TM⊕T∗M by

(5) JJ =

(
−J 0
0 J∗

)
.

ItsB–field transform is

JJ,B = eBJJe−B =

(
−J 0

−BJ−J∗B J∗

)
,

so a almost complexmanifold with B–field is described by

(M,J)←→ (M,JJ)
eB

; (M,J,B)←→ (M,JJ,B = eBJJe−B).

The invariant definition is this.
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DEFINITION 2. An almost generalised complex structure (M,J ) is given by
J ∈ End(TM⊕T∗M) such that J 2 =−Id andJ is an isometry for (· , ·).

The stabili ser group of an almost complex structure compatible with an inner
product of split signatureinsideSO(2m,2m) isU(m,m), so (M,J ) isassociated with an
U(m,m)–structure. As in the classical case, an almost generalised complex manifold
M must be even–dimensional. This notion comprises JJ and JJ,B as special instances,
but is far richer.

EXA MPLES 1.
(i) Symplectic manifolds. An examplewhich is not of the form JJ,B is provided

by a symplectic manifold (M,ω). It induces an almost generalised complex structure
by

(6) Jω =

(
0 ω−1

ω 0

)
.

(ii ) Products. Two almost generalised complex manifolds (M1,2,J1,2) induce
a natural almost generalised complex structure J1⊕ J2 on the product T(M1×M2) ∼=
TM1⊕TM2.

An almost generalised complex structure is also equivalent to a decomposition
(TM⊕T∗M)⊗C = WJ ⊕WJ into isotropic complex subbundles. For example, wefind
WJ = T0,1⊕T1,0∗ for JJ andWω = {X⊕ iω(X, ·)}|X ∈ Γ(TM⊗C)} for Jω.

DEFINITION 3. We speak of an integrable or simply a generalised complex
structure (M,J ), if thegeneralised Nijenhuis tensor

N J (Z0,Z1) = JZ0,Z1K− JJ Z0,J Z1K+ J (JZ0,J Z1K+ JJ Z0,Z1K)

vanishes for all Z0, Z1 ∈ Γ(TM⊕T∗M).

Alternatively, we can require WJ to be closed under the Courant bracket. In
particular, an integrable structure naturally transforms under closed B–fields. In the
case of JJ and Jω, integrabilit y is equivalent to the integrabilit y of the underlying
classical structure, i.e. (M,J) is a complex manifold and (M,ω) is symplectic. The
corresponding form picture is lessobvious, as forms of homogeneous degree are not
acted on byB–fields — here is where Ωev,od(M) comes in. We first define an action
• : (TM⊕T∗M)×Ωev,od(M)→Ωod,ev(M) by

(7) (X⊕ ξ)•ρ =−Xxρ + ξ∧ρ.

This squaresto−(X⊕ξ,X⊕ξ)Id and naturally extendsto Λ∗(TM⊕T∗M). In particu-
lar, the annihilator Wρ = {Z∈ (TM⊕T∗M)⊗C |Z•ρ = 0} of an even or oddcomplex
form ρ ∈ Ωev,od(M)⊗C is totally isotropic. We call ρ pure if Wρ is a subbundle of
maximal rank, in analogy with pure spinor fields. A pure form is necessarily even
or odd. Further, there is a 1-1–correspondencebetween line bundles in Λ∗T∗M⊗C
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whose local trivialisationsconsist of purespinors, andmaximally isotropic subbundles
of (TM⊕T∗M)⊗C. The linebundle correspondingto WJ is referred to as thecanoni-
cal bundleof J (the terminologywill be justified below) andiswrittenK J . Thisyields
a decomposition

Ω∗(M) =⊕n
k=0Uk, whereU0 = K J , Uk = ΛkW∗J •U0.

As d changes the parity of a form, we can define ∂ = πk−1◦d : Γ(Uk)→ Γ(Uk−1) and
∂ = πk+1 ◦d : Γ(Uk)→ Γ(Uk+1). Then J is integrable if and only if d = ∂ + ∂. Fur-
ther, there are also special coordinates for generalised complex structures, although
this requires some care. We define t(x), the type of J at x, to be the dimension of
π(WJ ,x) ⊂ TxM⊗C, the projection of Wx to TxM. If it is locally constant aroundx
(which does not always hold), then some neighbourhood of x is equivalent, modulo
diffeomorphism andclosed B–field transformation, to an open neighbourhoodU1×U2

in Ct ×R2(m−t) with induced generalised complex structure coming from the standard
t–dimensional complex manifoldCt timesthestandard 2(m−t)–dimensional real sym-
plectic manifold (R2(m−t),ω0).

Generalised Kähler structures [13]. Next we generalise the notion of a classical
Kähler manifold.

DEFINITION 4. A generalised Kähler structure on M is defined by a pair of
commuting generalised complexstructures (J0,J1) such that G =−J0J1 definesa gen-
eralised Riemannianstructure.

EXA MPLES 2.
(i) Consider a classical Kähler manifold (M,ω,J). The generalised complex

structures JJ and Jω in (5) and (6) commute indeed. Further,

−JJJω =

(
0 g−1

g 0

)
= G0,

where g : TM→ T∗M is the Kähler metric given by (1). Therefore, a Kähler manifold
with B–field is

(M,J,ω)←→ (M,JJ,Jω)
eB

; (M,J,ω,B)←→ (M,JJ,B,Jω,B).

(ii ) In [15], compact exampleswhich are not a closed B–transform of a Kähler
structure as in (i) were constructed onCP2 andCP1×CP1.

In terms of bundles, a generalised Kähler manifold can be characterised as fol-
lows. SinceJ0 andJ1 commute, thedecomposition(TM⊕T∗M)⊗C =W0⊕W0, where
W0 = WJ0, is stable under J1. This implies a further decomposition of W0 into the±i–

eigenspacesW±0 of J1. Hence, (TM⊕T∗M)⊗C = W+
0 ⊕W−0 ⊕W+

0 ⊕W−0 . Moreover,
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sinceG =−J0J1,

(8) V±⊗C = W±0 ⊕W±0 .

Indeed, J0J1w =∓w for w∈W±0 etc. One can then prove:

PROPOSITION 1. An almost generalisedKähler structure(M2m,J0,J1) isequiv-
alent to specifying two complexrank msubbundlesW±0 of (TM⊕T∗M)⊗C satisfying

• W±0 is isotropic

• W+
0 ⊥W−0 ,W−0

• W±0 is definite in the sense that ±(Z,Z) > 0 for all Z ∈W±0 unlessZ = 0.

In thispicture, integrabilit y isequivalent to each of thesubbundlesW+
0 , W−0 andW+

0 ⊕
W−0 beingclosed under theCourant bracket.

Thestructuregroup point of view givesyet another way of analysing generalised
Kähler structures. Thedecomposition(8) definesalmost complex structures J± onV+

andV−. Further, this structure is compatible with the positive and negativemetric g±
on V±. Hence V+ and V− are associated with a U(m)–structure, and the structure
group is thereforeU(m)×U(m). Further, these Kähler structures can be pulled back
to TM via the isomorphisms π± of (4), giving rise to two Kähler structures (ω±,J±)
on M which share the same Kähler metric. Therefore, these Kähler structures can be
characterised by (M,g,J±).

THEOREM 1. An almost generalised Kähler structure (J0,J1) corresponds to
the datum (g,B,J+,J−), where J± are two (and in general not commuting) almost
complex structures on M, g a Riemannian metric which is hermitian with respect to
both J+ andJ−, andB∈Ω2(M), coming from the inclusions

U(m)×U(m) ⊂ SO(2m)×SO(2m) ⊂ SO(2m,2m)0.

(J+,J−) (g,B)

In thispicture, thealmost Kähler structure is integrable, if and only if J± areintegrable
complexstructures, andthe correspondingKähler forms satisfy

dc
−ω− = dB =−dc

+ω+,

where dc
± = i(∂±− ∂±). Thiscan berephrased in termsof connectionsby saying that

∇±J± = 0, dB∈Ω1,2(M)⊕Ω2,1(M),

where ∇± = ∇g±dB/2.

REMARK 3. In themoregeneral caseof a twisted generalised Kähler structure,
dB gets replaced by an arbitrary closed 3–form H in Theorem 1. This gives precisely
the conditions found onan N = (2,2)–supersymmetric target spacedescribed in Sec-
tion 3.
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Generalised Calabi–Yau structures [14]. A generalised Calabi–Yaustructure [14]
mimics the classical relation between complex and special complex manifolds in the
generalised setting, rather than generalisingclassical Calabi–Yau manifolds(which ef-
fectively leads to the notion of a generalised SU(m)–structure, cf. next paragraph)¶.
Ason the classical level, this involvesdifferential forms, of mixed even or odd degree,
with special algebraic properties.

Let us introduceon Ω∗(M) theΩ2m(M)–valued bili near form

(9) 〈ρ,τ〉= [ρ∧ τ̂]2m.

Here, [ · ]2m denotes projection onthe top degree and ·̂ acts on homogeneous compo-
nents of degreep by multiplicationwith (−1)p(p+1)/2. It is symmetric for m even and
skew for m odd.

DEFINITION 5. An almost generalised Calabi–Yau structureon M2m is defined
by an even or odd pure form ρ ∈ Ωev,od(M)⊗C with 〈ρ,ρ〉 6= 0. The structure (M,ρ)
is referred to as integrableor simply asgeneralised Calabi–Yau if dρ = 0.

Purity implies that the annihilator Wρ is of maximal dimension. The second
condition is equivalent to Wρ∩Wρ = {0} ([5], p.143). SinceWρ = Wρ, an almost gen-
eralised Calabi–Yau structure induces a decomposition (TM⊕T∗M)⊗C = Wρ⊕Wρ,
hence an almost generalised complex structure. It is integrable if dρ = 0. Put differ-
ently, an almost generalised Calabi–Yau manifold is an almost generalised complex
manifold whose canonical li ne bundleK J is trivialised by a global section ρ which is
“generalised holomorphic” in the sense that ∂ρ = 0.

EXA MPLES 3.
(i) A symplectic manifold gives rise to the even closed form ρ = eiω. Then

〈ρ,ρ〉 = cωm for some non–zero constant. Furthermore, Wρ = Wω, so ρ is pure. The
induced generalised complex structure is Jω. A symplectic manifold with B–field is
thus

(M,ω)←→ (M,eiω)
eB

; (M,ω,B)←→ (M,eiω+B).

(ii ) A special complex manifold (M,Ω) inducesageneralisedCalabi–Yau struc-
tureby ρ = Ω. Here, 〈Ω,Ω〉=±Ω∧Ω 6= 0 bythevery definition of Ω. Furthermore, if
J denotes the induced complex structure, Wρ = T0,1⊕T1,0∗. In particular, the induced
generalised complex structure is JJ. A special complexmanifold with B–field is then
simply

(M,Ω)
eB

; (M,Ω,B)←→ (M,eB∧Ω).

¶Using our jargonconsistently, we would rather refer to this structure as a generalised special complex
structure, but weprefer to stick to Hitchin’s original terminology to avoid all too certain confusion.
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(iii ) A classical Calabi–Yau manifold (M,ω,Ω) gives rise to the generalised
Calabi–Yau structuresdefined byexp(iω) andΩ.

(iv) The B–field can be thought of as interpolating between these two extreme
cases: Consider the case of a holomorphic symplectic manifold (M2k,ωc = ω1 + iω2)
of complex dimension dimC M = 2k. Then ω1,2 are real symplectic forms and Ω2k =
ωk

c/k! makes M4k (now seen as a real manifold) special complex. Consider for t 6= 0
the family of generalised Calabi–Yau structures

ρt = tk ·eωc/t = eω1/t ∧ (tk ·eiω2/t) = tk + . . .+
1
k!

ωk
c.

Thenρt istheB–field transformof
(
M4k,tk ·exp(iω2/t)

)
whichconvergesto (M4k,Ω2k)

for t→ 0.

In termsof structuregroups, a pure form ρ trivialises the canonical li ne bundle
K J of the almost generalised complex structure it induces. It remains to see that it
also trivialises Λ2mW∗ρ to conclude that an almost generalised Calabi–Yau manifold
has structure groupSU(m,m). For this, we need to to make contact with TM⊕T∗M–
spinor fields. Here,

S(TM⊕T∗M)± =
(
Λev,odT∗M⊗

√
ΛnTM

)
⊗C,

where Cli fford multiplication is given by • as in (7) acting onthe form part. As M
is orientable, we can choose atrivialisation of ΛnTM and identify TM⊕T∗M–spinor
fields with complex differential forms. Any scale–invariant property such as purity is
not affected bythischoice andmakesthereforesenseon both sides. As for TM–spinor
fields, there is an isomorphism

(10) S(TM⊕T∗M)⊗S(TM⊕T∗M)∼= Λ∗(TM⊕T∗M)⊗C

which byIII .3.2 [5] implies(K J ⊗
√

Λ2mTM)2∼= Λ2mWρ. AsK J is trivial, so isΛ2mWρ
and thus Λ2mW∗ρ . Consequently, the structure group is SU(m,m), which can be also
thought of as the stabili ser of ρx under the action of the spin groupSpin(2m,2m) on
S(TM⊕T∗M)±x.

Generalised SU(m)–structures [11], [18], [19], [28]. Next we wish to implement
the counterpart of a classical Calabi–Yau manifold in thegeneralised setting.

DEFINITION 6. An almost generalised SU(m)–structure(M,ρ0,ρ1) is given by
a pair of forms such that

• ρ0 and ρ1 induce each a generalised Calabi–Yau structure such that 〈ρ0,ρ0〉
= c〈ρ1,ρ1〉 for some constant c.

• the induced generalised complexstructures(M,Jρ0 ,Jρ1) definean almost gener-
alised Kähler structure.
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Wespeak of an integrableor simply of a generalised SU(m)–structure if both ρ0 andρ1

are closed‖.

EXA MPLE 2. Take a classical Calabi–Yau manifold (M,ω,Ω) and let ρ0 =
exp(iω), ρ1 = Ω. From thedefinition of aCalabi–Yau,

Ω∧Ω = (−1)m(m−1)/2imωm.

Further, aswehaveseen above, (Jρ0 = Jω,Jρ1 = JΩ) isgeneralised Kähler. Hence, any
classical Calabi–Yau manifold inducesa canonical generalised
SU(m)–structure(but two different generalised Calabi–Yau structures). A Calabi–Yau
manifold with B–field is thus

(M,Ω,ω)←→ (M,Ω,eiω)
eB

; (M,Ω,ω,B)←→ (M,eB∧Ω,eiω+B).

Whether or not (ρ0,ρ1) induces a generalised Kähler structure can be read off
directly from the forms. If W0 and W1 are the annihilators of ρ0 and ρ1 in (TM⊕
T∗M)⊗C, then W+

0 = W0 ∩W1 and W−0 = W0 ∩W1 satisfy the first two properties
of Proposition 1. A necessary and sufficient criterion for W±0 to be of complex rank
m is given by Proposition III .4.4 in [5]: Regarding ρ0 and ρ1 as spinors and using
the identification (10), this is equivalent for the forms ρ1⊗ρ2 and ρ1⊗ρ2 to have no
homogeneouscomponentsof degreestrictly lessthan m(thisconditionisclearly scale–
invariant). It remains to verify the positivity condition. By choosing the orientation
accordingly, we may assume that 〈ρ0,ρ0〉 > 0∗∗. Using 〈Z •ρ,τ〉 = 〈ρ,Z• τ〉 (dimM
being even) and the universal property of Cli fford multiplication, we seethat for any
Z ∈W+

0 , 〈Z•ρ0,Z•ρ0〉=−2(Z,Z)〈ρ0,ρ0〉. From thiswededucethe

PROPOSITION 2. A pair (ρ0,ρ1) of pure forms defines a generalised SU(m)–
structure if and only if the followingconditionshold:

• 〈ρ0,ρ0〉= c〈ρ1,ρ1〉> 0 for some constant c.

• the formsρ0⊗ρ1, ρ0⊗ρ1 ∈ Λ∗(TM⊕T∗M)⊗C haveno homogeneouscompo-
nentsof degreestrictly lessthanm.

• for all Z ∈W+
0 = W0∩W1, we have 〈Z • ρ0,Z • ρ0〉 < 0. Further, for all Z ∈

W−0 = W0∩W1, we have〈Z•ρ0,Z•ρ0〉< 0.

To derive the structure group point of view, we start with the decomposition
V±⊗C = W±0 ⊕W±0 . The canonical li ne bundles of the U(m)–structures on V± are

‖In [13], this type of structure was referred to as a generalised Calabi–Yau metric. In the light of
Theorem 2, weprefer the term generalised SU(m)–structure which is in linewith thenotion of ageneralised
G2–structure [27].
∗∗If m is odd, this quantity is purely imaginary and the inequality applies to its imaginary part.
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thereforeκ± = ΛmW±∗0 . On theother hand,

K 0 = Λ2mW∗0 = Λ2m(W+
0 ⊕W−0 )∗ ∼= ΛmW+∗

0 ⊗ΛmW−∗0 = κ+⊗κ−.

SinceJ1 = G J0 actsonW+
0 ⊕W−0 as i · Id, wededucethat

K 1 = Λ2mW∗1 = Λ2m(W+
0 ⊕W−0 )∗ ∼= κ+⊗κ−.

Since ρ0 and ρ1 trivialise K 0 and K 1 respectively, κ+
∼= κ− ∼= κ−, hence κ+ and κ−

are trivial. Consequently, V+ and V− are associated with SU(m)–structures, and the
structure group is therefore SU(m)×SU(m). Following the generalised Kähler case,
wepull theseback to thetangent bundle and obtain two SU(m)–structuresonTM given
by (Ω±,ω±). These inducethesamemetric andcan bethusequivalently characterised
by (g,Ψ±) with two pure TM–spinor fields Ψ+ and Ψ− (cf. Section 2). Conversely,
given (g,B,Ψ+,Ψ−), we can define ρ0 = eB∧A (Ψ+)⊗Ψ− and ρ1 = eB∧Ψ+⊗Ψ−.
One can show that (ρ0,ρ1) defines indeed an almost generalised Calabi–Yau structure.
Further, so does(e−φ ·ρ0,e−φ ·ρ1) for any functionφ∈C∞(M), aspurity isnot affected
by rescaling.

THEOREM 2. For any almost generalised SU(m)–structuregiven by
(M,ρ0,ρ1), there exists a metric g, a 2–formB, a function φ andtwo pure TM–spinor
fieldsΨ+ andΨ− such that

ρ0 = e−φ ·eB∧A (Ψ+)⊗Ψ−, ρ1 = e−φ ·eB∧Ψ+⊗Ψ−.

Thisdatumcorresponds to the inclusions

SU(m)×SU(m) ⊂ Spin(2m)×Spin(2m) ⊂ Spin(2m,2m).

(Ψ+,Ψ−) (g,B)

and
Spin(2m,2m) ⊂ R>0×Spin(2m,2m).

φ

Further, thestructure is integrable, that is, dρ0 = 0 and dρ1 = 0, if and only if

∇g
XΨ±±

1
4
(XxdB) ·Ψ± = 0, (dφ± 1

2
dB) ·Ψ± = 0.

REMARK 4. Again, there is a twisted notion of a generalised SU(m)–structure
which gives the general case for closed, but not exact H, for which Theorem 2 holds
with H in placeof dB. As a result, we have identified the geometric structure under-
lying the type II supergravity compatifications discussed in Section 3 as generalised
SU(3)–structures.

EXA MPLE 3. For Ψ+ = Ψ−= Ψ, B= 0 andφ = 0, werecover theusual Calabi–
Yau manifold asgiven by (3).
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This formulation yields easily the Ricci and scalar curvature Ricg and Sg of a
generalised SU(m)–metric g [19].

COROLL ARY 1. Let g bethemetricof anintegrablegeneralised SU(m)–structure.
Then

Ricg(X,Y) =−2Hφ(X,Y)+
1
2

g(XxdB,YxdB)

and

Sg = 2∆φ+
3
2
|dB|2,

where Hφ(X,Y) = X.Y.φ−∇g
XY.φ is theHessian of φ.

A further consequence are two striking no–gotheorems, reflecting the fact that
the equationsdρ0 = 0 anddρ1 = 0 areheavily overdetermined.

COROLL ARY 2.
(i) If M is compact, then dB = 0.

(ii ) If φ≡ const, then dB = 0.

In either case, a generalised SU(m)–structure is equivalent to a usual Calabi–
Yau manifold via aclosed B–field transformation.

REMARK 5. This is in line with similar statements for generalised G2– and
Spin(7)–structures [27] which admit TM–spinorial characterisations in the vein of
Theorem2, but standsin sharp contrast to generalisedKähler structureswhere compact
non–classical examples do exists, as pointed out above. Note that these no–gotheo-
remsonly hold for the closed case dρ = 0, dρ1 = 0. For thenon–closed case, compact
exampleswith dB 6= 0 might well exist (cf. for instance[7] for a compact generalised
G2–example). This kind of inhomogeneousconditionsarise naturally when consider-
ing constrained variational problems or type II compactifications with R-R fields (cf.
Section 3).
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